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Reconfigurable intelligent metasurfaces have been proposed as an efficient solution for improving wire-
less telecommunication systems in multiple-scattering or reverberating media. Concurrently, topology
optimization has been successfully used as an inverse-design technique in many fields, and particularly
in electromagnetics. In this work, we apply a gradient-based topology optimization for tuning the binary
elements of a metasurface for a focusing goal in a complex environment. First, the metasurface unit cells
are approximated as point sources and, then, the optimization problem is formulated. Afterwards, the pro-
posed method is applied to find the optimal parameter sets for three distinct environments of increasing
complexity, and the resulting focus for each case is demonstrated via numerical simulations. The combi-
nation of a reverberating cavity and a metasurface inside the latter is very powerful since everything can
be solved analytically for focusing outside the cavity.
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I. INTRODUCTION

Wireless telecommunications have experienced rapid
growth in recent decades, approaching a threshold where
the presence of multiple paths degrades signal quality.
Over the years, the idea of smart electromagnetic envi-
ronments has emerged, foreseeing a fully programmable
wave propagation to harness this complexity and achieve
optimized transmission of both information and power and
efficient electromagnetic wave shaping [1–3]. Reconfig-
urable intelligent metasurfaces (RISs) have emerged as
a promising technology in this direction, with applica-
tions in fields ranging from efficient outdoor and indoor
telecommunication and electromagnetic compatibility to
imaging systems and quantum electrodynamics [4–6].
Research on RISs has focused on various contempo-
rary topics, including improved wireless communications
[7–9], indoor and cavity electromagnetic field shaping
[10–13], and metamaterial imaging [14–16]. In principle,
RISs are 2D arrays consisting of subwavelength tunable
elements—namely, their electromagnetic response can be
changed. Specifically, the unit cells of a RIS can be
individually modified to scatter the incident field by, for
example, addition of a phase. In the optical spectrum,
this can be achieved by use of spatial light modulators
(SLMs) as metasurface elements [17,18]. SLMs often con-
sist of liquid-crystal cells that introduce a phase shift on
the light they reflect (or that passes through them). The
equivalent of SLMs in the microwave regime is spatial
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microwave modulators (SMMs) [10,19]. In the aforemen-
tioned designs, an SMM consists of a rectangular static
patch, as a main reflector, and a strip, as a parasitic res-
onator, which is binary tunable with the help of an embed-
ded p-i-n diode. In particular, by controlling the bias of
the diode, one can achieve a binary pixel in microwaves:
it re-emits the incident wave with a 0 phase shift or a π

phase shift, i.e., acting as a perfect electric or magnetic
conductor. SMMs provide an excellent, two-state unit cell
for reconfigurable metasurfaces for microwaves, although
various other setups exist that could provide efficient alter-
natives [20–22]. Another important theme in the research
on RISs is their theoretical modeling, which could lead
to efficient design and optimization. In contrast to com-
mon metasurface models [23,24], the unit cells in RISs
are not identical, and thus the usual models must be mod-
ified. Although circuit models are occasionally used for
the study of RISs [25], the use of microscopic models can
increase the accuracy of the analysis, as well as provide
greater understanding of the underlying physical problems
[26–28]. Nevertheless, the lack or limited inclusion of
mutual interaction between the unit-cells of the RIS or the
inclusion of the coupling effects only on the phase of the
scattered waves, may lead to inaccuracies and inefficient
designs.

Because of the dynamic nature of communication sys-
tems or ever-changing goals “smarter,” more-efficient,
and faster methods are required for the reconfiguration
of the tunable elements in comparison with “brute-force”
methods, which are currently used in RISs [10,11]. As
a more-efficient alternative, topology optimization is a
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promising tool for such applications [29–32]. Originat-
ing from mechanical problems [33], this density-based
inverse-design technique results in efficient devices for
several purposes in electromagnetics, and, most notably, in
photonics [29,31,34]. In this specific field, topology opti-
mization has attracted considerable interest during the past
few years, with examples including dielectric multiplex-
ers [35,36], metalenses [37,38], and integrated photonic
devices [39,40]. A particular characteristic of topology
optimization is that it is a gradient-based optimization
technique, where the gradient is, usually, acquired effi-
ciently and swiftly by the adjoint method [29,30]. The
gradient-based family of algorithms is generally faster
than derivative-free methods (e.g., genetic algorithms or
particle-swarm optimization) when a very large num-
ber of variables is involved [30]. Specifically, the non-
gradient-based methods require more computational time
and resources for convergence, and this problem becomes
worse for a much-larger number of design variables [41,
42]. It has also been reported that sometimes gradient-
based methods achieve a better local minimum or max-
imum [3,4,30,43]. In Ref. [30] an indicative comparison
between topology optimization (gradient based) and a
genetic algorithm is performed for inverse design in pho-
tonics, with the former outperforming the latter in terms
of computational-resource demand. Hence, topology opti-
mization as an inverse-design technique allows for a point-
by-point material density variation in the structure under
study, while it has demonstrated that it can produce opti-
mized solutions for problems with hundreds of thousands
of variables or more [29,32,38]. These features of topology
optimization are very promising for potential applications
in RISs, where thousands of tunable elements may need
to be reconfigured quickly to achieve predetermined, yet
changing, goals.

In this work, we develop a topology-optimization tech-
nique to be used for binary reconfigurable intelligent
metasurfaces [10,19] when placed in complex media.
Herein, we define this term to describe media where mul-
tiple reflections or scattering exists. Examples of such
media include rooms with furniture, metallic cavities, or
spaces with many scatterers with dimensions smaller than
the wavelength. Our framework is based on a combina-
tion of the existing gradient-based topology-optimization
techniques, with the use of the adjoint method, and the
modeling of electromagnetic problems with Green’s func-
tions. First, we theoretically formulate the electromagnetic
problem in two dimensions by assuming that the reconfig-
urable elements of the metasurface are two-state elements,
i.e., a 0 phase shift or a π phase shift, and that they
can be equivalently represented as point scatterers. More-
over, the optimization problem is formulated with the
goal of maximizing the intensity at a given focus point
via a certain binary phase set of the metasurface ele-
ments. Then, the adjoint method is used to ensure the

fast computing of the gradients of the objective function.
Finally, the optimization problem is reformulated using
the 2D Green’s functions for the representation of the
interactions between the elements of the metasurface, the
focus, and the source, ensuring an even-faster overall opti-
mization process. Afterwards, we apply the theoretical
formulation developed to focusing problems in three dif-
ferent environments of increasing complexity. We examine
the efficiency of the resulting focus after the application of
the topology-optimization scheme using different options
for the interactions between the unit cells of the meta-
surface, while the possibility of analytical calculation or
numerical extraction of the 2D Green’s function values is
explored for each complex medium under study. Notably
we show that placing the source and the metasurface in
a partially open cavity is a promising configuration since
everything can be solved analytically.

II. THEORETICAL FORMULATION

A. Problem model

We first model the problem of using a reconfigurable
metasurface in a complex environment, as depicted in
Fig. 1, in a generalized fashion for 3D and 2D setups.
Examples of complex media include highly reflecting envi-
ronments [44], such as leaky closed cavities, an urban
landscape, an office or domestic room with furniture, and
multiple-scattering environments, such as an assortment
of dielectric or metallic scatterers. Despite the different
examples mentioned, the technique developed should be
applicable to all types of scattering, from the case of clus-
ters of small particles with dimensions smaller than the
operating wavelength to the case of large geometric obsta-
cles, such as metallic walls. The goal of the overall setup is
electromagnetic focusing at a given point F of the energy
coming from one or several emitters with the help of a tun-
able metasurface. Without loss of generality, we assume
here that the system is excited only by a single point
current source JS at the point S (Fig. 1). The reconfig-
urable metasurface consists of N subwavelength elements

FIG. 1. The generalized 2D focusing problem in a complex
medium and in the presence of a reconfigurable metasurface.
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positioned on a lattice with unit-cell dimension d < λ/2.
Moreover, the metasurface is considered to be made of
elements that totally reflect the incident wave (whatever
the angle) but the phase φ of reflection can be tuned from
0 to π . These two-state unit cells are ideal versions of a
common theme with current technology for reconfigurable
metasurfaces [10]. Mathematically, the reflectivity of pixel
i can be expressed as Ri = e−iφi , with φi ∈ {0, π}.

In that context, we decide to model the metasurface ele-
ments as current point sources at the center of the unit cells.
We assume that the metasurface elements are much smaller
than the operating wavelength, or d � λ, with d being
the largest dimension of the scatterer. Therefore, we work
in the Rayleigh-scattering regime. To model the desired
reflectivity, the electric field re-emitted by a pointlike pixel
i corresponds to bi = RiEloc

i = Ri(−iωμ0Ji), where Eloc
i is

the local field at the element position to be retrieved and
Ji is the equivalent current source. This approximation is
valid as long as the dimensions of the scatterers are much
smaller than the operational wavelength so that we work
in the far field or the radiation zone [45]. Both Ri and Eloc

i
depend on φi. Overall, the electromagnetic problem of a
metasurface in a complex medium can be expressed with
use of the Helmholtz equation as

(
∇2 + ω2

c2(r)

)
E = bsδ(r − rS) +

N∑
i=1

bi(φi)δ(r − ri),

(1)

with bs = −iωμ0JS corresponding to the electric field gen-
erated by the source at the point S. The complex medium
in Fig. 1 is nonhomogeneous, and thus the wave velocity
in Eq. (1) is a function of the spatial position.

The optimization problem, in this case, consists in find-
ing which binary phase configuration of the N elements
will result in the largest intensity at the target point F
(Fig. 1). It corresponds to maximizing the figure of merit
M = ‖EF‖2. To efficiently and rapidly find all the phases
φi that will maximize the figure of merit, we use the
topology-optimization method for inverse design.

B. Topology optimization and adjoint method

In general, for structural, as well as electromag-
netic topology optimization, a density-based material
parametrization is used [30]. The material is represented
by the continuous design field pi ∈ [0, 1], which maps the
material distribution for each pixel i of the design domain.
Therefore, the electromagnetic optimization problem is
formulated with the use of Eq. (1) as

max
p

M = ‖EF (pi) ‖2

subject to
(

∇2 + ω2

c2(r)

)
E

= bsδ(r − rS) +
N∑

i=1

bi(pi)δ(r − ri), (2)

with 0 ≤ pi ≤ 1, i = {1, 2, . . . , N }.

For the case of the tunable metasurface, the “material” is,
herein, the phase shift induced by the pixel of the meta-
surface. However, since only two states are allowed, i.e.,
0 or π , a binarization scheme needs to be applied on the
variables pi. Additionally, the gradient-based optimization
algorithms, as a rule, require continuous and derivable
functions, and thus step functions cannot be used as a filter.
Therefore, we apply a smoothed Heaviside function:

p̃i(pi) =
tanh

(
β

2

)
+ tanh

(
pi−β

2

)

tanh
(

β

2

)
+ tanh

(
1−β

2

) , β > 1, (3)

where β is a threshold value. After binarization, a linear
interpolation is applied, resulting in the phase of element i
as

φi(p̃i) = π p̃i − iαp̃i(1 − p̃i). (4)

Here α has the role of a second binarization scheme; it
controls the nonphysical imaginary term that introduces an
attenuation for all intermediate values between 0 and π

[30,32]. Finally, to ensure an almost-perfect binary result
for the phase values, we impose a continuation scheme by
gradually increasing β, with a ratio βinc for each individ-
ual run of the optimization algorithm. The iterations and,
eventually, the whole optimization process stop when the
gray indicator [40] is almost zero, or

γ = 1
N

N∑
i=0

4pi(1 − pi) ≈ 0. (5)

In this way, the resulting vector p is almost always of
value 0 or 1. As an initial set of values, we use pi = 0.5
for all i. The values of α, β, and βinc are problem depen-
dent, and a trial-and-error process is required to iden-
tify the best ones. Generally, low values of α, β, and
βinc could provide better focusing results at the cost of
longer optimization-algorithm running times, effectively a
trade-off process.

Afterwards, we use a gradient-based algorithm to solve
the topology-optimization problem described above. This
specific family of techniques uses the gradients, or sen-
sitivities, dM/dp. One could approximate the gradients
via finite differences, but this process would involve solv-
ing or simulating the problem described by Eq. (2) for
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every combination of the design variables pi, leading to
too-long computational times. Therefore, in this work, we
use the more-commonly-used adjoint sensitivity analysis
or, simply, the adjoint method [29,30,46,47]. The strat-
egy requires the solving of only two distinct problems to
compute all the required gradients. First, the solution of
the so-called direct problem gives the field EF , and thus
its intensity, at the focusing point F when a point cur-
rent source is placed at S. Second, an adjoint problem is
solved where F becomes the source with an amplitude
given by dM/dE|F,p = Re {EF(p)} − i Im {EF(p)} [48]. In
particular, it permits one to evaluate the adjoint solution
Eadj, which corresponds to the electric field values at the N
metasurface elements. Hence, the gradients are obtained as
[49]

dM
dp

= 2Re
{

Eadj · ∂b
∂�

∂�

∂p̃
∂p̃
∂p

}
,

with
(

∇2 + ω2

c2(r)

)
Eadj = dM

dE

∣∣∣∣
F ,p

δ(r − rF).

(6)

After the required derivative dM/dp is obtained via the
adjoint method, it is inserted into the function fmincon,
which performs nonlinear constrained optimization and
is included in MATLAB 2021b [50]. More specifically,
from fmincon, we use the gradient-based optimization
algorithm sqp, i.e., sequential quadratic programming
[51]. This method is similar to the Newton-Raphson
method [52], and it is used herein for constrained opti-
mization. The Jacobian and Hessian matrices required for
this algorithm can be retrieved numerically; however, to
greatly increase the speed and the accuracy of the whole
process, we generally seek to quickly retrieve the gra-
dient via the adjoint method. Nevertheless, it should be
noted that the focus of this work is specifically the rapid
retrieval of the gradient of the objective function, and the
reader could alternatively use a different gradient-based
optimizer.

In the presented problem of a metasurface in a complex
medium, Eadj can be acquired, at least through numeri-
cal simulations, via two steps, a direct calculation and an
adjoint one, while the terms ∂�/∂p̃ and ∂p̃/∂p are calcu-
lated analytically [49]. The term ∂b/∂� is not as easily
retrievable as the other terms via the model introduced in
Eq. (1), due to the complex interaction between the ele-
ments of the metasurface through the complex medium.
However, if one assumes that the elements do not interact
with each other and that the local fields on the metasur-
face pixels depend only on the source and the medium,
i.e., they do not depend on the phases of the individ-
ual elements, then ∂bi/∂φi = −ie−iφiEloc

i . Afterwards, the
local fields at the centers of the unit cells can be calcu-
lated during the direct simulation. This approximation is

quite common in reconfigurable-metasurface applications
and is known to provide adequate results. Nevertheless,
the omission of the dependence of the field due to the
other elements introduces inaccuracies and inefficiencies,
which become larger when reconfigurable metasurfaces
are placed in media apart from free space. Therefore, to
alleviate these issues, in this work, we introduce a rig-
orous Green’s function model, which leads to accurate
calculations and potentially shorter optimization times.

C. Green’s function formulation

The gradient in Eq. (6) can be retrieved through the
calculation of EF . This can be achieved with the use of
Green’s functions [53]. To demonstrate this approach, we,
at this point of the analysis and without loss of gener-
ality, transform the general 3D electromagnetic problem
in Eq. (1) to two dimensions. To do so, we assume that
the source at the point S is an out-of-plane line current
(or towards the z axis for an x-y plane), JS = IS ẑ, while
the equivalent sources at the unit-cell centers are similarly
induced out-of-plane line currents, Ji = Iiẑ. Moreover, all
materials involved are assumed to be invariant in the out-
of-plane direction. Therefore, all electric fields involved in
this 2D problem have only a ẑ component. At this point, we
use the Green’s function Hρρ′ as the electric field value Ez
measured at coordinate ρ when a point source is situated
at location ρ ′ (see Appendix A for free-space solutions).
The positions ρ and ρ ′ can be replaced by the positions of
the source at the point S, the focal spot F , or the pixel ele-
ments i, as shown in Fig. 1. Since the Helmholtz equation
is reciprocal, even in an inhomogeneous environment, it
holds that Hρρ′ = Hρ′ρ .

With the help of these Green’s functions, we can fully
calculate EF . In a matrix form, it is expressed as

EF = HFSbs + HT
Fb, (7)

where HT
F = [HF1HF2, . . . , HFN ] contains the Green’s

function values between the focusing point F and the meta-
surface elements and HT

S = [HS1HS2, . . . , HSN ] between
the source point S and the metasurface elements.

To take into account the multiple interactions between
the pixels of the metasurface, we need to rewrite the field
on the pixels as

b = [R]

{+∞∑
n=0

([H ][R])n

}
HSbs. (8)

The square matrix [H ] contains the interelement cou-
pling, that is to say the Green’s functions Hij , and [R] =
diag{R1R2, . . . , RN } stands for the reflection coefficients of
each metasurface pixel. The number n ∈ N in Eq. (8) refers
to the number of reflections between the environment and
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the metasurface that are taken into account for the calcula-
tion. If the problem involves a low-reflecting medium, e.g.,
a leaky room with a few objects inside [10], then no reflec-
tion or a single reflection (n = 0 or n = 1) may be a good
approximation. For the general case of infinite reflections,
the power series involves square matrices and convergence
always holds for passive systems. Therefore, the magic of
this matrix formulation is that one can readily write the
final solution of the multiply scattering series as [54]

b = [R] ([I ] − [H ][R])−1 HSbs, (9)

with [I ] being the identity matrix. Hence, through Eq. (9),
the term db/d� in Eq. (6) can now be analytically calcu-
lated for an infinite number of interactions between unit
cells [49].

It is evident that if we know all the Green’s function
values for Eqs. (7)–(9), we can find the desired gradient
from Eq. (6) and then begin the optimization solver for the
specific problem. These Green’s function matrix or vec-
tor elements can be either obtained via either numerical
simulations or measurements in a preoptimization step or
analytically calculated for certain environments.

III. FOCUSING APPLICATIONS

We now apply the proposed topology-optimization tech-
nique to various 2D focusing problems involving a recon-
figurable metasurface in a complex medium. First, we
apply the proposed technique for a tunable metasurface
in free space, where the Green’s functions required are
replaced by the analytical free-space 2D ones. Next, we
optimize the focusing problem for a reconfigurable meta-
surface placed inside a complex environment mimicking
an office room, which takes the form of a leaky cavity.
In this case, the Green’s functions are not known; there-
fore, they are extracted via numerical simulations before
the optimization technique is applied. This acquisition step
is time-consuming, but once all the Green’s functions are
known, the optimization is quick. Finally, we address the
problem of a leaky-cavity antenna, where the metasurface
and the source are placed in a partially open reverber-
ating cavity. For this specific geometry, the 2D Green’s
functions can be analytically calculated.

Whenever the Green’s functions are needed to be
extracted or a visualization of the results is required, we
use COMSOL MULTIPHYSICS as a simulation tool. In par-
ticular, each example is reconstructed in COMSOL MULTI-
PHYSICS in the manner in Fig. 1, and the equivalent sources
replacing the metasurface unit cells are set up as a func-
tion of the retrieved phases, where bi(φi) = Ri(φi)Eloc

i , as
explained in Sec. II A.

In all problems, we perform the required optimization
exploring two cases: taking into account infinite inter-
actions or no interactions between the elements of the

metasurface. The latter is the more common in metasurface
models [11,25] due to the simplicity it offers for modeling.
Nevertheless, it is expected to produce worse maxima for
the optimization problem in comparison with the full inter-
action model, especially as the environment complexity
increases. Infinite interactions are considered if one uses
Eq. (9), while no interaction is included if Eq. (8) is used
with n = 0. Finally, the resulting phase sets, �∞ and �0,
for, respectively, the infinite-interaction and no-interaction
cases are inserted into the full model of Eq. (7) and are
compared for their intensity outputs.

Finally, we choose to work in the microwave spectrum,
in which many applications on wireless communications
involving reconfigurable metasurfaces are used, both out-
doors and indoors [4,5,10,11]. Thus, the operational fre-
quency f is set to 2.4 GHz, while the distance d between
the elements of the metasurface is chosen as λ/2 to have
Shannon sampling of the metasurface [23,24]. Neverthe-
less, the procedure presented is general, and it can be used
for smaller element distances, as well as other frequencies
and applications, e.g., imaging with light using SLMs [18].

A. Free space

We first apply the proposed optimization technique to
the simplest case for the setup illustrated in Fig. 1, where
the “complex medium” is replaced by free space. This spe-
cific case enables a fast and easy analytical approach. First,
the Green’s functions HFi and HSi required for the calcu-
lations with Eq. (7) have an analytical expression [45,56]
(see Appendix A). Second, in the absence of a complex,
reflective or absorbing environment, only the direct inter-
action between the metasurface elements exists, and thus
the Hij are also the analytical textbook’s formulas, which
depend only on the distance between i and j. All field cal-
culations via Green’s functions are performed in the far
field, or at least for distances greater than λ/2, i.e., the
unit-cell dimension.

In this example, we use a metasurface of N = 101
reconfigurable elements or design variables; the center
of the metasurface is placed at the origin of the axes,
O(0, 0). Moreover, we place a point source with IS = 1 A
at the point S(20λ, 5λ). The optimization goal is arbitrar-
ily set as the maximization of the intensity at the point
F(−15λ, 60λ), as formulated in Eq. (2). The values of
the binarization parameters are set as α = 30, β = 2, and
βinc = 2, as detailed in Sec. II B.

The proposed topology-optimization method is applied
for this free-space example, for cases of infinite interac-
tions and no interactions between the metasurface ele-
ments. After the desired phase set is analytically computed,
the phase set from the infinite-interaction analysis, �∞,
is inserted into the COMSOL MULTIPHYSICS simulation; the
resulting electric field intensities are depicted in Fig. 2(a).
A focus is achieved at the expected point F .
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FIG. 2. Free-space problem. (a) Mapping of the intensities via COMSOL MULTIPHYSICS simulation, with the phase set �∞ as input.
(b) Electric field intensities for y = 60λ and the various phase sets obtained by the proposed topology-optimization process.

We now compare the efficiency between the use of infi-
nite interactions and the use of zero interactions, using
the 2D Green’s functions for free space to analytically
calculate |E|2 for y = 60λ via Eq. (7). At these points
the electric field is calculated by taking into account all
the metasurface-element interactions, for each phase-set
solution. Comparative results obtained with �∞ and �0
optimization solutions, as well as results obtained with
φi = π for each element, thus emulating a metallic reflec-
tor, are displayed in Fig. 2(b). The final focus at x = −15λ

is clearly observed for both retrieved phase sets; however,
a relative improvement of 70% is calculated between zero
interactions and infinite interactions. Moreover, the rela-
tive improvement between the perfect-electrical-conductor
(PEC) reflector and the �∞ solution is approximately
1200%. The resulting phase sets from the optimization
algorithm along with the comparison between the analyti-
cal intensity calculations and the simulations are provided
in Ref. [49].

The improvement in the final intensity at the focus-
ing point obtained with infinite interactions in comparison
with zero interactions is relatively small for a free-space
problem but is still non-negligible. Therefore, the approx-
imation, commonly used in reconfigurable-metasurfaces
applications, of not considering it, is relatively efficient for
free-space setups. Nevertheless, as we see in the follow-
ing examples, highly reflective and complex environments
deem the inclusion of the element interactions via the
matrix [H ] in Eq. (8) necessary for a large focusing effect
in the optimization process.

B. Complex leaky cavity

Next, the optimization algorithm is applied on a truly
complex and random environment: a leaky room. This

complex medium, depicted in Fig. 3(a), is modeled as
a 2D orthogonal leaky cavity containing PEC obsta-
cles of different shapes. Obviously, in this case, the 2D
Green’s functions cannot be obtained analytically. Thus,
the 2D Green’s functions are extracted via simulations
with COMSOL MULTIPHYSICS. Specifically, the Hij are
obtained by our placing a point source with amplitude
Ii = 1 A at the position of each element i and measuring the
electric field at the positions of the other j elements, thus
running N independent simulations. From the same simu-
lations, the values of HF and HS are also obtained. For HFS,
an (N + 1)th simulation is required. The values of Hii are
not extracted herein, and they are approximated as zeros.
This procedure for extracting 2D Green’s functions via
simulations requires much computational time, especially
for a dense mesh. However, the values are characteristic
of the problem’s geometry and can be stored and used in
future optimization runs. Specifically, if the source point
and the metasurface position are fixed and the focusing
point is moving, as in the case of a stationary WiFi router in
a room communicating with a moving device, the [H ] and
HS values are already pre-extracted and stored and only a
single simulation is required for the retrieval of HF and
HFS as long as the rest of the environment does not change.
Moreover, the same procedure for the 2D Green’s func-
tions retrieval can be performed via measurements much
faster, provided that the elements of the metasurfaces and
the receiver at the focusing point have receiver/transmitter
capabilities.

Again, as in the previous example, we use a meta-
surface of N = 101 reconfigurable elements/design vari-
ables placed at the origin of the axes. The source with
IS = 1 A is placed at S(20λ, 5λ) and the focusing point
is at F(−15λ, 60λ), just like in the previous free-space
problem. The values of the binarization parameters are
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FIG. 3. Complex leaky-cavity problem. (a) The leaky cavity/room: The surfaces of the circular and square obstacles are made of a
PEC. The boundaries of the cavity are constructed via the “transition boundary condition” of COMSOL MULTIPHYSICS, with the bold
lines representing “windows” with material parameters εr = 1.5, μr = 1, and σ = 0 and with thickness equal to λ, and with the normal
lines representing “walls” with material parameters εr = 5, μr = 1, and σ = 0 and with thickness equal to 2λ. The dimensions of the
cavity are set as W × H = 1.1Nd × 1.32Nd. (b) Mapping of the intensities via COMSOL MULTIPHYSICS simulation, with the phase set
�∞ as input.

set as α = 40, β = 1.2, and βinc = 1.2, as explained in
Sec. II B.

Once all 2D Green’s functions are extracted via simu-
lations, the proposed topology optimization is then used
for both n = 0 and n → ∞ element interactions in Eq. (8).
The resulting intensity inside the cavity for the opti-
mal phase solutions for infinite interactions is depicted in
Fig. 3(b). F appears to be on a region of increased intensity
compared with neighboring points. The intensity around F
is also depicted in Fig. 4(a), where the resulting focus is
more clearly shown. In parallel, the absence of focusing
around F when a random set of phases is used is illus-
trated in Fig. 4(b). The relative change in intensity between
the random phase set and the infinite-interaction phase set
is roughly 4000%. Finally, the relative improvement for
the intensity between the zero-interaction solution and the
infinite-interaction solution is a factor of 3.5. The resulting
phase-set solution from the topology-optimization process
and the intensities along the lines x = −15λ and y = 60λ

are provided in Ref. [49].
In this complex environment, once the set of Green’s

functions is fully known, the optimization procedure is
very quick and finds a solution that effectively exhibits

a focus near the target position F . The overall improve-
ment is far better than in free space, thus making the use
of RISs all the more interesting when used in a complex
and reverberating environment where each pixel provides
an extra degree of freedom [18,57]. Note that the inclusion
of infinite interactions between the elements of the recon-
figurable metasurface is mandatory as it has provided a
solution that results in a considerably better focus in com-
parison with not including the interactions. However, in
this example, the improvement comes with a considerable
cost of the computationally demanding pre-extraction of
the matrix [H ].

To tackle this issue, we propose finding a geometry
of a complex medium where Hij , HF , HS, and HFS can
be precalculated analytically, thus providing speed in the
topology-optimization process. In the next example, we
examine one such case.

C. Cavity antenna

For the last example, we apply the proposed topology-
optimization algorithm to another complex and highly
reflective environment, but this time where the necessary
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FIG. 4. Complex leaky-cavity problem. Mapping detail of the intensities via COMSOL MULTIPHYSICS simulation around the focusing
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2D Green’s functions are analytically calculated. Such a
geometry consists of a 2D cavity antenna as depicted in
Fig. 5(a). The RIS is placed at the bottom of a reverber-
ating cavity, with the right and left walls of the cavity
being made of perfectly conducting material. The fourth
wall (top) is made of a partially reflective surface, which
is composed of a subwavelength metallic grating (alter-
nation of metal and free space); thus, the cavity leaks to
the surrounding environment. The source feed is placed
inside the cavity itself. The focusing point is placed out-
side the 2D leaky cavity. This type of device constitutes a

cavity antenna, used as an example in this subsection, and
has attracted considerable attention both in academia and
industry for applications involving, for example, satellite
communications and radar [58,59].

The key point of this example is the analytical cal-
culation of the 2D Green’s functions, which practically
corresponds to the calculation of fields inside and outside
the cavity. First, the reflection and transmission coefficients
from an infinite version of the partially reflective aperture
are calculated for plane-wave incidence and angle range
(−π , π). For the specific case of a 2D aperture array, the

|E|
2

(V
2
/m

2
) for

0 10 20 30 40 50

x (wavelengths)

10

20

30

40

50

60

70

y 
(w

av
el

en
g

th
s)

0

1

2

3

4

5

6

7

8

9

10
10

5

partially reflective surface

F

(b)(a) Φ

S

F

reconfigurable metasurface elements

partially reflective surface

d

t

FIG. 5. Cavity-antenna problem. (a) The cavity-antenna design. The height h of the cavity is set to 7.5λ, while its length L is
1.1(N + 1)d, with d being the unit-cell dimension. The inset shows an illustration of the unit cell of the partially reflective surface.
The unit-cell dimension d is set to λ/2, while a PEC strip placed is the middle of the unit cell with dimension t = 0.2d. (b) Mapping
of the intensities via COMSOL MULTIPHYSICS simulation, with the phase set �∞ as input.

044022-8



TOPOLOGY OPTIMIZATION FOR MICROWAVE. . . PHYS. REV. APPLIED 21, 044022 (2024)

reflection and transmission coefficients can be analytically
calculated [45], or they can be extracted via simulations,
as we do specifically in this work. Afterwards, the calcula-
tion of the fields inside the cavity leads to the calculation
of Hij and HSi. In particular, for this purpose, we use
the method of images to remove the walls of the cavi-
ties and calculate the fields inside via summations of 2D
free-space Green’s functions, taking into account as many
images of the sources as required to achieve adequate con-
vergence. Finally, to evaluate the field outside the cavity,
Kirchhoff’s integral theorem is used. From the fields on the
partially reflective surface, the fields outside the cavity are
obtained, and thus the required values of HFi and HFS are
obtained. The formulas for the analytical calculation of the
2D Green’s functions for this cavity-antenna example are
provided in Appendix B, while a more-detailed analysis of
their derivation is given in Ref. [49]. As for the example
in Sec. III A, all field calculations are performed in the far
field.

We again use N = 101 elements with 0 or π phase
states, and the bottom-left corner of the cavity is placed at
O(0, 0), as depicted in Fig. 5(a). After placing a source at
the point S(48.05λ, 5λ) and setting the optimization goal
to be focusing at the point F(13.05λ, 60λ), we apply the
proposed topology-optimization technique to the problem
for the cases of infinite and zero element interactions. The
values of the binarization parameters are set as α = 40,
β = 1, and βinc = 1.2, as explained in Sec. II B. The opti-
mization is fully run in MATLAB with these analytical
formulae, and then the optimal phase solutions are rein-
jected into COMSOL MULTIPHYSICS to visualize the field
distribution outside the cavity.
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FIG. 6. Cavity-antenna problem. The electric field intensi-
ties for y = 60λ and the various phase sets obtained with the
proposed topology-optimization process.

The mapping of the intensities above the partially reflec-
tive surface for the resulting �∞ set is provided in
Fig. 5(b). A focus is successfully created at the expected
point F , confirming that both the analytical formulae and
the topological optimization have worked. Comparative
results for |E|2 at y = 60λ obtained with the infinite-
interaction and zero-interaction optimization solutions, as
well as results obtained with a random pick of 0 or π

phase values, are displayed in Fig. 6. The relative intensity
change between the random phase set and the �∞ set at the
focus at x = 13.05λ is calculated to be roughly 70 000%,
while the relative intensity change between the �0 set and
the �∞ set shows an improvement of more than 6 times.

D. Discussion

From all the previous examples, we can first conclude
that the topology-optimization scheme manages to find
optimal binary phase solutions that effectively create a
focus. The focusing results are expected to improve with
a larger number of reconfigurable elements or, in other
words, a larger number of design variables/degrees of free-
dom. Also, as the complexity of the medium increases,
the improvement in the resulting focusing becomes all
the more remarkable. This is a direct consequence of the
complexity of the medium, which we leverage to our
advantage by being able to control the spatial degrees of
freedom [10,18,57]. The more complex the environment,
the more useful the RIS. Or said differently, the more “mul-
tipath” the different Green’s functions are, the more impact
each individual pixel has.

The second comment is a corollary of the previous one.
As the Green’s function becomes more and more com-
plex together with the propagating medium, there are more
chances that waves are reflected back to the other pixels
of the metasurface. Therefore, a big difference is made in
the algorithm on whether multiple interactions between the
pixels are considered. Indeed, for the case of a metasurface
in free space, the topology-optimization results provide a
barely better focus for infinite interactions in comparison
with zero interactions. Therefore, the latter option is poten-
tially viable for the common free-space, telecommunica-
tion examples [4]. However, it is later shown that the use of
n → ∞ in Eq. (8) instead of n = 0 provides visibly better
results. Specifically, as the environment becomes increas-
ingly more reflective and involves more modes [11], the
use of infinite interactions is essential to obtain a focus via
the proposed topology-optimization scheme. Interestingly,
in terms of computational demands, it is more efficient
since only a single matrix inversion is required, as shown
in Eq. (9).

Third, an important feature that greatly enhances the
performance of the presented topology-optimization tech-
nique is the prospect of the analytical calculation of the
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required 2D Green’s function values in Eq. (7) for cer-
tain geometries. In principal, the Green’s functions values
can always be extracted via simulations in a preoptimiza-
tion step, as demonstrated in the leaky-room example in
Sec. III B. In practice, though, this requires a lot of com-
putational time and resources, and even if the values of
[H ] and HS characterize the geometry of a time-invariant
complex medium, and can be stored and reused for mul-
tiple optimization runs, one must still extract each time
the values of HF and HFS for a changing position of
the desired focusing point F . However, this problem is
alleviated if the geometry of the complex medium per-
mits an analytical calculation of the Green’s function, as
performed in the example in Sec. III C. This not only obvi-
ously enables a much-faster overall optimization process,
but also enables a real-time experimental use of topology
optimization, which is particularly useful for telecommuni-
cation applications, where the focusing point/receiver con-
stantly changes position [11,59]. The confirmation of the
analytical solution with simulation was performed here,
but undoubtedly the next step will be to test this scenario
experimentally.

Regarding the benefits of the proposed method in com-
parison with alternatives, obviously use of the adjoint
method for gradient retrieval instead of an explicit numer-
ical calculation results in a huge improvement in terms of
speed and computational burden. Furthermore, the use of
the Green’s function formulation of the problem herein,
especially if the Green’s functions can be acquired analyt-
ically, greatly helps the adjoint method itself, because this
time the direct and adjoint solutions are not obtained by
means of two finite-element-method or finite-difference-
time-domain simulations for each iteration, as commonly
done in related applications [30,34]. Therefore, the opti-
mization process is fast. Even if the Green’s functions
cannot be analytically retrieved (Sec. III B), the Green’s
function formulation for the optimization problem is still
beneficial, as the required Green’s functions are extracted
via simulations at the beginning, and then all iteration steps
are performed rapidly. Because the Green’s function val-
ues are geometry dependent, they can be stored and used
for another optimization cycle, on the same setup. In com-
parison with the non-gradient-based optimization methods,
as mentioned in Sec. I, the gradient-based optimization
methods generally perform better in terms of convergence
times when many degrees of freedom are involved [30].
In particular, in the example in Ref. [10], the optimization
method used was a nongradient one and was based on a
simple concept: Before the initial iteration all elements on
the metasuface are set to the 0 phase value. Then each ele-
ment is iteratively switched to the π phase and the intensity
is measured at the desired focusing point. If the resulting
intensity is higher, the element is kept with π , otherwise
it is changed back to 0. This procedure is repeated until
convergence is achieved, but it is highly inefficient and

could take for hours for 102 elements or variables, while
the method proposed in this work can result in convergence
in approximately 1 minute for 101 elements or variables.
The applicability of the proposed topology-optimization
method is not confined to the example in Ref. [30], which
is similar to the example in Sec. III B, and the method can
also be used for free-space problems (Sec. III A), cavity
antennas (Sec. III C), and possibly other cases.

Considering future endeavors, although the analysis pre-
sented herein is formulated and performed for 2D prob-
lems, it is general in nature and can be extended, with some
care, to 3D complex media. Apart from the different types
of Green’s function that must be used (see Appendix A),
one has to also take into account for the 3D cases the differ-
ent polarizations, the different multipole types (electric and
magnetic), and the choice of the multipolar order. These
considerations will eventually produce more-complicated
matrices and vectors in the respective equation (7) for
3D environments, but the formalism should remain valid.
Moreover, the SMMs used herein can switch between only
two states, but other types of element, i.e., the SLMs used
in optics and imaging applications, could potentially have
multiple states. In that case, our proposed method requires
an extension. Specifically, the current scheme is confined
to two states because of the basic idea stemming from
topology optimization in photonics, which is the design of
structures that either are filled or not filled by material, i.e.,
a final “black-and-white” structure. To include more than
two states, one would have come up with a new, continu-
ous, and derivable filter function in place of the smoothed
Heaviside function used. Finally, in this work the elements
were considered as point scatterers, which radiate isotropi-
cally in 2D space. This was done for simplicity, yet without
loss of generality. As a future step forward, one could add
near fields in the model, as well as higher-order multipoles
[24], taking into account that the calculations involving the
required Green’s function values in Eqs. (7) and (8) will be
more complicated.

IV. CONCLUSION

In this paper, we have presented a topology-optimization
technique to perform electromagnetic focusing when
binary reconfigurable metasurfaces are used in complex
media. First, the optimization problem was formulated
in two dimensions, with the elements of the metasurface
approximated as point sources and with the use of Green’s
functions. Moreover, the adjoint method was used for the
fast retrieval of the necessary derivative. Subsequently, the
method developed was applied to various focusing exam-
ples in complex environments for 2D Green’s function
values analytically calculated or retrieved via simulations.
The obtained phase values of the reconfigurable elements
provided excellent focusing at the intended points, while
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it was also demonstrated that the consideration of infi-
nite interactions between metasurface elements in the
topology-optimization scheme provides significantly large
intensities at the focus.

For future work, we aim to expand the proposed
topology-optimization technique to 3D problems involv-
ing complex media, as well as to experimentally use
the presented technique for real-time free-space or cav-
ity problems. Additionally, we plan to add more scatterer
models to represent in our method more-realistic and
more-complicated metasurface elements.
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APPENDIX A: TWO-DIMENSIONAL GREEN’S
FUNCTION FOR FREE SPACE

Let us consider a 2D space, described by the cylindrical
coordinate system (ρ, θ) and with the vector to an obser-
vation point ρ = ρρ̂ = xx̂ + yŷ = ρ

(
cos θ x̂ + sin θ ŷ

)
. A

unitary point source is placed at ρ ′ with an imposed current
along the ẑ direction. Additionally, the medium is inho-
mogeneous, but it does not affect the polarization of the
propagating waves. Hence, the problem is described by the
Helmholtz equation:

(
∇2 + ω2

c2(ρ)

)
H(ρ, ρ ′)ẑ = −δ(ρ − ρ ′)ẑ. (A1)

The solution to this problem H(ρ, ρ ′) is called the Green’s
function. For the case of unbounded, homogeneous free
space, it is the perpendicular 2D Green’s function [56]:

H(ρ, ρ ′) = G2D(‖ρ − ρ ′‖) = − i
4

H (2)

0 (kR), (A2)

where H (2)

0 (.) denotes the zeroth-order Hankel function of
the second kind, k = ω/c is the free-space wave number,
and R = ‖ρ − ρ ′‖.

APPENDIX B: CALCULATION OF [H ], HF , HS ,
AND HFS FOR THE CAVITY-ANTENNA

PROBLEM

The problem under study is the leaky cavity antenna
depicted in Fig. 5(a). The application of the proposed

topology-optimization technique requires the calculation
of the Green’s function values in Eqs. (7) and (9). The
reflection and transmission coefficients at the partially
reflective surface, or simply r and t, are a function of the
angle θ of the incident wave and can be either calculated
or extracted via simulations.

To emulate the presence of the walls, the method of
images is applied [45,56]. The metasurface elements are
placed exactly at the bottom of the cavity and therefore
there is no reflection on the bottom wall. Then, the Hij and
HSi can be calculated analytically. The Hij are calculated as

H d
ij =

m∑
−m

{
G2D(d+

ij,m) − G2D(d−
ij,m)

}
, i �= j, (B1a)

H r
ij =

m∑
−m

{
r(θ+

ij,m)G2D(q+
ij,m) − r(θ+

ij,m)G2D(q−
ij,m)

}
,

i �= j, (B1b)

Hij = H d
ij + H r

ij, (B1c)

where d±
ij,m = |xj − (±xi + 2mL)|, θ±

ij,m = tan−1(d±
ij,m/2h),

and q±
ij,m =

√
4h2 + (d±

ij,m)2, with m ∈ Z, according to
Fig. 5(a). xi and xj correspond to the x coordinates of
the unit-cell centers. Moreover, |m| indicates the number
of images considered in the analysis. Because G2D stands
for a cylindrical wave, the further away the source, the
lower the magnitude of the Green’s function, therefore
|m| = 20–30 provides very good accuracy.

The elements of the main diagonal of [H ] are themselves
calculated as

Hii = r(0)G2D(2h) +
m∑

−m

{
G2D(d+

ii,m) − G2D(d−
ii,m)

}
.

(B2)

The HSi are similarly calculated as

H d
Si =

m∑
−m

{
G2D(q+

1,i,m) − G2D(q−
1,i,m)

}
, (B3a)

H r
Si =

m∑
−m

{
r(θ+

Si,m)G2D(q+
2,i,m) − r(θ+

Si,m)G2D(kq−
2,i,m)

}
,

(B3b)

HSi = H d
Si + H r

Si, (B3c)

where d±
Si,m = |2mL ± xS − xi|, θ±

Si,m = tan−1(d±
Si,m/

(2h − yS)), q±
1,i,m =

√
y2

S + (d±
Si,m)2, and q±

2,i,m =√
(2h2 − yS)2 + (d±

Si,m)2, with m ∈ Z.
Afterwards, the calculation of the remaining values of

HFi and HFS requires the accurate calculation of the fields
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outside the cavity. This is possible by use of the Kirchhoff
integral [45,60], where all infinitesimally small sections of
the partially reflective surface of the problem in Sec. III C
are considered to be point sources. Therefore, the integral
is transformed for the current problem in Fig. 5(a) as

E(ρF) =
∫ L

0
E(ρ ′)

(
ŷ · ∇′G2D

(‖ρF − ρ ′‖))

+ G2D
(‖ρF − ρ ′‖) (

ŷ · ∇′E(ρ ′)
)

dx, (B4)

where the vector ρ ′ represents the position of each
piece of the integral, while ρF represents the posi-
tion of the point where the field is to be calculated,
herein the focusing point. Hence, ‖ρF − ρ ′‖ = RF =√

(xF − x′)2 + (yF − h)2. The right-hand side of Eq. (B4)
is reformulated as

ŷ · ∇′G2D(RF)

= |yF − h|√
(xF − x′)2 − (yF − h)2

[
ik
4

H (2)

1 (kRF)

]
. (B5)

The problem of calculating HFi and HFS essentially
becomes a problem of calculating the electric fields and
their derivatives on each point of the partially reflective
surface. Specifically, the electric field at F is calculated
with Eq. (B4) after placement of a current point source at
the positions of metasurface elements or at S and with use
of the method of images. Therefore, for each metasurface
element i, it is derived that

Eix′ =
m∑

−m

{
t(θ+

ix′,m)G2D(u+
i,m) − t(θ−

ix′,m)G2D(u−
i,m)

}

× (−iωμIi), (B6a)

ŷ · ∇′Eix′ = −ik
4

m∑
−m

{
h

u+
i,m

t(θ+
ix′,m)H (2)

1 (ku+
i,m)

− h
u−

i,m
t(θ−

ix′,m)H (2)

1 (ku−
i,m)

}
(−iωμIi), (B6b)

where u±
i,m =

√
h2 + (x′ + 2mL ± xi)2 and θ±

ix′,m = tan−1

(u±
i,m/h), with m ∈ Z. Similarly, for the source point S, it

holds that

ESx′ =
m∑

−m

{
t(θ+

Sx′,m)G2D(u+
S,m) − t(θ−

Sx′,m)G2D(u−
S,m)

}

(−iωμIi), (B7a)

ŷ · ∇′ESx′ = −ik
4

m∑
−m

{
h

u+
S,m

t(θ+
Sx′,m)H (2)

1 (ku+
S,m)

− h
u−

S,m
t(θ−

Sx′,m)H (2)

1 (ku−
S,m)

}
(−iωμIi),

(B7b)

where u±
S,m =

√
(yS − h)2 + (x′ + 2mL ± xS)2 and θ±

Sx′,m =
tan−1(u±

S,m/(yS − h)), with m ∈ Z. Insertion of Eqs. (B5),
(B6a), and (B6b) into Eq. (B4) produces EFi, which
in turn leads to the calculation of the vector element
HFi = EFi/(−iωμIi). Finally, insertion of Eqs. (B5), (B7a),
and (B7b) into Eq. (B4) gives EFS, which is required for
Eq. (7), HFS = EFS/(−iωμIi).
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