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Far-field wave imaging and inversion of objects with dimension and spacing much smaller than the
wavelength are very difficult because of the well-known diffraction limit. The task becomes more challeng-
ing for quantitative shape reconstruction of closely spaced subwavelength impenetrable scatterers. Apart
from the classic resolution limit, complex wave interaction including evanescent waves among impen-
etrable objects can be strong, but it is difficult to be fully utilized for correct shape inversion although
it contains critical resolution information. Here we tackle this problem by proposing a level-set-based
geometrical full-waveform inversion method. It makes full use of wave physics to directly reconstruct
subwavelength objects of arbitrary shapes separated within half a wavelength. Shape reconstruction is
controlled by the geometrical boundary gradient calculated from the finite-element formulation, and the
important role of wave interaction among objects in the inversion is demonstrated. The boundaries of the
objects are represented using the level-set method, allowing for reconstruction of multiple objects simul-
taneously. Numerical examples and experiments of ultrasonic waves in solid samples demonstrate that the
method successfully reconstructs closely spaced subwavelength objects with far-field measurements, and
the resolution is shown to be within a fraction of wavelength. This level of accuracy can be very useful
in subsurface imaging applications such as ultrasonic nondestructive evaluation, medical diagnosis, and
electromagnetic sensing.
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I. INTRODUCTION

The resolution of far-field wave imaging is well known
to be hindered by the fundamental diffraction limit estab-
lished by Lord Rayleigh; the minimum resolvable size of
objects is of the order of probing wavelength λ [1]. In an
ideal full-view setup the resolution limit is shown to be
λ/2 [2]. To bypass the diffraction limit in common far-
field imaging, monumental advances have been made in
near-field microscopy [3,4] to allow for superresolution
imaging. This is achieved by taking a measurement very
close to the object surface to capture the evanescent waves
that contain deep-subwavelength features.

However, more often the measurements can only be
taken in the far field, for instance, for imaging the sub-
surface world, such as seismic exploration, biomedical
imaging, and ultrasonic defect and/or material charac-
terization. The evanescent waves die out beyond one
wavelength, which severely limits the resolution of con-
ventional imaging approaches such as beamforming [5]
and diffraction tomography [6]. Recently researchers have
made significant progress in developing methods to break
the resolution limit. For example, metamaterials such as
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superlens [7] and local resonant metalens [8] were used
to convert evanescent waves into those that can propagate
into the far field, and images with subwavelength features
were obtained. However, auxiliary materials need to be
placed near the object, which is not feasible for subsurface
imaging. Superoscillation phenomena were exploited to
achieve subwavelength focusing and imaging results [9],
but they suffer from relatively low signal-to-noise ratio due
to strong sidelobes. Besides, superresolution fluorescent
microscopy techniques [10] have been developed based on
stimulated emission to visualize biological cells.

Besides the above techniques, researchers have also
investigated superresolution imaging and/or detection
algorithms based on decomposing the far-field operator
[11], such as the factorization method (FM) [12], time-
reversed multiple signal classification [13], and the lin-
ear sampling method [14]. Small eigenvalues and the
corresponding eigenvectors refer to high-order scatter-
ing events, which can be used to reveal important sub-
wavelength information. However, they still have limited
accuracy for reconstructing the exact shapes of closely
spaced subwavelength objects [15], and their performance
is sensitive to noise.

The principal notion of resolution is the capability of
identification of two small objects (e.g., point scatterers)
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close to each other in an image. Beyond this, an important
but more challenging topic is the quantitative reconstruc-
tion of one or several closely spaced small objects of arbi-
trary shapes (spacing ≤ λ/2). This is particularly useful for
describing impenetrable or strong scatterers (e.g., voids),
whose geometrical features provide key information in
applications including ultrasonic nondestructive evalua-
tion [16], seismic inversion [17], underwater acoustic sens-
ing [18], and biomedical imaging [19]. However, superres-
olution shape reconstruction of impenetrable objects has
been so far rarely tackled successfully. Apart from the
well-known diffraction resolution limit, wave interaction
among impenetrable scatterers and their geometrical fea-
tures can be strong and complex, and proper use of them
for correct shape inversion is difficult for existing imaging
algorithms.

Full-waveform inversion (FWI), originally developed
within geophysics, has recently become popular in differ-
ent fields of wave imaging [20,21]. It iteratively recon-
structs physical parameters until the modeled wave field
matches with measurements. Traditionally, the majority
of FWI algorithms are designed to produce an image of
material properties of penetrable scatterers, such as wave
speed [22], modulus [23], or mass density [24], but they
have difficulty in achieving target convergence for shape
inversion of strong impenetrable objects [25]. In addi-
tion, the resolution of most conventional approaches still
obeys the diffraction limit [20]. More recently, a method
called geometrical full-waveform inversion (GFWI) has
been developed [26], which aims at directly inverting the
geometries of an impenetrable object. GFWI has been
successfully applied in one-dimensional guided wave map-
ping of corrosion [27]. It has also been applied for ultra-
sonic characterization of cracks [28], although the shape
inversion in that study was limited to a large single defect
with a regular shape.

In this article, we show that far-field superresolution
reconstruction of closely spaced subwavelength objects
with arbitrary shapes can be realized. This is achieved by
applying the GFWI approach combined with the level-set
method, which accurately captures the topological varia-
tion of several objects during the inversion process. Hence
the method allows for examining the resolution by invert-
ing small objects separated within half a wavelength. All
the wave scattering physics is included in the inversion
process to realize accurate reconstruction. The wave inter-
action among objects is shown to be non-negligible and
plays important roles during shape inversion. As illus-
trated in Fig. 1(a), the inner boundaries of closely spaced
objects are not directly probed by the incident bulk waves.
They can be only recovered via the use of far-field mea-
surement of indirect waves produced from inner bound-
aries, including evanescent waves propagating along the
surface and mode conversion between surface and bulk
waves. Correctly revealing the inner boundaries is critical

to demonstrate the capability of superresolution imaging.
While the proposed method is generic to be applied by
acoustic, electromagnetic, and seismic wave communities,
in this article we choose the cases of ultrasonic probing of
voids and defects embedded in solid media.

The article is organized as follows. Section II briefly
introduces the level-set-based GFWI method. The success
of the method in achieving superresolution shape recon-
struction is supported by numerical examples in Sec. III
including both full-view and limited-view imaging setups.
The capability is further demonstrated in one case of shape
inversion of multiple irregular voids in Sec. IV, and the
importance of taking strong wave interaction among voids
into the inversion process is discussed. An experiment of
reconstructing two subwavelength voids with an ultrasonic
phased array is presented in Sec. V to further show the
applicability of the proposed method in practice. Finally,
we draw concluding remarks in Sec. VI.

II. WAVEFORM INVERSION APPROACH

In this section, the proposed level-set-based GFWI
method is introduced and a flowchart illustrating the
approach is shown in Fig. 1(b). An initial geometrical
model is given and we assign an initial level-set function
according to the shape. The initial model is then used to
run the GFWI method to calculate the geometrical bound-
ary gradient, and all the wave mechanisms are used during
both forward and inverse modeling. The boundary gradient
values are then used to update the level-set function, whose
zero-level-set contour is extracted as the boundaries of the
updated shape. The updated shape is used in the next iter-
ation of GFWI to evolve the shape, and the iterations are
run until the modeled scattering wave forms match with the
measurements. The details of the method are illustrated in
the following.

A. Geometrical boundary gradient

FWI gradually reconstructs the subsurface model by
minimizing the mismatch between simulated and observed
wave forms. The corresponding cost function can be writ-
ten as

C(m) =
∫ ∞

0

∑
j

F
[
uj (t), umod,j (m, t)

]
dt, (1)

where uj (t) and umod,j (m, t) represent the measure-
ment and the simulated data received at the j th sen-
sor at time t, respectively. m is the geometrical
model vector describing the shapes of the objects to
be reconstructed and F

[
uj (t), umod,j (m, t)

]
is a func-

tion that measures the mismatch between uj and
umod,j (m). In this article, we choose F as an L2
norm difference function, i.e., F

[
uj (t), umod,j (m, t)

] =
[umod,j (m, t) − uj (t)]T[umod,j (m, t) − uj (t)]. For simplicity,
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FIG. 1. Illustration of the level-set-based GFWI method. (a) Full-wave physics is utilized in the shape inversion. To reveal inner
boundaries that are shadowed from direct probing waves, the complex interior wave interaction among the voids needs to be used.
(b) Flow sketch of the level-set-based GFWI method. The update of the boundary contour (arrow within a dotted square) is caused
by the distortion of the elements attached to the boundary as sketched in (c). (c) Illustration of geometry evolution. The elements are
deformed during inversion.

we omit the parameter t from now on. Using the chain rule,
we can obtain the gradient regarding the ith parameter mi
as

∂C
∂mi

=
∫ ∞

0
2
∑

j

(
∂umod,j

∂mi

)T

rj dt, (2)

where rj is the residual between the calculated and
observed data, i.e., rj = umod,j − uj . mi is the ith parameter
of m and ∂umod,j /∂mi is the sensitivity kernel. To calcu-
late the sensitivity kernel, we first write the second-order
finite-element (FE) explicit equation for elastic waves as

Mü + Cu̇ + Ku = f, (3)

where K, C, and M are the stiffness, damping, and mass
matrices, respectively. f is the external applied force. ü, u̇,

and u are the acceleration, velocity, and displacement vec-
tors. Here we assume that no damping exists in the region
of imaging, and the external force f is not affected by any
model perturbations. Differentiating Eq. (3) with regard to
mi and rearranging the terms lead to

∂umod,j

∂mi
= −Q

(
∂K
∂mi

u + ∂M
∂mi

ü
)

, (4)

where Q = (M + K(∂2)/∂t2)−1, and it denotes the numer-
ical operator to solve the forward FE equations of elastic
wave propagation without damping. In Eq. (4), the two
terms ∂K/∂mi and ∂M/∂mi imply the change in the stiff-
ness and mass matrices due to the perturbation in the
shape parameter mi. This is caused by the deformation of
the elements attached to the boundary. To obtain ∂K/∂mi
and ∂M/∂mi, we need to calculate the shape derivatives
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∂Kel/∂x and ∂Mel/∂x where x refers to the global coor-
dinates of the node. In this way, the scatterer will evolve
its boundary from an initial model following the negative
boundary gradients and eventually match the true shape
after a few iterations.

Substituting Eq. (4) back into Eq. (2) gives

∂C
∂mi

= −
∫ ∞

0
2
∑

j

[
Q

(
∂K
∂mi

u + ∂M
∂mi

ü
)]T

rj dt. (5)

This equation indicates that the forward models need to
be run multiple times corresponding to each model param-
eter. To simplify the computation, we can use Parseval’s
theorem and obtain the adjoint operator in the time domain
and get the final expression of the boundary gradient as

∂C
∂mi

= −
∫ ∞

0
2
∑

j

[
Q

(
∂K
∂mi

u + ∂M
∂mi

ü
)]T

rj dt

= −
∫ ∞

0
2
∑

j

[
Q̂

(
∂K
∂mi

− ω2 ∂M
∂mi

)
û
]T

r̂j df

= −
∫ ∞

0

∑
2(Q̂Tr̂j )

T
(

∂K
∂mi

− ω2 ∂M
∂mi

)
ûdf

= −
∫ ∞

0

∑
2(Q†rj )

†
(

∂K
∂mi

u + ∂M
∂mi

ü
)

dt, (6)

where the hat denotes the corresponding quantity after per-
forming a Fourier transform. The superscript dagger repre-
sents a time reversal operator of the signal, and Q†rj refers
to backpropagating the time-reversed residual signals into
the domain where m is located.

B. Level-set method

In this article, we use the level-set method [29] to
represent the shapes of one or multiple voids with arbi-
trary shapes. This method defines a level-set function to
implicitly describe the geometry. It can always provide a
clear boundary during shape evolution and hence is widely
used for solving topology-optimization-related problems
[30,31]. The most important advantage of the level set is its
stability in handling topological variations such as splitting
one void into multiple voids and vice versa, in comparison
with approaches using explicit parameterization schemes.
This capability is particularly useful in the application here
to invert closely spaced tiny voids.

For a 2D problem, a level-set function � maps from
R

2 to R, and a level set is the set of coordinates when �

is a constant value, i.e., � = {x|�(x) = a}. The level-set

function � usually satisfies the following expressions:

�(x) > 0x ∈ D,

�(x) = 0x ∈ ∂�,

�(x) < 0x ∈ �,

(7)

where D represents the area inside voids, ∂� = �(0) is
the boundary of voids (i.e., the zero level set), and � is the
rest of the domain outside the voids as shown in Fig. 2. A
level-set function can be parameterized with different basis
functions in order to improve the numerical accuracy [30].
In this article, we choose to use the MultiQuadratic (MQ)
spline, which is a globally supported radial basis function
(RBF) and converges fast in topology optimization [32].
The MQ spline can be written as

gi(x) =
√

‖x − xi‖2 + c2, (8)

where xi is the coordinate vector of the ith grid point dis-
cretized for defining � and c is the corresponding shape
parameter, which is usually assumed to be a small con-
stant. If we consider the geometry evolution along the
pseudotime t, the corresponding level-set function can be
expressed as

�(x, t) =
n∑

i=1

αi(t)gi(x) + p(x, t), (9)

where αi(t) is the expansion coefficient for the ith grid
point at pseudotime t and p(x, t) is a first-degree polyno-
mial to account for the constant and linear part of �, which
can be written as

p(x, t) = p0(t) + p1(t)x + p2(t)y. (10)

To ensure a unique RBF interpolation of the level-set
function, the expansion coefficients α(t) must satisfy the
following requirement [32]:

n∑
i=1

αi(t) = 0,
n∑

i=1

αi(t)xi = 0,
n∑

i=1

αi(t)yi = 0. (11)

By combining Eqs. (9) and (10), the level-set function with
the above constraints can be written in the matrix form as

�(t) = Lα(t), (12)

where L is a matrix containing elements of gi(x) and α(t)
is a vector composed of αi(t).
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Ω,Φ < 0

,Φ = 0

,Φ > 0

,Φ > 0

FIG. 2. Illustration of the level-set function
�, with D denoting the impenetrable objects,
∂� representing the boundaries of the objects,
and � standing for the rest of the domain.

We choose the initial level-set function to be the signed
distance function regarding the boundary [33]:

�(xi, t = 0) = inf
xb∈∂�

‖xi − xb‖2S(�0), (13)

where

S(�) = �√
�2 + δ2

, �0(xi) =
{

1, xi ∈ D + ∂�

−1, xi ∈ �.

The governing equation for the evolution of the level-set
function is given by Ref. [31], and here we provide its
discretized form as

∂�(xi, t)
∂t

+ V · ∇�(xi, t) = wκ|∇�(xi, t)|, (14)

where V is the directional force acting on the level-set sur-
faces. Using the steepest descent method, the acting force
in Eq. (14) can be set as the negative boundary gradi-
ent calculated in GFWI, i.e., V = −∇C(xb). κ = ∇ · ∇�/

|∇�| is the surface curvature and w > 0 is the curvature
weight for smoothing the surfaces. Equation (14) can be
solved numerically for instance using the finite-difference
scheme. Note that the boundary gradient ∇C(xb) needs to
be extended from ∂� to the whole area. To simplify this
procedure, we define the normal directional force to the
boundary as

Vn = −∇C(xb) · (∇L)α(t)
|(∇L)α(t)| . (15)

The extended normal force Vext
n from Vn can be obtained

using the following relationship [33,35]:

∇Vext
n · ∇� = 0. (16)

Note that the extrapolation can be optimized so that Vext
n

has nonzero values only in a small neighborhood of ∂�.

III. NUMERICAL SIMULATION

Now we perform 2D numerical simulations to evalu-
ate the performance of the level-set-based GFWI method.
The examples are taken from ultrasonic imaging of one or
more subwavelength voids in solid bulk media. The simu-
lations are conducted using an accelerated elastic wave FE
software package, Pogo, based on multiple graphics pro-
cessing units (GPUs) developed by Huthwaite [36]. The
solid medium is aluminum with a density of 2700 kg/m3,
Young’s modulus of 70 GPa, and Poisson’s ratio of 0.33.
An ultrasonic array with multiple elements is simulated,
and each sensor serves as both transmitter and receiver
to perform a full matrix capture of scattered waves. The
incident wave signal is a two-cycle Hann-windowed tone
burst with a center frequency of 2.25 MHz. The corre-
sponding compressional (P) and shear (S) wavelengths are
λp = 2.75 mm and λs = 1.39 mm, respectively. To fully
capture the exact shapes of the voids and defects, all the FE
models are meshed using linear triangular elements with a
Delaunay-based automatic algorithm. The element size is
set to be 0.05 mm (approximately λp/60) to ensure con-
vergence and the time step is set based on the Courant
criterion [37].

Two common array configurations are considered in
the numerical simulations. We first consider scatterers
surrounded by a circular array, which forms an ideal full-
aperture imaging setup shown in Fig. 3(a). The circular
array has a radius of 15 mm (approximately 5.5λp ) with
81 sensors, separated by an interval of 1.16 mm (< λp/2).
Three numerical examples are evaluated under the full-
aperture setup: a void in a pentagram shape, two semicir-
cular voids, and four triangular voids separated well below
half a wavelength, as shown in Figs. 3(b)–3(d). Note that
the case of four voids and the role of wave interaction will
be discussed separately in the next section. In the second
configuration, a linear array composed of 64 elements is
placed on the top of the sample, and the bottom surface
(e.g., backwall) is included in the model. The pitch of the
array is 0.8 mm (< λp/2). The array has a limited aperture

024055-5



XIAO YIN and FAN SHI PHYS. REV. APPLIED 21, 024055 (2024)

Absorbing region

array

impenetrable 
objects

# 16# 21

(a) 0.41 mm ( )

0.67mm ( )

(b)
1.38 mm ( )

0.37 mm ( )

(c)

0.55 mm
( )

0.37 mm ( )

0.55 mm ( )

0.37 mm ( )

(d)

FIG. 3. The full-view array imaging configuration. (a) The simulation setup. (b) A void with a pentagram shape. (c) Two
subwavelength semicircular voids separated within half a wavelength. (d) Four closely spaced triangular voids.

width and it is closer to the experimental setup. The scat-
terers in all the examples are set to be in the subwavelength
scale, and their shapes are difficult to reconstruct using
existing imaging methods.

A. A subwavelength void in a pentagram shape

For the full-aperture simulations with a circular array,
each sensor is modeled as six adjacent nodes connected at
the center node, forming a regular hexagon. Radial forces
are applied on the six nodes to excite purely circular P
waves. The dimension of the whole FE domain is 60 ×
60 mm2. Absorbing regions with the stiffness reduction
method [38] are placed on the four sides of the FE domain,
with a thickness of 5 mm (approximately 1.82λp ). In the
first numerical example, we reconstruct a subwavelength
void in a pentagram shape as sketched in Fig. 3(b), with its
center positioned at (0 mm, −0.17 mm). The side length
of the pentagram is 0.41 mm (approximately 0.15λp ), and
the distance between two adjacent vertices is 0.67 mm
(approximately 0.24λp ). The main geometrical features are
only a fraction of the wavelength.

This case demonstrates the generalizability of the
proposed method in reconstructing the complex shape
of a subwavelength impenetrable scatterer. Figures 4(a)
and 4(b) show the array images of the void using conven-
tional total focusing method (TFM) and FM, respectively.
Both imaging algorithms can only show a vague shape
due to limited resolution. After applying the −6-dB thresh-
old method [39] to the TFM image, we can approximately
obtain a circular contour centered at the origin with a
radius of 0.7 mm as the blue dashed line in Fig. 4(c). This
contour is set as the initial model for running the level-
set-based GFWI method, and it is different from the true
void shape. However, after a few iterations, we see that
the proposed method can gradually update the shape and

the final reconstructed model (red line) almost coincides
with the true void shape (the black line) in Fig. 4(c). The
deep-subwavelength features such as the sharp vertices are
accurately reconstructed, showing significantly improved
resolution compared with conventional methods. Note that
only a rough estimation of the shape is needed for the ini-
tial model to start the shape inversion, and the method is
robust for reconstructing the true shape.

B. Two semicircular voids

Two closely located small scatterers are usually used
to examine imaging resolution. To further show the capa-
bility of the method in achieving superresolution, we set
two semicircular voids both with a diameter of 1.38 mm
(approximately λp/2) in a full-aperture circular array as
shown in Fig. 3(c). The inner boundaries of the two voids
are separated only by 0.37 mm (approximately 2

15λp ),
which are difficult to be resolved. Figures 5(a) and 5(b)
show the array images of the two voids using TFM and
FM, respectively. In the TFM image, only one big con-
tour encircling the voids can be observed but their inner
boundaries completely disappear. One can vaguely iden-
tify two scatterers from the FM image, but the shapes
and boundaries can be hardly quantified. Furthermore, for
impenetrable scatterers, the probing waves do not see the
inner boundary of one void because they are shadowed by
the other void. To reveal the inner boundaries, one has to
make full use of the wave interaction events among bound-
aries including evanescent waves and multiple scattering in
the forward and inverse models.

By applying the −6-dB threshold method to the TFM
image, a rectangular void with a length of 2.1 mm and a
width of 1.6 mm can be obtained as shown in Fig. 5(c),
whose topology is clearly distinct from the true shape.
However, we can use this large void as the initial model
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FIG. 4. Reconstruction of a subwavelength void in a pentagram shape. The side length of the void is 0.15λp (λp = 2.75 mm and
λs = 1.39 mm). (a) The TFM image. (b) The FM image. (c) The reconstructed shape from the initial guess to the 52nd iteration (final).
(d) The cost function.

to start the level-set-based GFWI for shape reconstruction.
Figures 5(d)–5(h) show the evolution of the topology at
different iterations during inversion and the corresponding
convergence of the cost function is plotted in Fig. 5(i). In
the first few iterations, the initial rectangular void grad-
ually reduces its extent, and clear indentations can be
observed on the top and bottom parts of the boundary.
These indentations result in a “dumbbell” shape of the
void as shown in Figs. 5(d) and 5(e). The connection area
in the dumbbell gradually shrinks and finally breaks from
Fig. 5(f) to Fig. 5(g). At the 55th iteration, the inversion
successfully leads to a topological change of splitting one
void into two small voids in Fig. 5(g). This step is critical
to resolving two closely spaced voids and correctly recon-
structing their shapes, and it shows the robustness of using
the level-set method in capturing topological changes dur-
ing inversion. The “splitting” action causes a significant
drop of the cost function from the 55th to the 56th iter-
ation, as can be observed in Fig. 5(i): major topological
variation leads to large perturbations of the wave field and

a dramatic change of the cost function. In the following
iterations, the shapes of two voids are further optimized,
and the final reconstructed shapes are almost identical to
the true geometries as shown in Fig. 5(h). The numerical
example here demonstrates that the method can achieve
superresolution reconstruction of the two voids, including
a clear recovery of the inner boundaries.

C. Limited-aperture setup

In a practical subsurface imaging setup such as ultra-
sonic defect characterization and seismic imaging, a linear
array is placed on the top due to geometrical restriction.
The setup poses a limitation of the effective aperture size
and viewing angles for imaging and inversion. Here we
examine the performance of the level-set-based GFWI
method with a limited-aperture setup. As shown in Fig. 6,
a circular void with a diameter of 1 mm (approximately
0.36λp ) and an oblique crack with a length of 1.2 mm
(approximately 0.44λp ) and an orientation angle of 45◦
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FIG. 5. Reconstruction of two subwavelength semicircular voids separated by a distance of 2λp/15 between their inner boundaries
(λp = 2.75 mm and λs = 1.39 mm). (a) The TFM image. (b) The FM image. (c) The initial model obtained from the TFM image.
(d)–(h) The reconstructed shape from the 5th to the 80th iteration. (i) The cost function. The sudden drop in the cost function between
the 55th and the 56th iterations corresponds to the topological change shown in (f),(g).

are placed 20 mm (approximately 7.26λp ) away from
the array. The distance between the centers of the two
defects is 1.2 mm (approximately 0.44λp ), and the dis-
tance between the nearest two points is only 0.28 mm
(approximately 0.10λp ), far below one wavelength. We
use this case to show that the method can reconstruct
defects with different types and scattering features. The
dimension of the FE model is 70 × 50 mm2, and absorb-
ing layers are placed on three sides to avoid unwanted
reflection waves. A backwall is at the bottom of the FE
domain, with an offset of 20 mm with respect to the defects.
Reflection waves from the backwall are also used in the
inversion because they provide important geometric infor-
mation about the lower part of the defect not directly seen
by the incident waves.

Figure 7(a) shows the TFM image of the two defects.
Two objects can be vaguely identified in the image, but
the types and shapes cannot be determined. After applying
the −6-dB method, we can obtain an initial model con-
taining two elliptical voids as shown in Fig. 7(b). Starting
from the initial model, the shapes of the two objects are
updated simultaneously as the iteration number increases.
After the 20th iteration, we can see from Figs. 7(c) and 7(e)
that the right-hand scatterer evolves from an elliptical void
to a straight crack. The final reconstructed scatterers have
almost the same shapes as the true defects as shown in
Fig. 7(e). This case demonstrates the robustness of the
proposed method in reconstructing defects with distinct
types in a limited-aperture setup. The multiple reflections
between the backwall and the scatterers are automatically
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Absorbing region

array

subwavelength
objects

1 mm (≈ 0.36 )

Enlarged

1.2 mm (≈ 0.44 p )

backwall

crack length = 1.2 mm
(≈ 0.44 )

45◦

FIG. 6. Schematic for the FE simulation of two closely spaced subwavelength defects with a backwall (limited aperture; λp = 2.75
mm and λs = 1.39 mm).

used during inversion, and hence the lower parts of the
defects are accurately reconstructed.

IV. MULTIPLE VOIDS AND WAVE INTERACTION

In this section, we further explore the capability of the
method in shape reconstruction of multiple closely spaced
subwavelength voids. As shown in Fig. 3(d), four voids are
placed in the center of the circular array with a separation
distance of 0.37 mm (approximately 2/15λp ) among the
inner boundaries. Each void is an isosceles right trian-
gle with a cathetus length of 0.55 mm (approximately
1/5λp ). The geometrical features and intershape spacing

are both well below half a wavelength. The physical rea-
son of superresolution shape reconstruction including the
role of strong wave interaction and evanescent waves at
the boundaries will be given using the example.

A. Reconstruction results

Figures 8(a) and 8(b) show the array images of the
voids produced by TFM and FM, respectively. From both
images, we can only identify one scatterer and it is almost
impossible to reveal four voids especially their inner
boundaries due to the resolution limit. By applying the
−6-dB threshold method to Fig. 8(a), a large square void
with a side length of around 2 mm is obtained as shown
in Fig. 8(c), and we use it as the initial model for running
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FIG. 7. Limited-aperture reconstruction of the two subwavelength defects from Fig. 6 (λp = 2.75 mm and λs = 1.39 mm). (a) The
TFM image. (b) The initial model. (c)–(e) Plots of the reconstructed shape from the 10th to the 40th iteration. (f) The cost function.
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level-set-based GFWI. Note that the initial square void has
a different topology and is much larger than the true voids.
Even starting with a rough initial guess, the shapes of voids
are correctly reconstructed as shown in Figs. 8(c)–8(j). In
the first few iterations, the four sides of the initial large
square contour gradually become concave, resulting in a
connection area linking the four inner corners of the voids
as shown in Fig. 8(e). In particular, we observe that the

connection gradually becomes a thin channel and begins
to break into two parts at the 106th iteration. This indicates
that the change of the topology is accurately traced during
inversion, and this is also reflected as a noticeable decay
in the cost function starting from the 106th iteration. At
around the 118th iteration shown in Fig. 8(i), the model
successfully splits into four subwavelength voids. The
splitting action is consistent with a dramatic drop in the
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FIG. 8. Reconstruction of the four subwavelength triangular voids from Fig. 3(d) (λp = 2.75 mm and λs = 1.39 mm). (a) The TFM
image. (b) The FM image. (c) The initial model. (d)–(j) Plots of the reconstructed shape from the 10th to the 140th iteration. (k) The
cost function, with the drop in the cost function marked between the 118th and 119th iterations due to the topological variation.
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cost function shown in Fig. 8(k). In Fig. 8(j), it can be seen
that the final reconstructed shapes of the defects match
very well with the true shapes, and the inner boundaries
are accurately recovered.

B. Discussion

Now we discuss why the proposed method can achieve
shape reconstruction of subwavelength objects separated
well below half a wavelength, using the above example of
four voids. The importance of taking the high-order wave

interaction including evanescent waves produced within
the boundary gaps into the inversion is shown.

First of all, most conventional tomography approaches
seek to produce a map of material properties such as
wave speed [22] or reflectivity [23], and then the shape
information can be extracted based on the image contrast.
To reduce the nonlinearity of the inverse problem, a lin-
earized model (e.g., Born approximation) is often used in
each iteration to invert a small update of the parameter
map. This will result in the resolution being limited by
half a wavelength according to small perturbation analysis
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FIG. 9. Illustration of the wave interaction among the voids. (a) Comparison of the total scattering and the single scattering summa-
tion from each void for the 16th–21st source-receiver pair. (b) Comparison of the total scattering and the single scattering summation
with the shadowing effects considered. (c) A small perturbation to the inner boundary of void A: the point P is moved by 0.05 mm,
while the other three voids remain unchanged. (d),(e) Amplitude perturbation matrices for the single scattering and total scattering. (f)
Difference between the two matrices, which represents the contribution from the wave interaction.
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TABLE I. Parameters of the ultrasonic phased array.

Number of elements per array 64 Interelement space 0.25 mm
Element width 15 mm Center frequency 2.25 MHz
Element pitch 0.8 mm Bandwidth (−6 dB) 1.3 MHz

[40]. Besides, most tomography methods are designed for
penetrable scatterers. They have difficulties achieving con-
vergence when the scatterers are impenetrable, because the
extremely sharp material contrast creates severe local min-
imum problems. In contrast, level-set-based GFWI directly
reconstructs the shape of the object, instead of invert-
ing the map of material properties. It iteratively updates
the boundary positions as a nonlinear shape optimization
procedure, and is very suitable for impenetrable strong
scatterers. The ability to reveal two very close boundaries
is not restricted by the classical diffraction limit.

In addition, unlike weak penetrable scatterers, for
closely spaced impenetrable scatterers the high-order wave
interaction among them is non-negligible and sometimes
can be as strong as the single scattering events. It is
crucial to include them in the inverse model, in order
to reconstruct the shapes, especially for the inner bound-
aries. Conventional methods based on single scattering
approximations will produce incorrect images. The inte-
rior wave interaction mainly contains evanescent surface
waves within the waveguide among inner boundaries.
They are converted to bulk wave scattering and measured
as coda waves in the far-field ultrasonic signals. These
waves carry deep-subwavelength information regarding
the geometrical details of the boundaries. GFWI acts as
the key tool to correctly make use of these waves and
hence enables superresolution shape reconstruction. To
further demonstrate the important role of wave interac-
tion, we show the simulated total scattering signal received
at the 21st sensor when the 16th sensor is fired [marked
as red in Fig. 3(a)]. The total signal includes both the
single scattering and high-order wave interaction, and it is
compared with that modeled only by the single scattering

assumptions as shown in Figs. 9(a) and 9(b). The sin-
gle scattering signal in Fig. 9(a) is obtained by summing
the scattered waves simulated in four individual models
containing each void. It is obvious that the single scat-
tering is very different from the total scattering signal for
both the amplitude and the wave form. We also plot the
single scattering signal when the geometrical shadowing
effects are considered in Fig. 9(b), by only summing the
scattering signals from voids A and B. The clear differ-
ence between single and total scattering indicates that the
wave interaction among voids is not negligible. The level-
set-based GFWI method correctly includes the high-order
wave interaction in both the forward and inverse model-
ing, which leads to the accurate reconstruction of the inner
boundaries.

We further calculate the sensitivity kernel [20,21] to
examine the role of the wave interaction in shape recon-
struction. The sensitivity kernel ∂u/∂m quantifies the
change in the received wave forms u due to a slight per-
turbation �m applied to the true model [41], and it can
be used to investigate the sensitivity and resolution of the
imaging method. Instead of giving an explicit analytical
solution, here we use the numerical method to visualize the
sensitivity level of the wave interaction to the inner bound-
ary perturbations. Specifically, the left inner boundary of
void A is perturbed slightly by moving the vertex P along
the x axis by 0.05 mm (approximately 0.02λ) as shown
in Fig. 9(c), while the other three voids remain unchanged.
The perturbation of the wave field due to the small geomet-
rical perturbation is shown in Fig. 9(d) for single scattering
and Fig. 9(e) for total scattering. We plot the matrices of
perturbed scattering amplitude at the center frequency of
2.25 MHz at different transmitter-receiver pairs. As can be
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FIG. 10. Experimental validation using an ultrasonic phased array. (a) Measurement setup with two subwavelength side-drilled holes
in an aluminum block separated by 1.5 mm (λp = 2.95 mm). (b) The multimode TFM image. (c) The multifrequency FM image.
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FIG. 11. Reconstruction of two subwavelength voids in the experiment (λp = 2.95 mm). (a) The initial model extracted from the
array images in Figs. 10(c) and 10(b). (b)–(e) The reconstructed voids from the 10th to the 71st iteration. (f) The cost function.

seen, the amplitude perturbation based on the single scat-
tering assumption is very small, which suggests that the
single scattering event hardly reflects the tiny geometri-
cal change of the inner boundaries. In contrast, the wave
perturbation is much higher for the total scattering con-
sidering wave interaction among voids. In Fig. 9(e), the
amplitude perturbation for transmitter-receiver pairs with
element index from 15 to 40 (e.g., reflections from voids
A and B) as indicated by a red square is almost four times
larger than that with single scattering. The difference of
the two amplitude perturbation matrices is also plotted
to further show the high sensitivity of the wave interac-
tion to the inner boundary perturbation. The comparison
of the sensitivity kernels between total and single scatter-
ing implies that it is important to include the strong wave
interaction in the inverse method for shape reconstruction.

V. EXPERIMENTAL VALIDATION

In addition to the above numerical simulations, we
perform an experiment to further validate the capability
of the proposed method in reconstructing subwavelength
impenetrable objects separated within half a wavelength,
when background noise is present. The experiment is con-
ducted using a 64-element linear ultrasonic phased array
(Imasonic, Besancon, France; with a Verasonics array con-
troller system) with a center frequency of 2.25 MHz.
The parameters of the array are shown in Table I. The

input signal is set to be a tone burst with a center fre-
quency of 2.25 MHz. Each array element transmits and
receives signals, and the full matrix capture of measured
datasets from all transmitter-receiver pairs are recorded for
postprocessing.

The array is placed tightly on the surface of an alu-
minum sample (λp = 2.9 mm), which has dimensions of
150 × 60 × 50 mm3. Two circular voids are manufactured
inside the sample block via wire electrical discharging
machining with a manufacturing tolerance of 0.05 mm
as shown in Fig. 10(a). By using a caliper, we take sev-
eral measurements of the radii and the positions of the
manufactured voids to determine their true values. The
two voids are located at a depth of 29.5 mm (> 10λp ) and
the radius is 0.5 mm (approximately 1/6λp ). The distance
between their centers is 1.5 mm (approximately 1/2λp ).
The experiment can be approximated as a 2D model, as
the width of the block (50 mm) is much larger than the
array width (15 mm).

We follow the same procedure as implemented in
Ref. [26] to obtain the actual input signals of the phased
array. A linear transfer function H(ω) is obtained by run-
ning a “twin” FE simulation with the same sample and
array setups. The signals directly reflected from the back-
wall to the array are used to estimate the transfer function.
The actual input signals can be estimated by deconvolv-
ing the measured signals with H(ω). The obtained input
signals are then used in the 2D FE simulations to run
the level-set-based GFWI method. The position of the
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FIG. 12. Comparison between the measurement and synthetic signals for the 32nd–33rd source-receiver pair. (a) Measurement and
synthetic signals from the initial model. (b) Measurement and synthetic signals from the 71st iteration.

backwall is known beforehand. Figures 10(b) and 10(c)
show the array images of the voids using the multimode
TFM [42] and the multifrequency FM [15], respectively.
From the TFM image, we can roughly find the upper and
lower parts of the object but it is impossible to differentiate
the two voids due to limited horizontal resolution. The FM
image has an improved resolution and the two voids can be
identified, but the actual shapes and the boundaries can be
hardly revealed.

We apply the −6-dB threshold method in both images
to find the approximate contours of the objects. The inter-
section of the two contours gives a rough estimation of the
shapes, which are set as the initial geometrical model as
shown in Fig. 11(a) to execute the level-set-based GFWI
method. As can be observed from Figs. 11(a)–11(e), after
a few iterations, the two tiny voids are accurately recon-
structed and the shapes are almost the same as the ground
truth. In particular, the inner boundaries of the two voids
separated by 1/6λ are correctly inverted by using the pro-
posed method. The success of the experiment demonstrates
that the level-set-based GFWI method can be used for
shape reconstruction of closely spaced subwavelength
objects in practice.

In addition, a comparison between the measurement and
the synthetic signals from the initial model and the 71st
iteration is shown in Fig. 12. The signals are recorded at
the 33rd sensor located at (0.4 mm, 30 mm) when the
32nd sensor at (−0.4 mm, 30 mm) is fired. A clear mis-
match between the wave forms can be found in Fig. 12(a)
for the initial model. After executing the shape inver-
sion method, the simulated signal from the final iteration
matches well with the experimentally measured signal as
shown in Fig. 12(b).

VI. CONCLUSION AND PERSPECTIVES

In summary, we have developed a level-set-based GFWI
method to achieve superresolution shape reconstruction of

multiple subwavelength impenetrable objects, from far-
field measurements. Most of the current far-field imag-
ing methods obey the classic diffraction limit and cannot
resolve the shapes of closely spaced objects. In particu-
lar, for impenetrable objects the high-order wave interac-
tions can be strong. They contain important subwavelength
information to reconstruct shapes (especially the inner
boundaries), but these waves are often not correctly used
during inversion. The method proposed in this article auto-
matically uses all the wave physics including the interior
wave interaction in calculating the correct boundary gra-
dient. The gradient values control the evolution of bound-
aries for a direct reconstruction of objects with arbitrary
shapes. Furthermore, by including the level-set function in
shape inversion, the method can accurately capture topo-
logical changes such as splitting a single object into mul-
tiple ones and vice versa. This is a critical step to achieve
superresolution capabilities. The initial image for running
the shape inversion is often vague (e.g., from beamform-
ing). With the level-set-based GFWI method, even starting
from a vague contour shape, the boundaries and shapes of
multiple objects can be gradually revealed by capturing the
topological variation during shape optimization.

Numerical simulations with different subwavelength
voids are performed and the level-set-based GFWI method
successfully inverts the shapes, giving the reconstruction
accuracy within a fraction of a wavelength. In particu-
lar, we show in one numerical example that the method
can reconstruct the complete shapes of multiple subwave-
length voids separated well below half a wavelength. The
strong and complex interior wave interaction among voids
is accurately captured and used in the inversion process,
leading to correct inversion of the inner boundaries of
voids, which are not directly probed by the incident wave.
The important role of wave interaction and evanescent
waves in calculating the geometrical boundary gradient
is shown. In addition to the numerical simulations, an
experiment is conducted using a linear ultrasonic phased
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array. The shapes of closely spaced subwavelength voids
are accurately inverted with the experimental data.

The proposed method enables far-field shape imag-
ing and/or inversion of voids and defects with a deep-
subwavelength resolution, which offers a powerful tool
that can potentially give a step change in subsurface sens-
ing applications such as ultrasonic nondestructive eval-
uation. Imaging and characterization of small defects as
early as possible are crucial to mitigate the risk of com-
ponent failure, and make the best use of resources during
component management. Early-stage internal defects are
typically much smaller than the probing wavelength and
are typically of various shapes and types (e.g., straight
defects, rough cracks, or voids). Geometrical information
regarding size, type, and shape is challenging to deter-
mine accurately with existing approaches, which usually
have a theoretical resolution limit of half a wavelength.
The information provided by the level-set-based GFWI
method can help significantly improve the accuracy of
defect characterization, and ultimately lead to safer oper-
ation of engineering components such as those used in
power plants and jet engines. For example, the method can
have important applications in resolving thin microcracks
with high aspect ratio, to prevent catastrophic failure of
components. Lastly, the method developed here for elastic
waves is versatile enough to be applied to various other
applications where subsurface sensing or imaging plays
a vital role. It can potentially be extended from voids
and cracks to penetrable inclusions. We foresee a poten-
tial impact of this work in wave imaging such as medical
ultrasound, seismology, and electromagnetic sensing.
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