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Native multiqubit parity gates have various potential quantum computing applications, such as entan-
glement creation, logical state encoding, and parity measurement in quantum error correction. Here, using
simultaneous cross-resonance drives on two control qubits with a common target, we demonstrate an effi-
cient implementation of a three-qubit parity gate. We have developed a calibration procedure based on
that for the echoed cross-resonance gate. We confirm that our use of simultaneous drives leads to higher
interleaved randomized benchmarking fidelities than a naive implementation with two consecutive con-
trolled NOT gates. We also demonstrate that our simultaneous parity gates can significantly improve the
parity measurement error probability for the heavy-hexagon code on an IBM Quantum processor using
seven superconducting qubits with all-microwave control.
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I. INTRODUCTION

Standard implementation of quantum computing [1,2]
involves expressing multiqubit operations in terms of a
universal set of single- and two-qubit gates [3]. Through
quantum circuit optimization, one can achieve an equiva-
lent shallower-depth circuit, benefiting not only from less
incoherent error, caused by energy relaxation and dephas-
ing [4–6], but also possibly from less coherent (control)
error. At a high level, strategies for circuit optimization
can be software-inspired [7–11] and/or hardware-inspired
[12–20]. The former employs unitary group identities for
simplification, while the latter considers the hardware con-
nectivity, and explores the hardware potential to achieve
more efficient two-qubit or multiqubit gates. Here, follow-
ing the latter approach, and inspired by cross-resonance
(CR) [21–25] quantum processors provided by IBM, we
study a three-qubit parity (TP) gate [26], and provide an
efficient calibration based on the existing echoed cross-
resonance (ECR) scheme [25,27–30].

Having efficient parity gates [31,32] in the native gate
set is useful for numerous applications. In particular, the
utility of a TP gate boils down to its local equivalence with
two consecutive controlled NOT (CNOT) gates (two-CX) on
three qubits, in which they share either a common con-
trol (or target) qubit [Fig. 1(a)]. Such a circuit subroutine
appears for instance in (i) the creation of multiqubit entan-
glement, in particular the Greenberger-Horne-Zeilinger
state [33,34], (ii) logical encoder and parity check syn-
drome measurement in quantum error correction (QEC)
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[35–37], and (iii) successive swaps across a qubit network
[38,39].

In this paper, we present a TP gate implementation
that fits well with IBM’s CR architecture. Our implemen-
tation closely follows that of the ECR gate [25,28–30],
but instead employs two simultaneous CR drives with a
common target qubit, hence named simultaneous cross-
resonance parity (SCRP) gate [Figs. 1(b) and 1(c)]. This
protocol implements a three-qubit Z-parity gate, which is
locally equivalent to any other TP gates. Our use of simul-
taneous drives should work in principle if each CR pulse
leads only to a ZX interaction between the intended qubits.
In other words, SCRP gives ZXI and IXZ interactions
[40], which are commutative, hence additive. Intuitively,
the SCRP implementation should improve the fidelity of
the Z-parity gate mainly due to its shorter pulse schedule.
We confirm that unwanted cross-drive contributions are
indeed higher-order effects, and hence weaker, by deriving
an effective three-qubit gate Hamiltonian using Schrieffer-
Wolff perturbation theory (SWPT) [25,41–45] (Sec. II).
Using interleaved randomized benchmarking (IRB) [46],
we demonstrate improved error per gate (EPG) for the
SCRP implementation compared to two-CX. Furthermore,
we demonstrate that the SCRP implementation improves
the fidelity of parity measurement on an IBM Quan-
tum processor [47], namely ibm_auckland. In partic-
ular, the SCRP implementation can reduce the average
syndrome error probability of X -parity measurement for
the heavy-hexagon code [48–50] compared with a naive
implementation with CNOT gates on the device (Sec. IV).

The rest of this paper is organized as follows. First, in
Sec. II, we study effective gate interactions for the SCRP
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FIG. 1. Implementation of a three-qubit parity gate with simul-
taneous CR drives. (a) Circuit representation of a Z-parity gate,
equivalent to two consecutive CNOT gates with a common tar-
get. The case with a common control is locally equivalent up
to single-qubit Hadamard gates. (b) Cross-resonance schemat-
ics with two control (c1 and c2) and one target (t) qubits.
(c) Pulse-level implementation using simultaneous echoed CR
drives. Each of the two pairs of Xπ pulses (blue) have a car-
rier frequency resonant with the respective control qubit. The CR
(green) and rotary (red) pulses have a carrier frequency resonant
with the target qubit.

gate implementation using SWPT. In Sec. III, we discuss
the SCRP calibration of the TP gate, and provide IRB
results that demonstrate improvement in EPG with respect
to the standard two-CX implementation. Furthermore, in
Sec. IV, we showcase the SCRP gate’s utility in improv-
ing the syndrome measurement success probability of the
heavy-hexagon code. Finally, Sec. V concludes the paper,
and examines further potential applications and extensions
of the SCRP idea.

II. HAMILTONIAN ANALYSIS

We next provide a Hamiltonian analysis for the SCRP
gate, based on SWPT [24,25,43]. Our analysis clarifies
why the SCRP gate works in practice: at sufficiently weak
CR drive, the effective ZXI and IXZ rates depend only on
their corresponding drive amplitudes. Furthermore, unde-
sired three-qubit cross interactions such as the ZXZ and
ZIZ terms appear only at higher order, and hence are
weaker.

We model the transmon qubits as a set of Duffing oscilla-
tors with nearest-neighbor exchange interaction under the

rotating-wave approximation as

Ĥs =
∑

j =c1,c2,t

(
ωj â†

j âj + αj

2
â†

j â†
j âj âj

)

+
∑

〈j ,k〉
Jjk

(
â†

j âk + âj â†
k

)
, (1)

with ωj , αj , and Jjk as the qubit frequency, anharmonicity,
and pairwise exchange interaction, respectively, for j , k ∈
{c1, c2, t}. Furthermore, we model the CR and a possible
direct target drives as

Ĥd(t) =
∑

j =c1,c2,t

1
2
[
�∗

j (t)e
iωdtâj + �j (t)e−iωdtâ†

j

]
, (2)

with �j (t) ≡ �jX (t) + i�jY(t) and ωd denoting the
complex-valued envelope and the common carrier fre-
quency, respectively. In the rotating frame (RF) of the
drive, which is set to the target qubit frequency, the
Hamiltonian simplifies to

Ĥrf(t) ≡
∑
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(
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where �jd ≡ ωj − ωd. The RF Hamiltonian (3) is the
starting point of our analysis. To understand the SCRP
power budget, for simplicity, we assume an always-on
X-quadrature-only continuous-wave drive �j (t) = �j .

Applying time-independent SWPT, we derive effective
(resonant) interactions for the SCRP gate through recur-
sive frame transformations that average over off-resonant
transitions [24,25,43] (Appendix A). The relevant SCRP
frame is diagonal with respect to the two control qubits,
i.e., allowing only I and Z on the controls, and off-diagonal
with respect to the target. We treat the first two lines of
Eq. (3) as the bare Hamiltonian and the last line as the
interaction Hamiltonian.

Up to the zeroth order, the exchange interaction leads to
nearest-neighbor static ZZ interactions:

ω
(0)
ZZI = J 2

c1t

�c1t − αt
− J 2

c1t

�c1t + αc1

, (4)

ω
(0)
IZZ = J 2

c2t

�c2t − αc2

− J 2
c2t

�c2t + αc2

. (5)

Up to the dominant (linear) order in drive amplitudes,
the ZXI and IXZ terms are independent, i.e., no cross-
drive exists, justifying why such a simultaneous calibration
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works:

ω
(1)
ZXI = − Jc1tαc1

�c1t(�c1t + αc1)
�c1 , (6)

ω
(1)
IXZ = − Jc2tαc2

�c2t(�c2t + αc2)
�c2 , (7)

ω
(1)
IXI = �t − Jc1t

�c1t + αc1

�c1 − Jc2t

�c2t + αc2

�c2 . (8)

At second and higher order in drive amplitudes, we find
weak cross-drive contributions which can be categorized
as: (i) renormalization of the original CR interactions in
each two-qubit subspace (such as Stark shifts, ZZI and IZZ
rates, as well as the desired ZXI , IXZ terms) due to the
other CR drive, and (ii) emergence of new interactions
such as ZXZ and ZIZ terms that couple the two control
qubits. Our analysis shows that both categories tend to be
reasonably weak (O(1–10) kHz) (see Appendix A).

Based on Eqs. (6) and (7), the cross-drive-free nature
of the desired ZXI and IXZ rates up to the leading order
allows us to employ the existing CR echo calibration
[25,27–30] in constructing the SCRP gate. In particular, the
CR echo sequence removes the IXI term, and suppresses
the dominant error terms ZZI and IZZ up to the leading
order. We discuss the SCRP calibration in more detail in
the following section.

III. PARITY GATE CALIBRATION

Our SCRP pulse schedule for implementing a three-
qubit Z-parity gate is shown in Fig. 1(c), which is inspired
by the CR echo calibration for the CNOT gate [27,28].
The main part (green) consists of two echoed sequences
of simultaneous CR drives onto the control qubits c1 and
c2 with the carrier frequencies set to the target qubit fre-
quency. Moreover, interleaving Xπ pulses (blue) onto the
control qubits c1 and c2 allows for echoing out nearest-
neighbor ZZ (i.e., ZZI and IZZ), as well as the IXI
Hamiltonian terms up to the leading order [25,30]. Each
individual CR echo calibration may also be accompanied
with simultaneous resonant rotary tones onto the target
qubit t (shown altogether in red) [30]. The rotary tones
were designed to suppress several unwanted terms in the
effective Hamiltonian of the echoed CR drives, namely the
Y error on the target as well as target-spectator crosstalk
[30]. We used the default pulse shapes provided by IBM
Quantum systems, which are Gaussian with the derivative
removal by adiabatic gate (DRAG) [51] for Xπ pulses, and
square Gaussian (square with Gaussian ramps) for CR and
rotary pulses. To implement a Z-parity gate, three addi-
tional local Clifford instructions are needed in front (or
back) of the schedule, namely Zπ/2 on c1 and c2, and Xπ

on t.
We have developed a straightforward calibration proce-

dure for the Z-parity gate based on the well-established CR

echo calibration for CNOT gates [27,28], where we adopt
the two CR echo pulse configurations, i.e., amplitudes
and angles, while we replace the independently calibrated
rotary tones with a newly calibrated single rotary tone. For
example, to implement a Z-parity gate on qubits (0, 1, 2),
we use pulse amplitudes and angles calibrated for CR(0,
1) and CR(2, 1) as those for two echoed CR pulses to
drive simultaneously. We place two echoed CR sequences
so that their Xπ pulses in center are aligned as shown in
Fig. 1(c). Note that we could recalibrate those CR pulses
at once so that they have the same duration and the result-
ing rotation in the target qubit becomes the desired angle
for any binary input to the two control qubits, i.e., π for
00, −π for 11, and 0 for 01 and 10. However, our pre-
liminary experiments suggest the improvement by such an
extra calibration should be marginal or negligible. There-
fore, for simplicity, we reuse CR pulse configurations for
two-qubit gates to implement SCRP gates in all experiments
we conduct hereafter. To calibrate the simultaneous rotary
tone in our SCRP implementation, we adopt and general-
ize the Hamiltonian error amplifying tomography (HEAT)
technique [30] (see Appendix B).

We characterize the potential improvement by the SCRP
implementation in the fidelity of a Z-parity gate by com-
paring it with a naive implementation with two consecutive
CNOT gates using IRB [46]. We prepare two interleaved
sequences from a common reference Clifford sequence.
Both interleave a Z-parity gate, but with different imple-
mentations: one implemented with SCRP and the other
implemented with two CNOT gates (see Appendix C). We
conducted such an IRB experiment using qubits (8, 11, 14)
on ibm_auckland. We used ten Clifford lengths: 2, 3,
4, 5, 7, 9, 12, 17, 25, and 38. For each Clifford length, we
sampled 50 randomized benchmarking (RB) circuits and
computed survival rate from 400 shots for each circuit. We
fit an exponential curve to the averaged survival rates (over
the IRB seeds and shots) [46].

Figure 2 shows the result obtained from the IRB experi-
ment. It contains three decay curves corresponding to a ref-
erence sequence (blue), interleaved SCRP implementation
(green), and interleaved two-CX implementation (orange)
of the Z-parity gate, respectively. The decay curve of
SCRP appears clearly higher than that of two-CX, suggest-
ing a higher gate fidelity. For reference, the EPG estimated
by the ratio of decay rates (the reference and the sequence
of interest) was improved from 0.02109 ± 0.00105 (two-
CX) to 0.00964 ± 0.00095 (SCRP). This improvement is
in part due to the reduction in the gate length from 704.0
ns (two-CX) to 369.8 ns (SCRP). Estimating the best
possible average gate error based on the coherence limit
[52,53], we find the limits as 0.0122 (two-CX) and 0.00645
(SCRP). These coherence limits are calculated from the
gate lengths, T1 values of (122.7, 134.8, 159.7) µs, and
T2 values of (73.4, 111.4, 170.3) µs, for ibm_auckland
qubits (8, 11, 14), respectively (see Appendix D).
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FIG. 2. IRB comparing two Z-parity gate implementations:
consecutive two CNOT gates (two-CX, orange) and simulta-
neous CR drives (SCRP, green) on qubits (8, 11, 14) on
ibm_auckland. Each point represents the average survival
rate over 50 sequences for a Clifford length (each error bar indi-
cates the standard deviation of the average) and solid curves rep-
resent the fitting curves (their thickness with shaded region indi-
cate 3σ confidence intervals). The estimated EPGs are 0.02109 ±
0.00105 (two-CX) and 0.00964 ± 0.00095 (SCRP).

IV. DEMONSTRATIONS

We next demonstrate how the SCRP calibration
improves the fidelity of parity measurement for QEC on
IBM devices. Here, we focus on the X -parity measurement
of the heavy-hexagon code [48–50]. The circuit realiza-
tion requires seven qubits, consisting of four data qubits
(D1–D4, gray), two flag qubits (F1 and F2, white) and
one syndrome qubit (S, black), with a connectivity with
degree at most three, as shown in Fig. 3(a). The standard
X -parity check circuit is originally represented with eight
CNOT gates, as shown in Fig. 3(b). It consists of four pairs
of two CNOT gates with a common control and distinct tar-
get qubits, i.e., X -parity gates, which are locally equivalent
to Z-parity gates up to a change of basis using single-qubit

Hadamard gates. Applying the replacement, the X -parity
check circuit will have an efficient representation with just
four Z-parity gates, as shown in Fig. 3(c). We used the lat-
ter circuit representation and compared the (i) two-CX and
(ii) SCRP implementations of the Z-parity gates.

The ibm_auckland processor has 27 qubits, from
which we used qubits (5, 8, 9, 11, 13, 14, 16) ordered as
(D1, F1, D2, S, D3, F2, D4). Qubit transition frequencies
(ω01/2π ) of the four data qubits (5, 9, 13, 16) are (4.99282,
5.08839, 5.01678, 4.96965) GHz, the two flag qubits (8,
14) are (5.20360, 5.16698) GHz, and the syndrome qubit
11 is 5.05517 GHz, respectively. The qubit anharmonici-
ties α/2π do not vary substantially, and are approximately
equal to −340 MHz. See Appendix E for the details of the
device parameters.

Following Sec. III, we calibrated the SCRP gates on the
three qubit triplets {(5, 8, 9), (8, 11, 14), (13, 14, 16)} found
in Fig. 3(c). In advance, we also calibrated CR pulses for
qubit pairs (5, 8), (9, 8), (13, 14), (16, 14), for which the
default CNOT gates are implemented with CR pulses in
the opposite direction. For example, CNOT(5, 8) is imple-
mented with CR(8, 5), i.e., CR drive on qubit 8 within the
frame of qubit 5, while CR(5, 8) is necessary to implement
SCRP gate on (5, 8, 9).

We initialized the four data qubits using all possible
16 product states ranging from |+ + ++〉 to |− − −−〉.
Here, |+〉 and |−〉 are the eigenstates of the Pauli X oper-
ator. For each input state, we ran the parity check circuit
40 000 times. The total durations of the circuits were 2261
ns (two-CX) and 1365 ns (SCRP), excluding the input state
preparation and the final measurements.

We quantified how much the use of the SCRP gate
improves the accuracy of the parity measurement by com-
paring the syndrome and the data error probabilities. The
syndrome error probability is the probability that an incor-
rect bit is measured at the syndrome qubit. Here, the correct
syndrome is 0 when the number of + in an input state is
even, and 1 when odd. The data error probability is the
probability that a state different from the input is measured

(a) (b) (c)

FIG. 3. X -parity measurement circuit for heavy-hexagon code. (a) Seven-qubit subsystem of interest. Nodes represent qubits and
edges represent couplers. The numbers on the shoulders of the nodes are the qubit numbers we used on ibm_auckland. (b) Original
representation with CNOT gates [48]. (c) Representation with Z-parity gates useful for SCRP implementation, which reduces the circuit
depth by a factor of approximately 3/5, and uses only four SCRP gates compared to eight CNOT gates.
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TABLE I. Syndrome and data error probabilities averaged over 16 initial states of the X -parity measurement. Individual qubit data
errors are described in D1–D4 columns.

Syndrome error (std) Data error D1 D2 D3 D4

SCRP 0.088459 (0.001419) 0.095697 0.034948 0.031270 0.017192 0.016798
Two-CX 0.122878 (0.001639) 0.164109 0.045063 0.034634 0.066089 0.030228

at the end of a parity check circuit. Note that those values
are affected by state preparation and measurement (SPAM)
errors. As shown in Table I, the syndrome error probability
averaged over all 16 initial states is significantly improved
by the SCRP implementation from 0.1229 down to 0.0885
(≈ 28% improvement), while the average data error rate is
reduced from 0.1641 to 0.0957 (≈ 42% improvement).

We conducted the same experiment on different pro-
cessors and qubits, and confirmed that the SCRP imple-
mentation always improves the X -parity measurement
regardless of the choice of processors or qubits, with
a relative improvement ranging from 9% to 33%. For
example, the average syndrome error probability improves
from 0.252198 to 0.229439 (≈ 9.0%) on qubits (92, 102,
101, 103, 105, 104, 111) in ibm_brisbane and from
0.197723 to 0.131761 (≈ 33%) on qubits (16, 19, 20,
22, 24, 25, 26) in ibm_sherbrooke (see Appendix F
for more experimental results, including the cases when
running circuits with dynamical decoupling sequences).

V. CONCLUSION AND OUTLOOK

We have presented a pulse-level implementation of
a Z-parity gate with simultaneous CR drives. We have
shown that this SCRP implementation has little unwanted
Hamiltonian terms in theory and hence it can achieve bet-
ter gate fidelity than a naive implementation with CNOT
gates in practice. We have also demonstrated using IBM
CR devices that our calibrated parity gates significantly
improve the error probability of the parity measurement
for the heavy-hexagon code. That suggests, as the cost
of SCRP gate calibration is not large, optimizing circuits
using Z-parity gates can be a good option for reducing
errors on superconducting quantum computing devices
with all-microwave control.

Although we focused on the X -parity measurement of
the heavy-hexagon code in Sec. IV, the Z-parity gate
is also naturally useful for the Z-parity measurement.
Also, our method for calibrating the Z-parity gate can be
extended to four-qubit or more parity gates, which are
required for other QEC codes such as the surface code
on a square lattice [54–58] or another low-density parity
check code on a more dense lattice [59]. Such multiqubit
parity gates would also be useful for efficient Hamiltonian
simulation, as discussed in Ref. [60]. Scaling our SCRP
calibration to more qubits would in principle increase
unwanted crosstalk by simultaneous drives on additional
control qubits. To mitigate the crosstalk, to begin with, it

is essential to have more precise frequency allocation for
such higher-degree connectivity lattices. Also, it remains
to be seen how effective a single rotary tone on the target
qubit is in suppressing crosstalk.

As described in Sec. III, we focused on the echoed
sequence for SCRP implementation. Instead, utilizing sin-
gle (simultaneous) CR pulses could be an alternative SCRP
implementation worth investigating in the future. Note
that, without echoing, CR pulses may yield non-negligible
Z rotation errors on control qubits due to the Stark shift,
arising from the off-resonant driving of the control qubits,
which requires additional calibration of Rz gates for their
suppression, as in the case of CNOT gate implementation
[27].

One limitation in the SCRP approach, not mentioned
in Sec. IV, is that CR pulses cannot always be calibrated
in all pairs of coupled qubits, e.g., due to frequency col-
lisions in physical qubits with fixed frequencies [45,61].
This suggests that, for qubit triplets that are close to fre-
quency collisions, tuning a SCRP gate might not be optimal.
However, we expect that improvements in manufacturing
process techniques such as laser annealing [62] make our
proposal more feasible. Secondly, we have assumed that
cross-drive errors in a Z-parity gate with the SCRP imple-
mentation is negligible in our pulse-strength regime based
on the discussion in Sec. II. This assumption, however,
breaks down for faster SCRP gate implementation, which
requires stronger drives.

It is worth noting that supporting a parity gate as a native
instruction will be useful not only for improving parity
measurements but also for optimizing circuits aimed at
noisy quantum computers without QEC. For example, cir-
cuits with a chain of SWAP gates can be optimized using

FIG. 4. Optimizing the decomposition of a chain of SWAP
gates using Z-parity gates. For N ≥ 2 successive swaps, standard
decomposition requires 3N CNOT gates. The Z-parity decompo-
sition, however, requires (N − 1) Z-parity, (N + 2) CNOT, and
O(2N ) Hadamard gates. Assuming a similar gate time for the
Z-parity and CNOT gates implemented via SCRP and ECR, the
decomposition reduces the circuit depth by a factor of approxi-
mately 2/3.
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Z-parity gates. Such circuits often appear after qubit rout-
ing, which transforms a circuit to be executable on a quan-
tum computer with limited qubit connectivity [63–66]. As
a SWAP gate is symmetric and SWAP(i, j ) is equivalent
to CNOT(i, j )–CNOT(j , i)–CNOT(i, j ), two consecutive SWAP
gates with a common qubit, SWAP(i, j ) and SWAP(j , k), can
be decomposed into a sequence with a Z-parity gate and
four CNOT gates, as shown in Fig. 4. The sequence using a
Z-parity gate will have a shorter circuit length than a naive
sequence with six CNOT gates, and hence should have a
higher fidelity.
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APPENDIX A: SCHRIEFFER-WOLFF
PERTURBATION THEORY

In this appendix, we provide perturbative estimates for
the effective Hamiltonian interactions of the SCRP gate via
SWPT [25,41–45]. We show that in the sufficiently weak
drive limit, and away from frequency collisions [25,45],
the SCRP gate exhibits weak cross-CR-drive contributions.

We start from Hamiltonian (3), in the rotating frame
of the drive, and partition it into Ĥrf(t) = Ĥ0 + λĤint(t),
where Ĥ0 contains the bare qubit and exchange interac-
tions, Ĥint(t) includes the two CR-drive contributions, and
λ is a bookkeeping parameter. To simplify the perturba-
tion theory, we work in the interaction frame with respect
to Ĥ0 such that ĤI (t) ≡ eiĤ0tĤint(t)e−iĤ0t. We then apply a
Schrieffer-Wolff (SW) transformation to obtain an effective
Hamiltonian as ĤI ,eff(t) ≡ eiĜ(t)[ĤI (t) − i∂t]e−iĜ(t), where
Ĝ(t) is the SW generator. Expanding the generator and
the effective Hamiltonian in powers of the interaction
as Ĝ(t) = ∑∞

λ=1 λnĜn(t) and ĤI ,eff(t) = ∑∞
λ=1 λnĤ (n)

I ,eff(t),
respectively, one arrives at the following set of perturbative

SW equations [25,43]:

O(λ):

{
Ĥ (1)

I ,eff = B(ĤI ),
˙̂G1 = N (ĤI ),

(A1a)

O(λ2):

⎧
⎪⎪⎨

⎪⎪⎩

Ĥ (2)

I ,eff = B
(

i[Ĝ1, ĤI ] − i
2

[Ĝ1, ˙̂G1]
)

,

˙̂G2 = N
(

i[Ĝ1, ĤI ] − i
2

[Ĝ1, ˙̂G1]
)

,

(A1b)

O(λ3):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ĥ (3)

I ,eff = B
(

− i
2

[Ĝ1, ˙̂G2] − i
2

[Ĝ2, ˙̂G1]

+ 1
6

[Ĝ1, [Ĝ1, ˙̂G1]] + i[Ĝ2, ĤI ]

− 1
2

[Ĝ1, [Ĝ1, ĤI ]]
)

,

˙̂G3 = N
(

− i
2

[Ĝ1, ˙̂G2] − i
2

[Ĝ2, ˙̂G1]

+ 1
6

[Ĝ1, [Ĝ1, ˙̂G1]] + i[Ĝ2, ĤI ]

− 1
2

[Ĝ1, [Ĝ1, ĤI ]]
)

.

(A1c)

Here B( · ) and N ( · ) denote matrix projection onto the
effective block-diagonal subspace of the SCRP gate, and the
rest, respectively. The effective block-diagonal subspace
allows for both diagonal (I or Z) and transverse (X or Y)
terms for the target qubit, but only diagonal terms for the
control qubits. We keep four levels for each qubit in our
perturbative calculation.

Ideally, the CR drive on each control qubit in the
SCRP gate should only induce the expected effective CR
terms in each subspace, namely IX , ZX , IZ, ZI , and ZZ
[24,25,30,43], for which we employ the previously devel-
oped ECR calibrations [28,30]. Here, we look closer into
deviations from the expected interactions. In particular, we
focus on cross-drive contributions that either (i) modify the
existing CR terms, or (ii) induce additional control-control
interactions.

Up to linear order in the two CR drive amplitudes,
one finds the expected CR behavior for each individ-
ual two-qubit subspace. The direct exchange interaction
between the controls and the shared target causes a fixed
ZZ interaction as

ω
(0)
ZZI = J 2

c1t

�c1t − αt
− J 2

c1t

�c1t + αc1

, (A2)

ω
(0)
IZZ = J 2

c2t

�c2t − αc2

− J 2
c2t

�c2t + αc2

, (A3)
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obtained up to O(J 2) perturbative diagonalization of Ĥ0.
Furthermore, the dominant effective interactions (linear in
CR drive amplitude) are found as

ω
(1)
ZXI = − Jc1tαc1

�c1t(�c1t + αc1)
�c1 , (A4)

ω
(1)
IXZ = − Jc2tαc2

�c2t(�c2t + αc2)
�c2 , (A5)

ω
(1)
IXI = �t − Jc1t

�c1t + αc1

�c1 − Jc2t

�c2t + αc2

�c2 . (A6)

Based on Eqs. (A4)–(A6), there is no cross-drive contribu-
tion in the ZXI or IXZ terms. The IXI term depends on both
drive amplitudes. However, this interaction is effectively
removed through the echoed CR calibration [28,30].
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FIG. 5. Examples of cross-drive contributions in the effec-
tive three-qubit Hamiltonian, which either modifies the expected
two-qubit terms (e.g., ZXI and IXZ), or leads to new terms
involving both control qubits (ZXZ and ZIZ). (a),(c) The ZX
term in each subspace as a function of the corresponding control
drive, showing weak dependence on the other drive amplitude:
(b),(d) cross-drive ZX due to the other control drive ampli-
tude; (e) ZXZ term; and (f) ZIZ term. System parameters are set
to �c1t/2π = 120, �c2t/2π = 80, Jc1t/2π = Jc2t/2π = 3, and
αc1/2π = αc2/2π = αt/2π = −330 MHz.

Expressions for higher-order terms are quite extensive,
and hence not explicitly provided here. We plot exam-
ple cross-drive contributions in Fig. 5 and discuss the
power-law dependence on J , �c1 , and �c2 . At the sec-
ond order, one finds large control Stark shifts ZII and IIZ,
corrections to the control-target IZZ and ZZI terms, as
well as a control-control ZIZ. These contributions gener-
ally scale as O(�2

c1
), O(�2

c2
), O(J 2�2

c2
), O(J 2�2

c1
), and

O(J 2�c1�c2) assuming J = Jc1t = Jc2t. Amongst these,
the control-control ZIZ interaction is not addressed by
the individual ECR calibrations, and remains as an error
term. At the third order, we find O(J�3

c1
), O(J�2

c1
�c2),

O(J�c1�
2
c2

), and O(J�3
c2

) contributions to the IXI , ZXI ,
IXZ, and ZXZ terms. Similarly, amongst these, the ZXZ
term is not addressed by the individual ECR calibrations.

Figure 5 characterizes the cross-drive contribution to
the ZXI , IXZ, ZXZ, and ZIZ effective terms, for a case
with favorable frequency allocation, where the control
qubits are 120 and 80 MHz detuned above the target
qubit. Panels (a) and (c) show the usual cubic suppres-
sion of the ZXI and IXZ terms at higher power, and
very weak dependence on the other control drive ampli-
tude. The weak cross-drive dependence of the ZXI rate
�ωZXI (�c1 , �c2) ≡ ωZXI (�c1 , �c2) − ωZXI (�c1 , 0) (simi-
larly for �ωIXZ(�c1 , �c2)) are shown in panels (b) and (d),
and are found to be O(1–10) kHz. Panels (e) and (f) further-
more characterize the control-control ZXZ and ZIZ inter-
actions as O(1–10) kHz. These results confirm that, away
from collisions, the cross-drive effects are relatively weak,
and motivates a simultaneous SCRP calibration based on
the existing individual ECR calibrations (Appendix B).

APPENDIX B: CALIBRATION OF ROTARY TONE
FOR SCRP GATE

We describe how we calibrated the rotary tone on the tar-
get qubit for the SCRP implementation of a Z-parity gate.
We calibrated only the amplitude of the rotary tone in this
paper; however, our technique is applicable to calibrating
the angle as well. We swept 50 amplitude values equally
spaced between 0 and a value that corresponds to about X2π

rotation, and set it to minimize the total estimated error. We
defined a cost function for the error as

∑

Q,R∈{I ,Z}, P∈{Y,Z}
‖AQPR‖,

where AQPR denotes the coefficient of a Pauli QPR in
the time evolution operator for the gate [discussed later
in Eq. (B5)]. In the following, we explain how to esti-
mate the cost function from experimentally available data
following and generalizing the HEAT technique [30].
Note that another generalization of HEAT to capture non-
Markovian off-resonant errors, not considered in this paper,
is proposed in Ref. [53].
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1. Echoed CR gate analysis

We first briefly recap HEAT for echoed CR gates
with rotary tones to implement a ZXπ/2 gate, following
Ref. [30]. HEAT was developed to characterize the time
evolution according to a block-diagonal Hamiltonian. In
the case of an echoed CR gate, the time evolution unitary
operator U over the gate duration tg can be represented in
a block-diagonal Pauli basis as

U =
∑

Q∈{I ,Z}, P∈{I ,X ,Y,Z}
AQP QP. (B1)

HEAT estimates the coefficients AQP from experimentally
available statistics. Finally, it reconstructs the coefficients
of effective Hamiltonian H̃ by H̃ = i log(U)/2tg . Here, we
omit the last step and use the coefficients of U when using
HEAT for the rotary tone calibration.

The block-diagonal form of U means that we have inde-
pendent subspaces corresponding to initial control states.
If the control is in |0〉, the evolution of the target qubit is
described by

U|0〉 =
∑

P∈{I ,X ,Y,Z}
A|0〉

P P =
∑

P∈{I ,X ,Y,Z}
(AIP + AZP)P,

and, if the control is in |1〉, by

U|1〉 =
∑

P∈{I ,X ,Y,Z}
A|1〉

P P =
∑

P∈{I ,X ,Y,Z}
(AIP − AZP)P.

The point is that AIP and AZP can be reconstructed from A|0〉
P

and A|1〉
P for any Pauli P in {X , Y, Z} since they are related

to the Walsh transform.
As U|b〉 for each b ∈ {0, 1} is a single-qubit rotation, it

can be characterized by a generic SU(2) rotation around an
axis given by n̂b with rotation angle θb:

U|b〉 = e−i(θb/2)n̂b·(X ,Y,Z),

hence, for P in {X , Y, Z},

A|b〉
P = −i n̂b,P sin

(
θb

2

)
, (B2)

where n̂b,P denotes the P-coordinate value of n̂b.
In particular, we are interested in error terms, i.e., the

cases of P = Y or Z. In these cases, the right-hand side of
Eq. (B2) can be estimated from experimentally measurable
values tr(ρb,Y

N Z) and tr(ρb,Z
N Y) as follows:

tr(ρb,Y
N Z)

N
≈ −n̂b,Y sin θb,

tr(ρb,Z
N Y)

N
≈ n̂b,Z sin θb. (B3)

Here ρ
b,P
N (P ∈ {Y, Z}) is the output state from even N rep-

etitions of the echoed CR pulses with a target refocusing P,

FIG. 6. HEAT pulse sequence for the echoed CR gate [30].
Here, CR represents the entangling cross-resonance pulse, R±
represents the rotary tones with opposite amplitudes, P is either
Yπ or Zπ , and b represents the initial control state as 0 or 1.

the so-called HEAT sequence, shown in Fig. 6. Moreover,
tr(· Y) denotes measuring the target qubit in the Y basis.

From Eqs. (B2) and (B3) with θb ≈ ±π/2, as we are
calibrating the ZXπ/2 gate, we obtain

A|b〉
Y ≈ i

tr(ρb,Y
N Z)√
2N

, A|b〉
Z ≈ −i

tr(ρb,Z
N Y)√
2N

. (B4)

Intuitively, these results can be interpreted as follows:
conditional X±π/2 rotation on the target qubit by ZXπ/2
interaction effectively tweaks the rotation axis of Y and Z
errors by around π/4 in the YZ plane, resulting in the scale
1/

√
2 for the measurement values.

2. Echoed SCRP gate analysis

In the same way, we consider a model for the echoed
SCRP gate with a rotary tone to implement a ZXIπ/2 +
IXZπ/2 gate, which is locally equivalent to the Z-parity
gate. Assuming a block-diagonal effective Hamiltonian
with Pauli terms only in the form of QPR for Q, R ∈
{I , Z} and P ∈ {I , X , Y, Z}, we approximate the unitary
evolution as

U =
∑

Q,R∈{I ,Z}, P∈{I ,X ,Y,Z}
AQPR QPR. (B5)

Note that AZII = AIIZ = 0 since they are canceled out by
echoing just as AZI = 0 in the echoed CR case [30].

Under the block-diagonal assumption for U, we have
four blocks corresponding to the initial control bits b ∈
{00, 01, 10, 11}:

U|b〉 =
∑

P∈{I ,X ,Y,Z}
A|b〉

P P, (B6)

where

A|00〉
P = AIPI + AZPI + AIPZ + AZPZ ,

A|10〉
P = AIPI − AZPI + AIPZ − AZPZ ,

A|01〉
P = AIPI + AZPI − AIPZ − AZPZ ,

A|11〉
P = AIPI − AZPI − AIPZ + AZPZ .
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Again, AIPI , AZPI , AIPZ , and AZPZ can be reconstructed from
A|00〉

P , A|10〉
P , A|01〉

P , and A|11〉
P for any Pauli P in {X , Y, Z} as

they are related with the Walsh transform. Also, similar
relations hold as in Eq. (B2) for b ∈ {00, 01, 10, 11}.

In contrast, the relationship between experimentally
measurable values and the axis of target rotation n̂b is
slightly different, as follows. In the case of b ∈ {01, 10},
i.e., θb ≈ 0,

tr(ρb,Y
N Z)

N
≈ −2n̂b,Y,

tr(ρb,Z
N Y)

N
≈ 2n̂b,Z , (B7)

while, in the case when b is 00 or 11, i.e., θb ≈ π or −π ,

tr(ρb,Y
N Y)

N
≈ −2n̂b,Y,

tr(ρb,Z
N Z)

N
≈ −2n̂b,Z . (B8)

Here ρ
b,P
N (P ∈ {Y, Z}) is the output state of the HEAT

sequence for the echoed SCRP gate with input bits b for
the control qubits, as shown in Fig. 7. Consequently, for
b ∈ {01, 10}, we have

A|b〉
Y ≈ i

tr(ρb,Y
N Z)

2N
, A|b〉

Z ≈ −i
tr(ρb,Z

N Y)

2N
, (B9)

which means that we can see Y (Z) rotation errors in the
Z (Y) basis as in the case of the CR gate. However, for the
case of b ∈ {00, 11}, we have

A|00〉
Y ≈ i

tr(ρ00,Y
N Y)

2N
, A|00〉

Z ≈ i
tr(ρ00,Z

N Z)

2N
, (B10)

A|11〉
Y ≈ −i

tr(ρ11,Y
N Y)

2N
, A|11〉

Z ≈ −i
tr(ρ11,Z

N Z)

2N
, (B11)

which suggests that we need to measure in the Y (Z) basis
in order to see Y (Z) rotation errors, in contrast to the case
of the CR gate. The above can be explained by the effect of
desirable ZXIπ/2 + IXZπ/2 interaction on the errors on the
target qubit. For example, if the control qubits are in the
|00〉 state (b = 00), the desirable interaction rotates the tar-
get qubit by π around the X axis, which tweaks the rotation
axis of the Y and Z errors by π/2 in the YZ plane, changing
the axes on which the errors appear.

FIG. 7. HEAT pulse sequence for the echoed SCRP gate gen-
eralizing Fig. 6. Here, we initialize the control qubits in all four
computational states denoted by the bit string b1b2.

APPENDIX C: THREE-QUBIT RANDOMIZED
BENCHMARKING

We describe how to prepare circuits for three-qubit RB.
As we are considering the physical implementation of Z-
parity gates, we are interested in RB on qubit triplets on
a line (i, j , k). That suggests CNOT gates are natively sup-
ported on qubits {i, j } and {j , k} in a device, but not on
qubits {i, k}. Typically, RB circuits are constructed from
sequences of Clifford operations. We construct the cir-
cuits in two steps. We first decompose three-qubit Cliffords
into basic one- or two-qubit instructions, e.g., Rz (rota-
tion around Z-axis), SX (square root of X) and CNOT
for ibm_auckland, without considering the connectiv-
ity of qubits. Then, if we have any CNOT gates on not-
directly-connected qubits {i, k}, we decompose them fur-
ther into the sequence of four CNOT gates: CNOT(i, k) into
a sequence CNOT(j , k)–CNOT(i, j )–CNOT(j , k)–CNOT(i, j ),
and similarly for CNOT(k, i).

In the main text, we showed the IRB result on qubits (8,
11, 14) of ibm_auckland. We conducted the IRB exper-
iments on two different triplets of qubits, (5, 8, 9) and (13,
14, 16), using the same configurations except for slightly
different Clifford lengths: 2, 3, 4, 5, 6, 7, 9, 12, 17, and 25.
The results are shown in Figs. 8 and 9, respectively. In the
figures, each point represents the average survival rate over
50 sequences for a Clifford length (each error bar indicates
the standard deviation of the average) and solid curves rep-
resent the fitting curves (their thickness with shaded region
indicate 3σ confidence intervals).

APPENDIX D: COHERENCE LIMIT

The coherence limit is an estimate of the minimum aver-
age error, which can be calculated from the gate length
and experimentally measurable noise indicators of each

FIG. 8. Interleaved RB comparing two Z-parity gate imple-
mentations, the consecutive two CNOT gates (two-CX, orange)
and the simultaneous CR drives (SCRP, green) on qubits (5, 8, 9)
in ibm_auckland. The estimated EPGs are 0.0540 ± 0.0034
(two-CX) and 0.0369 ± 0.0032 (SCRP).
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FIG. 9. Interleaved RB comparing two Z-parity gate imple-
mentations, the consecutive two CNOT gates (two-CX, orange)
and the simultaneous CR drives (SCRP, green) on qubits (13,
14, 16) in ibm_auckland. The estimated EPGs are 0.0839 ±
0.0059 (two-CX) and 0.0231 ± 0.0054 (SCRP).

qubit, i.e., energy relaxation (T1) and dephasing (T2) times
[52,53,67]. It provides a rough lower bound on aver-
age gate error in the case when we could implement a
gate perfectly on imperfect qubits, assuming only gate-
independent single-qubit amplitude damping and dephas-
ing channels.

The coherence limit is formally defined as a special case
of the average gate infidelity of a gate U under the above
assumption on noise:

1 − Favg(�(U), U) = d
d + 1

(
1 − tr[S�]

d2

)

= d
d + 1

⎛

⎝1 −
∏

q∈Q

tr[S�q]

⎞

⎠ , (D1)

where �(U) is the quantum channel representing a noisy
realization of U, Favg(E , U) is the average gate fidelity
between a quantum channel E and a unitary channel U, d
is the dimension of the Hilbert space of the n-qubit system
(i.e., d = 2n), Q denotes the set of qubits in the system,

and S� denotes the Pauli superoperator (or Pauli transfer
matrix) representation of the channel �. The first equal-
ity in Eq. (D1) is obtained from the gate independence
of noise. In general, the average gate infidelity and the
process (or entanglement) infidelity are related by

1 − Favg(�(U), U) = d
d + 1

(1 − Fpro(�(U), U)).

And, for the gate-independent noise channel �, we can
rewrite those without U since we have S�(U) = S�SU,
hence

Fpro(�(U), U) = tr[S†
US�(U)]
d2 = tr[S�]

d2 .

The second equality in Eq. (D1) is obtained from the qubit
independence of noise, which allows us to write

tr[S�] = tr

⎡

⎣
⊗

q∈Q

S�q

⎤

⎦ =
∏

q∈Q

tr[S�q].

Recalling the third assumption, that the single-qubit noise
�q is an amplitude-phase damping channel, we can explic-
itly write down the Pauli transfer matrix as

S�q =

⎡

⎢⎢⎣

1 0 0 0
0 e−t/T2(q) 0 0
0 0 e−t/T2(q) 0

1 − e−t/T1(q) 0 0 e−t/T1(q)

⎤

⎥⎥⎦

(D2)

with the gate length t and the T1 and T2 values, T1(q) and
T2(q), for each q ∈ Q. Consequently, we can compute the
coherence limit based on Eqs. (D1) and (D2).

APPENDIX E: DEVICE OVERVIEW

In Tables II and III, we describe the device parameters
of the section of ibm_auckland we used for the demon-
strations in Sec. IV. All values are those reported by the
IBM Quantum system as of the day we ran the circuits
(August 24, 2023).

TABLE II. Qubit parameters on section of ibm_auckland used in this work.

Qubit Frequency Anharmonicity T1 Techo
2 EPG Readout P(0 | 1) P(1 | 0)

(GHz) (MHz) (µs) (µs) (%) fidelity (%)

5 4.993 −344.5 166.2 63.3 0.053 99.1 0.01040 0.00700
8 5.204 −340.7 122.7 73.4 0.021 99.1 0.01220 0.00580
9 5.088 −342.5 76.0 188.5 0.039 96.8 0.05140 0.01280
11 5.055 −342.2 134.8 111.4 0.021 99.4 0.00720 0.00400
13 5.017 −343.7 130.2 25.8 0.028 99.0 0.01460 0.00520
14 5.167 −342.0 159.7 170.3 0.020 99.2 0.00940 0.00580
16 4.970 −343.9 135.0 142.2 0.025 99.4 0.00820 0.00320

P(1 | 0) (P(0 | 1)) is the probability of assigning outcome 1 (0) to a true state |0〉(|1〉).

034018-10



THREE-QUBIT PARITY GATE. . . PHYS. REV. APPLIED 21, 034018 (2024)

TABLE III. Two-qubit gate (CX) parameters on section of
ibm_auckland used in this work. Shorter CX length sug-
gests the direction, control_target, is native for CR pulses and the
reverse direction is accessed by addition of single qubit gates.

Qubit pair CX length (ns) EPG (%)

5_8 (8_5) 362.7 (327.1) 0.89
9_8 (8_9) 476.4 (440.9) 0.61
8_11 (11_8) 369.8 (405.3) 0.70
14_11 (11_14) 334.2 (369.8) 0.49
13_14 (14_13) 462.2 (426.7) 0.83
16_14 (14_16) 391.1 (355.6) 0.58

APPENDIX F: DEMONSTRATIONS WITH
DYNAMICAL DECOUPLING

We examined how the results of the X -parity mea-
surement experiments discussed in Sec. IV are stable in

different qubits in different processors and how they are
affected by applying dynamical decoupling (DD) [68–70].
We performed exactly the same X -parity check circuits as
described in Sec. IV on these five sets of qubits:

(a) (5, 8, 9, 11, 13, 14, 16) on ibm_auckland,
(b) (0, 1, 2, 4, 6, 7, 10) on ibmq_mumbai,
(c) (16, 19, 20, 22, 24, 25, 26) on ibmq_mumbai,
(d) (92, 102, 101, 103, 105, 104, 111) on ibm_

brisbane,
(e) (16, 19, 20, 22, 24, 25, 26) on ibm_sherbrooke,

with and without DD on qubits during their idling
time. Note that ibm_auckland and ibmq_mumbai
are 27-qubit Falcon processors, while ibm_brisbane
and ibm_sherbrooke are 127-qubit Eagle processors.
The DD sequence we applied was one of the simplest:
Delay(τ )–X+π–Delay(2τ )–X−π–Delay(τ ) with τ ≥ 0.

TABLE IV. Syndrome error rates and data error rates by Z-parity gate implementation in X -parity measurement with and without
dynamical decoupling (DD) for different qubits and processors.

Qubits (5, 8, 9, 11, 13, 14, 16) on ibm_auckland

Syndrome error (std) Data error D1 D2 D3 D4

SCRP 0.088459 (0.001419) 0.095697 0.034948 0.031270 0.017192 0.016798
SCRP w/DD 0.084689 (0.001392) 0.097259 0.039488 0.026717 0.018634 0.017116
Two-CX 0.122878 (0.001639) 0.164109 0.045063 0.034634 0.066089 0.030228
Two-CX w/DD 0.119409 (0.001620) 0.154578 0.043534 0.020895 0.065419 0.035731

Qubits (0, 1, 2, 4, 6, 7, 10) on ibmq_mumbai

Syndrome error (std) Data error D1 D2 D3 D4

SCRP 0.109272 (0.001548) 0.113695 0.035650 0.023377 0.018956 0.040758
SCRP w/DD 0.106472 (0.001531) 0.113878 0.033192 0.018870 0.022495 0.044358
Two-CX 0.134900 (0.001700) 0.151545 0.037484 0.047234 0.026800 0.049780
Two-CX w/DD 0.109161 (0.001549) 0.129852 0.042086 0.022900 0.025203 0.046937

Qubits (16, 19, 20, 22, 24, 25, 26) on ibmq_mumbai

Syndrome error (std) Data error D1 D2 D3 D4

SCRP 0.110258 (0.001564) 0.106250 0.020161 0.028778 0.033455 0.028267
SCRP w/DD 0.100983 (0.001504) 0.099725 0.023744 0.025281 0.029089 0.025728
Two-CX 0.154884 (0.001807) 0.153787 0.022800 0.043173 0.051478 0.046066
Two-CX w/DD 0.107333 (0.001545) 0.101486 0.025158 0.024102 0.030133 0.026283

Qubits (92, 102, 101, 103, 105, 104, 111) on ibm_brisbane

Syndrome error (std) Data error D1 D2 D3 D4

SCRP 0.229439 (0.002088) 0.220552 0.023303 0.163902 0.023650 0.022545
SCRP w/DD 0.211320 (0.002024) 0.198075 0.025081 0.145433 0.017056 0.020922
Two-CX 0.252198 (0.002171) 0.311158 0.027464 0.236027 0.030886 0.043441
Two-CX w/DD 0.225077 (0.002084) 0.313188 0.026216 0.251884 0.031764 0.026294

Qubits (78, 79, 80, 91, 97, 98, 99) on ibm_sherbrooke

Syndrome error (std) Data error D1 D2 D3 D4

SCRP 0.131761 (0.001677) 0.112402 0.024534 0.047841 0.023861 0.021009
SCRP w/DD 0.117133 (0.001588) 0.102344 0.029244 0.028911 0.024661 0.023788
Two-CX 0.197723 (0.001987) 0.196883 0.026397 0.125797 0.028213 0.029311
Two-CX w/DD 0.138023 (0.001716) 0.132319 0.028781 0.053016 0.030636 0.026558
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The results without DD shown in Table IV suggest
that the improvements by the SCRP implementation we
observed in Sec. IV were universal, regardless of the
choice of physical qubits or processors. On the other
hand, the improvement percentage (two-CX to SCRP)
in the average syndrome error probability depends on
qubits, ranging from 9.0% (0.252198 to 0.229439) in
ibm_brisbane to 33% (0.197723 to 0.131761) in
ibm_sherbrooke, and it varies even in the same pro-
cessor, e.g., 19% (0.134900 to 0.109272) for the first
qubits (0, 1, 2, 4, 6, 7, 10) and 29% (0.154884 to
0.110258) for the second qubits (16, 19, 20, 22, 24,
25, 26) in ibmq_mumbai. It also depends on the time
it was executed. The improvements from the other two
runs were 26% and 18% for ibm_brisbane, 42% and
35% for ibm_sherbrooke, and 34% and 20% for the
first qubits and 30% and 29% for the second qubits in
ibmq_mumbai.

Also, as shown in Table IV, the effect of DD depends
on the qubits in use and the implementation of the Z-
parity gates. For qubits (5, 8, 9, 11, 13, 14, 16) on
ibm_auckland, there is no improvement in the figures
of merit for SCRP implementation, while there is a slight
improvement in data error (around 1%) for two-CX imple-
mentation. This is not surprising, as DD does not always
improve the circuit fidelity, as discussed in Ref. [71].
In contrast, for qubits (16, 19, 20, 22, 24, 25, 26) on
ibm_sherbrooke, DD improves performance for both
SCRP and two-CX implementation. The syndrome error is
decreased by around 1.5% for SCRP and 6.0% for two-CX.
The data error is decreased by around 1.0% for SCRP and
6.5% for two-CX. DD tends to improve performance more
for two-CX implementation than for SCRP. However, even
after the application of DD, SCRP implementation still
performs better than two-CX implementation. For exam-
ple, for qubits (5, 8, 9, 11, 13, 14, 16) on ibm_auckland,
SCRP implementation with DD improved the syndrome
error probability from 0.1194 to 0.0847 (≈ 29% improve-
ment) compared with two-CX implementation with DD,
while it improved the data error probability from 0.1546 to
0.0973 (≈ 37% improvement).
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