
PHYSICAL REVIEW APPLIED 21, 034047 (2024)

Giant enhancement of high-order rotational and rovibrational transitions in
near-field spectroscopy in proximity to nanostructures
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Vibrational-rotational and pure rotational transitions usually occur only via the electric dipole
interaction channel and some molecules, such as homonuclear diatomics, do not have an electric dipole
moment, rendering them transparent to infrared spectrum. We show that resonant nanostructures result
in giant enhancement of high-order transitions in a relatively large volume, which implies an observ-
able infrared signature for these molecules. The enhancement of these transitions may find applications
in imaging, tissue ablation, resolving chiral molecules, and studies of molecules that are challenging to
detect.
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I. INTRODUCTION

Vibrations and rotations of molecules are quantized
similarly to electronic states and the transitions between
vibrational and rotational states are rotational, vibra-
tional, or vibrational-rotational (rovibrational). Typically,
the electronic degrees of freedom are the fastest, then the
vibrational, and then the rotational. Thus, the frequencies
of vibrational and rotational transitions are in the near
infrared and microwave, respectively. While all of these
transitions can be observed in gas phase, in solvent this is
the case for electronic and vibrational transitions and there
is usually no rotational spectrum since this motion is often
restrained by the solvent [1]. Vibrational transitions are of
high importance since light in the near-infrared window
can penetrate into biological media longer distances [2].
Hence, their enhancement has potential use in biomedi-
cal applications [3–6], such as imaging and tissue ablation.
In addition, rovibrational transitions have recently allowed
the identification of water dimers, which are believed to
affect Earth’s radiation balance and climate, homogeneous
condensation, and atmospheric chemistry [7].

Since the wavelength of a far field is typically much
larger than the molecule size, usually only dipole rovi-
brational and pure rotational transitions with a rota-
tional transition �J = ±1 play a role in absorption spec-
troscopy and quantum computing [8]. However, diatomic
homonuclear molecules such as H2, N2, and O2 have no
dipole rotational and vibrational transitions, and they are
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considered infrared inactive. Spherical top molecules, such
as CH4, SiH4 have no rotational transitions in the rigid-
rotor approximation and neglecting secondary effects no
vibrational transitions of the symmetric modes [1,9,10].
In addition, due to the large difference between the wave-
length and the molecule size, it is challenging to experi-
mentally distinguish between chiral molecules, which are
important in drug discovery, with a recent approach to
improve this capability by enhancing the field chirality
[11,12]. Interestingly, in the quasistatic regime the field
is chiral [11,12] and there is an enhancement of the
magnetic dipole, which may facilitate the ability to read-
ily resolve chiral molecules. Moreover, photon detection,
which is an enabling technology for quantum sensing and
measurement-based quantum computing, is ineffective at
triggering measurable phenomena at microwave frequen-
cies since photons have 5 orders of magnitude lower
energies compared with optical frequencies [13].

Enhancement and excitation of high-order electronic
transitions have been widely discussed in the literature.
Far-field excitation of high-order magnetic and electronic
transitions, which are considered negligible, were theo-
retically analyzed long ago [14]. In the near field, it was
shown that due to the shorter effective wavelength, the den-
sity of electromagnetic (EM) states significantly increases
and there is enhancement of electric dipole and quadrupole
transitions in proximity to dielectric and plasmonic materi-
als [15–17]. Recently, a quantum electrodynamics (QED)
theory to analyze the spontaneous emission of an atom
in proximity to two-dimensional (2D) materials showed
that they enable excitation of extremely high-order multi-
polar transitions, two-plasmon spontaneous emission, and
singlet-triplet phosphorescence processes [18].
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Vibrational and rotational transitions of molecules have
so far been analyzed mostly in the far field. Quadrupole
infrared molecular transitions in the far field were studied
theoretically long ago [19]. Later on, long pathlength spec-
troscopy enabled the observation of a weak quadrupole-
allowed spectrum for N2 and O2 molecules in the far field
[20] while the long interrogation times and high sensitiv-
ity of trapped-ion spectroscopy enabled the observation
of quadrupole transitions in cold molecular N+

2 ions [21].
Recently, enhancement of allowed vibrational transitions
due to the increased density of EM states close to 2D struc-
tures has been observed experimentally [6]. More recently,
enhancement of high-order multipolar pure rotational tran-
sitions close to a graphene ring with a circularly polarized
incident light has been analyzed, focusing on electric field
effects [22].

Here, we analyze the absorption of electromagnetic
radiation via high-order rotational and rovibrational tran-
sitions, which are normally considered forbidden, by
diatomic molecules in proximity to 2D materials, such as
graphene and polar dielectric [23–29], see Fig. 1. These
2D materials have recently gained great attention as plat-
forms to generate near-infrared and terahertz frequencies
that are of importance in light-biomolecule interaction
[32,33]. In our analysis, which is semianalytical, we con-
sider the enhancement of light-molecule interaction with a

 
evanescent wave

grating
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z

FIG. 1. A scheme of the setup: diatomic and spherical top
molecules with no rotational-transition dipole moment in prox-
imity to a 2D surface on a substrate. Far-field light is impinging
on a periodic structure that excites a near-field mode of the
2D surface [23]. Since the evanescent field has high spatial
frequency components, it enhances absorption via high-order
rovibrational and rotational molecular transitions and enables
absorption by molecules that otherwise have no rotational spec-
trum. The aborption spectrum can be measured by a near-field
scanning optical microscopy tip, which couples the scattered
field to the far field [30] or by the emission of the molecules
after absorption. Alternatively, one could use a near-field scan-
ning optical microscope in nanoscale Fourier-transform infrared
spectroscopy [31].

plane-wave illumination due to both the shrinking of the
electric field wavelength by the 2D structure (near-field
effective wavelength compared with the far-field wave-
length) and the increase of the density of EM states close to
the structure, resulting in giant enhancement factors, with
similar contributions. In addition, for a given confinement
factor, 2D structures will enhance interactions at infrared
frequencies in a larger volume compared to optical fre-
quencies since the corresponding polarition decays slower
spatially. We also relate our analysis to magnetic dipole
transition enhancement and associated applications, such
as resolving chiral molecules.

In Sec. II we analyze quadrupole rovibrational and
rotational absorption rates for homonuclear diatomic
molecules in proximity to 2D structures. In Sec. III we cal-
culate the absorption enhancement and integrated absorp-
tion for quadrupole transitions in N2 molecules. Finally,
Sec. IV includes a summary of our results and a discussion
on potential applications.

II. QUADRUPOLE ROVIBRATIONAL AND
ROTATIONAL TRANSITION RATES OF

DIATOMIC MOLECULES IN PROXIMITY TO 2D
STRUCTURES

We now investigate quadrupole selection rules and tran-
sition rates of homonuclear diatomic molecules having
a 1�+

g ground electronic state, i.e., a singlet state and
zero angular momentum (most stable molecules have 1�+

g
ground states, notable exceptions being O2 and NO [9]).
In the adiabatic approximation, in which there is neg-
ligible coupling between the electronic, vibrational, and
rotational degrees of freedom, the wave function of a
molecule becomes ψ � ψelψN, where ψel and ψN are the
electronic and nuclear wave functions, respectively. ψN
for a homonuclear diatomic molecule can be approximated
as [9]

ψN �
Sv (r̃)

f
RY

M

J (θN,φN) ,

Sv (r̃) =
(α
π

)1/4 1
(2vv!)1/2

Hv

(
α1/2r̃

)
e

−αr̃2/2
,

where Sv (r̃) and Y
M
J are harmonic oscillator and spher-

ical harmonic wave functions, respectively, R is the
internuclear distance, Hv is a Hermite polynomial,
r̃ = R − Re, α = 4π2νeμ/h, μ = mamb/(ma + mb), νe =
1/2π (ke/μ)

1/2 = 1/2π
(
U′′ (Re)/μ

)1/2, and Re is the
equilibrium distance [9]. Note that J is the rotational
quantum number, M is its z-axis projection that is mea-
sured with respect to laboratory frame, and there is only a
relation between the quantum numbers J , M unlike the sit-
uation in the electronic states in hydrogen atoms, where
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the range of the electronic quantum number l depends
on n. The negligible coupling between the vibrational
and rotational degrees of freedom is valid when Ev �
EJ or hνe � hBJ (J + 1), where the rotational constant
B = h/4π I , I = μr2

e . While this usually holds, for small
molecules such as H2 at large rotational numbers, one
needs to account for the rovibrational coupling [19].

We now proceed to the Fermi golden rule calculation of
the absorption rate. The Hamiltonian of interest is given
by [34]

H = H0 + Hint, H0 =
∑

i

P2
i

2mi
+ V (r) ,

Hint = − q
m

P · A − q
m

S · B + q2

2m
[A]2 ,

where A is the magnetic vector potential satisfying B =
∇ × A, E = −∇φ − (∂A/∂t), S is the spin vector, and H0
is the entire Hamiltonian without an electric field, where
the motion of the center of mass is separated from the rela-
tive motion of the particles. By expanding the first term in
Hint for an evanescent electric field E ∝ E1e−iωt+iky y−kzz,
where the z axis is perpendicular to the 2D structure, we
obtain

P · A = E1

iω
(−iPz + Pk‖

) · e−iωt+iky y−kzz (−iez + ek‖
)

≈ E1

iω
(−iPz + Py

) · e−iωt (1 + ikyy − kzz
)

× (−iez + ek‖
)

,

where kz � k = 2π/λ = k2
z − |k‖|2, k‖ = (kx, ky) is a 2D

vector in a direction parallel to the slab, and Coulomb
gauge has been used. We now show that in the quadrupole
operator one can replace Pi by xi. To that end, we express
the quadrupole term PzY as follows:

PzY = 1
2
(
PzY − ZPy

)+ 1
2
(
PzY + ZPy

)

= 1
2

Lx + 1
2
(
PzY + ZPy

)
.

Lx can be grouped with S · B and the second term becomes
[34]

PzY + ZPy = m
i�

{[Z, H0] Y + Z [Y, H0]}

= m
i�
(ZYH0 − H0ZY) .

We analyze a transition between two eigenstates of
H0 ψf ,ψi via this quadrupole operator

〈
ψf
∣∣PzY + ZPy

∣∣ψi
〉 ∝

〈
ψf

∣∣∣∣
ky

iω
q
�

Ez (ZYH0 − H0ZY)
∣∣∣∣ψi

〉

= −ikyqEz
〈
ψf |ZY|ψi

〉
,

where H0 operated on the eigenstates in the last transi-
tion and we assumed |ω − ωif | � ωif [34]. Hence, we
observe that all in all PzY → ZY and therefore Pz → Z.
The quadrupole term can thus be written as

〈
ψf |P · A|ψi

〉
quad ∝ ∂Ej

∂xi

〈
ψf |xj xi|ψi

〉
.

Now we write the quadrupole transition rate between
nuclear states N → N ′ using Fermi’s golden rule

(
N′→N)quad = π

2�
ρ

∣∣∣∣
∑

i

∑
j

∂Ej

∂xi
(0)

×
〈
ψN|

(∫
ψ∗

elQijψeldr′
)

|ψN′

〉 ∣∣∣∣
2

,

where

Qzz (r) = −1
2

∫ (
3z′2 − r′2) ζmol

r

(
r, r′) dV′ + Zar2

2
,

Qxx (r) = Qyy (r) = −1
2

∫ (
3x′2 − r′2) ζmol

r

(
r, r′) dV′,

and r′, r denote the electronic and nuclear degrees of free-
dom, respectively, ρ is the density of EM states at the
transition frequency, Za is the atomic number of the nuclei,
and ζmol

r

(
r, r′) is the electron charge density. Upon integra-

tion over the electronic degrees of freedom, the quadrupole
operator will depend on the nuclear configuration, such
that


N′→N = π

2�
ρ

∣∣∣∣∣∣
∑
i,j ,l

∂Ej

∂xi
(0)
〈
ψN|Qll (r)DliDlj |ψN′

〉
∣∣∣∣∣∣

2

,

where Dlab→mol ≡
⎛
⎝

cos θN cosφN cos θN sinφN −sin θN
−cos θN sinφN cos θN cosφN −sin θN
sin θN cosφN sin θN sinφN cos θN

⎞
⎠ .

We then approximate Qzz (r) close to the equilibrium
distance between the atoms Re [35]

Qzz (r) ≈ Qzz (Re)+
(

dQzz (r)
dr

)

Re

r̃ +
(

d2Qzz (r)
dr2

)

Re

r̃2

2
,
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where r̃ ≡ r − Re. We analyze the radial part of 
N′→N

∫ (
Qzz (Re)+

(
dQzz (r)

dr

)

Re

r̃ +
(

d2Qzz (r)
dr2

)

Re

r̃2

2

)

× Sv (r̃) Sv′ (r̃) dr̃,

and see that the first, second, and third terms correspond to
the vibrational selection rules v′ = v, v′ = v ± 1, and v′ =
v ± 2, v′ = v, respectively, and

〈
v′|r̃|v〉2 = (v + 1)/2α [9].

Qzz and its derivatives have been calculated for several
diatomic molecules using quantum chemistry calculations
in Ref. [35]. By observing the effect of the D matrix on
the rotational states, one can see that for the quadrupole
transition �J = 0, ±2. To account for the angular part of
the inner product, we incorporate the Clebsh-Gordan coef-
ficients C

(
J 2J ′; 00

)2 [36], which can be used due to the
similarity of the evanescent wave to a plane wave, and lead
to the following factors:

⎧⎨
⎩

3 (J + 1) (J + 2) /2 (2J + 1) (2J + 3) J ′ = J + 2
J (J + 1) / (2J − 1) (2J + 3) J ′ = J
3J (J − 1) /2 (2J − 1) (2J + 3) J ′ = J − 2

.

From the dependence of the square of the inner product on
∂Ej /∂xi we deduce the following general scaling:

∣∣〈ψf |P · A|ψi
〉
n

∣∣2 ∝ η2(n−1)e−2kzz0 ,

where n is the order of the interaction (n = 2 for
quadrupole transitions), z0 is the molecule location, and
η = 2π/(λkz) is the confinement factor. For a lossless
graphene [18,37] we obtain ρ using a semiclassical cal-
culation (see Appendix for details)

ρ = −2ω
π

Im
[
Gμμ (x, x,ω)

]

= ω(
2π2

)
(

kη3 1
(εr + 1)

e−2kηz0

)
,

where εr is the permittivity of the substrate. In free space
ρ ∝ ω3 [38] and, therefore, light-matter interactions are
expected to be stronger at high frequencies (for the same
inner product).

At room temperature the molecules are mainly in the
ground vibrational state and we express the density of
molecules at a rotational state J as

n = n0gnT
(2J + 1) e−BhJ (J+1)/kBT

Z ,

where n0 is the total density of the molecules, gnT is
the nuclear spin degeneracy, and the partition function

reads [9]

Z =
∞∑

J=0

gjn (2J + 1) e−BhJ (J+1)/kBT.

Thus, overall the absorption for rovibrational and pure
rotational transitions scales as


N′→N ∝ ωkη3k2(n−1)η2(n−1)e−4kzz0 .

This is similar to the scaling of spontaneous emission
in high-order electronic transitions involving a change
in l calculated using QED, 
l′→l ∝ η3η2(n−1)e−2kzz0 [18],
except for the additional factor e−2kzz0 , that originates from
the electric field E in our absorption calculation. How-
ever, rovibrational and especially rotational transitions
have very long wavelengths and therefore the enhance-
ment factors can be significantly larger. In addition, the
field that impinges on the grating or tip will scatter and
experience near-field enhancement by the 2D structure as
we explain below [39,40]. The same scaling found for the
quadrupole transitions is also expected to occur for mag-
netic dipole transitions, with the potential application of
resolving chiral molecules [11,12,41]

To calculate gjn we recall from the Pauli exclusion
principle that particles with integer (half integer) nuclear
spin have symmetric (antisymmetric) total wave functions,
which can be decomposed as follows:

ψtot ≈ ψtranψvibψelψrotψnuc spin,

where ψtran and ψvib are not affected by r → −r for
a diatomic homonuclear molecule. ψel is symmetric for
molecules in ground state 1�+

g such as N2. ψrot is sym-
metric and antisymmetric for even and odd J , respectively.
The degeneracy of ψnuc spin reads

symmetric (2I + 1) (I + 1) ,

antisymmetric (2I + 1) I ,

where I is the nuclear spin quantum number. For exam-
ple, N2 has I = 1 and a nuclear spin degeneracy of 3 and
6 for the antisymmetric and symmetric wave functions,
respectively. Therefore, since the nuclear of N is a boson
(integer spin) and ψtot is symmetric, the even and odd J
eigenfunctions have a degeneracy of 6 and 3, respectively.

We now multiply the density of molecules at a rotational
state J by ρ and the square of the inner product to get the
integrated absorption in the transition v, J → v′, J ′:

A0 = n0
gjn (2J + 1) e−BhJ (J+1)/kBT

Z
× ρ

∑
M ,M ′

∣∣〈ψ�,v′,J ′,M ′ |HQE|ψ�,v,J ,M
〉∣∣2 .

034047-4



GIANT ENHANCEMENT OF HIGH-ORDER ROTATIONAL. . . PHYS. REV. APPLIED 21, 034047 (2024)

where HQE ∝ ∑
i·j (∂Ej /∂xi)(0)Qij . It can be deduced from

hB/kBT that the population is usually maximal for an inter-
mediate value of J , which explains the intensity pattern in
the rovibrational bands. Finally, another effect to consider
is the field enhancement due to the near-field resonance
of the nanostructure, which can increase the absorption by
4–6 orders of magnitude, depending on the material losses
[39,40].

The energy of a rovibrational level is approximated
as [9]

E ≈ U (Re)+ hνe

(
v + 1

2

)
+ hBJ (J + 1) .

Thus, for the quadrupole transitions �J = ±2 we get

�EJ→J−2 = −hB (4J − 2) , �EJ→J+2 = hB (4J + 6) ,

and the energy shifts become larger as the initial J
increases. Importantly, even if the pure rotational transi-
tions with a small initial J and �E ∼ 4hB, have a large
wavelength compared to the polariton spectrum of the 2D
structure, the transitions with a high initial J can be in the
spectrum. The rotationless v = 0 → 1 energy shift can be
readily approximated as �Ev=0→1 = hνe.

III. QUADRUPOLE ABSORPTION RATES FOR N2
MOLECULES

For concreteness, we consider an ensemble of N2
molecules in proximity to a 2D structure. In Fig. 2 we plot
the enhancement factors of the quadrupole rovibrational
and pure rotational transitions compared with free space as
functions of the distance from the 2D structure, where we
assumed field enhancement of four orders of magnitude.
While the rovibrational transition is enhanced by approxi-
mately 9 orders of magnitude a few nanometers away from
the structure, the pure rotational transition is enhanced by
approximately 22 orders of magnitude for the same near-
field profile due to the η5 in the overall scaling. To estimate
the enhancement required for absorption on the order of the
standard far-field dipole transition absorption, we recall the
field expansion and express this enhancement as follows:
1/(kr)2 � 1/(kl)2 � (λ/l)2, where l is the wave-function
extent, which is approximately the molecule size. Thus, we
get that for quadrupole rovibrational and rotational tran-
sitions approximately 8 and 14 orders of magnitude of
enhancement are required, respectively. Alternatively, for
the same confinement factor a much larger volume will
be covered for enhancing pure rotational transitions since
the polariton wavelength is larger and it therefore decays
more slowly spatially. Note that in practice the enhance-
ment will be affected by the absorption in the nanostructure
as well as the experimental technique. Note also that
2D structures with incident fields in the terahertz were

0 20 40 60 80 100
10

15

20

25

vibrational-rotational transition 
rotational transition

FIG. 2. Enhancement of the absorption via the vibrational-
rotational v = 0 → 1,�J = 2 and pure rotational J = 0 → 2
quadrupole transitions of an N2 molecule in proximity to the 2D
structure as functions of distance.

realized experimentally and our calculations show that
pure rotational quadrupole transitions of N2 with initial
J ≥ 2 can be observed [28]. For approaches of detect-
ing terahertz radiation in the near field and far field, see
Refs. [42–44].

We then calculate the absorption due to v = 0 →
1 rovibrational quadrupole transitions in N2 molecules.
where we have used (dQzz (r)/dr)Re = 0.94 (ea0), ν̃ =
2329 (cm−1) [35], and B̃ = 2.01 (cm−1). These transitions
become dominant due to the proximity to the resonant
structure, which results in an infrared signature for these
molecules. In Fig. 3 we present the normalized integrated
absorption as a function of the wave number for molecules
situated 100 Å from the 2D surface and a polariton that
has 100 times smaller effective wavelength compared to
the incident λ. 2D structures with such λ values and even
larger confinement factors were experimentally demon-
strated [27,29]. It can be seen that the strong transitions are
for intermediate values of J due to the population of these
levels and the transitions for even J are stronger due to the
higher nuclear-spin degeneracy, as expected. Clearly, the
intensity of the �J = 0 transition is rather high since it
includes all the initial J states (neglecting the effect of cen-
trifugal distortion, which results in very small splitting). It
is worth noting that in the near field the spatial distribu-
tion of the electric field is independent of frequency for
a given ε(r) [45]. However, transitions at these infrared
frequencies that may be weak in the far field, can play
a dominant role in proximity to nanostructures, which is
important due the ability of radiation in the near infrared to
penetrate more into biological media and excite vibrational
transitions (e.g., �J = 0 in Fig. 3).

IV. SUMMARY

In summary, we have analyzed the absorption of an
electric field by molecules in the vicinity of a 2D struc-
ture via high-order rovibrational and rotational transitions.
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23
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 J
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 0

0

1

2

3

1036
nuclear spin degeneracy of 6 

nuclear spin degeneracy of 3

FIG. 3. Normalized integrated absorption A0/n0 for v = 0 → 1 rovibrational quadrupole transitions as a function of the wave
number for an N2 molecule situated 100 Å from 2D graphene with η = 100. The central v = 0 → 1,�J = 0 Q-branch absorp-
tion frequency corresponds to λ = 4.25 µm and the rotational energy difference for �J = 2, 4Bh corresponds to λ = 1.25 mm. An
enhancement factor of approximately 109 is achieved compared with quadrupole transitions of molecule situated in free space.

We have shown that due to the presence of a 2D struc-
ture, which generates a short wavelength polarition and
increases the density of EM states, molecules without an
electric dipole moment, such as homonuclear diatomic,
become infrared active. While there is enhancement of
both rovibrational and rotational transitions, rotational
transitions can be enhanced by many more orders of
magnitude provided that the propagating field at the cor-
responding frequency can be coupled to short-wavelength
surface modes of the 2D structure [28]. The enhancement
of the absorption in high-order transitions may find appli-
cations in noninvasive tissue ablation [3–5] and resolving
chiral molecules [11,12] and molecules that are challeng-
ing to detect. This analysis can be applied to dipole and
higher-order rotational transitions, which are also expected
to be observable in proximity to 2D structures. From
similar arguments, enhancement of high-order rotational
transitions associated with spontaneous emission and
Forster resonance energy transfer (FRET) can be predicted
[18,46–48].
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APPENDIX A: CALCULATING THE DENSITY OF
ELECTROMAGNETIC STATES

We present a semiclassical calculation of the density of
electromagentic states in the vicinity of a 2D graphene
deposited on a substrate. Generally, the density of states
can be written as [37,49]

ρμ = −2ω
π

Im(Gμμ (x, x,ω)).

For an evanescent wave we can write [18]

ρk,z = 2ω
π

Im
i
2

1
(2π)2

∫
dqc2 rpq

ω2
0

(
k⊥
q

, − q
k⊥

)
e2ik⊥z0 .

Taking the quasistatic limit k⊥ = iq we obtain

ρk,z = 2ω
π

Im
(

−1
2

1
(2π)2

∫
dqc2 rpq

ω2
0

e−2qz0 (1, −1)
)

.

We substitute the Fresnel reflection coefficient for
graphene rp = (εr − 1) i − (σq/ω0ε0)/ (εr + 1) i − (σq/
ω0ε0), where εr is the permittivity of the substrate on
which the graphene is deposited [18] and σ is the electric
conductivity, and get for each orientation

ρ = −ω
π

c2

(2π)2
Im

(∫
dq
(εr − 1) i − σq

ω0ε0

(εr + 1) i − σq
ω0ε0

q
ω2

0
e−2qz0

)
.
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Substituting complex σ

ρ = −ω
π

c2

(2π)2
Im

(∫
dq
(εr − 1) i − (σR+iσI )q

ω0ε0

(εr + 1) i − (σR+iσI )q
ω0ε0

q
ω2

0
e−2qz0

)

= −ω
π

c2

(2π)2
Im

(∫
dq
(εr − 1) i − σRq

ω0ε0
− iσI q

ω0ε0

(εr + 1) i − σRq
ω0ε0

− iσI q
ω0ε0

q
ω2

0
e−2qz0

)

= −ω
π

c2

(2π)2
Im

⎛
⎝
∫

dq
− σRq
ω0ε0

+ i
[
(εr − 1)− σI q

ω0ε0

]

− σRq
ω0ε0

+ i
[
(εr + 1)− σI q

ω0ε0

] q
ω2

0
e−2qz0

⎞
⎠

= −ω
π

c2

(2π)2
Im

⎛
⎝
∫

dq
− qσR
ω0ε0σI

+ i
[
(εr−1)
σI

− q
ω0ε0

]

− qσR
ω0ε0σI

+ i
[
(εr+1)
σI

− q
ω0ε0

] q
ω2

0
e−2qz0

⎞
⎠ . (A1)

Now we take the imaginary part and write

ρ = −ω
π

c2

(2π)2

⎛
⎜⎝
∫

dq
− qσR
ω0ε0σI

[
− (εr+1)

σI
+ q

ω0ε0
+ (εr−1)

σI
− q

ω0ε0

]

(
qσR

ω0ε0σI

)2
+
[
(εr+1)
σI

− q
ω0ε0

]2

q
ω2

0
e−2qz0

⎞
⎟⎠

= ω

π

c2

(2π)2

⎛
⎜⎝
∫

dq

⎡
⎢⎣

2qσR
ω0ε0σI

1
σI(

qσR
ω0ε0σI

)2
+
[
(εr+1)
σI

− q
ω0ε0

]2

⎤
⎥⎦ q
ω2

0
e−2qz0

⎞
⎟⎠

At the no loss limit σR
σI

→ 0 we get

ρ = ω

π

c2

(2π)2

⎛
⎜⎝
∫

dq
2qσR
ω0ε0σI

1
σI[

(εr+1)
σI

− q
ω0ε0

]2

q
ω2

0
e−2qz0

⎞
⎟⎠ .

Substituting q = q0u = [(εr + 1) ω0ε0/σI ]u, where q0 is a resonant k vector we write

ρ = ω

π

c2

(2π)2

⎛
⎜⎝
∫

dqdθq2
2q0u
ω0ε0σI

σR
σI(

(εr+1)
σI

)2
(1 − u)2

1
ω2

0
e−2uq0z0

⎞
⎟⎠

= ω

π

c2

(2π)2

⎛
⎜⎝
∫

dqdθq2

2 (εr+1)ω0ε0
σI

u

ω0ε0σI

σR
σI(

(εr+1)
σI

)2
(1 − u)2

1
ω2

0
e−2uq0z0

⎞
⎟⎠

= ω

π

c2

(2π)2

⎛
⎝
∫

dqdθq2
2u
σI

σR
σI(

(εr+1)
σI

)
(1 − u)2

1
ω2

0
e−2uq0z0

⎞
⎠

= ωc2

(2π)2

(∫
dqdθq2

2
σI

(εr+1)
σI

(
1
π

σR
σI

u

(1 − u)2

)
1
ω2

0
e−2uq0z0

)

= ωc2

(2π)2

(∫
dudθu2q3

0

2
σI

(εr+1)
σI

(
1
π

σR
σI

u

(1 − u)2

)
1
ω2

0
e−2uq0z0

)
.
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We express the resonant wave vector q0, which is
excited, in terms of the far-field wave vector k

q0 = kη,

where η is the confinement factor and obtain

ρ = ωc2

(2π)2

(∫
dudθu2k3η3

2
σI

(εr+1)
σI

(
1
π

σR
σI

u

(1 − u)2

)

× 1
ω2

0
e−2uq0z0

)

= ωc2

(2π)2

(
k3η3 2

(εr + 1)
1
ω2

0
e−2kηz0

)

= ω(
2π2

)
(

kη3 1
(εr + 1)

e−2kηz0

)
.

In conclusion, the scaling of the density of states is

ρ ∝ η3e−2kηz0 ,

similarly to the scaling of the spontaneous emission due to
electronic transitions with the QED treatment in Ref. [18].
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