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This work proposes a graphical impedance-matching method for superconducting parametric amplifiers
with quantum-limited noise performance using a modified Smith chart. It enables one to quickly apply the
impedance-matching methods in microwave engineering to the design of parametric amplifiers. When
the matching networks are composed of resonators and their equivalents, the matching of a parametric
amplifier can be reduced to that of a negative-resistance amplifier, which is generally invalid due to the
connection between the signal-frequency and idler-frequency networks introduced by the parametrically
modulated component. Several examples are presented to demonstrate the effective and efficient matching
of parametric amplifiers using this method, circumventing the need for complex calculations. This method
also offers intuitive insight into how variations in pump strength and bias affect the amplification behavior
of the circuit, which is useful in characterizing the parametric amplifier and finding the optimal operating
state.
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I. INTRODUCTION

Quantum-limited amplification and precise detection
of weak microwave signals are of central significance
in superconducting quantum information processing due
to the constraints imposed by quantum systems on the
allowed probe power level [1–4]. In circuit quantum elec-
trodynamics, they are generally realized by superconduct-
ing parametric amplifiers (SPAs), which provide high gain
and quantum-limited noise performance [5–16]. In large
superconducting quantum processors, frequency-domain
multiplexing for readout of multiple qubits is used. It
requires that SPAs should also have high saturation powers
and large bandwidths [17].

This work focuses on the negative-resistance reflec-
tion SPA, of which a Josephson parametric amplifier
(JPA) serves as a typical example [5,7]. Compared with
other SPAs, it has higher quantum efficiency, while being
easy to prepare. By having superconducting-quantum-
interference-device (SQUID) arrays as nonlinear elements,
it achieves a high saturation power [18–21]. Broaden-
ing the bandwidth of a JPA is generally realized by
the impedance-matching method, which has been exper-
imentally realized. Impedance matching the JPA with a
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Klopfenstein taper is an effective method to achieve a large
bandwidth [19,22–25]. However, its design principle is
vague. Bandwidth can also be increased by engineering
the imaginary part of the environmental impedance [26–
30]. The method is based on equations of motion of a JPA,
offering a clear explanation of how broadband is achieved.
The network-synthesis method is a more-general analyt-
ical approach for broadband-amplifier design [31–36]. It
proved that engineering the imaginary part of the environ-
mental impedance introduced in Ref. [26] is equivalent to
synthesizing a two-pole max-flat (Butterworth) matching
network. Broadband amplifiers have also been investi-
gated with use of Chebyshev and Legendre prototypes for
matching [18,37].

This work proposes a graphical method based on the
modified Smith chart for impedance matching of a para-
metric amplifier (PA). It does not require complicated
calculation for specific cases, increasing the efficiency of
impedance matching, and meanwhile it is able to pro-
vide impedance-matching networks that are challenging
to deduce analytically from other approaches. The con-
ventional Smith chart is an efficient and intuitive tool for
impedance matching in microwave engineering [38,39],
but its direct application to PA matching presents chal-
lenges. One major hurdle lies in the negative-resistance
characteristic inherent to PAs, which are therefore usually
described with use of negative-resistance models [40,41].
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The conventional Smith chart is inconvenient for rep-
resenting negative resistance. To address this, we have
introduced a modification that makes it suitable for rep-
resenting negative-resistance circuits, especially negative-
resistance amplifiers (NRAs). The second difficulty arises
from the fact that the parametric amplifier is not sim-
ply equivalent to an ideal NRA, because its parametri-
cally modulated component connects the signal-frequency
and idler-frequency matching networks, resulting in more-
complex behavior. However, we identify a situation where
a connection is established between the two. Specifically,
this connection occurs when the matching network is com-
posed of resonators or their equivalent components. In this
case, matching a PA is equivalent to matching an NRA.
This method bridges the gap between conventional match-
ing techniques in microwave engineering and those for
PAs, allowing quick application of the techniques to PA
matching. This method also serves as a valuable tool for
characterizing PAs and finding optimal operating states.
In this paper, several impedance-matching examples for a
JPA are shown, but the method is also suitable for other
types of PA.

II. SIGNAL-IDLER INTERACTION OF A
SUPERCONDUCTING PARAMETRIC AMPLIFIER

Parametric amplification circuits contain components
that are parametrically modulated by the pump tone.
Energy is transferred from the pump tone to the input tone,
leading to amplification [2,42]. While early implementa-
tions used varactors, which are modulated capacitors, in
a microwave circuit [35], modern amplifiers commonly
use parametrically modulated inductors. In practice, these
inductors are realized by superconducting components,
such as superconducting films with appreciable kinetic
inductance [16,43], Josephson junctions, and SQUIDs (see
Appendix A) [22,26]. Without loss of generality, this paper
focuses the discussion on a sinusoidally modulated induc-
tor, and the results can be extended to other parametric
amplification systems.

Consider a parametrically modulated inductor that is
time dependent:

L(t) = L0 + 2L1 cos(ωpt − φp)

= L0 + (δLe−iωpt + δL�eiωpt), (1)

where L0 is the constant inductance, δL = L1 exp(iφp)

is the complex modulated amplitude, ωp is the pump
frequency, and the factor 2 is introduced for convenience.

The inductor is, in general, shunted by a capacitor C0,
forming a pumped resonator whose Hamiltonian is given
by

Ĥsys = 1
2

C0[V̂(t)]2 + 1
2

L0[Î(t)]2 [
1 + (αe−iωpt + α�eiωpt)

]
,

(2)

where α = δL/L0 is the ratio of the modulated induc-
tance to the constant inductance, representing the effective
pumping strength. With use of the transformation

â(t) = 1√
2�Zc

L0Î(t) + i

√
Zc

2�
C0V̂(t), (3)

the Hamiltonian becomes

Ĥsys = �ω0[â†(t)â(t) + (αe−iωpt + α�eiωpt)(â(t) + â†(t))2],
(4)

where â(t) is the annihilation operator of the resonator
and [â(t), â†(t)] = 1. Zc = √

L0/C0 is the characteristic
impedance of the resonator, ω0 = 1/

√
L0C0 is the resonant

frequency, and the constant energy is omitted in Eq. (4).
With use of the Heisenberg equation, and with incorpo-

ration of effects of the port to which the system is coupled,
the resonator’s equation of motion is

dâ(t)
dt

=
(
−iω0 − κ

2

)
â(t) − 2iω0

(
αe−iωpt + α�eiωpt)

× [
â(t) + â†(t)

] + √
κ âin(t), (5)

where κ is the dissipation rate introduced by the cou-
pling to the signal port and âin(t) is the “input mode” (see
Appendix B).

Transformation of Eq. (5) to the frequency domain
yields the system susceptibility matrix χ(ωs), which
relates the intracavity fields �a = [â(ωs), â†(ωi)]T to the
input fields �ain = [âin(ωs), â†

in(ωi)]T as �a = χ(ωs)
√

κ�ain,
where

[χ(ωs)]−1 = −i
[
ωs − ω0 + iκ/2 −2ω0α

2ω0α
� −ωi + ω0 + iκ/2

]
,

(6)

where ωs = ωp/2 + δω is the signal frequency, ωi =
ωp/2 − δω is the idler frequency, and evidently ωp = ωs +
ωi, indicating that it is a frequency-mixing process. The
boundary condition that connects the input field �ain and
the output field �aout = [âout(ωs), â†

out(ωi)]T is �ain + �aout =√
κ�a, and it leads to the generalized scattering matrix of

the system:

S = κχ(ωs) − I, (7)

where I is a 2 × 2 identity matrix and �aout = S�ain. S11
is the signal amplitude gain and S21 is the intermodula-
tion amplitude gain between the signal mode and the idler
mode.

A more-general perspective for the shunt capacitor C0
is to regard it as part of the matching network between
the parametrically modulated inductor and the input port
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with characteristic impedance Zs, as shown in Fig. 1(a).
This perspective will allow one to capture the feature of
the single parametrically modulated component and offer
an understanding of the roles of the physical matching net-
work for both the signal frequency and the idler frequency
and the way they interact with each other. The voltage
operator V̂(t) and the current voltage operator Î(t) are used
to illustrate the perspective, and they are connected to the
canonical mode â(t) by Eq. (3).

When the current Î(t) flowing through the inductor is
composed of two frequency components

Î(t) =
∑

k=s, i

Îkej ωkt + Î †
k e−j ωkt

2
, (8)

where ωk �= ωp, the voltages at ωs and ωi across the
inductor are

V̂s = j ωsL0Îs + j ωsδLÎ †
i ,

V̂†
i = −j ωiδL�Îs − j ωiL0Î †

i .
(9)

Here, the voltage is derived from V̂(t) = d[L(t)Î(t)]/dt.
The voltages at frequencies other than ωs and ωi are
assumed to be shorted out, which is a form of the rotating-
wave approximation in the physical view. j ≡ −i is used to
ensure agreement with the usual electrical engineering sign
convention. The voltage V̂s at ωs is related to the current at
the other frequency ωi, and the voltage V̂†

i at ωi is related to
the current at ωs. This means that frequency mixing occurs,
and the two components are coupled. When ωs = ωi, the
device works in the degenerate mode, and when ωs �= ωi,
it works in the nondegenerate mode.

From Eq. (9), the impedance matrix of the modulated
inductor is given by

Z =
[

jX11 jX12
j (−X21) j (−X22)

]
, (10)

where
{

X11 = ωsL0, X12 = ωsδL,
X21 = ωiδL�, X22 = ωiL0. (11)

By transformation using the ABCD matrix (see Appendix
C), the modulated inductor can be factored into three parts
in series, as shown is Fig. 1(b). The constant inductance in
Eq. (1) serves as two series constant inductors at ωs and ωi,
and the parametrically modulated term works as a general-
ized impedance inverter [31,44,45]. The matching network
and the reference impedance Zs in Fig. 1(a) appear twice at
both the signal frequency and the idler frequency. Compo-
nents on the left of the inverter are for the signal frequency
ωs and the mirrored components on the right are for the
idler frequency ωi. The input impedance Z1(ωs) seen from

the inverter at the signal frequency is related to that at the
idler frequency:

Z1(ωs) = −X12X21

Z ′
1(ωi)

= −η(ωs, ωi)

Z ′
1(ωi)

, (12)

where

η(ωs, ωi) = ωsωi|L0|2|α|2 (13)

is the conversion coefficient. For Z′
1(ωi) with a positive real

part, i.e., Re[Z ′
1(ωi)] > 0, there is Re[Z1(ωs)] < 0, a nega-

tive resistance resulting in signal amplification. This is how
a PA is to be regarded as an NRA. When the matching
network is lossless, Re[Z1(ωs)] = −η(ωs, ωi)/Zs, which
means that the negative resistance is dependent on the
reference impedance Zs.

The admittance matrix of the modulated inductor is
easily derived from the impedance matrix Z [44]:

Y =
[

j (−B11) j (−B12)

jB21 jB22

]
, (14)

where
⎧
⎨

⎩

B11 = 1
ωsLα

0
, B12 = α

ωiLα
0

,

B21 = α�

ωsLα
0

, B22 = 1
ωiLα

0
,

(15)

where Lα
0 = L0(1 − |α|2). The parametrically modulated

inductor is again factored into three parts by use of the
ABCD matrix, and the three parts are in parallel here, as
shown in Fig. 1(c). This is equivalent to a generalized
admittance inverter sandwiched by two parallel constant
inductors.

The input admittance Y1(ωs) seen from the generalized
admittance inverter at the signal frequency is given by

Y1(ωs) = −B12B21

Y′
1(ωi)

= −ηα(ωs, ωi)

Y′
1(ωi)

, (16)

where

ηα(ωs, ωi) = |α|2
ωsωiLα2

0
. (17)

Similarly, the modulated inductor converts a positive con-
ductance at the idler frequency to a negative conductance
at the signal frequency. η(ωs, ωi) and ηα(ωs, ωi) are some
functions of the frequencies ωs and ωi. Later in this paper,
for simplicity, their values at the center of the frequency
band are used, denoted as η and ηα . With the simplic-
ity, the graphical impedance-matching method is suitable
for the designs whose fractional bandwidths are up to
approximately 20%. Because of the nonlinearity of the
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(a)

(b)

L(t)Matching 
NetworkZs

Matching 
NetworkZs

0 –jX12

j/X21 0
Matching 
Network Zs

L0 L0

(c)

Matching 
NetworkYs

0 j/B21

–jB12 0
Matching 
Network YsL0

α L0
α

ωs

ωs

Z1 (ωs)

ωi = ωp–ωs

ωi = ωp–ωs

Z1 (ωi)'

Y1 (ωs) Y1 (ωi)'

Zin

Yin

ωs
outωi

out

ωs
in FIG. 1. PA with a matching

network. (a) Circuit diagram of
a PA with a matching network.
(b) Equivalent-circuit model for
the series representation of the
PA. The networks at signal and
idler frequencies are coupled by
a generalized impedance inverter.
(c) Equivalent-circuit model for
the parallel representation of the
PA. The networks at signal and
idler frequencies are coupled by a
generalized admittance inverter.

superconducting components, the actual behavior of the
device at high gain may deviate from the predictions of
the method. Consequently, for a single-stage amplifier, a
reasonable gain obtained with this method should be below
40 dB.

When the effect of the matching network is taken into
account, the ABCD matrix of the entire circuit can be
derived. By specifying the reference impedance of the port,
one can transform the ABCD matrix to obtain the general-
ized scattering matrix that connects �Vout and �Vin: �Vout =
S�Vin [44], where �Vout =

[
V̂out

s , V̂†out
i

]
and �Vin =

[
V̂in

s , V̂†in
i

]
.

In this case, S11 is the signal amplitude gain and S21
is the intermodulation amplitude gain. When the match-
ing network is a capacitor, an LC resonator is formed
with the parametrically modulated inductor. If one takes
the Manley-Rowe relations into account, this scattering
matrix is consistent with that obtained from Eqs. (6) and
(7) [31,46]. The dissipation rate κ is associated with the
port impedance Zs. In the series representation, κ = Zs/L0,
while in the parallel representation, κ = 1/ZsC0.

III. GRAPHICAL REPRESENTATION FOR
IMPEDANCE MATCHING

Before discussing specific PAs, we first consider the
reflective NRA, which is a general model used for the
description of a PA [2,40,41]. Equation (12) shows that the

parametrically modulated component is related to the neg-
ative resistance. The gain of an NRA can be derived from
its reflection coefficient G = |S11|2 = |
G|2, where


G = (−RPA + jXPA) − Zs

(−RPA + jXPA) + Zs
. (18)

Here −RPA is the negative input resistance seen from
the port and XPA is the corresponding input reactance.
For convenience, RPA is chosen to be positive and real.
Equation (18) is a Möbius transformation connecting the
input impedance with the reflection coefficient. One con-
ventional graphical representation of the relationship is the
widely used Smith chart, with which microwave engineers
are familiar (see Appendix D) [44]. In general microwave
circuits, use of the Smith chart for impedance matching
proves convenient and practical. In addition, displaying
measurement results in the Smith chart helps capture var-
ious device characteristics. Nevertheless, accommodating
circuits with negative resistance necessitates an expansion
of the families of circles that make up the conventional
Smith chart, rendering it considerably impractical and
infeasible for NRAs.

This work introduces a modification of the conventional
Smith chart, aiming to enable its use for a negative-
resistance circuit with the minimal alteration. Note that Eq.
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FIG. 2. Illustrative examples of the graphical representation for matching an NRA. (a) Matching of a narrowband NRA. (b) Matching
of a broadband NRA. (c),(d) Gain of the narrowband NRA and the broadband NRA, respectively, represented in modified Smith charts.
The solid red lines are the gain curves. The dashed lines are the matching paths of each component. The dotted circle in the center of
the chart refers to the constant gain circle of 20 dB. (e),(f) Gain profiles of the narrowband NRA and the broadband NRA, respectively.
TL, transmission line.

(18) can be rewritten as


G =
(

RPA − jXPA − Zs

RPA − jXPA + Zs

)−1

= 1
|
p|ej ϕp , (19)

where

|
p|ej ϕp = RPA + jXPA − Zs

RPA + jXPA + Zs
. (20)

It implies that the reflection coefficient of a negative-
resistance circuit can be expressed with use of its positive-
resistance counterpart. The key consideration lies in
recognizing that the voltage gain is the reciprocal of the
reflection coefficient of the positive-resistance circuit, with

the phase remaining unaffected. With this approach, sev-
eral widely used effective matching methods based on the
Smith chart can be directly applied to match an NRA.

Figure 2 presents illustrative examples showing the
matching of reflection NRAs. In Fig. 2(a), RPA is 30 �.
The presence of a constant shunt inductor Lp = 338 pH
constrains the frequency response of the amplifier. Typi-
cally, this inductance is resonated out with use of a parallel
capacitor Cp, which is selected to have a capacitance of
3 pF here, establishing a resonator with a central frequency
of 5 GHz. To match the input impedance to the port’s
reference impedance, which is, in general, Zs = 50 �, a
λ/4 transmission line is used. In the context of a positive-
resistance circuit, the reflection coefficient is zero when
the input impedance is perfectly matched, i.e., Zin = 50 �.
For its negative-resistance counterpart, this means that
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the gain is infinite. However, practical constraints prevent
realization of infinite gain. When the gain of an NRA is
excessively high, higher-order nonlinear effects come into
play, imposing limitations on the achievable gain. Con-
sequently, aiming for a gain that is too high does not
make sense. Generally, an appropriate resistance value is
selected to achieve a desired gain level. For instance, when
aiming for a target gain of 20 dB, one can opt to transform
the input impedance to 40.9 � rather than 50 �. The corre-
sponding characteristic impedance of the λ/4 transmission
line is 35 �.

Figure 2(c) shows the implementation of the matching
process in a modified Smith chart. The dashed lines depict
the matching paths of each component, which are consis-
tent with those in the conventional Smith chart [39]. A
notable departure from the conventional chart is the rep-
resentation of the gain curve depicted by the solid red line,
which corresponds to a reflection coefficient greater than 1,
as given in Eq. (19). The cyan dot indicates a central gain
of 20 dB at the resonant frequency, and the gain profile of
this circuit is shown in Fig. 2(e), displaying a Lorentzian
shape.

The gain curve in Fig. 2(c) is tangent to the dotted
circle, which is the voltage-standing-wave-ratio (VSWR)
circle used to assist matching of positive-resistance circuits
in conventional Smith charts, where VSWR is, RSW =
(1 + |
|)/(1 − |
|). However, what it represents here is
the constant-gain circle, serving as a visual reference in
the design of NRAs. The objective is not to confine the
gain curve within the circle as in the design of positive-
resistance circuits, but is rather to fit the curve as closely
as possible to the circle in a wide bandwidth. The broader
the portion of the curve that fits the circle, the larger
the bandwidth. This concept is exemplified by the cir-
cuit shown in Fig. 2(b), where a series resonator is added,
and Ls = 725 pH, while Cs = 1.4 pF. Figure 2(d) shows
its gain curve in the modified Smith chart, which fits the
constant-gain circle better. In Fig. 2(f), a broad and flat gain
profile is shown, where the gain is 20 dB in a large band-
width. The series resonator does not influence the input
impedance at the central frequency but affects the slope
of its imaginary part. Consequently, in the modified Smith
chart, the position of the central frequency does not move,
and other frequency points converge to the constant-gain
circle, as shown in the change from Fig. 2(c) to Fig. 2(d).
This matching procedure is easily performed by tuning
the components using a Smith-chart software program (for
example, SimSmith [47] or SMITH [48]), without the need
for intricate calculations.

IV. MATCHING OF PARAMETRIC AMPLIFIERS

As previously indicated, under appropriate pumping,
a parametrically modulated component has the ability to
convert a positive impedance at the idler frequency into a

negative impedance at the signal frequency. Consequently,
it is often studied with use of a negative-resistance model.
However, this does not imply that a PA is equivalent to
an NRA, which was described in the preceding sections.
There are notable distinctions between them, particularly
in terms of impedance matching. The matching tech-
nique used for NRAs is valid only within certain specific
scenarios.

When one is matching a PA, a pivotal characteristic
emerges: the matching components impact the signal-
frequency and the idler-frequency matching networks
simultaneously, a consideration absent in the case of
matching an NRA. This attribute is elucidated through the
example of a PA depicted in Fig. 3(a), where a modulated
inductor is used. A series capacitor is inserted between the
inductor and the reference port to be the matching network.
(Note that this capacitor serves only to illustrate the impact
of incorporating a component in the matching network of
a PA, and does not imply that the circuit has been suit-
ably matched to operate effectively at this stage.) With use
of the generalized admittance inverter model of the modu-
lated inductor shown in Fig. 1(c), the circuit evolves into
the arrangement depicted in Fig. 3(b). It is evident that
when a physical component is introduced into the circuit
as part of the matching network, the component’s influence

Zs
0 j/B21

–jB12 0
ZsL0

α L0
α

ωs ωi = ωp – ωs

Zin

Cs Cs

(b)

L(t)Cs

Zin

(a)

Zs

Matching Network

Zs L0
α

Zin

Cs –Ci –Li –RPA

(c)

FIG. 3. Matching of a PA and the equivalent negative-
resistance circuit. (a) Matching a parametrically modulated
inductor with a series capacitor. (b) Equivalent-circuit model
with the generalized admittance inverter. The series capacitor
appears in both the signal-frequency network and the idler-
frequency network. (c) Equivalent negative-resistance model of
the PA. The inverter and the subsequent elements at the idler
frequency are replaced by their dual counterparts.
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(a) (b)

Cs
Cs

–Ci

–Li

L0
�

L0
�

FIG. 4. Matching paths of a PA. (a) Matching paths of the one-stage physical L network. (b) Matching paths of the equivalent
cascaded two-stage L network. The mirrored L network is composed of negative inductance −Li and negative capacitance −Ci.

not only appears in the signal-frequency network but also
manifests itself symmetrically in the idler-frequency net-
work. It impacts twice the input impedance Zin seen from
the reference port at the signal frequency, and thus the gain.

In Fig. 3(c), the equivalent negative-resistance model of
this PA is presented, wherein the inverter and its subse-
quent components have been replaced by their dual coun-
terparts. The parallel inductor Lα

0 and series capacitor Cs in
the idler-frequency network are, respectively, replaced by
the negative series capacitor −Ci and the negative parallel
inductor −Li, with their values scaled by the conversion
coefficient, i.e., −Ci = −Lα

0ηα and −Li = −Cs/η
α . The

dual negative resistance −RPA is −1/Zsη
α . When a phys-

ical L network (Cs and Lα
0 here) is used for matching—an

approach often used in conventional microwave circuits
[49,50]—a cascaded two-stage L network emerges in the
equivalent negative-resistance circuit.

Figures 4(a) and 4(b) illustrate the results of the match-
ing of an NRA using only the one-stage physical L network
and the corresponding cascaded two-stage L networks,
respectively, where Zs is 50 �, −RPA is −30 �, Lα

0 is
338 pH, and Cs is 3.4 pF. Evidently, these results dif-
fer. The greater the number of components that are added
to the physical matching networks, the greater the effect
the mirror components will have on the results, making
the matching process less clear. Consequently, achieving
a successful match for a PA necessitates more-careful and
more-skillful considerations.

However, there exists a scenario where matching a PA
can be equated to the matching of an NRA, where each
component in the matching network contributes explicitly
to the gain only once. This is when the matching net-
work is composed of resonators. Figure 5 shows such a
matching network, in which series and parallel resonators

appear alternately. In this case, the matching method based
on the modified Smith chart presented in Sec. III can be
effectively applied to the matching of a PA.

The equivalence of the matching of a PA and the match-
ing of an NRA comes from the correlation of the signal
and idler modes [51,52]. The signal amplitude gain S11
and the intermodulation gain S21 satisfy the relation (see
Appendix E)

|S11|2 = |S21|2 + 1. (21)

The total reflected power gain of the amplifier GP is about 4
times the power gain at the signal frequency GPA = |S11|2
when it is large enough:

GP = (|S11| + |S21|)2 � 4GPA. (22)

This relation can be directly derived from the susceptibil-
ity matrix χ(ωs) and the scattering matix, which given by
Eqs. (6) and (7), and their generalized form [31,51,53].
In the following, from the lumped-circuit approach, it will
be evident that GP is actually the gain of the NRA GNRA,
demonstrating the equivalence in matching between a PA
and an NRA.

L(t)Zs

CN–1 LN–1

LN–2CN–2 CN

L1C1

FIG. 5. PA with a matching network composed of resonators.
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FIG. 6. Equivalence of a PA and an NRA with the matching network composed of resonators. (a) Equivalent-circuit model for the
parallel representation of a PA with conversion coefficient η2

0. (b) Equivalent NRA model of a PA with a negative load −|η0|. (c) Gain
profiles of the PA and the NRA. (d) Gain curves of the PA and the NRA represented in a modified Smith chart. The dotted circle refers
to a constant gain of 20 dB.

The ABCD matrix of a series resonator and that of a
parallel resonator are, respectively,

Tser =
[

1 js(ω)Zc
0 1

]
, Tpar =

[
1 0

js(ω)Yc 1

]
, (23)

where

s(ω) =
(

ω

ω0
− ω0

ω

)
(24)

and Zc = 1/Yc = √
L/C is the characteristic impedance of

the resonators.
The total ABCD matrix of a PA takes the form

TPA = TL × Tinv × TR. (25)

where Tinv is the ABCD matrix of the generalized inverter
matrix as shown in Fig. 1, and TL = TN TN−1 · · · T2T1 and

TR = T1T2 · · · TN−1TN represent the total ABCD matri-
ces of the resonators on the left and right sides of the
inverter, where Ti (i = 1, 2, . . . , N − 1, N ) is the ABCD
matrix of the ith resonator. The series resonators and paral-
lel resonators appear alternately, and the matrix Ti of each
resonator appears twice here. Denoting

TPA =
[

At jBt
jCt Dt

]
, Tinv =

[
0 −jη0

j /η0 0

]
(26)

and

TL =
[

AL jBL
jCL DL

]
, TR =

[
AR jBR
jCR DR

]
, (27)

we have AL = DR, BL = BR, CL = CR, DL = AR, At =
Dt, and AtDt + BtCt = −1. In the series representation,
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η0 = √
η. The total power gain (see Appendix E) is given

by

GP = (|S11| + |S21|)2

= 1 + 4Zsη0

A2
Lη2

0 + B2
L + C2

LZ2
s η

2
0 + D2

LZ2
s − 2Zsη0

. (28)

For an NRA whose load resistance is −η0, its input
impedance is dependent only on TL:

Zin,NRA = −ALη0 + jBL

−jCLη0 + DL
. (29)

The influence of each resonator appears only once. The
gain of the NRA is GNRA = |(Zin,NRA − Z0)/(Zin,NRA +
Z0)|2, and by substituting Eq. (29) into this expression, one
can find that the expression for GNRA has the same form as
Eq. (28). Consequently, we have

GNRA = GP. (30)

When GPA is high enough,

GNRA � 4GPA. (31)

In the parallel representation, η0 = −1/
√

ηα , and this
leads to the same results. This approach establishes a con-
nection between the impedance matching for a PA and that
for an NRA, which is able to circumvent the necessity
to consider the impacts of components on both the sig-
nal matching network and the idler matching network. As
demonstrated in Eq. (31), the gain of a resonator-matched
PA with conversion coefficient η2

0 has a gain approximately
a quarter of that of an NRA with a load of −|η0|. With
this feature and the graphical representation of an NRA in
Sec. III, certain impedance-matching methods from con-
ventional microwave circuits find applicability in matching
a PA. A λ/4 transmission line and a λ/2 transmission
line are equivalent to resonators near their characteris-
tic frequency, which makes them suitable for the method
[26,31].

Figure 6 presents an example to illustrate the connec-
tion between a PA, Fig. 6(a), and the corresponding NRA,
Fig. 6(b). In the circuit, Zs is 30 � and Z2 is 10 �, which are
relatively arbitrary here. Z1 = 64 � is chosen to achieve
a broad and flat gain profile. The central frequency is
5 GHz. The conversion coefficient η2

0 is 33.132 �2, result-
ing in a 20-dB gain for the PA at the central frequency,
and the load of the NRA is −33.13 �. As depicted in
Fig. 6(c), the gain profiles of the two amplifiers have the
same shape, with GNRA being approximately 6 dB higher
than GPA. The cyan line in Fig. 6(c) represents the effec-
tive G′

NRA = GNRA/4 of the NRA. It is consistent with
the actual gain of the PA, except in the region of small
gain, which arises from the approximation in Eq. (31), and

 
 

 λ/4

–RPA

Cs
Zs

Zs

Ls
LpCp

Cp Lp

 λ/4

–RPA

 λ/2

(a)

(b)

FIG. 7. Two-mode impedance matching of a JPA (a) Cir-
cuit diagram of the impedance-matched JPA. The parametrically
modulated component is represented by its equivalent nega-
tive resistance. The two modes are implemented with lumped
resonators. (b) Final circuit diagram of the two-mode impedance-
matched JPA. The λ/2 transmission line serves as a resonator
around its characteristic frequency.

is deemed insignificant here. In Fig. 6(d), both GPA and
G′

NRA are plotted in the modified Smith chart, and coincide
well. This approach effectively demonstrates the character-
istics of the amplifier, and makes the impedance matching
convenient.

V. CASE STUDY

A. Two-mode impedance matching

In the following, we provide several examples demon-
strating the use of the modified Smith chart for impedance
matching. The first example is a JPA that has the same
structure as the design presented by Roy et al. [26], which
is shown in Fig. 7. It has a large bandwidth, while keep-
ing fabrication easy. In Ref. [26], the design parameters are
derived from a physical approach requiring complex calcu-
lation. From the perspective of network synthesis, Naaman
and Aumentado [31] pointed out that this design is equiv-
alent to synthesizing a two-pole network with Butterworth
characteristics.

Here we show how to quickly obtain the correspond-
ing design parameters through the graphical method. In the
JPA, the parametrically modulated component is a pumped
SQUID whose shunted Josephson inductance Lp is res-
onated out by a capacitor Cp. The central frequency of the
amplifier is 6 GHz, the shunted capacitor has capacitance
of 3.4 pF, and thus the characteristic impedance of the res-
onator Zp is 7.8 �. The amplifier’s negative resistance is
determined by the target gain. Several methods are used to
obtain its value. One way relies on the network-synthesis
method. When parameters such as response type (such as
a Butterworth response or a Chebyshev response), frac-
tional bandwidth, target gain, and ripple are selected, the
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negative resistance can be calculated from the correspond-
ing network coefficients and the characteristic impedance
Zp of the first resonator [31,34]. This method is used in
this example, yielding a negative resistance of −31.8 �.
Another method is to directly derive the negative resis-
tance from the target gain and the reference impedance
of the port, which is discussed in the next subsection.
The reference impedance need not be confined to 50 �,
since it can be transformed by a suitable inverter to a
more-amenable value for matching. Estimating the nega-
tive resistance directly through the parametric modulation
strength is also a viable way. Because parametrically mod-
ulated components are generally tunable by bias signals
and pumping strength, the negative resistances are also
tunable during operation.

In this design, two-mode impedance matching is imple-
mented for the PA. To attain the target gain, a λ/4 trans-
mission line is introduced between the series resonator and
the reference port, as depicted in Fig. 7(a). Because a λ/2
transmission line has behavior similar to that of the series
resonator near the characteristic frequency, the series res-
onator is replaced by it, as shown in Fig. 7(b), resulting in
a schematic that is easier to construct, and this is the circuit
diagram that was used in Ref. [26].

With the structure of the matching network established,
the next step is to determine the parameters of the compo-
nents. Figure 8 shows the matching process. Gain curve P1
is for the amplifier before being matched by the two trans-
mission lines. To achieve broadband matching, the gain
curve needs to converge to fit a circle as closely as possible.
This is accomplished by addition of the λ/2 transmission
line and tuning of its characteristic impedance Zλ/2. At this
step, Zλ/2 does not have to be precise, and it is chosen
to be 50 �, initiating the fit of the curve to a circle. The
gain curve is shown as curve P2 in the Fig. 8. Next, by
addition of the λ/4 transmission line and tuning of Zλ/4,
the negative impedance at the central frequency is trans-
formed to −45.5 �, with which the central gain is 20 dB.
Zλ/4 is 37.9 � here. Meanwhile, the gain curve further
converges, as shown by gain curve P3 in Fig. 8. Finally,
Zλ/2 is fine-tuned to be 53.5 � so that the gain curve
better fits the constant-gain circle in the modified Smith
chart, as gain curve P4 shows. The bandwidth becomes
wide, and the gain profile becomes flat, as illustrated in
Fig. 9. The gain profile GPA is derived from a harmonic-
balance (HB) simulation with a SQUID model [31,42].
The critical current of the SQUID ISQUID is 2.8 µA. It
is biased at �dc = 0.3075�0, and the pump amplitude
�ac = 0.1108�0. The gain profile G′

NRA is derived from a
simple S-parameter simulation with a negative-resistance
model, and it fits well to GPA. Zλ/2 and Zλ/4 are, respec-
tively, 58 and 40 � in Ref. [26], and 54.55 and 37.93 �

in Ref. [32], which agree with the values obtained by our
approach. The matching process is quickly performed with
a Smith chart tool, avoiding intricate calculations.

10 25 50 100 250

–10j

10j

–25j

25j

–50j

50j

–100j

100j

–250j

250j

P1
P2
P3
P4

FIG. 8. Matching process for the two-mode JPA. The dotted
circle refers to a constant gain of 26 dB. P1, the gain curve before
matching by the two transmission lines; P2, the gain curve after
the addition of a λ/2 transmission line with Zλ/2 = 50 �; P3,
the gain curve after the addition of a λ/4 transmission line with
Zλ/4 = 37.9 �; P4, the final gain curve with Zλ/2 being fine-tuned
to be 53.5 � to better fit the constant-gain circle, resulting in a
broadband flat gain profile.

By this graphical method, a number of matching struc-
tures that are generally difficult to achieve via an analytical
approach can be realized. Impedance matching using this
method is simple and flexible, and all that left is to let
the imagination fly. Figure 10 shows two examples. In
Fig. 10(a), the positions of the λ/4 and λ/2 transmission
lines in Fig. 7(b) are reversed, with Zλ/4 = 37.9 � and
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FIG. 9. Gain profiles of the two-mode impedance-matched
JPA. The red curve (GPA) is derived from an HB simulation
with a SQUID model. The cyan curve (G′

NRA) is derived from
an S-parameter simulation with a negative-resistance model.
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(a) (b)

(c) (d)

Zp
Zp

Zλ/2 Zλ/4

Zλ/4.1

Zλ/4.2

FIG. 10. Graphical impedance matching of a JPA. (a) Matching process for the JPA with a λ/4 transmission line followed by a
λ/2 transmission line, whose sequence is in contrast to that in Fig. 7(b). The dotted circle refers to a constant gain of 26 dB. (b)
Matching process for the JPA with two λ/4 transmission lines. (c) Gain profile from an HB simulation of the JPA matched with a λ/4
transmission line and a λ/2 transmission line. (d) Gain profile from an HB simulation of the JPA matched with two λ/4 transmission
lines.

Zλ/2 = 27.5 �. The impedance is transformed to −45.5 �

at first, and then Zλ/2 is tuned to fit the gain curve to
the constant-gain circle. The resulting broadband gain pro-
file from an HB simulation is shown in Fig. 10(c), where
�dc = 0.302�0 and the pump amplitude �ac is 0.112�0.
When both transmission lines are λ/4 transmission lines,
they are also able to match the amplifier, with Zλ/4,1 =
72 � and Zλ/4,2 = 95 �. The matching process is shown
in Fig. 10(b), and the resulting gain profile from an HB
simulation is depicted in Fig. 10(d), where �dc = 0.301�0
and �ac = 0.112�0.

B. Four-mode impedance matching

Figure 11(a) shows a JPA matched by a four-mode
network, where the reference impedance Zs is 50 �. To
achieve a gain of 20 dB, the negative resistance can be
directly calculated with Eq. (18), and is −55.28 � in this
circuit. The central frequency is designated as 6 GHz. Res-
onators are then added to the circuit one by one to increase

the bandwidth of the amplifier. The gain curves after the
inclusion of each resonator are shown in Fig. 11(b). A
useful technique when matching is done with multiple res-
onators is to introduce a folded structure in the gain curve,
which is evident on the addition of the second and third
resonators. Finally, a fourth resonator is added to make
the curve better fit the constant gain circle. In this cir-
cuit, Lp = 201 pH, Cp = 3.5 pF, L2 = 14.19 pH, C2 =
49.59 fF, L3 = 145 pH, C3 = 4.853 pF, L4 = 5.174 nH,
and C4 = 136 fF. Figure 11(c) presents the gain curve
obtained with the HB method, where the paramerically
modulated inductor is a flux-pumped SQUID and the crit-
ical current of the SQUID is 2.8 µA as above. The dc flux
bias is 0.2855�0 and the pumping strength is 0.0704�0.
The roll-off of the gain profile is greater than that of the
JPA with a two-mode matching network.

This graphical approach involving multiple modes
can be combined with the network-synthesis method,
increasing understanding of the matching process. If only
series and parallel resonators are used for matching, the
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FIG. 11. Four-mode impedance matching of a JPA. (a) Circuit diagram of the four-mode impedance-matched JPA. (b) Matching
process for the JPA. P1, P2, P3, and P4 refer to the gain curves after addition of the resonators (from one to four). (c) Gain profile of
the four-mode impedance-matched JPA derived from an HB simulation.

parameters of the components might be hard to prepare.
The introduction of suitable inverters for additional trans-
formations proves beneficial in addressing this challenge.
It is important to note that the component parameters
derived from the graphical method are not guaranteed to
be optimal. The advantage of the approach is that it is
intuitive, fast, and capable of providing many matching
networks that might be difficult to obtain through analyt-
ical approaches. These networks may offer advantages in
physical implementation, such as ease of preparation and
area saving.

VI. GRAPHICAL REPRESENTATION FOR THE
OPERATING STATE

In practical applications, it is important to locate an
appropriate operating state that yields sufficient gain and
bandwidth. The operating states are generally set by pump
strengths and bias signals. By plotting the variations of the
gain with different pump strengths and bias signals on the
modified Smith chart, one can express their influences on
the gain more clearly, which is helpful to find the optimal
operating state and understand the inherent properties of
the device.

The effect of pump strength on the behavior of the
amplifier is expressed by Eqs. (12) and (13). Variations
in pump strength induce changes in the conversion coeffi-
cient, consequently leading to different effective negative
resistances of the parametrically modulated component.

The gain curves of the two-mode impedance-matched JPA
from Sec. V under different pump strengths are illus-
trated in Fig. 12(a). With fixed bias �dc = 0.3075�0, as
the pump strength �ac increases from 0.09�0 to 0.13�0,
the gain profile becomes narrower and higher, changing
from from a broadband flat shape to a single-peak shape.
On further increase of the pump strength to 0.15�0, the
gain decreases, while keeping a single-peak shape. The
cause of the phenomenon is apparent from the modified
Smith chart, as depicted in Fig. 12(b). The increase in
pump strength corresponds to the increase of RPA, and thus
the gain curve moves rightward along the x axis. When
the central-frequency point resides to the left of the chart
center, the gain increases, and since the curve can fit a
certain constant-gain circle, a fraction of the gain profiles
in Fig. 12(a) remain flat. As the central-frequency point
passes the chart center, the gain decreases. It no longer
fits any of the constant-gain circles, and therefore the gain
profile has a single-peak profile in this region.

The influence of the bias signal is rather complicated, as
it affects the constant term L0 in Eq. (1). For a parametri-
cally modulated inductor whose modulated amplitude δL
depends on L0, such as a flux-pumped SQUID in this
instance, the bias signal not only changes the characteristic
impedance and resonant frequency of the first resonator but
also change the conversion coefficient. As the flux bias �dc
increases, the gain curves plotted in the modified Smith
chart in Fig. 12(d) not only move along the x axis but
also rotate by a certain angle. The central-frequency point
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FIG. 12. Parametric amplifiers in different operating states. (a) Gain profiles of the JPA with different pump strengths. (b)
Gain curves of the JPA with different pump strengths. The cyan circles refer to the central frequencies. (c) Gain profiles of
the JPA with different bias fluxes. (d) Gain curves of the JPA with different bias fluxes. The cyan circles refer to the central
frequencies.

no longer falls on the x axis, exhibiting a more-complex
behavior. This movement of the central-frequency point is
challenging to discern from the gain profiles in Fig. 12(c).
The curves in the modified Smith chart provide more-
comprehensive insight into the impact of the bias from the
perspective of input impedance.

VII. CONCLUSION

This work proposes a graphical method for impedance
matching superconducting parametric amplifiers with
quantum-limited noise performance. A parametrically
modulated component, the core of a PA, is represented
as a generalized inverter sandwiched by two associated
components. The inverter interconnects the matching net-
works at signal and idler frequencies. This connection
prevents a PA from being regarded as an ideal NRA during
the matching process. Every element added to the phys-
ical matching network impacts both the signal-frequency
network and the idler-frequency network, making the

matching of the PA complicated. Nonetheless, as pointed
out in this paper, if the matching network comprises res-
onators or resonator-equivalent components, the PA can be
regarded as an NRA, whose negative resistance is deter-
mined by the conversion coefficient. This work presents
a simple but effective method to represent negative-
resistance circuits on a Smith chart for NRAs. The method
facilitates matching a PA with resonators and their equiv-
alents conveniently and quickly, circumventing the need
for intricate calculations. Matching networks that are diffi-
cult to obtain by analytical methods are also attainable with
this method. It enables one to rapidly apply the impedance-
matching methods from microwave engineering to PAs.
On the modified Smith chart, how pump strengths and bias
signals affect the gain curve by changing the negative resis-
tance and the resonant frequency of the circuit is elucidated
clearly, which helps to capture the physical character-
istics of the device and identify the optimal operating
point. This approach bridges the gap between conventional
microwave matching methods and the matching of PAs,
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helping design PAs with better performance and simplify
the matching process. Further work is required to incor-
porate nonresonator components into the matching of PAs
and optimize the quantum noise performance of the device
with this method.
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APPENDIX A: MODULATED JOSEPHSON
JUNCTIONS AND SQUIDS

There are various devices based on Josephson junctions
that are able to act as parametrically modulated inductors.
Depending on the settings, they operate in three-wave-
mixing mode or four-wave-mixing mode, which satisfies
ωp = ωs + ωi or 2ωp = ωs + ωi, respectively. The pump
tone can be current or magnetic flux. Here, two basic mod-
els are introduced, which are a current-pumped Josephson
junction and a flux-pumped SQUID.

1. Current-pumped Josephson junction

From the two basic Josephson equations, the effective
inductance of a single Josephson junction is given by

LJ(I) = �0

2π Ic cos(φ)
= �0

2π Ic

1
√

1 − I 2/I 2
c

, (A1)

where �0 = h/2e is the flux quantum, Ic is the critical cur-
rent of the Josephson junction, and φ is the gauge-invariant
phase across the junction.

When the pump tone is applied by an unbiased current
Ip(t) = |Ip| cos(ωpt + φp) with |Ip| � Ic and the effective
inductance is expanded to the first order of I 2, we have

LJ(I) � �0

2π Ic

(
1 + I 2

2I 2
c

)

= LJ0

[
1 + |Ip|2

2I 2
c

cos2(ωpt + φp)

]

= L0 + 2|δL| cos(2ωpt + 2φp), (A2)

where

L0 = LJ0

(
1 + |Ip|2

4I 2
c

)
(A3)

is the constant term in the modulated inductance, which
is dependent on the pump current. LJ0 = �0/2π Ic is the
Josephson inductance of a single junction. The modulated

amplitude is given by

|δL| = LJ0

8
|Ip|2
I 2
c

. (A4)

Note that the modulation frequency in Eq. (A2) is 2ωp, and
thus this is the four-wave-mixing mode. In a physical view,
two pump photons are annihilated, producing a signal pho-
ton and an idler photon. The four-wave mixing is a result
of the quadratic nonlinearity in Eq. (A2). If the pump sig-
nal is biased by a direct current, the quadratic nonlinearity
is broken down, and the four-wave mixing does not play a
dominant role.

For a pump current Ip(t) = Idc + |Ip| cos(ωpt + φp), the
effective inductance of the junction is given by

LJ(I) = LJ0
1

√
1 − [Idc+|Ip| cos(ωpt+φp)]2

I2
c

� LJ0
1

√

1 − I2
dc+2Idc|Ip| cos(ωpt+φp)

I2
c

= LJ0√
1 − I 2

dc/I 2
c

1
√

1 − 2Id|Ip|
I2
c (1−I2

dc/I2
c )

cos(ωpt + φp)

� L0 + 2|δL| cos(ωpt + φp), (A5)

where

L0 = LJ0√
1 − I 2

dc/I 2
c

(A6)

is the constant inductance, which is dependent on the dc
bias instead of the amplitude of the alternating current. The
modulated amplitude is given by

|δL| = LJ0
IcIdc|Ip|

2(I 2
c − I 2

dc)
3/2

. (A7)

In Eq. (A5), the pump frequency is ωp, and thus this is the
three-wave-mixing mode, since the dominant first-order
expansion term in the current is linear. The annihilation of
a pump photon leads to the production of a signal photon
and an idler photon. The parametrically modulated induc-
tance of a single Josephson junction can also be found in
Ref. [31].

2. Flux-pumped SQUID

A dc SQUID is composed of two parallel Josephson
junctions forming a loop. The effective inductance of the
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dc SQUID is controlled by the magnetic flux threading the
loop:

LSQUID = LJ0(I)
2| cos(π�ext/�0)| , (A8)

where LJ0(I) is the Josephson inductance of a junction, and
the two junctions are assumed to be identical.

For an unbiased pump flux �ext = �p cos(ωpt + φp)

with �p near zero, the inductance of the SQUID is given
by

LSQUID = LJ0(I)

2 cos
[

π�p
�0

cos(ωpt + φp)
]

� LJ0(I)

2
[

1 − π2�2
p

2�2
0

cos2(ωpt + φp)

]

� L0 + 2|δL| cos(2ωpt + 2φp), (A9)

where the constant inductance is given by

L0 = LJ0(I)
2(1 − π2�2

p/4�2
0)

� LJ0(I)
2

(A10)

and the modulated amplitude is given by

|δL| = LJ0(I)
π2�2

p

16�2
0

. (A11)

The pumping frequency in Eq. (A9) is 2ωp, and it works in
the four-wave-mixing mode. The modulated SQUID can
also work in the three-wave-mixing mode, as long as a
dc bias flux is applied to the pump tone, �ext = �dc +
�p cos(ωpt + φp), where �dc is near (n + 1)�0. The lead-
ing first-order expansion term in the flux is linear. In this
case, the modulated inductance is given by

LSQUID = LJ0(I)

2 cos
(
π

�dc
�0

+ π
�p
�0

cos(ωpt + φp)
)

� LJ0(I)

2 cos(π �dc
�0

) − 2π
�p
�0

sin
(
π

�dc
�0

)
cos(ωpt + φp)

= LJ0(I)

2 cos
(
π

�dc
�0

)

× 1

1 − π
�p
�0

tan
(
π

�dc
�0

)
cos(ωpt + φp)

� L0 + 2|δL| cos(ωpt + φp), (A12)

where

L0 = LJ0(I)
2 cos(π�dc/�0)

(A13)

and

|δL| = L0
π�p

2�0
tan

(
π�dc

�0

)
. (A14)

Similar treatment of the pumped SQUID is presented in
Ref. [41]. Some nonlinear terms are handled differently.
However, for small pump amplitudes, this does not lead to
a significant difference in the result.

APPENDIX B: INPUT-OUTPUT THEORY FOR A
PARAMETRIC AMPLIFIER

In this appendix, we show how the equation of motion
for a pumped PA and the susceptibility matrix are obtained
from the input-output theory. From Sec. II, we see that the
Hamiltonian of a single pumped LC resonator is as follows:

Ĥsys = �ω0
[
â†â + (αe−iωpt + α�eiωpt)(â + â†)2] . (B1)

When it is connected to a port, it is exposed not only to
the external drive but also to the vacuum noise outside,
which allows energy in the resonator to leak out to the
surrounding bath. The total Hamiltonian is as follows:

Ĥ = Ĥsys + Ĥbath + Ĥint. (B2)

Ĥbath is the bath Hamiltonian:

Ĥbath =
∑

k

�ωkb̂†
k b̂k, (B3)

where k denotes the quantum numbers of the independent
harmonic oscillator bath modes, and [b̂k, b̂†

k′] = δk,k′ . The
interaction Hamiltonian is as follows:

Ĥint = −i�
∑

k

[
gkâ†b̂k − g�

k b̂†
k â

]
. (B4)

The rotating-wave approximation is applied here, and gk
is the coupling strength between the bath modes and the
resonator mode.

The Heisenberg equations of motion for â and b̂k are as
follows:

dâ
dt

= i
�

[Ĥ , â]

= −iω0â − 2iω0(αe−iωpt + α�eiωpt)(â + â†) −
∑

k

gkb̂k

(B5)

and

db̂k

dt
= i

�
[Ĥ , b̂k] = −iωkb̂k + g�

k â. (B6)
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The equation for the bath operator b̂k can be formally
integrated to yield

b̂k(t) = b̂k(0)e−iωkt +
∫ t

0
dt′g�

k â(t′)e−iωk(t−t′). (B7)

The first term represents the free evolution of the bath,
while the second term arises from the interaction with the
resonator. Substituting Eq. (B7) into the last term of Eq.
(B5) yields
∑

k

gkb̂k =
∑

k

gke−iωktb̂k(0)

+
∑

k

∫ t

0
dt′|gk|2e−i(ωk−ω0)(t−t′)

[
eiω0(t′−t)â(t′)

]
.

(B8)

Using the Fermi golden rule and making the Markov
approximation [2,54], we obtain

∑

k

|gk|2e−i(ωk−ω0)(t−t′) = κδ(t − t′), (B9)

where κ is the dissipation rate. When the coupling strength
is further treated as a constant g ≡

√
|gk|2 and the density

of states is defined as

ρ ≡
∑

k

δ(ω0 − ωk), (B10)

the dissipation rate is as follows:

κ = 2πg2ρ. (B11)

With
∫ t

0
dt′δ(t − t′) = 1

2
, (B12)

the second term in Eq. (B8) is

∑

k

∫ t

0
dt′|gk|2e−i(ωk−ω0)(t−t′)

[
eiω0(t′−t)â(t′)

]
= κ

2
â.

(B13)

The first term in Eq. (B8) can be defined as the so-called
input mode

âin ≡ 1√
2πρ

∑

k

e−iωktb̂k(0), (B14)

and thus the equation of motion for â is

dâ
dt

=
(
−iω0 − κ

2

)
â − 2iω0(αe−iωpt

+ α�eiωpt)(â + â†) − √
κ âin. (B15)

The susceptibility matrix is derived from the equation of
motion in the frequency domain. The Fourier transform of
â(t) is defined as

F [
â(t)

] ≡ â(ω) = 1√
2π

∫ ∞

−∞
dtâ(t)eiωt, (B16)

and its Hermitian conjugate is as follows:

F† [
â(t)

] ≡ â†(ω) = 1√
2π

∫ ∞

−∞
dtâ†(t)e−iωt. (B17)

The Fourier transform of â†(t) is therefore given by

F [
â†(t)

] = 1√
2π

∫ ∞

−∞
dtâ†(t)eiωt = â†(−ω). (B18)

Multiplying both sides of Eq. (B15) by exp(iωpt/2) and
then performing the Fourier transform leads to the equation
of motion in the frequency domain (within the rotating-
wave approximation):

(−iωs + iω0 + κ/2)â(ωs) + 2iω0αâ†(ωi) = √
κ âin(ωs),

(B19)

where ωs and ωi are as defined in Sec. II. The same
calculation performed on the conjugate of Eq. (B15) yields

−2iω0α
�â†(ωs) + (iωi − iω0 + κ/2)â(ωs) = √

κ â†
in(ωi).

(B20)

Therefore, the susceptibility matrix χ(ωs) that connects
the intracavity field and the input field �a = χ(ωs)

√
κ�ain is

given by

[χ(ωs)]−1 = −i
[
ωs − ω0 + iκ/2 −2ω0α

2ω0α
� −ωi + ω0 + iκ/2

]
.

(B21)

APPENDIX C: ABCD MATRIX

In the microwave field, many networks are composed of
a cascade of several two-port networks. It is convenient to
describe the individual two-port networks in the cascaded
system with a transmission (T or ABCD) matrix, since the
properties of the entire system can be obtained by directly
multiplying the ABCD matrices [44].

It is easy to find the ABCD matrix of a two-port network
from its Z matrix, and vice versa. Use of the ABCD matrix
allows the decomposition of a network into a series of
multiplied simpler networks, offering a more-direct grasp
of the network’s characteristics. From the Z matrix, the
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(a) (b)

(c) (d)

Re(Γ)

Re(Γ)

Im(Γ)

Im(Γ)

FIG. 13. Principle of the conventional Smith chart. (a),(b) Input-impedance zin plane and the reflection-coefficient 
 plane. The
constant-resistance (red) and constant-reactance (blue) lines in the zin plane are mapped to be circles in the 
 plane. The tick values
of 
 in (b) are represented by the purple circles. (c),(d) Input-admittance yin plane and reflection-coefficient 
 plane. The constant-
conductance (red) and constant-susceptance (blue) lines in the yin plane are mapped to be circles in the 
 plane.

ABCD matrix is as follows:

[
A B
C D

]
=

[
Z11/Z21 |Z|/Z21
1/Z21 Z22/Z21

]

=
[

1 Z11
0 1

] [
0 −Z12

Z−1
21 0

] [
1 Z22
0 1

]
, (C1)

where |Z| = Z11Z22 − Z12Z21. The matrix with the upper
triangle form in Eq. (C1) corresponds to a two-port net-
work composed of a series component. The off-diagonal
matrix represents an inverter network. Figure 1(b) shows
this sandwiched structure.

It is also feasible to obtain the ABCD matrix from the Y
matrix:

[
A B
C D

]
=

[−Y22/Y21 −1/Y21
−|Y|/Y21 −Y11/Y21

]
(C2)

=
[

1 0
Y11 1

] [
0 −Y−1

21
Y12 0

] [
1 0

Y22 1

]
, (C3)

where |Y| = Y11Y22 − Y12Y21. It similarly portrays a sand-
wiched configuration, with the network on either side no
longer being series impedance, but rather parallel admit-
tance, as illustrated by the lower triangle matrices in Eq.
(C3). The circuit representation of this structure is shown
in Fig. 1(c).

Given the reference impedance Zs of the port, the S
parameter of the system can be obtained:

[
S11 S12
S21 S22

]
=

[A+B/Zs−CZs−D
�

2(AD−BC)

�
2
�

−A+B/Zs−CZs+D
�

]
, (C4)

where � = A + B/Zs + CZs + D.
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FIG. 14. Impedance matching with the conventional Smith chart. (a) Impact of the basic components on the input impedance,
including series inductors (Ls), series capacitors (Cs), parallel inductors (Lp), parallel capacitors (Cp), and transmission lines (TL).
(b) Impact of the components at different frequencies. The dotted circle refers to a VSWR circle of 1.667.

APPENDIX D: CONVENTIONAL SMITH CHART

The Smith chart is an effective tool for impedance
matching in the microwave field. It simultaneously dis-
plays impedance and its corresponding reflection coeffi-
cient on a single chart. The Smith chart is based on the
equation


 = zin − 1
zin + 1

, (D1)

where zin = Zin/Zs is the normalized input impedance seen
from the reference port. It is a conformal transformation
[39], which maps the constant-resistance and constant-
reactance lines in the zin plane to a series of circles in
the 
 plane, as shown in Figs. 13(a) and 13(b). The reac-
tance circles are not entirely within the chart. The tick
values in Fig. 13(b) are those of the constant-resistance
and constant-reactance circles. The tick values of 
 are not
shown, but are represented by a series of circles (the purple
circles). The entire non-negative-resistance region of the
zin plane is mapped into a unit circle in the 
 plane, and
it is the Smith chart. In the same way, the admittance cir-
cles can be mapped to the 
 plane, as shown in Figs. 13(c)
and 13(d). Use of the Smith Chart facilitates the deriva-
tion of reflection coefficients from circuit impedance or
admittance, and vice versa.

The effects of adding capacitors and inductors to the cir-
cuit are effectively elucidated with use of a Smith chart.
As illustrated in Fig. 14(a), when a series inductor Ls or a
series capacitor Cs is added to the circuit, the reactance part
of zin is changed, causing it to move along the constant-
resistance circle clockwise or counterclockwise, respec-
tively. Similarly, after introduction of a parallel inductor

Lp or a parallel capacitor Cp, zin moves along the constant-
conductance circle. If a transmission line with normalized
characteristic impedance zTL and length λTL is introduced
to the circuit, zin rotates by an angle of 4πλTL/λ0, with zTL
as the center, where λ0 is the wavelength at the correspond-
ing frequency [39,44]. By strategic arrangement of these
components, zin is moved along the circles, and it finally
reaches the desired impedance and reflection coefficient.

Since the impedance of most components is frequency
dependent, their impact on zin also varies with the fre-
quency. Figure 14(b) shows an illustrative example. Trace
1 depicts the frequency response of a series RLC resonator
with R = 30 �, L = 3 nH, and C = 234.5 fF. The refer-
ence impedance Zs is 50 �. With a parallel LC resonator
introduced into the circuit, where L′ = 1 nH and C′ =
0.7036 pF, the frequency response becomes that of trace 2.
The impedance at the central frequency, which is 6 GHz,
remains unchanged. However, the impedance at other fre-
quencies undergoes varying degrees of change, leading to
alternations in bandwidth, which is clearly depicted with a
criterion circle in the Smith chart, such as a VSWR circle
or a constant-gain circle.

APPENDIX E: SIGNAL AMPLITUDE GAIN AND
INTERMODULATION AMPLITUDE GAIN

For a parametric amplifier, there is a relation between its
signal gain S11 and its intermodulation gain S21:

|S11|2 − |S21|2 = 1. (E1)

It can be directly validated from Eqs. (6) and (7),and their
corresponding generalized forms. Here, we provide a proof
using the lumped-circuit approach.
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Firstly, when the circuit contains only one resonator,
the total ABCD matrix in the series representation is as
follows:

Ttotal =
[

1 jsZc
0 1

] [
0 −j η0

j /η0 0

] [
1 jsZc
0 1

]

=
[−sZc/η0 −j

(
s2Zc/η0 + η0

)

j /η0 −sZc/η0

]
=

[
A1 jB1
jC1 D1

]
,

(E2)

where A1, B1, C1, D1 ∈ R and s = s(ωs) = s(−ωi). The
diagonal elements in this matrix are real, while the non-
diagonal elements are imaginary. Given that det(Ttotal) =
A1D1 + B1D1 = −1, we have

|S11|2 − |S21|2 = (A1 − D1)
2 + (B1/Zs − C1Zs)

2 − 4
(A1 + D1)2 + (B1/Zs + C1Zs)2

= 1 + −4(A1D1 + B1C1 + 1)

(A1 + D1)2 + (B1/Zs + C1Zs)2

= 1. (E3)

When an extra resonator is incorporated, the new ABCD
matrix is as follows:

T′
total =

[
1 0

jsYc 1

] [
A1 jB1
jC1 D1

] [
1 0

jsYc 1

]

=
[

A2 jB2
jC2 D2

]
, (E4)

where A2, B2, C2, D2 ∈ R. The diagonal elements remain
real, and the nondiagonal elements continue to be imagi-
nary. Additionally, det(T′

total) = A2D2 + B2D2 = −1. Con-
sequently, Eq. (E3) holds for T′

total. As more resonators are
introduced, this property of the total ABCD matrix persists,
thereby confirming the relationship of Eq. (E1). It can also
be proved similarly under the parallel representation.

Below, we show the equivalence between GP and GNRA.
The total power gain GP in Eq. (28) is given by

GP = (|S11| + |S21|)2

=
[√

(At − Dt)2 + (Bt/Zs − CtZs)2 + 2
]2

(At + Dt)2 + (Bt/Zs + CtZs)2

= 1 + 8 + 4|Bt/Zs − CtZs|
(At + Dt)2 + (Bt/Zs + CtZs)2

= 1 +
8 + 4Zs

(C2
Lη2

0+D2
L)

η0
+ 4 (A2

Lη2
0+B2

L)

Zsη0

4

(
ALCLη2

0−BLDL
)2

η2
0

+

[

− A2
Lη2

0+B2
L

Zs +Zs(C2
Lη2

0+D2
L)

]2

η2
0

= 1 + 4Zsη0

A2
Lη2

0 + B2
L + C2

LZ2
s η

2
0 + D2

LZ2
s − 2Zsη0

, (E5)

where we have used the transformation from the ABCD
matrix to the scattering matrix, Eq. (C4). In an NRA, the
power gain is as follows:

GNRA =
∣∣∣∣
Zin, NRA − Z0

Zin,NRA + Z0

∣∣∣∣

2

= 1 + 4(ALDL + BLCL)η0/Zs

(−ALη0/Zs + DL)2 + (BL/Zs − CLη0)2

= 1 + 4Zsη0

A2
Lη2

0 + B2
L + C2

LZ2
s η

2
0 + D2

LZ2
s − 2Zsη0

.

(E6)

Therefore, we have

GNRA = GP. (E7)
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