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We propose a scheme to generate nonreciprocal entanglement between an yttrium iron garnet (YIG)
sphere and two nitrogen-vacancy-center ensembles by magnon Kerr effects in a transmission-line res-
onator. By driving the YIG sphere appropriately, strong Kerr nonlinearities emerge and then induce
magnon parametric amplification and magnon frequency shift, resulting in the appearance of optimal
entanglements. Depending on the direction of the bias magnetic field, macroscopic nonreciprocal entan-
glement is realized in this all-solid-state quantum system, which may find potential applications in chiral

quantum information processing.
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I. INTRODUCTION

Quantum entanglement is an essential resource for
various quantum technologies, including quantum telepor-
tation, quantum communications, and quantum sensing [ 1—
4]. In particular, macroscopic quantum entanglement plays
a crucial role in probing the boundary between the quan-
tum and classical worlds [5—8], tests of decoherence theo-
ries at large mass scales [9,10], and gravitational quantum
physics [11], among many others. Recently, magnons, the
quanta of spin waves in magnetic materials, have attracted
significant attention due to their high spin density, low
damping rate, and great frequency tunability [12]. There-
fore, they provide an ideal platform to realize macroscopic
quantum entanglements including magnon-magnon [13—
15], magnon-phonon [16,17], magnon-atomic ensemble
[18-20], and others.

On the other hand, the nitrogen-vacancy-center ensem-
ble (NVE) is another solid-state quantum system suit-
able for the study of macroscopic quantum effects. It
possesses excellent spin properties [21,22], such as long
spin-coherence time [23—25], quantum-state controllabil-
ity [26,27], and the ability to initialize and read out the
spin state optically [28,29]. Recent theoretical and exper-
imental research has revealed the coupling of magnons
in microscopic magnets to nitrogen-vacancy (N-V) cen-
ters in diamond [30-34]. However, previous studies have
mostly focused on the interactions between the single N-
V spin and the magnon. In comparison to a single N-V
spin, the NVE is more suitable for storing local quan-
tum information [21]. This stems from the fact that the

*Corresponding author: feiwang@hbut.edu.cn

2331-7019/24/21(3)/034061(14)

034061-1

collective interaction between NVEs and light fields is
enhanced by increasing the spin numbers, and the long-
lived coherence contained in the spin ensemble assumes
a pivotal role in the realization of high-fidelity quantum
memories. So far, numerous schemes have been presented
for the preparation of NVE-NVE entanglement based on
quantum state manipulation [35-37], quantum reservoir
engineering [38,39], N-V—nanotube coupling [40], initial
squeezing [41], and so on. Yet, the hybrid entanglement
between magnons and NVEs remains underexplored terri-
tory, despite its potential applications in the construction
of solid-state quantum information processors.
Nonreciprocal devices that break time-reversal symme-
try are essential building blocks for information processing
and sensing [42]. In recent years, the one-way flow of clas-
sical information has been extensively studied by using
synthetic materials [43—48], solid devices [49—55], atoms
[56,57], and so on. Significant advancements have also
been achieved in the practical applications of nonreciproc-
ity, including the development of nonreciprocal phonon
laser [58,59], nonreciprocal nanoparticle sensing [60,61],
nonreciprocal slow light [62,63], and nonreciprocal opti-
cal solitons [64]. Simultaneously, substantial progress has
been made in nonreciprocal quantum effects. One-way
quantum blockade [65—69], single-photon diodes [70,71],
and nonreciprocal entanglement [72—77] and steering [78,
79] have been explored theoretically, and nonreciprocal
photon pairs [80] and cavity polaritonics [81] have been
experimentally confirmed. These findings cast a profound
illumination on the intersection of nonreciprocal physics
and quantum technology, heralding a host of innova-
tive applications. Particularly noteworthy is nonreciprocal
entanglement, which is robustly protected by the breaking
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of Lorentz reciprocity [72]. This advancement holds signif-
icant promise for chiral sensing, chiral quantum informa-
tion processing, and constructing chiral quantum networks,
representing a notable stride forward in the evolution of
quantum technologies [82].

In this paper, we propose a scheme for generating non-
reciprocal entanglement between magnons and NVEs via
the magnon Kerr effect. We employ a pair of NVEs and
an yttrium iron garnet (YIG) sphere to interact with a
transmission-line resonator (TLR) simultaneously. Under
the assumption that both NVEs operate in the low-
excitation limit, we can treat the collective variables as two
bosonic fields using the Holstein-Primakoff approximation
[83]. By operating in the dispersive regime, the TLR serves
as a quantum bus, and the magnon-NVE and NVE-NVE
couplings are realized via exchanging virtual photons [84—
87]. We demonstrate that bipartite magnon-NVE entan-
glement, NVE-NVE entanglement, and tripartite entangle-
ment can be nonreciprocally established. Moreover, the
internal mechanisms to interpret the origin of the nonrecip-
rocal entanglements are attributed to the magnon paramet-
ric amplifier (MPA) and magnon frequency shift (MFS)
hidden behind magnon Kerr effects. Specifically, MPA ini-
tially prepares the magnon mode into a squeezed state,
which is then mapped into the two NVE bosonic modes
through beam-splitter interaction. The Kerr-effect-induced
MEFS, similar to the Sagnac effect in the cavity field, can
be switched from positive to negative by changing the
direction of the magnetic field. This modulates the optimal
positions for all entanglements, resulting in nonreciprocity.

In comparison with previous studies on nonreciprocal
entanglement [72—77], our scheme exhibits the follow-
ing advantages: (i) Previous proposals mostly relied on
the Sagnac effect for inducing nonreciprocity, achieved
by driving spinning cavities along different directions
to generate opposite frequency shifts. In contrast, our
approach exploits the magnon-Kerr-effect-induced MFS,
which depends on the direction of the bias magnetic field,
providing an alternative way for exploring nonrecipro-
cal quantum effects. (ii) Unlike prior methods necessitat-
ing radiation pressure interactions for generating entan-
glement, our scheme only requires the standard beam-
splitter interaction and the entanglement arises exclusively
from the magnon-Kerr-effect-induced MPA, eliminating
the necessity for complex interactions or external nonlin-
ear inputs. (iii) More importantly, the system utilized in the
present scheme is all-solid-state characterized by robust
scalability and operability. It performs well even under
bad-cavity conditions, owing to the interactions being
virtual-photon processes. This makes it more applicable to
current laboratory techniques.

The remaining part of this paper is organized as fol-
lows. In Sec. 1, we describe the model and equations of
our scheme. In Sec. III, we present the physical mecha-
nisms and then perform the numerical verification for the
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FIG. 1. (a) Sketch of the hybrid quantum system. Two NVEs

and a YIG sphere are installed in a TLR cavity. The cavity mag-
netic field is along the y direction and coupled to the magnon and
NVEs. The static bias magnetic field By is applied locally to the
YIG sphere along the z direction. Superconducting microwave
coils with a small loop antenna are mounted behind the YIG
sphere to directly drive the magnon mode along the x direc-
tion (with Rabi frequency €2,,). (b) Level structure of a single
N-V center, where D,s/27 = 2.87 GHz is the zero-field splitting
between the lowest energy sublevels |m; = 0) and |m, = +1).

nonreciprocal entanglements. The paper ends with a con-
clusion in Sec. IV.

II. MODEL AND EQUATIONS

As shown in Fig. 1(a), two NVEs and a YIG sphere
are dispersively coupled with a TLR cavity, in which the
TLR serves as a quantum bus mediating effective coupling
between objects in the cavity. The NVE consists of N =
10'2 N-V centers in a diamond crystal. Each N-V center is
negatively charged with two unpaired electrons located at
the vacancy, which can be modeled as a two-level system
in the ground subspaces. As shown in Fig. 1(b), the elec-
tronic ground states of the single N-J center are spin triplet
states, labeled 4. There is a zero-field splitting Dgs /27 =
2.87 GHz between the degenerate sublevels |m; = £1) and
|my = 0) [21,22]. For simplicity, we consider the ground
state |m, = 0) = |g) and the excited state |my; = £1) =
le). In addition, the YIG sphere is saturated magnetized by
a uniform magnetic field By [88]. Meanwhile, we consider
the strong and tunable magnon Kerr effect, originating
from the magnetocrystalline anisotropy in the YIG sphere
and being demonstrated by recent experiments [89—91].
Generally, to enhance the magnon Kerr effect, the YIG
sphere should be driven by a superconducting microwave
line with a small loop antenna [92,93].

The Hamiltonian for the whole system reads (taking
h=1)

H=H +H,+H,+H;+H. (1)
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Here the first term H, = w.a’a describes the free Hamilto-
nian of the TLR cavity mode, with @ (a*) being the anni-
hilation (creation) operator of the cavity field at frequency
w.. The second term

H, = Z a),,a;ol 2)

=12

represents the Hamiltonian of the NVEs, where o; =
Zﬁ:l |g1) . (e1] are the collective spin-flip operators of the
Ith ensemble (/ = 1,2), where |g;) and |e;) are the ground
and excited states, respectively, with resonant transition
frequency w, = Dygs.

The third term has the form

Hm = —)/OBOSZ + DXS)% + DyS)% + DZS229 (3)

which is used to describe the Zeeman energy, the magne-
tocrystalline anisotropy energy (see Appendix A) [92,93].
Here, yp = 28 GHz/T is the gyromagnetic ratio, the non-
linear coefficients D; rely on the crystallographic axis of
the YIG sphere, along which the bias magnetic field By is
applied, and S = (S}, S, S2) stands for the collective spin
operator. When the different crystallographic axes [100] or
[110] are aligned along the biased magnetic field By, the
nonlinear coefficients D; will be expressed differently (the
detailed derivation is given in Appendix A)

KanVe
D,=0, D,=0, D,=trmh for [100],
M2V,
9 KanVe
D,=3D., D,=-D, D,=5222%" g(110),
4 2M27,,
4)

where K, (> 0) is the first-order anisotropy constant of the
YIG, M is the saturation magnetization, V), is the volume
of the YIG sphere, and p is the vacuum permeability.

The fourth term, the interaction between the macrospin
and the drive field, is

Hy = QS 4+ S_e7™r"), )

where S1 = S, £ S, are, respectively, the raising and low-
ering operators of the macrospin in the YIG sphere, and
Qs = oyoBa/4 denotes the coupling strength between
each single spin and the driving field with amplitude B,
and frequency w,. Finally, the fifth term, the interaction
Hamiltonian describing the NVEs and the YIG sphere
coupled to the TLR, can be written as

H; = gna(alT + a;) + gaS_ +H.c., (6)
where g, and g, represent the coupling strengths associated

with the interaction of the cavity field with the NVEs and
the macrospin of the YIG sphere, respectively.

The macrospin operators of the YIG sphere are
related to the magnon operators via the Holstein-
Primakoff transformation [83], S, = (V2S5 — mim)m,
S_ =m'(V2S —mfm), and S. =S — m'm, where S =
5pV,/2 is the total spin number in the YIG sphere
with spin density p = 4.22 x 10" m™3 [17], and m' (m)
denotes the creation (annihilation) operator of the magnon.
For the low-lying magnon excitations with (m'm) « 28,
one has S, =m+/2S and S_ = m'/2S. Similarly, we
assume that the NVEs are initially prepared in the ground
state, and that they are in the low-excitation limit.

In this case, we can also adopt the Holstein-Primakoff
approximation [83] to describe the NVEs as two bosonic
modes b; = 0;/+/N satisfying [b,,b;] = 1. Then, we
obtain the fully bosonized Hamiltonian

H=w.a'a+ w, (b;fbl + b;bz) + wpm'm + Km mm m
+ gp(ab! +a'by + abl + a'by) + gu(am® + atm)
4 Qm (me—ia)pt 4 mTeia)pt)’ (7)

where the frequency of magnon mode w,, and the Kerr
nonlinear coefficient /C also have the distinct expressions

2u0Kan V2 S woKani
wn = YoBo — Mz—anO’ K= Mz—anO’ for [100],
13140Kany2S 13 0Kanyg
Wy = VOBO-FW, = —m,for[IIO],
(®)

for different crystallographic axes [100] or [110] of the
YIG sphere along the bias magnetic field. Now, it becomes
evident that by adjusting the direction of the biased mag-
netic field, the Kerr coefficient can be either positive
(K > 0) or negative (K < 0). In the above, g5 = g,v/N
and g,, = g,+/2S are the effective cavity-NVE and cavity-
magnon coupling strengths, and Q,, = $,+/2S is the Rabi
frequency of the driving field applied to the magnons.

In the rotating frame H, = w.ata + wy (bIbl + b;bz +
m'm), the total Hamiltonian can be written as

H= A;(bfbl + b;bz) + AL mtm + Km"mm'm
+ [gb(abJI + ab;)e’m + gnam'e™ + H.c.]
+ Q(m + m"). ©)

Here A) = w, —w,, A, =w, —w,, and A =, — w,
are the frequency detunings of NVE, magnon, and cav-
ity with respect to the driving field, respectively. In the
case of A > A/ A) K, g, gn, the cavity mode is vir-
tually excited [84—87]. Then the effective Hamiltonian is
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given by
H. = A,,(lerbl + b;bz) + Apm'm 4+ Km 'mm'm
+ [gim(b! + b)) + g2bi bl + Qum+Hel, (10)

with g1 = gugn/A, & =gp/A, Aw= A}, +g;/A, and
A, = Al +g2/A. It can be seen that coherent magnon-
NVE together with NVE-NVE interactions are induced by
the exchange of virtual photons.

The master equation for the density operator p of the
effective magnon-NVE coupled system is written as [94,
95]

2

d .
—p = —ilHer, p]+v ;Eb,p + k(i + 1) Lopp

(11

where L,p (0o = m, by, by) takes the standard form L,p =
%(20,00* —o%op — po'o), describing the damping of the
NVEs and magnon with rates y and «,,, respectively,
and ng, = [exp(hw,,/ksT) — 117! being the equilibrium
thermal magnon occupation number, with the Boltzmann
constant kg and the ambient temperature 7.

Following the standard technique [96], the dissipative
dynamics of the system can be described by a set of
quantum Langevin equations (QLEs):

+ Kmnth['mT P,

= — (%’” + iAm> m — i2KCm'mm — igi (b1 + by)

+ Qm + Kmmin’
b= - (g + iAn) by — igim — igaby + /7D,
b= — (L i0) b — tgim — igoby + 7B (12)

wherein m'"™ and b}" are noise operators for the magnon
and NVEs, respectively, with zero means and characterized

J

—kn/2 _ Ay—2K
_(Am + 2]C) _Km/2
0 81
A=
—g1 0
0 &1
—81 0

where Zm =A,+ 4K is the effective detuning, and K=
KC|(m)|? is the strength of the magnon parametric ampli-
fier. As the sign of K can be tuned, we have K > 0 or
K < 0 for the case with the crystallographic axis [100] or
[110] along the bias magnetic field, and the corresponding

by the nonvanishing correlation functions: (m™ (£)m™(¢))
= (mn + DS = 1), (m™@OmM™(¥)) = nwd(t —7) and
(B0 (1)) = 8(t — 7).

Since the magnon is under strong driving, leading to a
large amplitude |(m)| >> 1, and further owing to the effec-
tive magnon-NVE beam-splitter-like interactions, the two
bosonic modes of NVEs are also of large amplitudes. This
allows us to linearize the system dynamics by introducing
the expansion o = (0) + o, and neglecting small second-
order fluctuation terms. Substituting those linearized oper-
ators into Eq. (12), we can obtain two sets of equations, one
of semiclassical averages and the other of quantum fluctua-
tions. By solving the semiclassical equations, the solutions
of the averages are obtained

B 2Q,(y + 2i8,)

C(y +2i8,) (e + 2i8,) + 82
—2igy (m)

y +2is,’

(m)
(13)
(b1) = (by) =

where 8, = A, + g and §,, = A, + 2K|(m)|>. For sim-
plicity, (m) is assumed to be real via properly choosing the
phase of the driving field.

In order to investigate quantum entanglement, we define
a pair of quadrature operators of quantum fluctuations
as X, = \%(60 + 80"y and P, = —i/v/2(80 — 80'). Mean-

while, the noise quadratures X" and P" are defined in the
same way. The QLEs describing the quadrature fluctua-
tions can be written as

u(t) = Au(®) +§(2), (14)
where the column vector for the fluctuation vari-
ables is arranged as u(t) = (X, P> Xp,» Po;» Xoy» Ppy) 7,
the corresponding noise terms are listed as &(1) =
(Xn‘f,P};‘,X;?,PZ?,XZ;;‘,P})‘;)T , and the drift matrix

reads as

0 21 0 &1
—gi 0 —g1 0
—v/2 A, 0 & 1
. S T R (13)
0 &2 —)//2 An
-2 0 A, —y/2

(

effective detuning experiences an opposite shift. Accord-
ing to the Routh-Hurwitz criterion [97], it is easy to verify
that, if all eigenvalues of the drift matrix 4 have negative
real parts, then the system is stable (see Appendix B for
details).
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In the present work, we mainly focus on the quantum
correlations in the steady state. The system will decay
to a stationary Gaussian state that can be characterized
by a 6 x 6 covariance matrix (CM) C whose matrix ele-
ment is defined by Cj; (1,7) = 5 (ui(Du; (') + u; ({)u; (1))
(i,j =1,2,...,6). The steady-state CM can be obtained
straightforwardly by solving the Lyapunov equation [98,
99]

AC+CA” = -D, (16)

with the diffusion matrix D = diag[k,; Cnry + 1),
KmQny +1),v,v,¥,y1/2. The diffusion matrix D is
defined through D;; (1 — 1) = %(gi(t)gj () + & (1)&(D)).

To study the magnon-NVE and NVE-NVE bipartite
entanglements, we adopt the logarithmic negativity Ey
by computing the 6 x 6 CM related to the two modes of
interest [100,101]. The logarithmic negativity for Gaussian
states is defined as

Ey = max[0, —In2v], (17)

where v = min eig| @le —(0,)PC4P| denotes the min-
imum symplectic eigenvalue, for which o, is the y Pauli
matrix, Cy is the 4 x 4 CM of the two subsystems that
include only the rows and columns of the modes of inter-
estin C, and P = o, @ 1 is the matrix that realizes partial
transposition at the level of the CM.

The magnon-NVE tripartite entanglement is quantified
by the minimum residual contangle [102] defined as

Rijk = Cijjx — Cijj — Ciyge. (18)

Here C,, is the contangle of subsystems u and v (v may
involve one or two modes). This is a proper entangle-
ment monotone defined as the squared logarithmic nega-
tivity, 1.e., Cyp = E12:|u- The one-mode-versus-two-modes
logarithmic negativity Ejj;; = max[0, —In2v;;], where
vk = min eig| EB;zl —(0,)PyjxCPyji| with Pypp3 = 0. @
1 1, qug =1 Do, P 1, and P3|12 =161 @D o, being
the matrices for partial transposition at the level of the
6 x 6 CM. The residual contangle satisfies the monogamy
of quantum entanglement, i.e., R;jx > 0, which is similar
of the Coffiman-Kundu-Wootters monogamy inequality in
Ref. [103]. A bona fide quantification of tripartite entangle-
ment for Gaussian states is given by the minimum residual
contangle

Rmin = min[leblbzz Rbl\mbza szlmbl]: (19)

which guarantees the invariance of tripartite entanglement
under all permutations of the modes.

III. ANALYSIS AND DISCUSSION

A. Physical mechanism

Before studying entanglement, it is necessary to eluci-
date the mechanism for the nonreciprocal entanglement
induced by Kerr nonlinearities. Specifically, the magnon
Kerr effect not only generates an MPA process, but also
gives a red or blue MFS. The former is the source of entan-
glement, while the latter will induce the nonreciprocity of
the system.

Firstly, following the standard linearization treatment,
we can obtain the linearized Hamiltonian for quantum
fluctuations:

Hijn = A, (8b18by + 8b38by) + A,u8m'8m + K (5m?

+6m') + [g16m(3b! + 5b1) + g28b18b) + H.c].
(20)

Now it is seen from the linearized Hamiltonian, Eq. (20),
that the magnon Kerr nonlinearities can be equivalent to
an MPA process, which is responsible for the magnon
squeezing. Then, to elaborate the mechanism of entangle-
ment, we introduce two collective NVE modes as 6b; =
(1/4/2)(8by + 8by) and 8b_ = (1/+/2)(8b, — 8by). Here
the new operators satisfy the bosonic commutation rela-
tions [5b+,8b1] =1 and [Sb,,(SbT_] = 1. By substituting
the operators 55 (bl) into Eq. (20), the Hamiltonian can
be rewritten as

Hj, = (A, +g2)8b 8by + (A, — 2)8b' 8b_
81

V2

+ A8mtem 4+ K(sm* + sm'?) +

x (8msb + 5m'sb,). @1
Obviously, only the NVE bright mode b, appears in the
interaction term of Eq. (21) while the mode §b_ decouples
from the magnon mode §m, which means that the mode
3b_ becomes a dark mode.

Physically, the first three terms in Eq. (21) are free
Hamiltonians for the collective modes and magnon mode,
respectively. The fourth term is referred to as the MPA
process with effective strength K and the last term is
responsible for the transfer process between bright mode
8b and magnon mode Sm.

It is well known that the MPA leads to magnon squeez-
ing, and the beam-splitter interactions result in the transfer
of quantum states. When A, +g, = —A, (ie, A, =
— (A, + g2) — 4K), MPAs squeeze the magnon mode and,
simultaneously, the quantum state of the magnon mode dm
transfers to the NVE bright mode §b, by the beam-splitter
interactions. This process gives rise to the generation
of optimal magnon-NVE entanglement. Interestingly, we
note that the entanglement is enhanced with decreasing of
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FIG. 2. Density plots of (a) magnon-NVE bipartite entanglement E,.p,, (b) NVE-NVE bipartite entanglement £}, 5, , and (c) magnon-
NVE trlpartrte entanglement R, versus detunings A, and A . The black dashed lines in panels (a) and (c) indicate the condition
Ay = —(A, + g2) — 4K, while the two black dots in panel (b) indicate the condition A, = —g, and A, = —ZIC —6K. The other

parameters are chosen as w,, = 10 GHz, y /27 = «,,/2r = 0.1 MHz, K = Y, 81=& =

= 5y, and T = 50 mK. The gray areas

show the unstable region, and the blue areas represent the areas where entanglement does not exist.

|Ap] (e, |Ay, + 4I€|~) under the optimal detuning condi-
tion of A, + g» = —A,,. This can be attributed to the fact
that the MPA and the beam-splitter interaction will play a
remarkable role in generating entanglement when smaller
|A,| is taken. By tuning the direction of the bias magnetic
field, the optimal detuning condition A,, = —(A, + g2) —
4)C moves in the opposite direction for /C > 0 or I < 0.
Therefore, nonreciprocal magnon-NVE entanglement can
be achieved.

On the other hand, in order to understand the essential
origin of the optimal NVE-NVE entanglement, we operate
the system in the squeezed-magnon frame via the Bogoli-
ubov transform dm = Smg coshr + (Smi sinhr and sm' =
Smy sinh 7 4 8m{ coshr [94,95]. Substituting this expres-
sion into Eq. (21), and setting the squeezing parameter r =
(1/4) In[(A,, — 2IC)/(A + ZIC)] we can reduce Eq. (21)
to

Hl, = (A, + g2)8b1.8b, + (A, — g2)8b' 8b_

g1 ..
+ A8mi8mg + Z—[sinhr Sm,8b
V2 -

+ cosh rém8b’, + H.cl, 22)

with A, = /A2 — 4K2.

Obviously, we can see that both parametric and beam-
splitter interactions coexist between the squeezed magnon
mode ém; and the NVE bright mode §b,. When A, +
2 =A;=0 (ie., A,=—-g and A, = —2/%, —6]%),
the squeezing parameter |r| — oo, and the parametric
and beam-splitter interactions are exponentially enhanced
[104,105]. At this time, the NVE bright mode 65, first
entangles with the squeezed magnon mode §m; and then
the entanglement transfers back to itself, resulting in the
appearance of optimal NVE-NVE _entanglement. Simi-
larly, manipulating the parameter /C to assume negative

or positive values—effectively altering the direction of
the bias magnetic field—results in distinctive responses
in the optimal NVE-NVE entanglement. This tunability
introduces a nonreciprocal behavior, illustrating the sen-
sitivity of the system to the directional orientation of the
bias magnetic field.

In order to verify the validity of the above theoretical
analysis, we plot the bipartite and tripartite entanglements
as functions of the detunings A, and A,,, as shown in
Fig. 2. Since two NVEs are assumed to be identical, we
have the relation E,;, = E,;,. Here we have taken into
account the parameters as in Refs. [89-91], i.e., w,, /27w =
10 GHz, y /27 = k;/2r = 0.1 MHz, g1 = g, =g = 5y,
K =y, and T =50 mK. In Fig. 2(a), it is seen that the
strong magnon-NVE entanglement E,; appears in the
regime near the condition A,, = —(A, + g) — 4/%, and
increases accompanied by the reduction of |A,,| in the sta-
ble region. The above phenomena are in good agreement
with the theoretical analysis in the Hamiltonian (21). As
shown in Fig. 2(b), the strong NVE-NVE entanglement
Ep,p, occurs around A, = —g> and A, = —2/%, —6/6,
which proves the validity of the physical analysis in the
Hamiltonian (22). From Fig. 2(c), we find that the tripar-
tite entanglement is obtained under the same conditions
as the optimal magnon-NVE bipartite entanglement, but
it only appears in the region where an NVE mode and the
magnon mode are strongly entangled. Moreover, it is worth
mentioning that the tripartite entanglement in the present
scheme is much stronger than those reported in previous
schemes [17,106].

B. Nonreciprocal bipartite and tripartite
entanglements

In the following discussion, we will demonstrate how
to achieve nonreciprocal entanglement within our system.
We underscore the pivotal role of the magnon Kerr effect
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FIG. 3.

Bipartite entanglements E,,,5, (left) and £}, 5, (middle), and tripartite entanglement Ry (right) versus the detuning A,, (top),

strength of MPA |C| (middle), and ambient temperature T (bottom), respectively. The solid red and the dashed blue lines, respectively,
denote I < 0 and K > 0, and the red and blue shaded areas show the corresponding unstable regions. We take A, = —19y in (al)

and (a3); A, = =5y in(a2); A, = —19y and A,, =
The other parameters are the same as in Fig. 2.

in the preparation of nonreciprocal entanglement, given its
capacity to induce both the MPA and the MFS. Specif-
ically, the MPA contributes to entanglement generation,
while the MFS is crucial for the emergence of nonreciproc-
ity. Importantly, the direction of the applied magnetic field
dictates these phenomena.

To investigate nonreciprocal entanglements, we plot
bipartite and tripartite entanglements versus the magnon
frequency detuning A, in Figs. 3(al)-3(a3). The solid
red and the dashed blue lines, respectively, denote the
magnetic field along the crystalhne axis [1 10] and [100],
corresponding to the two cases of K <0and K > 0. From
Fig. 3(al), we find the maximal magnon—NVE bipartite
entanglement, when the magnon detuning A, ~ 10y for
K > 0and A, ~ 18y for K < 0. This is consistent with
the optimal condition A,, = —(A, + g») — 4K. As shown
in Fig. 3(a2), strong NVE-NVE entanglement occurs near
the detuning A,, &~ +2y,+6y for a fixed NVE detuning

10y in (bl), (b3), (c1), and (c3); and A, = —5y and A,,

= 6y in (b2) and (c2).

A, = —g, = =5y, which perfectly match the optimal
conditions of A, = —g» and A, = 2K, -6/ for £ < 0
and K > 0. As expected, the optimal tripartite entangle-
ment is generated at the same condition of magnon-NVE
bipartite entanglement [see Fig. 3(a3)]. In addition, by tun-
ing the direction of the magnetic field, i.e., changing the
positive and negative of /C, the optimal positions of all
entanglements will have different responses. The differ-
ent responses to magnetic field directions give rise to the
emergence of nonreciprocal entanglement.

Moreover, it is of interest to discuss the effects of the
MPA strength |K| on the nonreciprocal entanglements.
Figures 3(b1)-3(b3) illustrate bipartite entanglements £,,,,
and Ej,,, and tripartite entanglement R, versus |I€|.
Here, we fix A, = —19y and A,, = 10y in Figs. 3(b1) and
3(b3), and A, = —5y and A,, = 6y in Fig. 3(b2). On the
one hand, it is shown that all entanglements are strongly
dependent on the MPA strength |K|. When || = 0, both
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FIG. 4. Chiral factors for bipartite and tripartite entanglements as functions of (a) the detuning A,,, (b) the strength of MPA |IE|, and

(c) temperature 7. The other parameters are the same as in Fig. 3.

bipartite and tripartite entanglements are absent. This
result reflects the fact that the MPA process is the source
that produces all entanglements. On the other hand, for
K > 0or K < 0, all entanglements have completely differ-
ent trends as |K| increases and the stability of the system
responds differently, For example, Figs. 3(bl) and 3(b3)
show that, when K > 0, entanglements E,;, and Ruyin
first increase and then decrease as |I€| increases, reach-
ing an optimal value near |C| = y. This is because under
the conditions of A, = —19y, A,, = 10y, and g, = 5y
the optimal magnon—NVE entanglement condition A,, =
—(Ap+82) — 4K is satisfied only when |IC| = y. How-

ever, when K < 0, the obtained entanglements are weaker
and the stable region of the system becomes smaller.

For Ep ., in Fig. 3(b2), we can see that the NVE-
NVE entanglement reaches its maximum near |l€ | =v,3y
for K < 0 and these two maximum values of entangle-
ment are the same. The reason lies in the fact that the
NVE-NVE entanglement arises from the parametric and
beam-splitter interactions between the NVE bright mode
and the squeezed magnon mode as shown in Hamiltonian
(22), and the effective coupling strengths of these interac-
tions are related to the magnon-NVE coupling strength g,
and the squeezing parameter ». When the optimal detuning
conditions A, = —g, and A,, = =2/, —6K are met, the
effective coupling strengths reach their maximum, which
remains_unchanged with the increase of |K]. In contrast,
when IC > 0, the obtained NVE-NVE entanglement is
weakened but the stable region becomes larger. The above
phenomena demonstrate that the magnon Kerr effect is the
root cause of nonreciprocal entanglement, which can be
modulated by effectively regulating the strength of MPA.

As shown in Figs. 3(c1)-3(c3), we studied how the
ambient temperature 7 affects nonreciprocal entangle-
ments. Our findings show that, while the ambient tem-
perature negatively impacts bipartite and tripartite entan-
glements, the obtained entanglements are relatively robust
against environmental noise. Additionally, we discovered
that all entanglements react differently to temperature

in different cases (IE >0 or K < 0), which suggests a
possible method for regulating the nonreciprocal entangle-
ments.

To quantitatively describe the nonreciprocity of both
bipartite and tripartite entanglements, we further introduce
the chiral factors as follows [72,73,75-77]:

J = Ey(’? > 0) _Eij(l§ <0)
EE, (K >0+ E; (K <0)|
- - (23)
| Rain(K > 0) = Rpnin(K < 0)
XR B Rmm(lz > O) + Rlnjn(lz < O) '

According to the definition, x/ > 0 (xz > 0) indicates
the nonreciprocal bipartite (tripartite) entanglement, while
Xz = 1 (xr = 1) represents ideal nonreciprocity.

In order to more clearly see the dependence of the non-
reciprocity of entanglements on the individual parameters,
Fig. 4 plots the chiral factors versus A,, |K|, and 7,
respectively. From Fig. 4(a), it is evident that the chiral
factors of all entanglements are responsive to A,,, which
can be adjusted from 0 to 1 by modifying the detuning.
Figure 4(b) illustrates that the nonreciprocal entangle-
ments vanish when the magnon Kerr effect is absent, and
appear when it is present. Even when the MPA strength is
weak, tripartite entanglement can achieve relatively strong
nonreciprocity. As the MPA strength increases gradually,
the NVE-NVE entanglement first attains the ideal nonre-
ciprocity, followed by the optimization of nonreciprocity
of the magnon-NVE bipartite and tripartite entanglements.
Although all bipartite and tripartite entanglements weaken
with increasing temperature, the sensitivity of entangle-
ments to temperature varies depending on the case of K <
0 or K > 0, leading to different responses of the chiral-
ity factor to temperature. As observed from the Fig. 4(c),
the chiral factor of tripartite entanglement remains highly
robust with respect to temperature, while that of bipar-
tite entanglements only approaches the ideal value at high
temperatures. In summary, we find that the nonreciprocity
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of entanglement can be switched off and on by tuning the
magnon detuning or the MPA strength, and temperature
can also be a promising way to design nonreciprocity.

Finally, we discuss the validity of our model and pro-
vide a scheme for detecting and verifying the generated
entanglements. Note that the above results are valid only in
the low-excitation limit, i.e., (m'm) < 25 and (b;bl) < N.
For a 10-pm-diameter YIG sphere, the number of spins
S ~5.52 x 10'? and the Kerr nonlinear coefficient K ~
10~* Hz [89-92]. Under the optimal parameters in Fig. 2,
we obtain (m'm) ~ 10° < 28 ~ 1.1 x 10'2 and (b] b;) ~
10" « N ~ 10'2, which well satisfy the low-excitation
limit. In addition, the states of NVE and magnon can
be read out by coupling them to the additional cavities
via beam-splitter-like interaction. The generated entangle-
ments can be verified by measuring the corresponding
CMs via homodyning the outputs of the probe fields
[107,108].

IV. CONCLUSION

In conclusion, we suggest a scheme to realize the non-
reciprocal entanglement of magnons and NVEs based on
the magnon Kerr effect. The indirect interaction between
two separated NVEs and a YIG sphere is established by
a common TLR acting as a quantum bus. Interestingly,
the Kerr nonlinearity, originated from the driven magnon,
leads to the generation of nonreciprocal bipartite and tri-
partite entanglements. In essence, it is the very MPAs that
prepare the magnon mode into a squeezed state and then
the nonclassical state is transferred to the NVE modes
by the beam-splitter interaction. Simultaneously, the MFS,
whose sign depends on the direction of the bias magnetic
field, induces nonreciprocity in the hybrid system. In this
way, nonreciprocal bipartite, even tripartite, entanglements
can be established and controlled flexibly by the system
parameters. Although our analysis is based on an all-solid-
state system consisting of a single magnon and two NVEs,
this scheme can be extended to generate multibody non-
reciprocal entanglement on a larger scale. Therefore, our
works may provide a valuable direction for the design of
on-chip chiral quantum devices.
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APPENDIX A: HAMILTONIAN OF THE YIG
SPHERE

As shown in Fig. 1, the YIG sphere is saturated mag-
netized by a uniform magnetic field By = Bye,, where
ey, e,, and e; are the unit vectors along three orthogonal

directions. For the magnetized YIG sphere, the internal
magnetic field Hj, within the YIG sphere is denoted as

H;, = Hex + Hde + Hana (Al)
where the exchange field He, arises from the exchange
interaction, the demagnetization field Hg. emerges from
the magnetic dipole-dipole interaction, and the anisotropic
field Hy, is induced by the magnetocrystalline anisotropy
of the YIG sphere [92,93]. When Zeeman energy is
included, the Hamiltonian of the YIG sphere reads (with
h=1)
H, = M- Bydr +

I/ﬂ‘l an

where M = (M,, M,,, M) is the magnetization of the YIG
sphere.

In the uniformly magnetized YIG sphere character-
ized by uniform magnetization M, the exchange field,
also known as the molecular field in Weiss theory, is
represented as Hex = —AM, where A denotes the molec-
ular field constant. The induced demagnetizing field is
Hy. = —M/3 for a YIG sphere. However, the anisotropic
field H,, depends on the crystallographic axis of the
YIG aligned with the externally applied static field. When
the crystallographic axis [100] is aligned along By, the
anisotropic field can be written as

M- Hp,dr, (A2)

2KanM:

Han = - e €,

(A3)

where we only consider the dominant first-order anisotropy
constant K,, (> 0). Then, the Hamiltonian (A2) of the YIG
sphere takes the form

Kan Vm
KoRanTm pr2. (A4)

Hy = =BoM.V,y + = 5" M:

where the constant term (1 + 3A)uoV,,/6, which includes
the demagnetization energy and the exchange energy, has
been ignored.

The YIG sphere can act as a macrospin S = MV,,/yy =
(S, Sy, S-), where yy = gugp/h is the gyromagnetic ratio,
with g being the g factor and pp being the Bohr magneton.
With the macrospin operator introduced, the Hamiltonian
H,, reads

H, = —BoS: + D,S; + D,S; + D.S-, (AS5)
where the nonlinear coefficients are
:Uv0[<any()2
D.,=D,=0, D,=——. A6
X y M2 Vm ( )

However, when the crystalline axis [110] aligns with the
bias magnetic field, the exchange field and the demagneti-
zation field remain unchanged, while the anisotropic field
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becomes

KM, KM,  KuM.
VA VE

Han

= e. (A7)
Using the same approach, we can express the Hamiltonian
H,, in a similar form, but with the nonlinear coefficients
becoming

D. — 3M0Kan)’02 _ 9M0Kany02 _ PLOI(amJ/()2
toomry, 0 T 8MEv, T 2MRY,
(A8)

APPENDIX B: SYSTEM STABILITY ANALYSIS

In general, when investigating the properties of entan-
glement, it is imperative to focus on the stability of the

J

ap =1,
al:2y+Kms

2 2 2. 32 1,
ay =4g] +2g, — 4K +§y +2me+ZKm

~ 1
a3 = 6g12y + 2g§y — 8/C2y + §y3 + ng/cm + 2g§/cm +

as = 4g{ +4g}

i 4 2 2
+ 14 + 3g1y’(m + 2g2me +

16

322
+8V’<m

2

1
_y3Km +

system. Here, the stability of the system can be determined
by analyzing the eigenvalues of the coefficient matrix 4.
Initially, we formulate the eigenequation corresponding to

Eq. (15),
Ap = A, (B1)

and subsequently compute the eigenvalues in the usual
way, by setting |4 — AI| = 0. This yields the characteristic
equation [74]

aoh® + a1}’ + ar* + asdh 4+ aur® + ash + ag = 0.
(B2)

The corresponding coefficients are as follows:

N2 2
+ A2 4242

1

3 -
~y 2k + 2w<,i +2yA2 42y A2,

2

~ 1 -
g +8 — 82K +3g1y’ + Egﬁyz — 6K%y?

1

2.2
2g2Km

~ ~ 3 ~
— 4gfg2Am + 2g§A2m + EyzAfn — 8g12g2A,,

- - 1
— 41 Anly +4gI AL = 285 AL = 8K2AL + Sy A,

1 ~
+ 2y kA2 + EK,%IAi +2A2 A2 + AL

~ 1 ~
as = 4gly +2gig3y — 83Ky + Eglzﬁ —2K%y? + 2g185km

1 1
~g3V km +

3 2.2
5381V Km+2

+ ggKm + 2

16
1
8

1

V32 — 4Gy A + 283y AL + 5

+

1
_V4Km + _ggy’(ri

2

Y AL —Agigay A,

— 482k, — 482y A A, + 287y A2 — 8Ky A2

1 1

+ 2y Z;Aﬁ + km AL,

2

Yk AL

- - 1~
ag = 4glg; — 4g3K? + gly® — 265K%y % — Z/CZV4 + 8183V km

1
§g§V2K3: +

1
—giK + <

1
+ —g12y3icm + 4

4

Y — 48185 A
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~ ~ 1 ~
— eV An+ @ AL+ gV AL +

2

1 ,~
Eyé‘Afn - Sg;‘gZAn

— 2812V kmAy + 42T Ay — g1y AnA, + Ag! A2

~ - 1
+8gK2AL = 2Ky 2 AT + glykn A — S8k A, (B3)

2

1 ~ ~ 1 ,~
+ 3V AL+ A2 AN AL = 2 ALAL+ DY ALA,

~ ~ 1 ~
—4gI A, A — 4PN + ZK,%,A;‘ + AZAL.

Since we only wish to know the character of the eigen-
values, there is no necessity to solve Eq. (B2) for A.
According to the Routh-Hurwitz criterion [97], all eigen-
values are negative or have negative real parts (i.e., the
system is stable), if the following condition is met:

My My My - My,
M21 M22 M23 te M2n

T,=| Ma My Msz - M |5 (B4
Mnl Mn2 Mn3 et Mnn

where T, is the determinant of the n x n matrix M;; forn =
1-6. The matrix Mj; is formed using this rule: if 2i —j <
0 or 2i —j > 6, then M;; = 0; otherwise, M;; = as;_;. To
ensure that the obtained entanglements are in the stability
region, we numerically plot the functions 7},, highlighting
the unstable regions with shading in Figs. 2 and 3.
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