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The Su-Schrieffer-Heeger (SSH) chain, which serves as a paradigmatic model for comprehending topo-
logical phases and their associated edge states, plays an essential role in advancing our understanding
of quantum materials and quantum information processing and technology. In this paper, we introduce a
hybrid analog-digital protocol designed for the nonadiabatic yet high-fidelity transfer of edge states in an
SSH chain, featuring two sublattices, A and B. The core of our approach lies in harnessing the approxi-
mate time-dependent counterdiabatic (CD) interaction, derived from adiabatic gauge potentials. However,
to enhance transfer fidelity, particularly in long-distance chains, higher-order nested commutators become
crucial. To simplify the experimental implementation and navigate computational complexities, we iden-
tify the next-to-nearest-neighbor hopping terms between sublattice A sites as dominant CD driving and
further optimize them by using variational quantum circuits. Through digital quantum simulation, our
protocol showcases the capability to achieve rapid and robust solutions, even in the presence of disor-
der. This analog-digital transfer protocol, an extension of quantum control methodology, establishes a
robust framework for edge-state transfer. Importantly, the optimal CD driving identified can be seamlessly

implemented across various quantum registers, highlighting the versatility of our approach.
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I. INTRODUCTION

Building on Feynman’s seminal 1982 conjecture [1],
quantum simulation has emerged as a valuable toolkit,
allowing the study of complex form of behavior in
condensed-matter systems by leveraging easily control-
lable quantum systems [2]. In the realm of quantum
computing platforms, topological quantum systems have
garnered substantial attention [3] due to their inherent
robustness, which arises from topological protection mech-
anisms. Among them, the Su-Schrieffer-Heeger (SSH)
model [4—7], which serves as a tight-binding model for the
simplest one-dimensional (1D) lattice, encompasses topo-
logically safeguarded edge states. This model has sparked
exploration of topological properties across diverse quan-
tum registers, known for their high tunability, including
superconducting Xmon qubit chains [8], a 1D bichromatic
lattice [9], and arrays of optically trapped Rydberg atoms
[10], as well as semiconductor quantum dots [11].
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Digital quantum simulation (DQS) offers a remarkable
avenue for investigating a diverse range of intricate mod-
els, without the need for direct laboratory engineering.
Versatile digital-simulation methodologies have been har-
nessed to explore various domains, including topological
phases [12—14] and quench dynamics [15]. Unlike analog
quantum simulation, which is confined to specific quan-
tum system types, DQS stands out for its execution via
sequences of quantum logic gates. This can be achieved
using present-day quantum simulators and holds promise
for future fault-tolerant quantum computers [16]. To fos-
ter the development of DQS, hybrid quantum-classical
optimization algorithms such as variational quantum algo-
rithms [17] grounded in gradient descent [18], or varia-
tional quantum eigensolvers [19], become crucial. In par-
ticular, quantum control-inspired algorithms have demon-
strated themselves as invaluable approaches for addressing
complex quantum control problems by leveraging classical
optimizers [18,20-22].

Moreover, facilitating the long-distance transfer of
quantum states turns out to be key in the context of large-
scale quantum information-processing endeavors. In this

© 2024 American Physical Society


https://orcid.org/0000-0002-4675-4452
https://orcid.org/0000-0003-4221-4288
https://orcid.org/0000-0001-8610-0675
https://orcid.org/0000-0003-1764-4470
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.21.034033&domain=pdf&date_stamp=2024-03-18
http://dx.doi.org/10.1103/PhysRevApplied.21.034033

ROMERO, CHEN, PLATERO, and BAN

PHYS. REV. APPLIED 21, 034033 (2024)

context, the utilization of edge states within the SSH model
provides a compelling avenue, with these edge states serv-
ing as a quantum channel that enables the implementation
of steadfast quantum state transfer between distant qubits.
The realization of robust edge-state transfer is achievable
by adiabatic passage [23,24], drawing inspiration from the
original concept of Thouless pumping [25]. Recent exper-
imental achievements have further confirmed the adiabatic
robust transfer of atomic momentum states across synthetic
lattices of Bose-Einstein condensed states [26]. While adi-
abatic passage exhibits commendable resistance against
uncorrelated disorder, its vulnerability to environmental
noise remains a challenge. To circumvent this limitation,
nonadiabatic transfer protocols [27,28] have emerged as
effective strategies. Operating within shorter time frames,
these protocols mitigate the adverse impact of decoher-
ence. However, it is important to note that Thouless pump-
ing is not generically robust to nonadiabatic effects, as
revealed in nonquantized charge-transport scenarios [29]
within a Floquet framework. Consequently, the pursuit
of transfer schemes that combine both speed and robust-
ness remains as a promising path in advancing the field of
quantum state-transfer methodologies.

In this paper, we present a hybrid analog-digital way
to design the nonadiabatic protocol for transferring edge
states in an SSH model with odd-number sites. Building
on the concept of shortcuts to adiabaticity [30], our method
involves deriving the counterdiabatic (CD) terms through
a variational approach [31], also referred to as quantum
transitionless driving [32]. This implies the incorpora-
tion of approximate two-body and many-body interactions
[33,34], easily implemented in digitized adiabatic compu-
tation [35]. By incorporating these CD terms, specifically
the next-to-nearest neighbor (NNN) hopping terms within
sublattice A, into the original Hamiltonian, we achieve
an efficient representation of the adiabatic dynamics. This
ensures that the state transfer consistently aligns with
the zero-energy (instantaneous) eigenstate of the origi-
nal Hamiltonian. Furthermore, we leverage DQS within
variational quantum circuits to obtain optimal CD driving
during the transfer process. Our hybrid analog-digital pro-
tocol remains remarkably resilient even when subjected to
disorder.

The subsequent sections of this paper are organized as
follows. In Sec. II, we introduce the SSH model for an
odd number of sites and delve into the characteristics of
its edge state. Section III outlines the nonadiabatic proto-
col for transferring edge states in the SSH model by using
nested commutators (NCs), elucidating CD driving located
as NNN hopping terms along sublattice A. In Sec. 1V, a
detailed description of the quantum circuit implementa-
tion of the time evolution is provided, where we find the
optimal CD driving digitally. In Sec. V, we discuss the
feasibility of various experimental platforms and robust-
ness against disorder. Finally, we conclude in Sec. VI.

This work not only provides an efficient protocol for the
edge-state transfer that is applicable in different quantum
platforms but also opens a door to the synergy of quantum
control and DQS.

I1. SSH MODEL: HAMILTONIAN AND
PRELIMINARIES

The Su-Schrieffer-Heeger (SSH) model, initially pro-
posed in 1979 to depict solitons in polyacetylene [4],
describes a 1D chain formed by two sublattices with chiral
symmetry. For the case of an odd number 2N — 1 of sites,
comprised of N sites on sublattice A and N — 1 sites on
sublattice B, the Hamiltonian is given by

N-1 N-1
Ho(t) = 6,(1) Y cheymi + 10 Y chpyey +he, (1)

Jj=1 Jj=1

where cj (c;) creates (annihilates) a fermion in the ith site
of the chain. Sites with odd (even) indices belong to sub-
lattice A (B). The alternative nearest-neighboring hopping
terms #,(¢) and ¢, (¢) represent the intra- and inter-unit-cell
interaction, respectively. This Hamiltonian, with 2N — 1
sites, exhibits chiral symmetry [36], resulting in a sym-
metric spectrum with 2N — 2 non-zero-energy levels and
one zero-energy level. In particular, the exact zero-energy
eigenstate

1 N N-1
(Do) = 17 [Z a; |47 + ) b; |B,~>} )
i=1 i=1

has components with the site-occupation amplitudes

b, =0,
i1
a; = [—@} , Vie[l,N],
0]

where N2 = YV ' [62(1) /11 ()] is the normalization fac-
tor. Here, Eq. (3) implies that the zero-energy eigenstate
only has nonzero probabilities on sublattice-A sites, which
satisfies chiral symmetry.

Making use of the state |\W(#)) evolving along with
|®o(2)), one can adiabatically transfer the state from the
left at the initial time # =0 to the right bound at the
final time ¢t = T (see Fig. 1) when the boundary con-
ditions #(0)/£(0) > 1, t;(T)/t,(T) < 1 and the general
adiabatic condition 7 >> m/f, are satisfied [23]. Without
loss of generality, we set #,(f) = A(¢) as our control func-
tionand 1, (f) = A — A(f), with a constant A; e.g., applying
the hoppings [27]

Vie[l,N —1],
(3)

t12(1) = to(1 £ cos Q1), 4)

where Q = 0.014, A = 219, A(f) = —, sin Q¢ and, for
simplicity, we set A = A(#) in the text. Defining the transfer
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FIG. 1. A schematic configuration of an SSH chain. The edge
state can be nonadiabatically transferred from the left side to the
right one by adding the hopping between the neighboring sites of
sublattice A.

fidelity
F(0) = [ (o)W (D) I, (5)

which is used to characterize the extent to which the state
evolves along the instantaneous eigenstate in the interval
t € [0,T], we can obtain the fidelity robustness F(7T) >
99.9% at T=mnm/Q2 =100/, fulfilling the adiabatic
condition mentioned above.

Indeed, it is worth noting that previous efforts have
primarily focused on expediting the slow adiabatic pro-
tocol for edge-state transfer by using inverse-engineering
methods [27,37]. While inverse engineering provides the
advantage of flexibility in designing the time-dependent
couplings #;2(¢) (if it is allowed experimentally), it does
run the risk of exciting other intermediate states, rather
than the zero-energy eigenstate. In contrast, CD driving
offers the distinct advantage of ensuring adiabatic follow-
ing of the original Hamiltonian [31-33,35] but within a
shorter time frame. In what follows, we shall focus on
the optimal CD terms, providing a promising pathway
to achieve more robust and high-fidelity state transfers,
even in the presence of noise and other experimental
imperfections.

III. NONADIABATIC EDGE-STATE TRANSFER
A. Approximate CD contribution

In this section, we provide a speed-up protocol inspired
by CD driving where the state evolution is always along
|®(2)), by canceling the nonadiabatic transitions from all
instantaneous eigenstates. This leads to the total Hamilto-
nian H () = Hy(¢) + H.q(f). However, instead of finding
the exact CD terms, which requires spectral knowledge,
we apply the adiabatic gauge potentials [38] to achieve the

J

N=-2

approximate CD terms
Hy =0 A ©6)

in the preselected form, with the approximate gauge poten-
tial expanded in terms of NCs [31,33] as

1
AP =iy o [Ho, [Ho,....[Ho, 0, Holll, ()

k=1 2%—1
where o = o (), with k€ {1,...,1} and / being the
order of the expansion, are time-dependent coefficients.
In the limit of / — oo, Eq. (7) becomes the exact gauge
potential. Consequently, considering a larger value of /
makes the approximate CD terms approach the exact CD
driving more closely. The coefficients oz,(([) are determined
by minimizing the action S; = tr[Glz] with G; = 0, Hy —
i[Hy, A(kl)] (see details in Appendix A). The first-order NC,
Af\l) = iafl)[Ho, 0, Ho], is given by

N-2 N—-1
1 - (1
A =i | 36 e = Y ey | +he, (8)
j=1 j=1

where k) = —Aia!", and a!" is obtained by minimizing

S) = tr[Gf]. In this scenario, the CD drivings are situated
as the NNN hopping between odd-odd and even-even sites
with the same absolute strength |« (V'|. More detailed ana-
lytical solutions on the first-order NC for a general SSH
chain with 2N — 1 sites can be found in Appendix A.

As the nonadiabatic transfer protocol needs the NNN
hoppings, as shown in Eq. (8), chiral symmetry [27,39]
is broken. However, aiming at transferring the edge state
along the zero-energy eigenstate [Eq. (3)], the probabilities
in the even sites are zero, leading to zero hopping between
even and even sites. Consequently, the first-order NC terms
are simplified to only be located between the neighboring
sublattice A.

Subsequently, the second-order NC term goes as

AY = (a§2> [Ho, 8, Hol + &3> [Ho, [Ho, [Ho, aAHo]]]) ,
©)

where

N-=-2

[Ho, [Ho, [Ho, 3 Holl] = A(A —1)* |4 Z(C§/+1C2j—l - CZ]'_;,_ZCZj) + C;N_1C2N—3 + A2 Z(3C£j+362j+1 + C;]‘_»'_]czj—l

j=1

j=1

N-3

- 4C;j+202j) + C;N7102N73 +4AXAA = Q) Z(c;rj”czj,l - c;j+4czi) + C;N7102N75 —h.c.

Jj=1

(10)
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§2) and af) are obtained by

minimizing S, = tr[G%], where G, is both afz) and aéz)
dependent. As a result, the CD driving resulting from the
second-order NC Hc(? (H = )'».Af) involves fourth-nearest-
neighboring terms among sublattices A and B sites. Similar
to the analysis on the first-order NC, the hoppings between
the NNN and the fourth-neighboring sublattice B can be
neglected for the second-order NC due to the transfer
trajectory along the zero-energy eigenstate [Eq. (3)].

Indeed, obtaining higher orders of NC terms requires
significantly more effort both in terms of the computational
resources needed as well as in terms of physical imple-
mentation. The gauge-potential expansion A(Al) requires
calculating sets of NCs as well as / time-dependent coef-
ficients ock , to be computed after action-S; minimization.
After that, the time evolution for the edge-state transfer can
be solved as a system of coupled differential equations with
several embedded time dependencies, which turns out to be
challenging for larger systems.

On top of that, as detailed in Appendix B, the NC for-
malism for the SSH case introduces new hoppings starting
from the NNNs to the 2/th neighbors. Therefore, comput-
ing this quantity for higher orders involves more interac-
tions constrained in the same sublattice. In general, for a
system with 2N — 1 sites, at least .A,(\N_l) should be com-

puted to account for all possible interactions. From AN,
higher orders will start accumulating new contributions
to the hoppings already considered with the lower-order
NC. Consequently, all possible long-range hoppings in the
same sublattices are needed to accomplish the exact gauge
potential, which is challenging and impractical for realistic
setups.

Given these challenges, the exploration of simpler
strategies or approximations may be necessary for prac-
tical implementation. It is common practice to strike a
balance between accuracy and computational complexity
in quantum simulations, particularly when dealing with
higher-order terms.

The variational parameters o

B. Numerical results with simplified CD driving

Next, we exemplify our protocol using a simple chain
with five sites (denoted by N = 3). The CD driving terms
derived from the first-order and the second-order NC terms
are obtained as
HY = iniaV(cler + cles = cler) +he, (1D
HY = iAi[o? + o (@ + 4d))cl e,

(2) (4t2 + tz)]CSC3

—ini[a® + 40[22) @ + B)]ches

+ iAo +

+ 4inieP titele; +he, (12)

where the second-order NC introduces the NNN hop-

pings resulting from the competition between afz) and

(2) and the emergence of fourth-neighboring hopping. By
employmg the hopping terms in the form of Eq. (4), with
Q = 0.01¢y, the adiabatic transfer for this five-site chain
is achieved at T'= 7/ Q = 100, with #, = 1 throughout.
However, shortening the operation time into the nonadia-
batic regime induces the unwanted excitation. In Fig. 2(a),
transfer protocols for five sites, including the use of H,
Hy + HC(;), and Hy + Hc(j), present the fidelity robustness
F(T) as a function of the operation time 7 (equivalently, in
2). Adding Hc(i) to Hy exhibits high-fidelity transfer even
in the nonadiabatic regime. In particular, we choose the
specific case of 2 = 1y, so that T = , where the adiabatic
condition is not satisfied. As shown in Fig. 2(b), the proto-
col with Hy + Hc(j) retains high fidelity during the transfer.
Figure 2(c) shows the variational parameters a(l) and ag’
the derivation of which can be found in Append1x A. The
CD driving from the second-order NC varies in different

locations, manifested as the competition of terms of oz§2)

and ozéz), as indicated in Eq. (11).

The CD driving from the second-order NC can be fur-
ther simplified with the following two procedures: (i)
neglecting NNN hopping terms on sublattice B due to
the transfer trajectory along the zero-energy state; and
(i1) performing CD driving only for NNN hopping terms
within sublattice A while neglecting longer-range hopping
terms. As a first step, the hoppings between two and four
sites (couplings on sublattice B) in Eq. (12) are neglected,
resulting in a simplified form,

Izlc(ﬁ) = —lKg)C;rC] 1/{5(3)0;(03 ZKS(I)C;rCl +hc, (13)

with the symmetric CD driving strengths being « f) =

—Ai[a? + o (B + 4z2)] k& = —Aifa? + P @48 +
], and K(z) 4A)»oz2 t1t,. The simplified scheme H @
[Eq. (13)], w1th the CD driving shown in Fig. 2(d), ylelds
the exact same transfer fidelity as the original Hc(j), which
includes all terms [Eq. (11)], shown in Fig. 2(b) (solid red).
Second, continuing to simplify CD driving strengths by
neglecting aéz) terms leads to

k? =0 =« = —Aha?, (14)

as shown in Fig. 2(d). Equal CD driving in different
locations can also fulfill the transfer in a five-site chain
with high fidelity very similar to (indistinguishable from)
Fig. 2(b) (solid red). This indicates that for a five-site
chain, applying the hopping terms only between neigh-
boring sublattice A from the second-order NC as the CD
driving maintains the transfer with high fidelity, although
the chiral symmetry of the SSH chain is broken [27,39].
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FIG. 2. The use of different schemes with the Hamiltonians Hy, Hy + HC(? ,and Hy + Hc(f{) to transfer the edge state of an SSH chain
with five sites. (a) The fidelity robustness F'(7) in the dependence of the operation time 7 ranging from the adiabatic (2 = 0.01¢) to the
nonadiabatic regime (up to = 10¢). (b) The transfer fidelity F'(#) during the transfer, where 7' = 7 and Q = ¢;. (¢) The variational

@O @)

parameters o, *, o, , and ozéz) derived by minimizing the action S; = tr[G7] (! = 1,2). (d) The sublattice-A hoppings for the edge-state

2) (2

transfer: different strengths «;”, «55 , and Kg) [Eq. (13)] and equal strengths k@ = —A)lafZ) [Eq. (14)] from the second-order NC in
comparison with k() = —A)loc%') derived from the first-order NC and A = 2¢, with 7, = 1.

For longer chains, the contribution from higher-order
NC is necessary. The exact CD driving Hc(é) = )lAil)
should be derived rigorously from Af\l) with the limit / —
oo to retrieve the actual gauge potential. However, to this
end, one needs to derive afl),aél), ... ,al(l), with its corre-
sponding large computational cost. To further simplify the
protocol for a 2N — 1 chain, we aim to find

N-1

: i
Hqy=—i E K2j+1.2—1C2j 41€2j —1 + h.c.
Jj=1

(15)

and seek for optimal ways to uncover ky; 411 so that CD
driving is only attributed to NNN hoppings in sublattice A.

IV. DIGITAL SIMULATION AND OPTIMIZATION

Given the complexity of calculating high-order NC
terms, particularly the variational parameter oz%l), DQS
emerges as an efficient way to learn the prefactor for the
NG, i.e., the CD driving. In Sec. IV A, a general scheme
for digital simulation of a 2N — 1 SSH chain in quantum
circuits is listed, where the general Hamiltonian is digitally

encoded and digitized. Aiming to achieve high-fidelity
transfer, we separately test two different cost functions by
making use of the transfer fidelity and a Hellinger distance-
based method, deriving the optimal CD driving concur-
rently. In Sec. IV B, we exemplify the edge-state transfer
in (5—15)-site chains by using QISKIT [40] to simulate ideal
quantum circuits with the IBMQ_QASM_SIMULATOR [41].

A. Encoding and classical optimizers

The edge-state transfer in an SSH chain of 2N — 1 sites
requires at least » = [log,(2N — 1)] qubits to encode the
process by using the Hamiltonian Hy [Eq. (1)]. Such a
Hamiltonian has to be padded as

(16)

= [0 1]

with H” (1) € My (R).
Our goal is to transfer the edge state nonadiabatically by
introducing CD driving, represented by NNN interactions
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acting exclusively on sublattice A:
N-1
© _ _; () i
Hy = —i Z Kyjt12j 1€ +1€2—1 + h.c. (17)
j=1

Here, the superscript (¢) denotes that the optimal but
unknown prefactor «© is derived from the circuit,
approaching « (I — 00). The subscript indicates the
location of the hopping term. It is worth noting that the
form of this driving is based on the first-order NC as
shown in Eq. (8). To digitally implement the time evolu-
tion, both Hamiltonians must be decomposed into the Pauli
basis. The decomposition can be performed using meth-
ods presented in previous works, such as Refs. [18,42,43].
In Appendix C, general decompositions of Hamiltonians
are included, considering all possible NNN interactions
between sublattice A sites.

In the circuit, the state is evolved as |W(?)) =
U(z,0) & (0)) with ¢ € [0, T]. The initial state is | W (0)) =
|D(0)) (the probability is 1 at the first site and O other-
wise), which can be encoded in the computational basis
as |W(0)) =10...0) = |0). We employ product formulas
for exponentials of commutators [44], digitally exploring
them for 1D fermion chains with nearest- and next-nearest-
neighbor hopping terms. In our work, the circuit can be
constructed with Pauli gates to digitize the time evolution
of Hamiltonian Héc) + H c(g) with the unitary operator

Ut 0~ [ exp [-it teanad exp [-iHS kanad .
k=1

(18)

This is achieved by computing the Trotter-Suzuki decom-
position [45,46] up to the first order, with » := T/ At steps,
where At is the interval of each Trotter step. We discretize

(©)

C
Ky 1121 asaset of r + 1 parameters,

=(c)
K3 4125—1(D)

T, (c) (©)
= L1271 (00 g 1 (ADs kg 1 (D],

(19)

with boundary conditions Kz(;flr]’zj_l 0) = Ké;:—l,Zj—l (1) =
0, so that » — 1 parameters will be optimized. black The
digital form of the Hamiltonian H\” + H'{, i.e., Eq. (18),
is implemented in the quantum circuit as depicted in Fig. 3.
Our goal is to generate the target state |V (7)) as close
as possible to |P(7)) = |2N — 2) (the probability is 1
at site 2N — 1 and 0 otherwise), up to the set of optimal
parameters i (©.

In general, various classical optimizers, such as
the adaptive moment estimation algorithm (Adam)
and constrained optimization by linear approximations

repeat fromk= 1tok=r [¥(T))

|
! 1
T
_:_ | '| /7(
. 5 1
['¥(0)) ! ol waoar || il Qana ! :
1 1 I
H N =1
\ 7 |

FIG. 3. The circuit implementation of the state evolution by
using the unitary operator U(7T,0) [Eq. (18)] Trotterizing the
Hamiltonian, which is the sum of H\ (yellow) and H'{ (purple).

(COBYLA), are available in the selection pool, with
their pros and cons. Simultaneous perturbation stochas-
tic approximation (SPSA), a gradient-descent method for
optimizing systems with multiple unknown parameters, is
a suitable simulation-optimization method with a relatively
small number of measurements of the objective function,
appropriate to be applied in the SSH model in this context.
In order to ease the optimization routine utilizing warm
starting, we initialize the parameters at each time step with
an initial guess proportional to x 1. Additionally, adaptive
bounds are set for the » — 1 parameters to optimize CD
driving.

To guarantee the state evolution along the zero-energy
eigenstate, we apply two cost functions, respectively: one
designed from the transfer fidelity and the other retrieved
from the measurement in quantum circuits. The first cost
function, C(k© (¢)) = F(T) [Eq. (5)], where ¥© collects
all the NNN couplings Kz(;lrl’zjil Vj €[1,N — 1], con-
ceived from the control problem itself, maximizes the
fidelity at the final time T between the zero-energy eigen-
state and the state derived in the circuit. These overlaps
can be computed in quantum circuits due to SWAP tests
[47,48], where the required number of qubits equals the
number needed to encode both overlapping states [49,50].
To use a reduced number of qubits and to get optimization
from utilizing a finite number of measurements in quantum
circuits, we apply the Hellinger distance [51] (also called
the Jeffreys distance [52]), which quantifies the similarity
between two given probability distributions, P and Q, over
ameasure space X, with corresponding probability density
functions p (x) and g(x), where x € X. Its integral form is
defined as

H(P,0) =1 / Jrgmds,  (20)
X

where 0 < H*(P,Q) <1 using the Cauchy-Schwarz
inequality. For discrete distributions of m values, let P =
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(P}, and O = {g:}™,', so that Eq. (20) becomes

1 — H*(P,0)

m—1
=Y P 1)
i=0

Among all the 2" possible outcomes in the circuit (ranging
from |0) to |2" — 1)), we expect to maximize the probabil-
ity of measuring |2N — 2) as the final circuit state. The
Hellinger distance H?(P(k“) (1)), Q) is used as the cost
function, where P(k‘“)(¢)) is the probability distribution
after Ng,or measurements. The target probability distribu-
tion Q is defined as goy_» = 1 and 0 otherwise. To get
Pk (#)) as close as possible to O, i.e., to maximize the
probability of transferring the edge state, we define the cost
function as

min H*(P(k'), 0) = max pay , (22)
Kkl Kl

which acts analogously to the transfer fidelity [Eq. (5)]
in the large-Ngpo limit. Therefore, as seen from Eq. (22),
minimizing the Hellinger distance is translated into max-
imizing the population in the site ay at t = T, which is
indeed the main goal of the optimization process.

B. Numerical results and analysis

In this subsection, we give a detailed example of the
transfer over SSH chains with different numbers of sites,
going from five (N = 3) to 15 sites (N = 8), thus requiring
at most n =4 qubits for the digitalization in a quan-
tum circuit approaching |®o(7)) = |2N — 2) starting from
|®((0)) = |0). Hereinafter, we shall work in the nonadia-
batic regime #y) = 2 = 1 and thus we set 7 = 7. The Pauli-
basis decomposition of Egs. (16) and (17) can be computed
following Appendix C. To exemplify the technique, the
decomposition for a five-site chain becomes

Ho) = 220 il

(I + 2)IX + =2[( + Z)(XX + YY)

+ XXX — YY) + Y(XY+ YX)], (23)
H (1) = [K33 O +2)YU +2)

+ 10 XX — XN + 2)]. (24)

Regarding the NNN hoppings £, two approaches
will be tested: time-symmetric hoppings due to sym-
metry and equal NNN hoppings inspired by the INC
matrix form. For the first of these, the NNN hop-
pings obey K21+121 0O _"z(fz)v hitaw—p_1(T =1 with
ie[l,N/2]], so that |[N/2|(r— 1) parameters are

required. For the latter case, we factor out the hopping

strengths of Eq. (17); thus the NNN hoppings become site
independent, i.e., "2(;)+1,2j—1 (&) = «©(f). Consequently,
r — 1 parameters need to be optimized. The latter simpli-
fied protocol is easier to implement.

We Trotterize the time-evolution operator [Eq. (18)] into
r = 22 steps and run the variational quantum circuit with
1000, 2000, 3000, 5000, 6000, and 10 000 optimizer iter-
ations for the chains with 5—15 sites, respectively. Such
a realization is repeated 10 times to observe the vari-
ance (and thus the stability) of our method. To guarantee
O Holl) ~ O(||Heall) for feasibility purposes—i.e., the
CD driving is in the same order of #{,—we take the value
of k1 times a constant o, as the initial guess, while the
optimal parameters are set to lie between a constant kpoyund
in the same order of magnitude of the initial guess min-
ima and zero. For our study, we take o, as a random value
within [4, 5], [6,7], [7,8], [9,10], [10,11], and [11, 13]
as well as «poung € [—2.5,—3,—3.5,—4,—4.5,—5] for
5—15 sites, respectively, to show the stability of the
results.

Two distinct cost functions are used here. The first is
to use the transfer fidelity as a cost function [Eq. (5)].
The optimal «‘© (¢) are found in Figs. 4(al)—4(fl), while
the evolution of the final fidelity F'(T) with respect to the
number of iterations considering only NNN hoppings in
sublattice A is shown in Figs. 4(a2)—4(f2). The use of only
NNN hoppings as CD driving can transfer the edge state
with O(||Hypl]) ~ O(||Hqll) with fidelity F(T) ~ 90% in a
15-site chain. If we relax the O(||Hyll) ~ O(||Heqll) con-
straint by increasing the o, and |«xpoung| values, stronger
NNN hoppings will be found. In this way, it is possible
to accomplish higher fidelities but at the cost of deriving
much stronger NNN hoppings in contrast to #; . It is also
possible to replicate CD drivings similar to those derived
from inverse engineering [27] if one uses loose constraints
for the strength in the circuits. However, the CD driving
strengths have to be limited, depending on the physical
setup, in order to avoid strong heating.

The other separate study uses the same procedure and
hyperparameters in the quantum circuit but applies the cost
function given in Eq. (22) from the Hellinger distance with
Nsnot = 1024. Resembling the study of Fig. 4, we obtain
similar results shown in Figs. 5(a), 5(b), which proves the
feasibility of using measurement-based quantum circuits.
To estimate the number of measurements needed to acquire
good and stable performance of the edge-state transfer, in
Figs. 5(c) and 5(d) we illustrate the relation between p4 and
the number of measurements Ng,o, Where each p4 value is
obtained by 1000-times iteration in the circuit. Meanwhile,
we also check the transfer fidelity F'(7) in the presence
of the corresponding Ngpot by using the optimal driving
obtained from the Hellinger distance. Running the varia-
tional circuit 10 times, one can obtain an average fidelity
above 90% from Ny, = 1 and a stable average fidelity
above 99% with Nyt > 200.
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FIG. 4. From top to bottom: the results for chains of five, seven, nine, 11, 13, and 15 sites [(a)(f), respectively] using both equal
(orange squares) and different NNN hoppings (rest) on sublattice A after ten runs. Left: the NNN couplings for each chain are rep-
resented in the case of 2 = #) = 1 with the labeled average values and their corresponding standard deviation. Right: the evolution
of the cost function F'(f) for the chains with five, seven, nine, 11, 13, and 15 sites against the rescaled number of iterations with
ke€[1,2,3,5,6,10] in each case, respectively. The shaded areas show the region of the returned minimum and maximum values.
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Using the Hellinger distance as the cost function [Eq. (22)], we find optimal CD driving for a five-site chain from running
quantum circuits 10 times, where Q2 = #y = 1, when considering equal NNN hopping terms on sublattice A. (a) «

g). (b) p4 in terms

of the iterations. (c) p4 as a function of the number of measurements Ngpoi. (d) We simultaneously check F(T) in the presence of the
corresponding Ny, by introducing the optimal driving obtained from the Hellinger distance. Each point derived at a certain Ng, in
(c) and (d) is from running a 1000-times iteration in the circuit. In (a), (c), and (d), the labeled average values and standard deviation
are shown, while the areas of the minimum and maximum returned values are plotted in (b).

V. DISCUSSION
A. Physical feasibility

Experimental demonstrations of the SSH model have
been reported in various platforms, such as quantum dot
arrays [11], Rydberg atoms [53], and superconducting cir-
cuits [54], among others. Recently, dynamically modulated
SSH models have shown adiabatic edge-to-edge transport
of atomic momentum states in synthetic lattices of Bose-
Einstein condensates [26] on the time scale of hundreds
of microseconds. In contrast, our proposed protocol offers
robust transfer on a nanosecond time scale before deco-
herence sets in. Moreover, DQS provides discretized solu-
tions, which are expected to be more easily implemented
in experiments.

In the realm of superconducting qubits [8], the engi-
neered hopping strengths, depicted as #,(f) =go F
g1 cos Qt similarly to our model in Eq. (4), provide
a promising avenue. Experimental parameters such as
g1/2nr =250 MHz, gy =gy, and T=7n/Q2 =0.2 ps in
the adiabatic regime (2 = 0.01g;) have been considered.
Notably, shortening the operation time to 7 =2 ns (2 =
g1) while keeping g; constant necessitates the addition
of CD hoppings between neighboring sites on sublattice
A with a magnitude comparable to g;: these additional

hoppings can be implemented by producing a gauge poten-
tial via applying geometric phases [55], by means of
artificial magnetic fields [56], or by means of angular-
momentum states [57], as shown in Fig. 1. The tuning of
this CD driving can be achieved smoothly by varying the
current passing through the coupler linking correspond-
ing Xmon qubits [58,59], where imaginary couplings are
indeed realizable in superconducting-qubit setups [60].
Experimental validation of this CD driving has been per-
formed by generating gauge-invariant phases in three-level
superconducting quantum circuits [61,62]. On the other
hand, the configuration involving sites 4; and B; in each
unit cell, along with 4;,;—the neighboring site in sub-
lattice A—constitutes the spatial adiabatic passage block
of a three-level system, relevant to systems such as cold
atoms trapped in optical lattices [63—65] and electrons in
quantum dots [37,66,67].

Implementation of the Hamiltonians of Egs. (23)
and (24) in quantum circuits that include multiple types of
three-qubit interactions with precisely calibrated coupling
strengths is challenging but promising, with continuous
progress. For instance, current quantum processing units
(QPUs) exhibit connectivities in the hardware of super-
conducting circuits where each qubit can directly interact
with up to three neighbors. The development of qubit-qubit
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FIG. 6. The robustness of the fidelity '(7) for an SSH chain of five sites using both different and equal NNN hoppings (see Fig. 4) as

well as in the adiabatic regime Q2 = 0.01¢#, (¢t = 1) against (a) the relative strength of the staggered Rice-Mele contribution in Eq. (26)
in terms of 8/t, setting §; = t; = 0 for A(f) = & (solid) and A(#) = 6 sin Q (dashed), where the fidelities of both parametrizations
almost overlap; (b) the diagonal-disorder contribution in Eq. (26) in terms of o3/, setting A(f) = 7; = 0; and (c) the hopping-disorder
contribution of Eq. (27) in terms of o /1y, setting A(f) = §; = 0. For the latter two [(b) and (c)], the results are averaged over 1000

runs.

interactions with all-to-all connections has been carried
out in an optical Ising machine hosting adjustable four-
body interactions [68]. Similar experimental realizations
have been conducted in trapped-ion system simulating the
dynamics of four- and six-qubit-interaction Hamiltonians

[39,70]. To assess the robustness of our nonadiabatic pro-
tocol against deviations from the reference Hamiltonian
[Eq. (1)], we examine the probability of transferring the
edge state using a modified Hamiltonian:

[69]. We believe that with the development of quantum H(0) = Ho(0) + Hea(D) + Haiog () + Hottdiag,  (25)
hardware on the connectivities among qubits, the exper-  where

imental implementation of digital quantum devices will N1

improve, since the promotion of hardware in near-term Hiiag (1) = Z [(=1Y 'A@) + (Sj]cjcj, (26)

devices and quantum control protocols assisted by DQS
in respective fields boosts mutual development.

B. Robustness against disorder

In the context of adiabatic transfer in an SSH model,
external sources such as diagonal disorder acting over on-
site energies can break chiral symmetry, while hopping

Jj=1

adds a staggered-diagonal potential, with §; € [—o3,05]
denoting a random value encoding a diagonal disorder to
the staggered potential contribution. For the Rice-Mele
model [36], A(¢) can be taken as constant with A(f) = §
or A(¢) = 6 sin Q2¢, where § is a real constant [23]. Follow-
ing methods similar to those proposed in Refs. [8,39], we
consider an additional off-diagonal contribution given by

disorder preserves chiral symmetry [39]. In our nonadia- W2 +
batic protocol, chiral symmetry is intentionally broken by Hoft diag = Z ¢ a6 +he, 27)
adding CD driving between atoms from the same sublattice j=1
@ 000§ o i | § od 04
] 0.98
o] ¢ % : $ |
s by, o Toar]| & 0%
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(a) The derived different NNN hopping terms on sublattice A for a chain of 15 sites, setting Hy = 0. NNN couplings are

represented in the case of 7o = 1 and 2 = 1 with the labeled average values and their corresponding standard deviation after ten runs.
(b) The evolution of the cost function F'(f) against the number of iterations, where the shaded areas show the region of the returned

minimum and maximum values.
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where 7; € [—0;,0.] is a random value encoding a disor-
der on nearest-neighbor hoppings.

Taking the average CD driving derived from the cir-
cuit as shown in Fig. 4, we solve the time-dependent
Schrédinger equation [Eq. (25)] under the consideration
of different scenarios with the aforementioned extra con-
tributions. When a staggered-diagonal term is introduced
[Fig. 6(a)], the fidelity degrades more slowly by using dif-
ferent hoppings rather than equal ones, showing that the
use of different hoppings provides more robustness for
both parametrizations, A(f) = § and A(¢) = § sin Q. The
staggered Rice-Mele contribution [Fig. 6(a)], the diagonal-
disorder contribution [Fig. 6(b)], and off-diagonal-disorder
contribution [Fig. 6(c)] separately present high fidelities
over a long range until the ratio of their strengths over #,
is around 0.1. All of the above results indicate that even
though chiral symmetry is broken [39], high stability can
be preserved in both staggered Rice-Mele contributions
and disorder with reasonable strengths.

C. Nonadiabatic transfer solely by CD driving

With the intention of achieving a simpler and more reli-
able setup for edge-state transfer, we propose encoding
the entire SSH system information in the CD driving by
turning off the reference Hamiltonian (Hy = 0), thus using
the same circuit as shown in Fig. 3 but without the H
contribution (yellow block). This simplification is moti-
vated by the negligible contribution of NNN hoppings on
sublattice B (even-even interactions), satisfying the con-
ditions for transferring the edge state. Moreover, setting
Hy = 0 significantly reduces the depth of the variational
quantum circuit needed to extract the desired CD driving,
as depicted in Fig. 3. Simultaneously, this simplification
eliminates population excitation in sublattice B.

We have conducted experiments with different NNN
hoppings, as shown in Fig. 4, while setting Hy = 0 for

chains with five, seven, nine, 11, 13, and 15 sites. Each
case has been tested with 1000 iterations. This simplifica-
tion has led to a shorter circuit depth, faster convergence,
and even better fidelities compared to including Hy in the
calculations. The fidelity has consistently exceeded 99%.

In Fig. 7, we demonstrate the high fidelity of a 15-
site chain when Hy = 0 and different NNN hoppings on
sublattice A are used in ten runs. The robustness of this
approach against disorder is illustrated in Fig. 8, where
we compare it with the expected behavior in the adia-
batic regime (2 = 0.017). Notably, setting Hy = 0 makes
the method stable against Rice-Mele contributions and it
exhibits slight performance degradation for the diagonal
and hopping disorders but remains stable when the disorder
strengths, o5 and o, are less than 0.1.

VI. CONCLUSIONS

By synergistically integrating analog and digital strate-
gies, we have presented a nonadiabatic scheme for edge-
state transfer in SSH chains with different odd numbers
of sites. In particular, we have performed several detailed
studies in the nonadiabatic regime 7 = (2 = £;), thus
transferring the edge state 100 times faster than in the
regime 7 = 100w (2 = 0.01#) set to meet the adiabatic
criteria [27]. Starting by computing the NCs from approxi-
mate gauge potentials, we have found the patterns between
the chain length and the location of different orders of NC.
Essentially, the CD drivings can be interpreted as NNN
hoppings between sublattice A sites, although the devi-
ation up to higher order requires a lot of computational
cost. Resorting to DQS, we have employed variational
quantum circuits to extract optimal CD driving. The CD
driving from the first-order NC formula has been set as
the initial values in the circuit with some deviation as
degrees of freedom during the optimization process. For
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this purpose, two different kinds of cost functions, based on
the transfer fidelity and the Hellinger distance, have been
used, ultimately yielding high fidelity. The analog analy-
sis to derive the CD driving from NCs displays explicitly
the precise location of the additional hoppings required to
achieve nonadiabatic driving. Meanwhile, the digital sim-
ulation to optimize CD driving facilitates the routines to
achieve the additional hoppings. Both methods are mutu-
ally reinforcing and complementary, enhancing the ability
to effectively navigate nonadiabatic state transfer in the
SSH chain.

We have also discussed the practicability of this proto-
col in different physical platforms such as superconducting
qubits and cold atoms trapped in optical lattices—and,
especially, the feasibility of generating CD driving uti-
lizing cutting-edge techniques available in these con-
texts. In a comprehensive assessment, we have subjected
the protocol to rigorous testing, gauging its resilience
against an array of supplementary contributions commonly
encountered within laboratory settings, including Rice-
Mele detuning, diagonal disorder, and hopping disorder.
The high fidelity proves the robustness of our method,
showing that our protocol is indeed feasible for practical
experimental implementation.
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APPENDIX A: ANALYTICAL SOLUTION TO THE
FIRST- AND SECOND-ORDER NC FOR AN SSH
CHAIN WITH 2N —1 SITES

We derive, step by step, the approximate gauge poten-
tials Afxl) starting from the base Hamiltonian [Eq. (1)] to
retrieve the analytical expressions of afl)(t) from Eq. (7)
via action minimization. To ease the calculations, we
recall that spinless creation and annihilation operators obey
the anticommutation rules {c;,¢;} =0 and {cj,c_;} = 3§y
with §;; equal to 1 if i = and O otherwise. Therefore,
[cjcj, c,tc,] = cjc;éjk — c;‘[cj 8;;. We start from the reference
Hamiltonian [Eq. (1)] with hopping parameters #(f) =
A(®) and £,(f) = A — A(f), where A is some constant given
by the chosen parametrization of the hoppings. Before
computing the first-order NC (8), we need the following
quantities:

1 1 T 1 1
G, = Z [(1 + Z(xf )At2)c;j+1czj —(1+ 204% )Atl)czj+2czj+1 - Z(xf )Atzcziﬂczj_l + 205% )Atlc;j+3cz_,~]

j=1

+ 1+ O[il)Al‘z)C;N_lczN,Q -1+ all)Atl)czcl + h.c.

Z Cyi2C2 | — h.c., (A1)
CZ] +262j) + C2N 162N -2
e e Y erii1) —c h A2
2j+2€2/+1 — Cy; CZj—l) Cyy_rC2n-3 | +h.c. (A2)
1 sites due to Eq. (A2). Grouping terms, one can derive
(A3)
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Following Wick’s theorem [31], the only surviving terms of the action S| = tr[G?] will be proportional to the sum of
squares of individual contributions in the previous equation. Therefore,

2
=3 (V=2 [ +20" A0 + Ca" A6 ] + (1 + oV Ar)?). (Ad)

i=1

(1)

Minimization of the action §; solving 0S;/da;’ = 0 implies that

) 2(N-2)+1 C(N)
T == A5
R T a1y e (45)

with C(N) = [2(N — 2) + 1]/[8(N — 2) + 1]. In particular, for five sites, C(3) = 1/3.
To derive the second-order NC, we have to minimize the action S, = tr[G3]. Apart from Egs. (A1) and (A2), the
following quantities are also needed:

N-2
[Ho, [Ho, [Ho, 9, Ho]]]
X =6 |4 Z(cgj+lc2j—1 - Cz;+zczj) + Cly_ can—3
j=1
N-2
+14 Z(3C;j+3c2j+1 + C;j+1c2j71 - 4C;j+202j) +cly -3
=1
N3
+ 4111 Z(C;j+302j—l — C£j+462j) + C;N_1C2N—5 —hec, (A6)
=
N—
[Ho, [Ho, [Ho, [Ho, 0, Ho]ll]
A = Z Coj+1€21 — 62j+202] D+ C2N 162N-2

N=2
t t t t
+1 (8cyj 43¢ — €271 = TC3;5C2741) — Coy_pCaN-3
2 (9cT c 4ch ¢ 4ch e )—cT c
2 2j43¢2) T T 021 T T 4502 +1 2N—2¢2N-3

+ ’%t2 Z(SC;jHCZJ - 9C;j+202j71) + 4C;N—1C2N*2

N-3
+ i
+ ity Y [0(7ey, ey — 8¢k yep—1) + 1(8ey; sy + 3y sep4n = Tey yey+)] + hie.

j=1
(AT)
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Note that some of the latter terms of Egs. (A6) and (A7) only appear if N > 4. Following the same strategy as in Egs. (A3)
and (A4), G, = 9, Hy — i[H, Af)] and §; = tr[G%] return

=

-3
G, = [2/\ (n [of” + 4as” (1 + 28)]c); 1500 — tale? + 405”24 + B)]e), ,yer 41
1

~.
Il

+ 4a§2)t|t2[tlc;j+sczj — tzC;j+4CQj_1]) + (1 + 2AH [O[iz) + 40[52)(1% + l%)]) C;j+262j+1
— (1 + 21\1‘2[0(52) + 40[;2)(1% + l‘%)]) CJ2rj+362j+2i|
— A0 4+ P (97 + 88)Icher + An2a® + &SP (87 +98)]ch, v s

— (14 Anfef? + o @ +4d)1) cler + (1 + An2af? +af (57 + 88)]) cles

= (1+ An2of? +af 87 + 58)1) ey e + (14 Anlof? +af @8 + A1) cy_jev 2 +he, (A
% — (N — 3)[41\2 (ﬁ[a?) +40P @ + 280 + Ala® + 462 22 + AP + B 161 + é))

+ (1 +2A0[e® + 40? @ + z%)])2 + (1 +2A6[e? + 4a? @ + z%)])z]

+ A2 (fg[za?) + o292 + 82 + £[20? + P (85 + 9@)]2) + (1 + A[e® + P + 4@)])2

+ (14 Ana® +af (57 + gtg)])2 + (14 Ane? +af? 57 + 5t§)])2 + (14 Anlel” + @ + zg)])2 .

(A9)
We now minimize the action S, by solving 35,/ 80{5,22) = 0, yielding
9 o Lo _af) (32N =2) + 1@} + ) + 323N =3) +2178)  C(V) (AL0)
@ = b 8(N —2) + 11(A + £ P+ 7
dar| [8( ) + 1 + 1) [+
95 _ o o BN —2) + 115 + ) + o ([32(N —2) + 11(} + £) 4+ 32[3(N — 3) + 2]44) (AL1)
da? ? [128V —2) + 1](1 4+ £) + 6[128(N — 3) + 591555 (11 + 53)
We can solve aiz) and ozéz) by solving the system of linear equations given by Egs. (A10) and (A11), returning
@ & +8) (0N —2)(t} + £3) + [2N (256N — 1039) + 1725]45) (AL2)
o, = — ,
! T2(N —2)(8 + £8) + [N (128N — 581) + 485118223 (¢} + £3) + 2[16N (32N — 99) + 1931441
L0 18N —2)(tf +15) + 2[32N(N — 4) + 111]A75 (AL3)
272N = 2)(8 +88) + [SN(128N — 581) + 4851124(¢4 + £) 4+ 2[16N (32N — 99) + 193¢
In particular, for five sites, we have that
o 9F + ) [10(] + 13) + 11535] Al
T TRE B + 123220 + ) + 984 (A1)
1 2 172\%1 2 1°2
o _ 6[3(t1 + 1) + 544 (A15)

228+ 8) + 123886 + ) + 988
In Fig. 9, the time-dependent Schrodinger equation is solved for an SSH chain of five sites, setting 2 € [0.1,0.2,0.5,1]

and 7y = 1 without and with the addition of the second-order NC contribution (left and right columns, respectively),
showcasing the robustness of the protocol against nonadiabatic effects.
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The on-site probability time evolution starting from |®((0)) by solving the time-dependent Schrédinger equation without

and with the addition of the second-order NC contribution [(a)~(d) and (e)}—(h), respectively]. From top to bottom on both subfigures,

Qisequalto 0.1,0.2,0.5, and 1.

APPENDIX B: RELATION BETWEEN THE
ORDER OF NC AND THE INTERACTIONS
INVOLVED

As shown in Egs. (Al) and (A6), the first-order NC
introduces interactions among NNNs and the second-order
NC introduces interactions between NNNs and fourth-
nearest neighbors. This behavior extends to arbitrary order
of NC.

For the dth-order NC (d < N — 1), interactions with the
2[th nearest neighbors (/ € [1, d]) will appear. Considering
terms such as Comaty—rCom—r with 2(m + 1) —r < 2N — 1
and » € {0, 1}, the (d + 1)th-order NC will be given by

i i i
[Czj+p C2i+p—15 [C2k+qCZk+q71a Cz(m_._[)_rcszr]]
= [cJr Cyj al c )
= &24p 2j+p—1> C2(m+1)—r+1¢2m—r9r+q,1

+
- cz(m_H)_cmm—r—l(Srq]

_F
— Cz(m+1)_r02(m71)7r8r+p,l8rq

+ c;(m+1+1)7r‘72m—r5rp 8r4q.1

- Cé(m_H)_H_lCZm—r—l (8r+p,15rq + 8rp5r+q,l)a (B1)
so, as expected, the difference between fermionic opera-
tor site-indices increases by two in comparison with the
original ones coming from the term c;r(m )y Com—rs which
translates to the fact that 2(/ + 1)th nearest neighbors are
now also considered.

In conclusion, for an SSH model with 2N — 1 sites,
A;N_l) in Eq. (6) is the minimum order of the adiabatic
gauge-potential expansion needed to involve all possible
interactions along the same sublattice.

APPENDIX C: PAULI-BASIS DECOMPOSITION
OF SSH MODEL

Here, we present the general Pauli-basis decomposition
of the SSH-model-padded Hamiltonian with 2N — 1 sites
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and its corresponding first-order NC, based on the work
presented in Refs. [42,43]. Moreover, we do the same cal-
culation for the Rice-Mele model [36]. Note that at least
n = [log,(2N — 1) qubits will be needed to encode such
Hamiltonians.

We start from the regular Hamiltonian [Eq. (1)] and split
it into two separate contributions, one proportional to #,
(Hy) and the other to #, (H,'), such that Hy = t,H;> +
llHél .

Let N—1= Zi c,~2i and N = Zi di2i, with Ci, di €
{0,1} Vi, and Dy :=[1 + (—1)*Z]/2. For N odd, we have

n—3 i—1
Qn—2—1i
E Cp—2—i ® DCn—Z—j Do] X.
i=0 j=0

(Ch)

HRE(N) =

For N even, we have that

n—3

HE(N) = HP (N — 1) + [@ Dcnzl} DoX. (C2)

i=0

Following Ref. [43], before starting with the Hél decompo-
sition, let O-{S(),l} ={X ,~Y} (skew-diagonal Pauli matrices)
and y,, := (—1)/21+1 mod2 with 77 be the number of ¥
matrices in the (m — 1)-rightmost skew-diagonal matrices
of the decomposition. Moreover, we define

Sr{ne,o} = Z 2m ST ®Ulk’

[ 500y im
ny {even,odd}

(C3)

which returns a summation of all possible Pauli strings
of length m only involving X or Y matrices, with ny
even or odd. Such terms return Hermitian contributions for
the tridiagonal matrix entries present in the SSH model.
Therefore, the Hél decomposition becomes

Hy' ()
n—2 | n—m—1
3| DI~ B BRI
m=2
[+ Zen-3t!
pire c 4+, (C4)

2
except for N an exact power of 2, where Eq. (C4) simplifies

to

Hy' (N) (C5)

n
— Z[@}’Hmse
-
m=2
Parametrizing #,(f) as in Eq. (4), we have that 0, =
+1, implying that 8,Hy = H,' — H,*. With this informa-
tion, we can decompose in the Pauli basis the matrix

related to NNN couplings, taking into account that it is
Hermitian with purely imaginary entries; thus ny must be
odd for each Pauli string of the resulting decomposition.
If we only consider sublattice-A NNN interactions, the
corresponding Pauli-basis decomposition becomes

n=3 | n—m—1 i—1
Ky =" | Y diai [Q Dy, | Dot
m=1 i=0 j=
[+ Zen—3+1
x Sp Dy + (—2 Syt S§_1> D,,

(Co)
except for N an exact power of 2, where Eq. (C6) reduces
to

n—1

=Y I1®""ISe D,

m=1

IC(N) (C7)

For completeness, the Rice-Mele model can be decom-
posed as

_HA(N) |:ch 2— 1(®Dcn 2- ,) D0[®n - l:|
+ |:® Danii| Dy.
i=0

APPENDIX D: ANOTHER HOPPING
PARAMETRIZATION

(C8)

We take polynomial hopping parameters from Ref. [27],
where
n() =uP/T), (1) =1n[l—-PE/1], (D1)
with P(x) = 2x* — 3x* + 1, satisfying that P(0) = 1 and
P(1) =0. If we take #;(t) = L(t) = A(f) = 6tpt(1 —
t/T)/T? and t(f) = A — A(f) with A =1y, our previ-
ously derived results for computing general first- and
second-order nested commutators [Egs. (A1), (A6), (A12),
and (A13)] can be used; thus our technique can be imple-
mented analogously as shown for the hopping parameters
given by Eq. (4) with A = £, instead of 2.
Moreover, based on Refs. [27,36], we can propose
1 () =ty cos /2,

H(t) = tosin /2, (D2)

with transfer time 7=/ and now setting #,(f) =

AMt) = A = —Qn(1)/2 and t(1) = /2 — A2(H) Vt €

[0, T].
In Fig. 10, the time evolution of all the hopping
parametrizations reviewed in this paper is plotted. Note
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— Eq. (4) == Eq. (D1) = Eq. (D2)
[ [ [ [
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- -

1.0
0.8 -
0.6 |-
04+ -
02 -

0.0 2 a="" | | | | | |
0.0 0.1 02 03 04 05 06 07 08 09 1.0

T

t1,2(t)/|max l‘1!2‘

FIG. 10. The hopping parametrizations addressed throughout
the main text with #; (¢,), shown as solid (dashed) lines.

that Eqs. (4) and (D1) almost overlap along the transfer
window ¢ € [0, T7.
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