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We developed an inductive energy participation ratio (IEPR) method and a streamlined procedure for
simulating and verifying superconducting quantum chips. These advancements are increasingly vital in the
context of large-scale, fault-tolerant quantum computing. Our approach efficiently extracts the key linear
and nonlinear characteristic parameters, as well as the Hamiltonian of a quantum chip layout. In theory,
the IEPR method provides insights into the relationship between energy distribution and representation
transformation. We demonstrate its practicality by applying it to quantum chip layouts, efficiently obtain-
ing crucial characteristic parameters in both bare and normal representations—an endeavor that challenges
existing methods. Our work holds the promise of significant enhancements in simulation and verification
techniques and represents a pivotal step towards quantum electronic design automation.
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I. INTRODUCTION

Benefiting from the rapid advance of micronano and
manipulation techniques, superconducting quantum chips
have emerged as one of the most promising platforms
for building quantum computers [1–6]. Despite significant
strides [7–17], challenges persist on the path to realizing
large-scale, high-performance quantum chips. In addition
to advanced fabrication technology, quantum electronic
design automation (QEDA) is a vital domain but remains
underestimated. Analogous to electronic design automa-
tion (EDA) in the conventional integrated circuits industry,
QEDA plays a pivotal role in advancing large-scale, fault-
tolerant quantum computers. It aims to streamline and
enhance quantum chip design and verification processes
through dedicated tools and methodologies. Central to
these technologies is simulation and verification, pivotal
for accurately capturing chip characteristics and ensuring
adherence to the design specifications. This process sub-
stantially reduces the costs of trial-and-error iterations in
chip fabrication.

We commence by introducing a prototypical quantum
chip layout based on the well-established and widely uti-
lized coupler architecture [1,3,5,12], as shown in Fig. 1.
It consists of two qubits (Q1, Q2), one coupler (C), and
two resonators (R1, R2). The nontrivial challenge tack-
led in this study is to extract the algebraic characteristic
parameters (especially from the experimental interest) and
the system’s Hamiltonian in both bare- and normal-mode
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representation from the geometric layout. In the bare-
mode representation, aside from the bare frequency of
each element, obtaining the linear couplings between dif-
ferent elements is also essential. Given the broad spectrum
of coupling within quantum chip layouts, spanning from
(near) resonant coupling (e.g., Q1-Q2 effective coupling)
to dispersive coupling (e.g., Qi-Ri coupling, i = 1, 2, and
Qi-C coupling) [18], achieving a comprehensive character-
ization presents a significant challenge. Furthermore, due
to the nonlinear effect of Josephson junctions, resolving
the anharmonicity of relevant elements becomes impera-
tive. Additionally, in the normal-mode representation (i.e.,
the laboratory frame), renormalized frequencies, self-Kerr
and cross-Kerr parameters assume significance, particu-
larly within the experimental context. Once obtaining the
characterized parameters of interest, the layout’s Hamil-
tonian can be directly derived for both bare- and normal-
mode representation. Notably, the bare-mode Hamiltonian
encompasses more comprehensive information than its
normal-mode counterpart [19]. Yet, obtaining the bare
Hamiltonian is regarded as “challenging and requiring iter-
ative interplay between experimentation and theory” [20].

To overcome these challenges, we developed a sim-
ple yet nontrivial method termed the “inductive energy
participation ratio (IEPR).” Compared to the existing tech-
niques, IEPR is applied to figure out all the characterized
parameters of interest both in bare- and normal-mode rep-
resentation and construct the corresponding Hamiltonian
of superconducting quantum chip layouts. Theoretically,
we establish a fundamental connection between IEPR
and unitary transformation, effectively bridging the gap
between the bare-mode and normal-mode Hamiltonians.
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FIG. 1. A prototypical quantum chip layout with supercon-
ducting coupler architecture. It consists of two qubits (Q1, Q2),
one coupler (C), and two resonators (R1, R2). The electric field
distribution can be evaluated via classical electromagnetic simu-
lation. The key question addressed is how to work out efficiently
the characteristic parameters of interest both in bare and nor-
mal mode, including the linear coupling strength and nonlinear
parameters, to construct the interested Hamiltonian, either Ĥ lin

bare
or Ĥ nl

normal.

We detail the IEPR approach to solving different types of
characteristic parameters in both bare and normal modes.
Building upon the IEPR method, we further provide an
operational procedure guiding the acquirement of these
parameters and the Hamiltonian extracted only from the
quantum chip layout. This methodology empowers us to
efficiently model the quantum chip layout’s Hamiltonian,
offering researchers the means to assess and optimize quan-
tum chip designs before entering the fabrication stage. The
subsequent structure of this paper is as follows: In Sec. II,
we present the inductive energy participation ratio method,
encompassing both linear and nonlinear regimes. Addi-
tionally, we propose a standardized simulation and verifi-
cation procedure for superconducting quantum chips using
the IEPR method in Sec. III. Leveraging these methods and
procedures, we investigate the linear coupling characteris-
tics, self-Kerr and cross-Kerr parameters, as well as other
vital aspects in Sec. IV to demonstrate the method’s effi-
cacy and advantages. Finally, we provide a summary of
our findings in Sec. V and include technical details in the
Appendices.

II. INDUCTIVE ENERGY PARTICIPATION RATIO
METHOD

The IEPR is defined as follows, offering a quantifiable
means to extract characteristic parameters and the Hamil-
tonian specific to a given superconducting quantum chip

layout through classical electromagnetic (EM) simulation.

rmn = E I
mn

E I
m

, (1)

where the IEPR rmn embodies the ratio of the average
inductive energy E I

mn distributed across the nth element
to average inductive energy E I

m stored in the full quan-
tum chip when the normal mode m is excited. Unlike the
EPR method [21], which primarily concentrates on captur-
ing inductive energy localized within Josephson junctions,
our research reveals that the inductive energy spanning
the entire element significantly contributes to obtaining the
transformation matrix between the bare and normal Hamil-
tonian. Both of these inductive energies can be extracted
from classical EM simulation, from which the EM field
distribution is evaluated (see Fig. 1). Therefore, the main
challenge we address turns to leveraging the IEPR to
obtain the transformation matrix and further generate the
characteristic parameters of interest.

A. The linear regime

Within the realm of superconducting quantum chips
integrating multiple qubits and coplanar resonators, a
prevalent model is a capacitively coupled circuit. This
investigation initially centers on the linear regime, wherein
the determination of coupling strengths among distinct ele-
ments takes precedence. Subsequently, we delve into the
nonlinear effects in the subsequent subsection. Considering
the frequently used capacitive couplings, the many-body
Hamiltonian describing quantum chips in the linear regime
is defined as [22–25]

Ĥ lin
bare =

∑

m

Q̂2
m

2Cm
+ �̂2

m

2Lm
+ 1

2

∑

m �=n

Cmn

CmCn
Q̂mQ̂n, (2)

where Q̂m signifies the charge on the mth capacitor with
capacitance Cm, while �̂m pertains to the flux threading
the mth element’s Josephson junctions or inductor with
effective inductance Lm. Additionally, Cmn denotes the
mutual capacitance between elements m and n. Note that
the charge and flux variables are observables having the
relation (� = 1 for simplicity) [�̂, Q̂] = i [25]. To facili-
tate further analysis, we introduce an essential technique

through the operator replacements: ˆ̃
�m = �̂m/

√
Lm and

ˆ̃Qm = Q̂m/(ωm
√

Cm), with ωm = 1/
√

LmCm denoting the
bare mode frequency of the mth element. Consequently,
Hamiltonian (2) can be reformulated as

Ĥ lin
bare =

∑

m

(
ˆ̃
�2

m/2 + ω2
m

ˆ̃Q2
m/2) +

∑

m �=n

gmn
√

ωmωn
ˆ̃Qm

ˆ̃Qn,

(3)
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where gmn = Cmn
√

ωmωn/
(
2
√

CmCn
)

denoting the cou-
pling strength. Subsequently, we diagonalize the Hamil-
tonian using a unitary transformation U as Ĥ lin

normal =
UĤ lin

bareU† = ∑
m

ˆ̃
�′2

m/2 + ω′2
m

ˆ̃Q′2
m/2, where ω′

m signifies the
normal-mode frequency. The vector space between bare-

mode representation � = (
ˆ̃
�1, . . . , ˆ̃

�m, ˆ̃Q1, . . . , ˆ̃Qm)T and

normal mode representation �′ = (
ˆ̃
�′

1, . . . , ˆ̃
�′

m, ˆ̃Q′
1, . . . ,

ˆ̃Q′
m)T is also bridged by the unitary transformation,

i.e., �′ = U�. To preserve the commutation relation-

ship [ ˆ̃
�′

m, ˆ̃Q′
m] = i after the transformation, the U matrix

assumes a block-diagonal form U ⊕ U , where U also
stands as a unitary matrix with entry umn (see Appendix A
for more details). In practical quantum chip layout sim-
ulation, although the normal-mode information can be
extracted conveniently through classical EM simulation,
capturing the bare-mode information (e.g., the coupling
strength between different elements) remains essential but
nontrivial. Since the normal-mode and bare-mode repre-
sentations are connected through U, the critical question
turns to how to figure out U from the normal-mode infor-
mations. Herein, we will discern that IEPR holds the
key.

Utilizing the IEPR definition provided in Eq. (1) and
employing both the bare Hamiltonian Ĥ lin

bare and the nor-
mal Hamiltonian Ĥ lin

normal, a succinct relationship between
IEPR rmn and the unitary transformation umn emerges.
In particular, we derive the compact expression rmn =
〈� ′

m| ˆ̃
�2

n/2|� ′
m〉/∑k 〈� ′

m| ˆ̃
�′2

k /2|� ′
m〉, wherein |� ′

m〉 signi-
fies the eigenstate corresponding to normal mode m. The

connection between ˆ̃
�n and ˆ̃

�′
k is governed by the previ-

ously mentioned relation �′ = U�, leading to the equation
ˆ̃
�n = ∑

k ukn
ˆ̃
�′

k. Here, the subscript k denotes the index of
different modes. Upon substitution, this yields the succinct
outcome (see Appendix A for more details)

rmn = u2
mn. (4)

To determine umn from Eq. (4), an additional sign matrix
smn is required, which can similarly be acquired through
EM simulations. Consequently, the matrix U is expressed
as

U =

⎛

⎜⎜⎜⎜⎝

s11
√

r11 s12
√

r12 · · · s1n
√

r1n

s21
√

r21 s22
√

r22 · · · s2n
√

r2n

...
...

. . .
...

sn1
√

rn1 sn2
√

rn2 · · · snn
√

rnn

⎞

⎟⎟⎟⎟⎠

⊕2

. (5)

This matrix reveals the profound relationship between
IEPR and representation transformation. The unitary
property of matrix U naturally leads to the orthonor-
mality of IEPR, expressed as

∑
k snksmk

√
rnkrmk =

∑
k sknskm

√
rknrkm = δmn. Leveraging classical EM simu-

lation, the normal-mode frequencies ω′
m, IEPR rmn and the

sign matrix smn can be calculated, which will be discussed
in detail in Sec. III. With these parameters, the unitary
transformation U can be constructed by Eq. (5). As a fur-
ther step, the bare Hamiltonian is formulated by applying
Ĥ lin

bare = U†Ĥ lin
normalU. Notably, the bare-mode frequency is

evaluated as

ωm =
√∑

k

rkmω′2
k , (6)

while the coupling strength is given by

gmn =
∑

k skmskn
√

rkmrknω
′2
k

2
√

ωmωn
. (7)

Although the above discussions are based on the capac-
itive coupling Hamiltonian (2), it is noteworthy that any
consideration that can be made for the phase variable can
in principle also be made for the charge variable. There-
fore, the method can also be extended to the scenarios with
inductive couplings if necessary. Most of the techniques
would be the same as capacitive couplings, and the main
difference is that one has to calculate the capacitive energy
participation ratio (CEPR) instead of IEPR. The relevant
derivations and discussions are present in Appendix D.

B. The nonlinear effect

Given that classical electromagnetic simulation inher-
ently captures the linear electromagnetic attributes of
quantum chip layouts, for simplicity, our attention is
directed toward the linear characteristics of the quantum
chip. However, it is worth noting that the essential nonlin-
ear effects can also be deduced from the linear outcomes.
In addition to Ĥ lin

bare, we incorporate the nonlinear influ-
ence arising from Josephson junctions. Ultimately, it will
become evident that pivotal parameters, including renor-
malized frequencies, self-Kerr and cross-Kerr parameters,
which commonly hold relevance to real experimental data,
can be calculated straightforwardly.

Considering the nonlinear effect of Josephson junctions,
the qubit’s Hamiltonian is expressed as Ĥ nl

q = 4ECn̂2 −
EJ cos φ̂ [23,25] with EC representing the charging energy
and EJ denoting the Josephson energy. The phase oper-
ator φ̂ = 2π�̂/�0 [�0 = h/(2e) is the flux quantum],
and the Cooper-pair number operator n̂ = Q̂/(2e) adhere
to the commutation relation [φ̂, n̂] = i. In the regime of
interest, i.e., EC � EJ , we truncate the Josephson energy
term to the fourth order while omitting the constant terms,
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resulting in

Ĥ nl
q 	 4ECn̂2 + EJ

2
φ̂2 − EJ

24
φ̂4. (8)

While the first two terms of the aforementioned equation
describe the linear behaviors of the system, the third term
introduces the nonlinear effect. In classical electromag-
netic simulations, the linear part of Josephson energy
term is commonly represented using a lumped inductor
with an inductance LJ . The equivalent relation between
the Josephson energy and the inductance is governed
by EJ = (�0/2π)2/LJ . In the absence of the nonlin-
ear effect, the linear qubit frequency is evaluated as
ωq = √

8ECEJ , a value that can be efficiently derived
using IEPR from classical EM simulations. Employ-
ing a second quantization φ̂ = (2EC/EJ )

1/4
(
â† + â

)
and

n̂ = i(EJ /32EC)1/4
(
â† − â

)
to Eq. (8), the qubit Hamil-

tonian is transformed into the following form: Ĥ nl
q 	

ωnl
q â†â + αq

2 â†2â2, where the qubit frequency ωnl
q =

ωq + αq is adjusted by the nonlinear effect, while the
qubit anharmonicity αq = −EC. Utilizing the aforemen-
tioned relationships, we can deduce the expression for
the qubit anharmonicity as αq = −ω2

qLJ /[2(�0/π)2] =
−LJ

∑
k(rkqω

′2
k )/[2(�0/π)2]. Incorporating the nonlinear

effects, the bare Hamiltonian describing the many-body
system takes the form:

Ĥ nl
bare =

∑

m

ωnl
m a†

mam + αm

2
a†2

m a2
m

−
∑

m �=n

gmn

2
(
â†

m−âm
) (

â†
n−ân

)
. (9)

As previously discussed, all the pertinent characteristic
parameters, namely ωnl

m (bare frequency corrected by the
nonlinear effect), αm (qubit anharmonicity), and gmn (the
coupling strength), can be efficiently determined through
the IEPR method.

Furthermore, it is essential to consider the Hamiltonian
in the laboratory frame and solve for the parameters of
normal mode as well. Combing Eqs. (3) and (8), the many-
body bare Hamiltonian involving the nonlinear effect is
expressed as

Ĥ nl
bare 	

∑

m

⎡

⎣
ˆ̃
�2

m

2Lm
+ ω2

m

ˆ̃Q2
m

2
− LJ

m(2π/�0)
2

24
ˆ̃
�4

m

⎤

⎦

+
∑

m �=n

gmn
√

ωmωn
ˆ̃Qm

ˆ̃Qn. (10)

In the equation above, LJ
m represents the effective linear

inductance of the Josephson junction for the mth element;
for those linear elements, we set the corresponding LJ

m to

zero. In line with the theory applied in the linear regime,
the same transformation is employed on the nonlinear
Hamiltonian, i.e., Eq. (10). In particular, the flux operator
under bare-mode representation is expanded into a linear
superposition of operators under normal-mode represen-

tation: ˆ̃
�n = ∑

k ukn
ˆ̃
�′

k. Therefore, the linear part of the
Hamiltonian Ĥ nl

bare is diagonalized, while the nonlinear part
has to rewritten in terms of the normal-mode operators as
well. Ultimately, it reads

Ĥ nl
normal =

∑

m

ˆ̃
�′2

m/2 + ω′2
m

ˆ̃Q′2
m/2

−
∑

m

LJ
m(2π/�0)

2

24

(
∑

k

ukm
ˆ̃
�′

k

)4

. (11)

Applying the second quantization (the same as we per-
formed in the linear regime) to the above equation yields
the final nonlinear Hamiltonian

Ĥ nl
normal =

∑

m

ω′nl
m â†

mâm + α′
m

2
â†2

m â2
m

+
∑

m �=n

χmn

2
â†

mâmâ†
nân. (12)

In the equation above, ω′nl
m denotes the renormalized-mode

frequency, α′
m, χmn are the self-Kerr and cross-Kerr param-

eters, respectively. All of these crucial parameters are
highly related to the experimental data. Using Eqs. (11)
and (12), they are calculated as follows:

χmn = 2
∑

k

u2
mku2

nk
ω′

mω′
n

ω2
k

αk, (13)

α′
m =

∑

k

u4
mk

ω′2
m

ω2
k
αk = χmm

2
, (14)

ω′nl
m = ω′

m + 1
2

∑

k

χmk. (15)

These nonlinear parameters can also be determined using
other existing methods, e.g., the BBQ [20] and EPR
[21] methods. We will compare and discuss the results
obtained with different methods in Sec. IV B. It is evi-
dent that beyond the linear regime, the IEPR method can
also be extended to the nonlinear regime. Our approach
is versatile, capable of solving both linear and nonlinear
Hamiltonian in bare- and normal-mode representation.

III. PROCEDURE FOR QUANTUM CHIP
SIMULATION AND VERIFICATION

Building upon the IEPR method, we have developed a
comprehensive procedure designed to guide quantum chip
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(i)

(i)

(ii)

(ii)

(iii)

(i)

(ii)

rE

FIG. 2. The procedure for quantum chip simulation and ver-
ification. Following this workflow, the desired Hamiltonian of
superconducting quantum chip layouts is generated automati-
cally and efficiently.

simulation and verification. In particular, the procedure
(see Fig. 2) commences from a given superconducting
quantum chip layout and culminates in the determina-
tion of vital characteristic parameters and the Hamiltonian
of interest. In particular, the procedure can be dissected
into two principal segments: classical EM simulation and
postprocessing. To embark on this journey, the classi-
cal EM simulation entails conducting eigenmode simula-
tion, achieved by solving the three-dimensional Helmholtz
equation within the framework of the quantum chip model.
Ultimately, it outputs eigenmode frequencies ω′

m and the
electric field Em(r) cos(ω′

mt) corresponding to each normal
mode m. Here, Em(r) signifies the amplitude (peak value)
of the electric field at position r, encapsulating the insights
garnered from the EM simulation.

Next, let us transition into the postprocessing part. It
deals with the essential task of how to extract the char-
acteristic parameters of interest from the classical EM
simulation. Recalling the definition of the IEPR, i.e.,
Eq. (1), it necessitates the calculation of the average
inductive energy for both the entire quantum chip and
the specific elements. Notably, evaluating the inductive
energy encompassed by the entire chip equates to gaug-
ing the average electric field energy [21]. This can be
achieved through the integration of the electric field’s

spatial distribution over the entirety of the quantum chip’s
volume. Mathematically, this integration is encapsulated
by E I

m = EE
m = ∫

vfull
[ε(r)|Em(r)|2/4]dv, where ε(r) signi-

fies the permittivity at position r. However, when it comes
to determining the local inductive energy of a specific
element, complexities arise. To address this challenge,
we adopt an alternative approach: the inductive energy
exhibits a linear correlation with the power of flux passing
through the element. Consequently, the average inductive
energy encapsulated within the specific elements is quanti-
fied as E I

mn = �2
mn/4Ln = V2

mn/(4Lnω
′2
m) (see Appendix B

for more details). Here, �mn corresponds to the peak value
of the flux, and Vmn represents the peak voltage across
the nth inductor of the element under mode m. Notably,
the peak voltage is evaluated as Vmn = ∫

ln
Em(r)dl, where

the integration path ln is situated between two potential
nodes along the element (see Appendix B for more details).
By employing Eq. (1), the IEPR materializes as rmn =
[V2

mn/(4Lnω
′2
m)]/E I

m. As for those cases that do not own
clear potential modes, e.g., three-dimensional (3D) res-
onator or parasitic box modes, the IEPR method still holds
in normal-mode representation. The relevant discussion is
postponed in Sec. IV C.

Through the orthonormality property established for
the IEPR matrix,

∑
m rmn = ∑

m[V2
mn/(4Lnω

′2
m)]/E I

m =
1, we unravel the phenomenological parameter Ln =∑

m(V2
mn/ω

′2
m)/4E I

m and, subsequently, the IEPR is

rmn = V2
mn/(ω

′2
mE I

m)
∑

k V2
kn/(ω

′2
k E I

k )
. (16)

In the denominator of the equation above, k represents
the index of different modes, and the summation includes
the IEPR values across these modes for the nth element.
Since Ln is a phenomenological parameter stemming from
the energy distribution, the IEPR method exhibits versa-
tility and can be extended to all inductive elements, in
contrast to the EPR method [21], which is confined to a
scenario where the element’s inductance has to be known.
As a further step, smn can be determined by introducing a
reference-oriented line segment and determining the elec-
tric field distribution. We can ascertain smn by checking
the sign of Vmn. More details can be found in Appendix B.
Combining with rmn and smn, we are able to reconstruct
the transformation matrix U. This lays the groundwork to
derive the bare frequencies and coupling strengths within
the linear regime, facilitating the determination of Ĥ lin

bare.
Furthermore, as we venture into the nonlinear regime, the
bare-mode frequency adapts to ωnl

m , and the anharmonic-
ity αm is likewise evaluated. These parameters collectively
pave the way for the emergence of the bare-mode Hamil-
tonian in the nonlinear regime, denoted as Ĥ nl

bare. For
the normal-mode Hamiltonian involving nonlinear effects,
denoted as Ĥ nl

normal, the relevant parameters can be aptly
represented as a linear superposition of the parameters
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in the bare mode, a relationship explicitly captured by
Eqs. (13)–(15), which are thoughtfully constructed through
the IEPR methodology.

IV. APPLICATIONS AND DISCUSSIONS

To substantiate the effectiveness and advantages of both
the IEPR method and the proposed procedure, we apply
them to various different applications. Our initial focus
centers on the examination of linear coupling character-
istics of the layout depicted in Fig. 1 in Sec. IV A. Here,
we successfully ascertain essential characteristic param-
eters, with a particular emphasis on obtaining coupling
strengths across different coupling regimes. Subsequently,
we delve into the exploration of nonlinear characteristics in
Sec. IV B. Our particular attention is directed toward the
evaluation of renormalized-mode frequencies, self-Kerr,
and cross-Kerr parameters. Moreover, we demonstrate the
extensibility of the IEPR method to handle high-order res-
onator modes and the coupling between qubits and the
three-dimensional resonator in Sec. IV C. Comprehensive
analyses and discussions regarding these aspects are pre-
sented. In conclusion, Sec. IV D encompasses a summation
of various different methods employed for the study and
validation of the IEPR approach.

A. The linear coupling characteristics

To construct the bare Hamiltonian of the layout depicted
in Fig. 1 in the linear regime, several key parameters
need to be determined: (i) the bare frequencies of qubit,
coupler, and resonator; (ii) the dispersive-type coupling
strength between qubit and resonator; (iii) the dispersive-
type coupling strength between qubit and coupler; (iv)
the resonant-type direct coupling strength between two
qubits. Here, the “direct coupling” represents the mutual
capacitive coupling between the qubits.

The procedure outlined in Fig. 2 is systematically
applied to address these pertinent parameters in the layout.
Our journey begins with the initiation of classical elec-
tromagnetic (EM) simulations. The quantum chip layout
is modeled in 3D using ANSYS HFSS, with comprehen-
sive details provided in Appendix E. The layout comprises
various intricate components, including qubits, couplers,
resonators, and a grounding plane. The superconducting
metal layer boasts ideal conductivity and spans dimensions
of 10.5 × 10.5 mm2. This layout resides atop a sapphire
substrate featuring a thickness of 1 mm and a relative
permittivity of 10.5. Enclosed within a vacuum box reach-
ing a height of 29 mm, the complete 3D model embodies
intricate spatial features and material characteristics. The
culmination of this simulation yields the crucial charac-
teristic parameters, which are then presented in Table I.
Observing the data, we note that the diagonal entries cor-
respond to the bare frequencies of the qubit, coupler, and

TABLE I. The characteristic parameters (unit: MHz) of the lay-
out of interest solved using the procedure. The diagonal terms
represent the bare frequency of each element, while the off-
diagonal terms describe the coupling between different elements.
The inductance of qubits and coupler are taken as 6.691 nH,
5.408 nH, respectively.

Q1 Q2 C R1 R2

Q1 6699.371 8.76 158.05 40.08 1.33
Q2 8.76 6701.12 159.92 0.37 40.56
C 158.05 159.92 8118.31 1.68 14.00
R1 40.08 0.37 1.68 5019.11 0.36
R2 1.33 40.56 14.00 0.36 5092.84

resonator, while the off-diagonal entries represent the cou-
pling interactions between different elements. With these
determined parameters in hand, we are empowered to con-
struct the bare Hamiltonian for the specific layout under
investigation, thus enabling us to explore its dynamic
evolution.

In addition to the critical parameters, another significant
endeavor is the characterization of qubit-qubit effective
coupling, which is the combination of the direct coupling
referred and the indirect coupling induced by the tunable
coupler [26]. Within the coupler architecture, a notewor-
thy capability lies in the tunability of the effective coupling
between neighboring qubits. In the context of electro-
magnetic simulation, achieving this tunability is realized
through the manipulation of the coupler frequency, effec-
tively adjusting the effective inductance of the coupler
itself. Although the layout encompasses a total of five ele-
ments, the intricate consideration of all potential modes,
which is often a requirement in the lumped-circuit (LC)
method, is bypassed. Instead, we strategically narrow our
focus to the two modes directly relevant to the qubits.
This simplification permits a convenient solution for the
effective coupling, and the rationale behind this reduc-
tion from a many-body to an effective two-body system is
validated in Appendix C. Once again, employing the step-
by-step process illustrated in Fig. 2 and varying the coupler
inductance LJ

C, we successfully solve and presente the
qubit-qubit effective coupling characteristics in Fig. 3(a).
The plot demonstrates that the effective coupling strength,
as predicted by the IEPR method, transitions from posi-
tive to negative as the coupler inductance increases, and
reaching a point of coupling “switch-off” around 2.3 nH.
For validation, we compare the IEPR results (blue solid)
with two existing methods: NMS (orange dash-dotted)
and LC (red dotted). Regrettably, both the BBQ and EPR
methods are unsuitable for addressing this crucial issue.
The congruence between the IEPR approach and the other
two methods underscores the effectiveness of the IEPR
method and the accompanying procedure for quantum chip
simulation and verification. Next, let us now delve into
some pertinent observations regarding these three distinct
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FIG. 3. (a) Qubit-qubit effective coupling characteristics. With
varying the coupler inductance LJ

C, the effective coupling strength
geff

Q1Q2
is tuned from positive to negative, and across zero around

2.3 nH. The results obtained using the IEPR method (blue solid)
are verified simultaneously using the NMS method (orange dash-
dotted) and the LC method (red dotted). (b) The electric field
distribution E (normalized by the maximum Emax) of the qubit
mode corresponding to different LJ

C in (a).

methodologies. The NMS method encounters difficulty in
determining the sign of the coupling strength, rendering the
validation of the “switch-off” property of the coupler archi-
tecture a difficult task. On the other hand, as the number of
integrated qubits on the quantum chip increases, the LC
method faces substantial challenges. In contrast, the IEPR
method remains resilient in the face of these obstacles and
demonstrates pronounced advantages.

Last but not least, we have made an intriguing obser-
vation regarding the interplay between the electric field
distribution of the qubit mode and the qubit-qubit effec-
tive coupling characteristics. As shown in Fig. 3(b), when
the electric field is localized on a single qubit, as seen
at 2.3 nH, it signifies that the qubit remains isolated and

does not interact with its counterparts, thus aligning with
the “switch-off” point of zero coupling. As a comparison,
when the electric field extends across both qubits, a strong
effective coupling emerges, indicating robust interaction
between the qubits. This correspondence underscores the
profound relationship between inductive energy participa-
tion and the resulting coupling characteristics. Indeed, this
intuitively insightful discovery serves as the primary impe-
tus for the development of this work. Eventually, our work
not only furnishes a comprehensive theoretical elucidation
of this correspondence but also yields quantifiable results,
enhancing our understanding of these intricate interactions.

B. The nonlinear characteristics: self-Kerr and
cross-Kerr parameters

In addition to the linear coupling characteristics, the
nonlinear effects arising from Josephson junctions play a
pivotal role in the behavior of superconducting quantum
chips. Concentrating on the nonlinear effects, the IEPR
method becomes instrumental in predicting the renor-
malized mode frequency, as well as the self-Kerr and
cross-Kerr parameters, which hold significant relevance to
experimental observations. To illustrate the power of the
IEPR method in capturing the nonlinear characteristics, we
focus on a specific subsystem comprising of qubit Q1 and
coupler C within the layout shown in Fig. 1.

First of all, we specify the electric parameters used in
our simulation: the inductance for qubit Q1 and coupler
are 6.691 nH, 5.4 nH, respectively. The inductance for
qubit Q2 is set as 0.1 nH, intentionally detuned from Q1
and C to eliminate the parasitic coupling effect. Through
utilizing the procedure outlined in Fig. 2, we comprehen-
sively determine the renormalized frequencies of the qubit
and coupler, denoted as ω′nl

q and ω′nl
c , respectively. More-

over, we extract the self-Kerr parameters α′
q and α′

c for the
qubit and coupler, along with the cross-Kerr parameter χqc
characterizing their dispersive coupling. These results are
summarized in the second column of Table II, providing

TABLE II. Comparison of various quantum chip simulation and verification methods employed in the subsystem Q1-C of the layout
shown in Fig. 1. IEPR, LC, BBQ, and EPR methods are applied to solve the nonlinear parameters (unit: MHz) in normal-mode
representation. Time consumption is measured with the same computer to identify the efficiency of different methods. Comparing with
existing methods, IEPR method exhibits broader applicability to resolve various type of tasks.

IEPR [This work] LC [27–32] BBQ [20,33,34] EPR [21]

ω′nl
q 6439.47 6545.06 6445.32 6442.31

ω′nl
c 7817.38 7962.57 7827.60 7821.22

α′
q −222.42 −231.11 −227.61 −220.01

α′
c −261.95 −270.22 −266.01 −258.53

χqc −14.01 −14.84 −13.77 −13.17

Time consumption(s) 740.23 192.35 1244.86 740.23

Bare Hamiltonian � � × ×
Normal Hamiltonian � � � �
3D resonator � × � �
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a clear representation of the quantitative insights enabled
by the IEPR method. The correctness of these nonlin-
ear parameters has been verified using a complementary
numerical technique (see technique details in Appendix E).
Additionally, to ensure robustness and comprehensiveness,
our analysis encompasses a comparison with various well-
established existing methods, all of which are detailed
in Table II (refer to Appendix E for the specific tech-
niques employed). Impressively, our findings underscore
the remarkable agreement between the solutions obtained
via the IEPR method and those solved from conventional
EPR [21], BBQ [20,33,34], and LC [27–32] methods. This
harmony across diverse methodologies attests to the versa-
tility and reliability of the IEPR method when addressing
intricate nonlinear characteristics.

C. Other crucial characteristics

Next, we turn attention to some additional considera-
tions within the realm of quantum chip characteristics. It
is pertinent to acknowledge the existence of higher-order
modes, including those associated with resonators, struc-
tural parasitic modes, as well as box modes. Employing
the IEPR method, we can also estimate quantitatively the
impact or contribution induced by these modes. An illus-
trative example involves assessing the coupling strength
between the qubit and the higher-order resonator mode
depicted in Fig. 1. While the coupling between the funda-
mental resonator mode and the qubit has been documented
in Table I, the higher-order resonator mode could poten-
tially exert influence on the qubit as well. If the dissipation
of a particular mode is substantial, it can significantly com-
promise the quality factor of the qubit [35]. Consequently,
we conduct EM simulations on the higher-order resonator
mode, e.g., the third-order mode of readout resonator. Fol-
lowing the procedure introduced in Sec. III, we compute
the IEPR of this higher-order mode and perform postpro-
cessing in a similar way. At the end, we obtain that the
third-order modes of R1 with a frequency of 15 GHz and
R2 with a frequency of 15.1 GHz exhibit coupling strengths
of 68.45 and 68.06 MHz with their respective qubits.

Referring to the techniques explained in Sec. III, the piv-
otal aspect in solving IEPR lies in computing the voltage
across the two potential nodes of an element, facilitat-
ing IEPR determination through orthonormality. However,
when potential nodes are less distinct, as observed in sce-
narios like higher-order modes with multiple nodes or
complex 3D resonator, the task becomes more challeng-
ing. Consequently, the linear coupling strengths associated
with these modes cannot be computed using Eqs. (6)
and (7). Nonetheless, nonlinear parameters like self-Kerr
and cross-Kerr can still be determined. Notably, Kerr
nonlinear parameters solely rely on columns correspond-
ing to qubits with discernible potential nodes, allowing
for the acquisition of IEPR under different modes. These

columns can be normalized to construct the corresponding
columns in the U matrix, enabling the complete resolution
of nonlinear parameters of any modes. However, establish-
ing bare-mode frequency and coupling strength remains
a challenge. Alternatively, if collecting inductive energy
proves impractical, a technique leveraging the orthonor-
mality of the unitary matrix has been devised to address
the issue of a single mode without clear potential nodes.
Leveraging this insight, if the first n-1 columns of the
matrix are definitively determined, the last column can be
unambiguously derived through orthogonality principles.
That is to say, this approach allows one element within
the system not to require IEPR calculation. Consequently,
both linear and nonlinear characteristics parameters of an
n-body system containing n-1 elements with clear potential
nodes and a single element devoid of potential nodes can
be solved. Lastly, we clarify the limitation of this method.
If one is interested in solving the linear coupling charac-
teristics of the scenarios where more than one mode is
without clear potential nodes, the method would be no
longer applicable.

To verify the techniques introduced above, we apply
them to a scenario involving double 3D cavities coupled
with a single qubit (depicted in Fig. 4) where both of the
cavities do not have clear potential nodes. This architecture
is studied for realizing two cat states’ entanglement [36]

Qubit

Cavity1

Cavity2

FIG. 4. A three-dimensional schematic of the system consist-
ing of two 3D cavities and a single transmon qubit. Both of
the cavities (labeled as “Cavity1” and “Cavity2”) are coupled
to the qubit. The cavities (blue) are superconductors with dif-
ferent central axes (white) height. Inset: the view of qubit. The
Josephson junction (purple) is sandwiched between two super-
conducting pads (orange), and the structure is on the surface of
the sapphire substrate (green). IEPR method is applied to solve
the characteristic parameters of interest.
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and dual-rail encoding [37], aims to explore the scalability
of 3D cavity architecture. Specifically, the configuration
involves a transmon qubit interconnected via a Joseph-
son junction to two pads on the top surface of a sapphire
substrate. The chip measures 12 × 5 × 0.5 mm3, with a
sapphire substrate having a relative permittivity of 10.5,
and the qubit’s inductance is 13 nH. The pads connected
to the junction ends exhibit perfect conductor boundary
conditions. Enclosed within a vacuum cylindrical cavity
package with a radius of 3 mm and a height of 13.2 mm, the
qubit chip interacts with two 3D cavities labeled as “Cav-
ity1” and “Cavity2”, each possessing a radius of 3 mm and
a height of 22 mm. The inner axis of the 3D cavities con-
sists of cylindrical superconductors with the same radius
of 1 mm and different heights (15 and 12 mm) to avoid
frequency collision. Following the techniques explained,
the IEPR for the qubit is solved benefiting from the clear
potential nodes. Subsequently, leveraging orthonormality
principles, the crucial transformation matrices U for the
subsystems “Qubit-Cavity1” and “Qubit-Cavity2” are con-
structed. Through the procedure detailed in Sec. III, we
are able to extract most of the characteristic parameters
(e.g., the bare-mode frequency ωq,1,2, the anharmonicity
αq,1,2, and the couplings gq1,q2) in bare-mode represen-
tation, except the linear coupling g12 between the two
cavities because they do not own clear potential nodes.
Additionally, owing to the solvability of IEPR for vari-
ous modes on the qubit, the corresponding column of the
qubit in the U matrix can also be solved. This facilitates
the resolution of nonlinear parameters such as renormal-
ized frequency (e.g., ω′nl

q,1,2), self-Kerr parameters (e.g.,
α′

q,1,2), as well as cross-Kerr parameters (e.g., χq1, χq2,
χ12) with the aid of Eqs. (13)–(15). The resultant char-
acteristic parameters in both bare-mode and normal-mode
representations are calculated and summarized in Table III.
While the EPR and BBQ methods are not applicable for
bare-mode representation, we employ the NMS method
to cross-verify the linear coupling strengths between the
qubit and 3D cavities. It is clearly shown that the NMS
results (correspond to the values in the parentheses of the
second row) are in good agreement with IEPR results,
more technical details concerning the NMS method are
presented in Appendix E. Besides, we also notice that the

method is invalid for solving the linear coupling between
two cavities. As for the critical characteristic parameters in
normal-mode representation, we demonstrate them using
both EPR and BBQ methods simultaneously, showcases
the consistency of IEPR results.

While our attention has thus far centered around ideal
closed systems, it is crucial to consider the real-world
scenario where superconducting quantum chips are cou-
pled to external environments, leading to dissipation. This
phenomenon is well illustrated by a readout module [25]
where qubits are coupled to resonators that are in turn
directly coupled to transmission lines. Given the signal’s
input and output role, the transmission line acts as an
external dissipation source, causing photon loss in both
qubit and resonator. The loss rate of the resonator coupled
with the transmission line is correlated with the coupling
strength, defined as κr = Ztω

2
r C2

rt/Cr = 4g2
rt/ωr [25], while

the loss rate of the qubit isolated by the resonator is
determined by γq = (gqr/�qr)

2κr [23,25,35]. Obviously, it
depends on various parameters including Zt, the charac-
teristic impedance of the transmission line, ωr, the bare
frequency of the resonator, Crt, Cr, the mutual capacitance
between the resonator and the transmission line and the
self-capacitance of the resonator, respectively, grt, gqr, the
coupling strengths of the resonator and the transmission
line, and the resonator and the qubit, respectively, � =
ωq − ωr, the detuning of qubit frequency with respect to
the resonator. Notably, the losses are linked to coupling
strengths. Since IEPR method can be applied to solve cou-
pling strengths among different elements, it allows us to
further calculate loss rates.

D. Features of the IEPR method

In a comparative analysis with numerous existing meth-
ods [20,21,27–34,38], the IEPR method emerges with
advantages for characterizing superconducting quantum
chips. It exhibits adaptability to different coupling regimes
and the ability to ascertain relative positive and nega-
tive coupling strengths. Moreover, IEPR method delivers
comprehensive characteristic parameters, encompassing
both linear and nonlinear parameters in bare- and normal-
mode representations. This versatility distinguishes it as

TABLE III. The solved characteristic parameters (unit: MHz, in both bare- and normal-mode representations) of the system displayed
in Fig. 4. The linear couplings between the qubit and cavities are solved and verified with the NMS method, using which the results
are obtained in parentheses. The parameters in normal modes are solved using the IEPR, EPR, and BBQ method, respectively.

Ĥ nl
bare ωq ω1 ω2 αq α1 α2 gq1 gq2 g12

IEPR 5068.88 4662.27 5742.23 −255.46 0 0 16.62 (16.67) 25.01 (25.41) N/A

Ĥ nl
normal ω′nl

q ω′nl
1 ω′nl

2 α′
q α′

1 α′
2 χq1 χq2 χ12

IEPR 4814.22 4661.87 5741.83 −253.87 −6.01E-4 −6.18E-4 −0.78 −0.79 −1.21E-3
EPR 4827.02 4661.89 5741.85 −241.11 −5.69E-4 −5.85E-4 −0.74 −0.75 −1.15E-3
BBQ 4836.72 4665.01 5762.36 −244.81 −5.45E-4 −5.65E-4 −0.72 −0.74 −1.11E-3
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an adaptable tool in the realm of superconducting quan-
tum chip analysis. A notable strength of the IEPR method
lies in its ability to resolve couplings not only between
chip elements but also with additional modes, including
complex three-dimensional resonators and certain para-
sitic modes that pose challenges for conventional lumped-
circuit methods. This capability enhances the method’s
scope and applicability, enabling a more comprehensive
assessment of quantum chip behavior in real-world scenar-
ios. Conversely, other widely employed methods exhibit
their own distinct attributes and limitations. For instance,
the lumped-circuit method [27–32], which relies on static
EM simulation, renowned for its efficiency and suitabil-
ity for solving bare and normal parameters. However, this
method treats continuous conductors as equipotential bod-
ies, resulting in the loss of significant high-frequency field
information. Consequently, its simulation outcomes are
approximations, effective primarily for lumped elements
significantly smaller than the wavelength, but notably
less accurate for distributed parameter elements. More-
over, the LC method encounters challenges when dealing
with elements lacking specific potential nodes, such as
3D resonators and parasitic modes, remain unsolved. The
black-box quantization (BBQ) method [20,33,34] relies
on full-wave simulations, making it suitable for high-
frequency electromagnetic field scenarios. It can effec-
tively derive parameters like self-Kerr and cross-Kerr in
normal-mode representation. Nevertheless, this technique
hinges on driven modal simulations, which, albeit slightly
slower, are still a valuable tool. Unfortunately, BBQ falls
short in handling bare-mode parameters. Similarly, the
energy participation ratio (EPR) method [21] shares many
parameters and constraints with BBQ. It employs eigen-
mode simulations, offering improved computational speed
compared to BBQ. Conversely, the normal-mode simula-
tion (NMS) method [38] is only suitable for resonance
cases. To obtain the coupling characteristics, multiple full-
wave simulations are required for sampling, which is
similar to the real experimental measurement. The whole
process is inefficient, requiring numerous EM simulations
but providing limited characteristics. Remarkably, while
most existing methods predominantly focus on parameters
in normal modes, the IEPR method innovatively bridges
the gap by simultaneously exploring characteristics in both
bare-mode and normal-mode representations. This distinc-
tive feature opens up alternative research avenues and pro-
vides a more comprehensive understanding of individual
elements and their direct couplings, crucial for optimizing
chip performance and designing efficient quantum chips.

V. SUMMARY AND OUTLOOK

In summary, our work introduces the IEPR method,
along with a concise simulation and verification procedure,
to effectively characterize superconducting quantum chips.

IEPR offers an efficient method for generating key charac-
teristic parameters and Hamiltonians, as evidenced by our
successful application in coupler architecture and 3D res-
onator scenarios. Looking ahead, the IEPR method opens
doors to exploring various challenges in quantum chip
design. This includes investigating coupling phenomena
between parasitic modes and element modes [39], address-
ing crosstalk issues [40–42], and delving into surface-loss
problems [43] may be studied using the IEPR method. By
providing a well-defined procedure, our method represents
a significant stride toward realizing quantum electronic
design automation for superconducting quantum chips.
This not only advances our understanding of quantum chip
behavior but also paves the way for more efficient quantum
hardware development.
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APPENDIX A: THE RELATION BETWEEN IEPR
AND REPRESENTATION TRANSFORMATION

In this section, we delve into the intricate relation-
ship between the IEPR and representation transformation.
Expressed in the vector space � of bare modes, the lin-
ear bare Hamiltonian [as shown in Eq. (3)] of a capac-
itively coupled system can be rewritten in the matrix
form as

Ĥbare = 1
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1

ω2
1 g̃12 · · · g̃1n

g̃12 ω2
2 · · · g̃2n

...
...

. . .
...

g̃1n g̃2n · · · ω2
n

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 1
2

(
I 0

0 H

)
, (A1)

where we used g̃mn = 2gmn
√

ωmωn for simplicity.
Equation (A1) is a real symmetric matrix that is diagonal-
izable. Expressed in the vector space �′ of normal modes,
the resulting normal Hamiltonian can be represented in
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matrix form as

Ĥnormal = 1
2

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

ω′2
1 0 · · · 0

0 ω′2
2 · · · 0

...
...

. . .
...

0 0 · · · ω′2
n

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 1
2

(I 0
0 H′

)
. (A2)

The equation above is derived through a unitary trans-
formation, specifically Ĥnormal = UĤbareU†. Since the bare
Hamiltonian exhibits a block-diagonal structure, it necessi-
tates that the transformation matrix U also assumes a block
diagonal format as

U =
(V 0

0 U
)

. (A3)

Considering the commutation relation must be conserved
after the transformation, expressed as

[ ˆ̃
�′

m, ˆ̃Q′
n

]
=
∑

kl

vmkunl

[ ˆ̃
�k, ˆ̃Ql

]

= i
∑

k

vmkunk = iδmn. (A4)

It confirms that the two submatrices are indeed orthonor-
mal, as indicated by

∑
k vmkunk = δmn. Given that both

V and U are unitary matrices with orthonormality∑
k vmkvnk = ∑

k umkunk = δmn, thus vmk = umk, resulting
in V = U . Consequently, the transformation matrix U
takes the form

U = U ⊕ U =
(U 0

0 U
)

. (A5)

The submatrix U is solely determined by the lower right
submatrix H in Eq. (A1). The vector space in bare mode
and normal mode is also linked through the unitary trans-
formation U. More precisely, with �′ = U�, we can
establish the following relationship:

ˆ̃
�n =

∑

m

umn
ˆ̃
�′

m, ˆ̃Qn =
∑

m

umn
ˆ̃Q′

m, (A6)

where umn is the entry of U . This formula expands the
operators within the bare-mode representation as a linear

combination of operators within the normal-mode repre-
sentation. Based on the definition of IEPR in Eq. (1), we
can calculate the IEPR as follows:

rmn =

〈
� ′

m

∣∣∣∣
ˆ̃
�2

n
2

∣∣∣∣�
′
m

〉

∑
l

〈
� ′

m

∣∣∣∣
ˆ̃
�′2

l
2

∣∣∣∣� ′
m

〉

=

〈
� ′

m

∣∣∣∣
(∑

k ukn
ˆ̃
�′

k

)2
∣∣∣∣�

′
m

〉

∑
l

〈
� ′

m

∣∣∣ ˆ̃�′2
l

∣∣∣� ′
m

〉

=
u2

mn

〈
� ′

m

∣∣∣ ˆ̃�′2
m

∣∣∣� ′
m

〉

〈
� ′

m

∣∣∣ ˆ̃�′2
m

∣∣∣� ′
m

〉

= u2
mn. (A7)

From the above formula, we establish the relationship
between IEPR and representation transformation as umn =
±√

rmn. The positive and negative sign is determined by
introducing a sign matrix smn, which can be obtained
through classical electromagnetic simulation (see the main
text). This relation unveils a profound physical connection
between the transformation matrix and the energy partic-
ipation ratio, with IEPR serving as a bridge between bare
mode and normal mode.

APPENDIX B: SOLVING THE INDUCTIVE
ENERGY OF AN ELEMENT FROM CLASSICAL

ELECTROMAGNETIC SIMULATION

In this section, we present the technical details of
extracting the inductive energy of an element from clas-
sical electromagnetic simulation. First of all, the electric
field Em(r) cos(ω′

mt) and eigenfrequency ω′
m correspond-

ing to the normal mode m can be obtained from classical
electromagnetic simulation. Here, Em(r) denotes the elec-
tric amplitude (peak value) at position r. Subsequently,
our primary objective is to compute the inductive energy
E I

mn stored in a specific element (e.g., qubit or resonator)
through a postprocessing procedure.

In electromagnetic simulations of superconducting
quantum chip layouts, Josephson junction are usually mod-
eled as a lumped inductor. It is worthwhile to note that
the inductive energy associated with element containing
Josephson junction comprises two components: (i) the
kinetic inductive energy stored in the lumped inductor, and
(ii) the inductive energy stored in the element’s conductor.
For elements not involving lumped inductor, considering
only the inductive energy stored in the element’s conduc-
tor is sufficient. Specifically, the inductive energy stored in
an element is proportional to the square of the magnetic
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flux. Since the flux is time-dependent, the average induc-
tive energy stored in a particular element n is evaluated as
half of peak inductive energy, given by

E I
mn = �2

mn

4Ln
, (B1)

where the peak value of flux �mn is computed using

�mnf�(t) =
∫

VmnfV(t)dt. (B2)

The main challenge is to compute the peak voltage Vmn
across the two ends of the nth element when the mode m
is excited and the time-dependent part fV(t). In particular,
this is achieved by integrating the electric field along the
path of the element from one potential node to another

VmnfV(t) =
∫

ln
Em(r) · dl cos(ω′

mt) = Vmn cos(ω′
mt), (B3)

where ln represents the integral path for component n. Sub-
stituting Eqs. (B2) and (B3) back to Eq. (B1), we arrive at
the crucial result presented in the main text

E I
mn = V2

mn

4Lnω′2
m

. (B4)

In the end, let us clarify how we determine the integral path
ln. We distinguish between situations involving Joseph-
son junction and those without. For elements such as
qubits that contain Josephson junctions, where the kinetic
inductance of the Josephson junction dominates the induc-
tive energy, we set the integral path along the junction
itself (red arrow), stretching from one end to the other,
as depicted in Fig. 5(a). Conversely, for elements like res-
onators that lack Josephson junctions, the integral path is
positioned along the center conductor (red arrow) as shown
in Fig. 5(b).

APPENDIX C: REDUCING THE MANY-BODY
SYSTEM TO A WELL-HANDLED SUBSYSTEM

Large-scale superconducting quantum chips are typi-
cally described as many-body systems. However, there are
instances where our focus is solely on specific elements
within the system. In such cases, modeling the entire sys-
tem can be prohibitively expensive. Taking for instance,
the scenario discussed in Sec. IV A where we are pri-
marily interested in the effective coupling between two
qubits, even though the chip layout includes five elements.
This section addresses the methodology for simplifying the
many-body system into an equivalent subsystem.

As discussed before, the Hamiltonian of the many-body
system described the superconducting quantum chip lay-
out is given in Eq. (A1). Since Ĥbare is a real symmetric
matrix, it can be diagonalized into the form given in
Eq. (A2) step by step. In particular, there exists a unitary
matrix A1 = (a11, a12, . . . , a1n), which can be employed to
partially diagonalize the matrix H, namely

A1HA†
1 =

⎛

⎜⎜⎜⎝

aT
11

aT
12
...

aT
1n

⎞

⎟⎟⎟⎠H (
a11, a12, . . . , a1n

)

=

⎛

⎜⎜⎜⎝

ω′2
1 0 · · · 0

0
... H1
0

⎞

⎟⎟⎟⎠ , (C1)

where a11 represents the eigenvector of H with the eigen-
value ω′2

1 , while other a1j (j ∈ {2, 3, . . . , n}) are chosen
arbitrarily to make the matrix A1 remains orthonormal. aT

1j
denotes the transpose operation. Regarding the nondiag-
onalized part H1, we can perform another unitary trans-
formation using A2 to partially diagonalize it once again.
By analogy, when proceeding to the kth step, the Hamilto-
nian H in matrix form will be expressed in terms of a k ×
k diagonalized submatrix and a nondiagonalized matrix

(a) (b)

FIG. 5. (a) Geometric layout of the qubit and the integral path setting (red arrow). (b) Geometric layout of the coplanar resonator
and the integral path setting (red arrow).
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of order n − k. Consequently, the system Hamiltonian is
written as

Ĥeff =
k∑

m=1

ω′
mâ†

mâm +
n−k∑

j =1

ωk
j â†

j âj

−
∑

l�=j

gk
lj

2
(â†

l −âl)(â
†
j −âj ). (C2)

In the effective Hamiltonian above, the first term represents
the uncoupled subsystem and ω′

m is the normal-mode fre-
quency. The second and third terms exactly describe the
reduced n − k body system, with ωk

j , gk
jl representing the

effective bare frequency and effective coupling strength
corrected by the other k bodies. In Sec. IV A, our stud-
ied case corresponds to n = 5 and k = 3, where the system
was reduced to an effective and simple two-body sys-
tem when we explored the qubit-qubit effective coupling
characteristics.

APPENDIX D: CEPR TECHNIQUES

In the main text, we considered the frequently used sce-
nario where only capacitive couplings are involved in the
system Hamiltonian. Indeed, the IEPR method introduced
in this paper can also be extended straightforwardly to
the case of inductive coupling. We name it as capacitive
energy participation ratio.

First of all, replacing the capacitive couplings by induc-
tive coupling, the Hamiltonian in linear regime reads

Ĥ lin
bare =

∑

m

Q̂2
m

2Cm
+ �̂2

m

2Lm
+ 1

2

∑

m �=n

Mmn

LmLn
�̂m�̂n, (D1)

where the additional Mmn denotes the mutual inductance
between elements m and n.

We make use of the same techniques applied in
the main text, namely performing operator replacements
ˆ̃Qm = Q̂m/

√
Cm, ˆ̃

�m = �̂m/(ωm
√

Lm) for the operator,
then the Hamiltonian above is rewritten as Ĥ lin

bare =
∑

m(
ˆ̃Q2

m/2 + ω2
m

ˆ̃
�2

m/2) +∑
m �=n gmn

√
ωmωn

ˆ̃
�m

ˆ̃
�n, where

gmn = Mmn
√

ωmωn/(2
√

LmLn) is the coupling strength
between the elements m and n. As discussed in the main
text, it can be further diagonalized: Ĥ lin

normal = ∑
m(

ˆ̃Q′2
m/2 +

ω′2
m

ˆ̃
�′2

m/2) through introducing an unitary transformation
U.

Similar to the definition of IEPR, we introduce the
capacitive energy participation ratio as rC

mn = EC
mn/EC

m . EC
mn

represents the average capacitive energy distributed across
the nth element, while EC

m denotes the average capacitive
energy stored in the full quantum chip when the normal
mode m is excited. Using the same techniques, the rela-
tionship between the unitary transformation U and CEPR

is derived as rC
mn = u2

mn. To calculate rC
mn from EM sim-

ulation, the capacitive energy EC
m of the full chip is the

same as the electric field energy described in the main text
since EC

m = EE
m . In addition, for a specific element in bare-

mode representation, the capacitive energy is equal to the
inductive energy, namely EC

mn = E I
mn. As a consequence,

the calculation of CEPR is equivalent to computing IEPR.
With the obtained CEPR, one can acquire the unitary
matrix U, and further capture all of the necessary charac-
teristic parameters and Hamiltonian as we had done in the
scenario of capacitive coupling using IEPR method.

APPENDIX E: TECHNICAL DETAILS OF
VARIOUS METHODS

We present a comparative analysis of the nonlinear
results in Table II, acquired through a variety of meth-
ods. To facilitate a comprehensive understanding, we offer
technical insights into the methodologies employed.

Firstly, in the context of full-wave approaches encom-
passing the IEPR, EPR, and BBQ methods, we adopt
ANSYS HFSS software as our modeling tool. This soft-
ware enables us to construct a precise 3D representation of
the chip layout, vividly depicted in Fig. 6 (a). It consists
of three distinct components: the ground plane (green),
qubits and couplers (red), and 1/4 wavelength resonators
(blue). Notably, the metal layer, sized at 10.5 × 10.5 mm2,
is treated as a perfect conductor. It is positioned atop a
sapphire substrate (gray) with a thickness of 1 mm and
a relative permittivity of 10.5. The entire chip assem-
bly is enclosed within a vacuum box (purple), having a
height of 29 mm. Additionally, Fig. 6(b) illustrates the
mesh configuration employed in the final iteration of our
EM simulation. Convergence criteria for the maximum fre-
quency difference are 0.08%. For further clarity, Figs. 6(c)
and 6 (d) offer close-up views of the core elements and
the Josephson junction (purple) within qubit Q2, respec-
tively. These images reveal the dense meshing employed,
particularly in the vicinity of the Josephson junction, which
is refined compared to other regions. It is worth not-
ing that Josephson junctions are represented as lumped
inductances, effectively capturing their linear properties.

In the case of the IEPR and EPR methods, both of
which rely on eigenmode simulations, our initial output
typically comprises eigenmode frequencies and the associ-
ated electric field distributions of normal modes. However,
it is paramount to underscore the criticality of select-
ing the appropriate mode for subsequent calculations. As
expounded upon in Sec. II, a pivotal step in this pro-
cess involves the identification of the fundamental normal
mode. Armed with the knowledge of these normal modes,
both the IEPR and EPR methods facilitate the efficient
derivation of the corresponding characteristic parameters.
At the crux of the IEPR method procedure, as depicted in
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(a) (b)

(c) (d)

FIG. 6. ANSYS HFSS model depicting the chip layout referenced in Fig. 1. (a) Presents a 3D model of the quantum chip layout. (b)
Illustrates the simulation mesh configuration applied to the chip layout atop the substrate. (c) Provides an enlarged view of the core
element’s area, highlighting the qubit-coupler-qubit structure and the corresponding readout resonators . (d) Offers a detailed view of
the finely meshed Josephson junction of Q2.

Fig. 2, lies the pivotal utilization of postprocessing tech-
niques. These techniques serve a dual role, enabling the
resolution not only of the linear bare frequencies of the
qubit and coupler, as well as their coupling strength, but
also the determination of all the nonlinear characteristic
parameters.

Alternatively, the nonlinear results in normal-mode rep-
resentation obtained with IEPR method can be cross
checked with the aid of numerical methodology. In par-
ticular, the numerical diagonalization is undertaken to
derive the eigenenergy spectrum of the bare-mode Hamil-
tonian Ĥ nl

bare. Eij denotes the corresponding eigenenergy
of the eigenstate |ij 〉 (i, j = 0, 1, 2, · · · ). Using the spec-
trum information, we are able to discern the fundamental
modes associated with the renormalization frequencies of
the qubit and coupler. In the regime of interest, these iden-
tified modes served as the foundation for applying the
following relationships

ωnl ′
q = E01, (E1)

ωnl ′
c = E10, (E2)

α′
q = E02 − 2E01, (E3)

α′
c = E20 − 2E10, (E4)

χqc = E11 − E01 − E10, (E5)

to compute the relevant nonlinear parameters. Note that
we set E00 = 0. Of note, this methodology lends itself to
extension for more intricate many-body systems. By com-
paring the bare frequencies, we can ascertain the renor-
malized fundamental mode pertaining to the respective
element. This expanded framework allows us to correlate
quantum states at higher energy levels and subsequently
calculate the cross-Kerr and self-Kerr parameters based on
the energy spectrum.

Subsequently, we transition to the EPR method. Uti-
lizing the identical EM simulation outcomes as IEPR
approach, we proceed to calculate the energy participa-
tion ratios, denoted as pqq, pcq for the qubit and coupler
modes. These calculations, along with the knowledge of
the Josephson energies, facilitated the derivation of the
nonlinear parameters [21].

α′
q = −ω′2

q p2
qq

8Eq
J

− ω′2
q p2

qc

8Ec
J

, (E6)

α′
q = −ω′2

c p2
cc

8Ec
J

− ω′2
c p2

cq

8Eq
J

, (E7)

χqc = −ωqωcpqqpcq

4Eq
J

− ωqωcpqcpcc

4Ec
J

, (E8)
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ω′nl
q = ω′

q + α′
q + 1

2
χqc, (E9)

ω′nl
c = ω′

c + α′
c + 1

2
χqc. (E10)

It is noteworthy that EPR benefits from a well-established
Python package, pyEPR [44], which we utilized for the
simulations, harnessing the capabilities of this robust tool.

Regarding the BBQ method, as elucidated in Ref. [20],
our approach involved configuring corresponding ports at
both ends of the Josephson junction within the 3D model,
as depicted in Fig. 6. Subsequently, through EM simula-
tion using HFSS, we obtained the admittance parameters
(Y parameters) and their derivatives for the port associated
with the normal mode ωp of the element p . This infor-
mation allowed us to calculate the effective capacitance
and effective inductance. Ultimately, employing Eq. (7) of
Ref. [20], we resolved the nonlinear parameters.

Within the realm of full-wave simulation, an alternative
approach known as the normal-mode simulation (NMS)
method, as detailed in Refs. [38,45], stands apart from
other methodologies. Notably, the NMS method exhibits
certain limitations—it is primarily applicable to two-body
systems and excels in accurately resolving the bare-mode
parameters exclusively under conditions of full resonance.
In nonresonant scenarios, the determination of coupling
strength is approached with an approximation. To elucidate
further, consider a resonance case involving two identical
qubits, where their bare frequencies are equivalent, i.e.,
ω1 = ω2. The coupling strength between these qubits is
denoted as g12. The interplay between the diagonalized
normal-mode frequencies, ω′

1 and ω′
2, of the system and

the bare state frequencies, along with the coupling strength,
can be described as follows:

ω1 = ω2 = ω′
1 + ω′

2

2
, (E11)

g12 =
∣∣∣∣
ω′

1 − ω′
2

2

∣∣∣∣ . (E12)

Nonetheless, the NMS method encounters challenges
when applied to nonresonant cases, requiring a strategic
approach. To address this, a workaround is employed. By
capitalizing on the relationship between coupling strength
and bare frequency, expressed as g ∝ √

ω1ω2, we manip-
ulate the inductance value of the Josephson junction. This
manipulation serves to adjust the qubit’s frequency to align
with resonance conditions, facilitating the determination of
coupling strength for resonance through Eq. (E12). Sub-
sequently, the resonant frequency is substituted with the
actual frequency to ascertain the coupling strength in non-
resonant scenarios. To illustrate this approach, consider the
example of the double 3D cavities coupled with a transmon
qubit depicted in Fig. 4. Here, the inductance value of the
qubit is adjusted to find the resonance point, as depicted
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FIG. 7. The spectrum of the system depicted in Fig. 4, solved
using NMS method. Three normal modes exhibit variation in
response to changes in the inductance of Josephson junction.
Two anticrossing points appear at 10.1 and 15.4 nH.

in Fig. 7, which illustrates the three frequencies of differ-
ent normal modes. The resonance point, i.e., the minimum
frequency difference, is determined at 10.1 and 15.4 nH.
In particular, 10.1 nH corresponds to the resonance point
of “Qubit” and “Cavity2”, where the coupling strength
is 27.02 MHz and the bare frequency is 5736.08 MHz.
Replacing the frequency with 5068.88 and 5742.23 MHz
at 13 nH, the actual coupling strength is evaluated as 25.41
MHz. Similarly, 15.4 nH corresponds to the resonance
point of “Qubit” and “Cavity”, where the coupling strength
is 15.99 MHz and the bare frequency is 4660.97 MHz.
We replace the frequencies by 4662.27 and 5068.88 MHz
at 13 nH, obtaining the actual coupling strength as 16.67
MHz. These results align with the counterpart obtained
using the IEPR method, as presented in Table III. It is
worthwhile to point out in the quest to find the resonance
point, the NMS method necessitates multiple simulation
runs to sweep through different frequencies, whereas the
IEPR method requires only a single simulation at the actual
frequency, demonstrating its superior efficiency.

Finally, we delve into the relatively expedient LC
method, grounded in capacitance simulation of static
fields. In contrast to full-wave methodologies, this
approach does not involve high-frequency electromagnetic
field oscillations, resulting in reduced simulation complex-
ity. In this regard, we employ ANSYS Q3D for obtaining
the capacitance matrix. This involves treating continuous
conductors as equipotential entities and modeling the chip
layout as an equivalent circuit. The simulation centers on
evaluating the capacitance between various conductors and
the known linear inductance values of Josephson junctions.
It is crucial to emphasize that in capacitance simulation,
depicted in Fig. 8(a), the Josephson junction is excluded,
while the size and boundary conditions of the remaining
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(a) (b)

FIG. 8. ANSYS Q3D model of the chip layout. (a) Depicts the qubit-coupler-qubit structure with the Josephson junction omitted.
(b) Illustrates the resonator configuration, where the grounded end is marginally truncated (red dotted box) to avoid direct contact with
the ground.

structure remain consistent. Additionally, since one end
of the 1/4 wavelength resonator is grounded, as indicated
by the red dotted box in Fig. 8(b), a small segment has
to be removed from the grounded end, with frequency
corrections (using the relation between λ/4 and λ/2 res-
onators) applied subsequently. Following the principles
of the superconducting quantum circuit quantization the-
ory [25], we can ascertain the bare frequency, coupling
strength, and anharmonicity of the individual elements.
Subsequently, employing analogous diagonalization steps
introduced before, one can further solve for renormalized
frequency, self-Kerr, and cross-Kerr parameters.
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