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Nonlinear microwave circuits are key elements for many groundbreaking research directions and tech-
nologies, such as quantum computation and quantum sensing. The majority of microwave circuits with
Josephson nonlinearities to date are based on aluminum thin films; therefore, they are severely restricted in
their operation range regarding temperatures and external magnetic fields. Here, we present the realization
of superconducting niobium microwave resonators with integrated, three-dimensional (3D) nanobridge-
based superconducting quantum interference devices. The 3D nanobridges (constriction weak links) are
monolithically patterned into prefabricated microwave LC circuits using neon focused-ion-beam milling,
and the resulting quantum interference circuits show frequency tunabilities, flux responsivities, and Kerr
nonlinearities on par with comparable aluminum nanobridge devices, but with the perspective of a much
larger operation parameter regime. Our results demonstrate that neon focused-ion-beam milling is a
promising method for fabricating 3D constriction junctions with flexible parameters and reveal great
potential for application of the resulting microwave circuits in hybrid systems with, e.g., magnons and
spin ensembles or in flux-mediated optomechanics.

DOI: 10.1103/PhysRevApplied.21.024051

I. INTRODUCTION

Superconducting microwave circuits with integrated
Josephson junctions (JJs) and superconducting quantum
interference devices (SQUIDs) have led to groundbreak-
ing experimental and technological developments in recent
decades. Both single JJs and SQUIDs constitute a flexi-
ble and designable Josephson or Kerr nonlinearity, while
a SQUID additionally provides in situ tunability of the
resonance frequency by external magnetic flux. Circuits
with large nonlinearities originating from the Josephson
element form artificial atoms and qubits [1,2], which have
been used for spectacular experiments in circuit quantum
electrodynamics [3] and quantum information processing
[4]. Frequency-tunable devices with a small nonlinearity
are highly relevant for quantum-limited Josephson para-
metric amplifiers [5–7], tunable microwave cavities for
hybrid systems with spin ensembles and magnons, disper-
sive SQUID magnetometry [8,9], photon-pressure systems
[10–13], and microwave optomechanics [14–17].

In many of these currently active research fields,
such as flux-mediated optomechanics, hybrid quantum
devices with magnonic oscillators and dispersive SQUID
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magnetometry, it is highly desirable to have frequency-
tunable microwave circuits with small nonlinearity, high
magnetic field tolerance, and (in some cases) a critical
temperature significantly above that of aluminum. The
vast majority of frequency-tunable and nonlinear circuits,
however, use Josephson junctions and SQUIDs made of
aluminum thin films [18,19], a superconducting material
with a critical magnetic field of only Bc ∼ 10–100 mT
and a critical temperature Tc ≈ 1.2–1.5 K for convenient
film thicknesses � 100 nm [20]. For much thinner films
or material variations such as granular aluminum, the crit-
ical fields and temperatures can be considerably higher
[20–22], but at the expense of a very high kinetic induc-
tance, a property often detrimental to high-performance
SQUID operation. An approach that could fulfil the afore-
mentioned wish list is the implementation of microwave
circuits made of niobium [23], niobium alloys [24,25], or
even a high-Tc superconductor such as YBCO [26–28]
with high critical current density and high-field-compatible
Josephson elements such as nanoconstrictions [29–31].
In most efforts so far, however, it has proven difficult
to obtain large-tunability constriction-junction SQUIDs
made of these materials, both in the direct-current (dc)
operation mode and in the microwave domain [30,32–35].

Here, we report the realization of niobium supercon-
ducting quantum interference microwave circuits based on
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neon focused-ion-beam (Ne-FIB) patterned monolithic 3D
nanobridge junctions. Although the SQUIDs in our devices
have a large effective area of about 72 µm2, we achieve
smaller screening parameters than previous 2D niobium
nanobridge SQUID circuits with much smaller loops [30].
A small screening parameter is an important prerequisite
for stable flux tunability of the circuit resonance frequency
and large flux responsivities [36]. In addition, we char-
acterize our nanobridge quantum interference circuits at
varying temperatures in the regime 2.4 < Ts < 3.4 K and
demonstrate that they have a small Kerr nonlinearity of
|K|/2π � 10 kHz, ideal for large dynamic range appli-
cations. Our devices and results show great potential for
dispersive SQUID magnetometry, hybrid systems with
spin ensembles, magnons or cold atoms, and flux-mediated
optomechanics.

II. DEVICES

Our devices are lumped-element microwave circuits,
patterned from a dNb = 90-nm-thick layer of dc magnetron
sputtered niobium on top of a high-resistivity silicon sub-
strate with thickness dSi = 500 µm. The niobium film has
a transition temperature Tc ≈ 8.6 K and a zero-temperature
penetration depth λ0 ≈ 155 nm (see Note II within the
Supplemental Material [37]), and comparable films show
residual normal-state resistivities of ρNb ∼ 8–10 µ� cm at
10 K. The circuits consist of two interdigitated capacitors
(IDCs) combined in parallel and several linear inductors,
and they are capacitively side coupled to a Z0 ≈ 50 �

coplanar waveguide transmission line by means of a cou-
pling capacitance Cc for driving and readout. One of the
devices and its circuit equivalent are shown in Figs. 1(a)
and 1(b), respectively. The width of all lines (fingers and
inductor wires) and the gaps in between two adjacent IDC
fingers is W = 3 µm. At the connection point between the
capacitors and the inductor wires, a square-shaped loop
with an effective area of about 8.5 × 8.5 µm2 (hole size
6 × 6 µm2) is embedded into the circuit, which forms
the SQUID once the nanoconstrictions are introduced; see
Figs. 1(c) and 1(d).

After patterning the circuit itself by means of opti-
cal lithography and reactive ion etching using SF6, the
nanoconstrictions are fabricated into the center of the two
loop arms using a neon focused ion beam. For the sim-
plest constrictions, we cut a narrow 20-nm-wide slot from
both sides into each of the two loop arms, leaving only a
40-nm-wide constriction in the center of each arm. This
type of constriction (thickness equal for the leads and
the constriction) has been referred to as 2D constriction
and has been implemented for both dc and microwave
SQUIDs in the past [30,32,33]. It has also been demon-
strated, however, that 3D versions, i.e., constrictions that
are thinner than the superconducting leads connected to
them, can have superior properties such as less skewed

current-phase relations, smaller critical currents, and lower
flux noise [9,32,38,39]. Furthermore, implementing 3D
constrictions, although usually very challenging to fabri-
cate, allows one to keep the circuit film thickness large, i.e.,
the circuit and loop kinetic inductance small, while at the
same time getting a critical junction current I0 ∼ 10 µA, a
highly desirable range for simultaneously achieving a large
frequency tunability and a small circuit nonlinearity.

For implementation of the 3D versions, we therefore
modify our ion beam scan pattern in a way that the con-
striction is thinned down during the cutting procedure [see
Fig. 1(e)]; more details can be found in Appendix A.
Such a monolithic and so far unexplored Ne-FIB-based
approach for the generation of 3D nanobridges circum-
vents some of the challenges and possible problems of
previously implemented multilayer deposition processes,
such as guaranteeing good galvanic contact between the
layers or dealing with thin additional edges at the bot-
tom of the microwave structures [38,39], two problems
that get increasingly challenging with decreasing constric-
tion thickness. Single-layer processes using electron-beam
lithography (EBL) and reactive ion etching or lift-off on
the other hand cannot be used for the fabrication of 3D
bridges. Ne FIB furthermore allows one to retrim prepat-
terned nanoconstrictions with relative ease compared to
EBL due to the limited multilayer alignment accuracy of
typical EBL machines and the inevitable resist involved.
FIB techniques can finally be used on very uneven sam-
ples, something hard to implement with classical lithogra-
phy techniques. In principle, our fabrication method for 3D
constrictions can also be implemented using other mate-
rials such as aluminum, lead, titanium, or niobium alloys,
and it will be interesting to study the properties of such cir-
cuits nanopatterned by Ne FIB and to compare them with
those obtained using established techniques.

In addition to the manufacturing advantages, our
approach offers the unique opportunity to characterize one
and the same microwave circuit both without and with
the junctions, i.e., one can experimentally determine the
impact of the junctions on the circuit properties. In reverse,
we can also extract with high reliability the properties of
the constrictions themselves, such as the critical currents
as a function of temperature or the linear contribution to
the total junction inductance, which is closely related to
the constriction current-phase relation. We perform these
analyses in more detail below and in the Supplemental
Material [37].

We combine several LC circuits on a single coplanar
waveguide feedline, more specifically four circuits with a
SQUID and three circuits without a SQUID for reference.
The base circuits only differ in the number of fingers in
the IDCs and in the corresponding resonance frequencies
between 3 and 7 GHz. We present data for three of the
SQUID resonators with three different constriction types;
one resonator has 2D constrictions (junction thickness
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FIG. 1. A niobium-based quantum interference microwave circuit with monolithic three-dimensional nanobridge junctions. (a)
False-color optical micrograph and (b) equivalent circuit of a typical device. The main circuit inductance (purple) is modeled by a
linear inductor L − Lloop/4 and the two interdigitated capacitors (IDCs; orange) have a total capacitance of C. Each of the two IDCs
has Nidc (here Nidc = 46) fingers with a length of l = 250 µm and a width of W = 3 µm. In the center of the circuit is a loop structure
for the SQUID. The square-shaped loop has a total loop inductance Lloop ≈ 17 pH and the nanobridges (blue) have a constriction
inductance Lc (only �= 0 after junction patterning). The resonant circuit is capacitively coupled to a coplanar waveguide transmission
line with a characteristic impedance of Z0 ≈ 50 � by means of a coupling capacitance Cc (coupling elements green). (c) False-color
scanning electron microscopy (SEM) image of the loop after constriction cutting; (d) enlarged view of a 3D constriction after cutting,
taken with a SEM tilt angle of 30◦. In (a), (c), and (d) niobium is bright gray and colored. The silicon substrate is dark gray. Panel
(e) schematically illustrates the nanoconstriction fabrication. For the 2D constrictions, two narrow slits are patterned into each of the
SQUID arms by a neon focused ion beam; for the 3D constrictions, the nanobridges are additionally thinned down from the top by
the neon beam. (f) Transmission |S21| of one of the circuits (device 3D1) at Ts = 2.5 K before (gray) and after (blue) the constriction
cutting; black lines are fits to the data. Before the junction cutting, the circuit has a resonance frequency ωb and a linewidth κb; after
the cutting the circuit has a resonance frequency ω0 and a linewidth κ0. Values can be found in the main text. From the shift of the
resonance frequency induced by the cutting, we determine the total additional inductance of the constrictions Lc/2.

dJJ = 90 nm) and two resonators have 3D constrictions
with dJJ ≈ 30 nm (3D1) and with dJJ ≈ 20 nm (3D2)
(thicknesses are estimated from the neon ion dose). The
chip is 10 × 10 mm2 large and is mounted onto a printed
circuit board (PCB), to which both the ground planes and
the coplanar waveguide feedlines are connected through
wirebonds. The chip and PCB are placed in a radiation-
tight copper housing and the package—including a magnet
coil fixed to the box—is mounted inside the vacuum cham-
ber of a dipstick that can be inserted into a liquid helium
cryostat. The cryostat allows for high-stability temperature
control in the range 2.4 < T < 7.5 K by a combination of
pumping on the liquid helium container and a feedback
loop using a temperature diode and a heating resistor in the
vacuum compartment where the sample is mounted. The
sample box including the magnet is additionally placed

into a cryoperm magnetic shield and the whole cryostat
is packed into a double-layer room-temperature mu-metal
shield. The microwave input line is strongly attenuated by
30 dB to equilibrate the incoming noise to the sample tem-
perature and the output line is connected to a cryogenic
high-electron-mobility-transistor amplifier. More details
on the experimental setup are given in Appendix B and
Note I within the Supplemental Material [37].

III. IMPACT OF JUNCTION CUTTING

As first step in our device characterization, we measure
the transmission coefficient S21 with a vector network ana-
lyzer (VNA) once before the constriction patterning and
once after. For all data presented here, below, and in the
Supplemental Material [37], the VNA probe tone power
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is chosen to be sufficiently weak, such that all nanocon-
striction circuits are always in the linear response regime.
This corresponds to intracircuit probe photon numbers
n2D

pr < 70, n3D1
pr < 10 and n3D2

pr < 2 for all VNA measure-
ments. In Fig. 1(f), the transmission |S21| at 2.5 K for
device 3D1 is shown in direct comparison for both cases.
From the fits, we obtain the resonance frequencies ωb =
2π · 4.308 GHz (no constrictions) and ω0 = 2π · 4.197
GHz (with constrictions) and therefore we can calculate
the single-constriction inductance from the constriction-
induced frequency shift via

ω0 = ωb√
1 + Lc/(2L)

. (1)

Here and for all further analyses in this work, we assume
two identical constrictions in each SQUID. Using L =
568 pH, as obtained from a combination of measuring
the temperature dependence of the resonance frequency
and numerical simulations with the software package 3D-
MLSI [40] (see Note II within the Supplemental Material
[37] for all device parameters), we get L3D1

c = 61 pH for
device 3D1.

Additionally, we extract the internal (subscript “i”) and
external (subscript “e”) linewidths from the fit before and
after nanobridge patterning and obtain κi,b = 2π · 73 kHz,
κe,b = 2π · 1.2 MHz without and κi = 2π · 6.5 MHz, κe =
2π · 1.4 MHz with the constriction junctions. Here κb =
κi,b + κe,b and κ0 = κi + κe.

The slight increase in the external linewidth could be
caused by parasitic reflections in the microwave feedlines
and/or cables and by the resulting partial standing wave
pattern, which will lead to the input impedance of the feed-
line at the location of the resonator being different from
50 � in a possibly frequency-dependent fashion. Other
possible causes are parasitic signal paths, e.g., around the
chip [41], leading to frequency-dependent Fano interfer-
ences and fitting errors as described in Ref. [42]. Both
effects could be different before and after the Ne-FIB step
due to the chip being wirebonded for a second time after
the constriction nanopatterning.

The considerable increase in the internal linewidth on
the other hand indicates that cutting the junction has intro-
duced an additional loss channel and we believe that it
is related to an increased quasiparticle density inside the
constriction. First, it has been observed that ion-milled
constrictions have a reduced critical temperature com-
pared to the rest of the niobium film [43–46], which
locally decreases the superconducting gap and increases
the intrinsic thermal quasiparticle density; see also the later
discussion of the temperature dependence of the devices.
Based on this reduced gap, the local quasiparticle density
could even be further increased, since the constriction with
the reduced gap might act as a potential well or trap for
thermal quasiparticles from the leads, similar to what has

been observed in aluminum constrictions or vortex cores
[47,48]. We note that the increase in losses could also be
partly related to generating some normal-conducting nio-
bium at the surface or at the edges of the constriction by
the neon ions. To illuminate the exact loss mechanisms in
detail, however, further and dedicated experiments will be
necessary in the future.

By performing completely analogous experiments
and data analyses for the 2D and 3D2 circuits (see
Appendix D), we extract the corresponding constriction
inductances to be L2D

c = 8 pH and L3D2
c = 103 pH. More

details regarding the three circuits and their basic parame-
ters, L, C, Lloop, Cc, and κi/e, can be found in Note II within
the Supplemental Material [37].

IV. FLUX TUNING

In order to learn more about the nature of the constric-
tions and how our SQUID circuits perform in terms of
frequency tunability, flux responsivity, and the screening
parameter, we apply an external magnetic field to the cir-
cuits that introduces magnetic flux �ext into the SQUIDs.
The constriction inductance Lc we obtained above is
not necessarily a purely nonlinear Josephson inductance,
but might have a linear contribution as well. In many
cases, nanoconstrictions have been found to have forward-
skewed sinusoidal current-phase relationships (CPRs) [33,
38,49–51] and such a skewed sine function can also be
modeled approximately as a series combination of an ideal
Josephson inductance LJ with sinusoidal CPR and a lin-
ear inductance Llin [49], i.e., Lc = LJ + Llin; see Fig. 2(a).
Here, the ideal Josephson inductance would be given by
LJ = LJ0/ cos ϕ, where ϕ is the phase difference across the
junction, LJ0 = �0(2π I0)

−1, and I0 is the critical current
of the junction. The Josephson phase ϕ of each junction
in a symmetric SQUID without bias current is related to
the total flux � in the loop via ϕ = π�/�0. To change
the magnetic flux through the loop, we sweep a dc cur-
rent through the magnet coil attached to the backside
of the chip housing, which generates a nearly homoge-
neous out-of-plane magnetic field at the position of the
SQUIDs.

Figure 2(b) shows the circuit response |S21| of the 3D1
SQUID circuit for several bias fluxes �ext. We observe
that the resonance dip moves to lower frequencies, i.e.,
that the resonance frequency is shifted downwards with
flux, and that the depth of the dip decreases while the
linewidth increases, at least as long as �ext < �0/2 with
the flux quantum �0 ≈ 2.068 × 10−15 Tm2. Over larger
flux ranges, we in fact observe an oscillating behavior
of the resonance frequency ω0(�ext) with a periodic-
ity of �0, reflecting fluxoid quantization in the SQUID
loop; see Fig. 2(c). Very much as suggested by previous
reports [36,38] and as intuitively expected, we observe
that the resonance frequency tuning range (difference
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(a)

(c)

(b)

FIG. 2. Flux tuning the resonance frequency of niobium quantum interference circuits with 2D and 3D constriction junctions. (a)
Circuit equivalent of the SQUID with a linear loop inductance Lloop/2 in each arm and a constriction inductance Lc, modeled by a linear
contribution Llin and a sinusoidal Josephson contribution LJ. We apply an external magnetic field Bext perpendicular to the SQUID loop
to change the inductances LJ(�ext) with the externally applied magnetic flux �ext and with it the resonance frequency of the circuit.
(b) Transmission response |S21| of the 3D1 constriction SQUID circuit for three different external fluxes �ext and Ts = 2.5 K. With
increasing �ext, the resonance shifts towards lower frequencies, indicating an increase in the constriction inductance by flux. Colored
noisy lines are data and black smooth lines are fits. The flux values are �ext/�0 = 0, 0.4, 0.5. From the fits, we extract the resonance
frequency ω0(�ext), which is shown as a function of flux in panel (c) for the three different circuits with three different constrictions.
Insets show sketches of the junction type. Symbols are data and lines are fits from which we extract the screening parameter βL.
Left: 2D constriction with a thickness of about 90 nm. Middle: 3D constriction 3D1 with a thickness of about 30 nm; star-shaped
data points correspond to the data sets in (b). Right: 3D constriction 3D2 with a thickness of about 20 nm. With decreasing thickness
of the constriction, the tuning range gets larger and the screening parameter βL and flux hysteresis (overlap of adjacent flux arches)
decrease.

between the maximum and minimum resonance frequen-
cies) gets larger with decreasing constriction thickness. For
the 2D junctions [left plot in Fig. 2(c)], the total resonance
frequency tuning range that we can achieve is only about
10 MHz and the individual flux arches strongly overlap
with a total observable width of each arch of about 2�0.
For the 3D2 device [right plot in Fig. 2(c)], the tuning
range is about 65 MHz and a flux hysteresis (two possi-
ble resonance frequencies for a single flux value as in the
2D circuit) is not observable in the data. The 3D1 circuit is
somewhere in between, just as it is positioned in Fig. 2(c).

To quantitatively model the flux dependence of the reso-
nance frequency and gather information about LJ and Llin,
we consider a flux-dependent resonance frequency

ω0(�ext) = ωb√
1 + 1

2L

(
Llin + LJ0

cos
(
π �

�0

)) . (2)

The relation between the total flux in the SQUID � and the
external flux �ext is given by

�

�0
= �ext

�0
− βL

2
sin

(
π

�

�0

)
, (3)

where

βL = 2I0(Lloop + 2Llin)

�0
= Lloop + 2Llin

πLJ0
(4)

is the effective SQUID screening parameter. The result of
fitting the flux dependence of the resonance frequency with
Eqs. (2) and (3) is shown as lines in Fig. 2(c) and shows
good agreement with the experimental data for all three
circuits.

The fit parameters we obtain for the single-junction
sweetspot inductance LJ0, the single-junction critical cur-
rent I0, the linear inductance contribution Llin, and the
screening parameter βL are summarized in Table I. Inter-
estingly, the extracted inductances do not show the some-
what expected tendency that Llin/LJ0, representing the

024051-5



KEVIN UHL et al. PHYS. REV. APPLIED 21, 024051 (2024)

TABLE I. Nanobridge and SQUID parameters for the three cir-
cuits. Parameters are the same as those for the flux-tuning curve
fits of Fig. 2(c) at Ts = 2.5 K.

Circuit I0 (µA) LJ0 (pH) Llin (pH) βL

2D 65 5 3 1.49
3D1 10 33 28 0.69
3D2 6 58 45 0.59

skewedness of the CPR, decreases with dJJ and I0. As
a consequence of the low critical current in the 3D2
device, however, we obtain a small screening parameter
βL = 0.59 despite our large SQUID loop and a maxi-
mum flux responsivity ∂ω0/∂�ext ≈ 2π · 400 MHz/�0,
on par with similar aluminum constriction devices [52,53]
and highly promising for applications in photon-pressure
systems and flux-mediated optomechanics. The screen-
ing parameters in the optimized aluminum-constriction
circuits in Refs. [52,53] for 50–100-µm2-large SQUIDs
have been obtained as βL = 0.7 and βL = 1.1, respec-
tively, and the flux responsivities used in these experiments
have been between ∂ω0/∂�ext ≈ 2π · 250 MHz/�0 and
∂ω0/∂�ext ≈ 2π · 520 MHz/�0. Therefore, it is now pos-
sible to work with comparable circuits, responsivities,
and screening parameters as before, but at a considerably
higher temperature (here Ts ∼ 2.5 K) and presumably at
much larger magnetic in-plane fields. Note also that the
flux responsivities strongly depend on the linear induc-
tance of the circuit L, which is highly designable and is
currently about 500 pH. With a different circuit layout such
as that in, e.g., Ref. [54] and an even thicker film, L could
be reduced by up to one order of magnitude, thereby also
increasing the tuning range and the flux responsivity by a
factor of about 5 compared to now.

Regarding the increase in the linewidth with flux, which
is visible in the data of Fig. 2(b), we believe that it is
related to a reduction in the superconducting gap with
increasing current in the constriction [50], and the cor-
responding increase in local quasiparticle density, both
by the reduction of the gap itself, but also by trapping
more quasiparticles from the leads. Most likely, there are
additional contributions due to internal and external low-
frequency flux noise and thermal photon occupation of
a nonlinear resonator [19], which at Ts = 2.5–3.5 K is
nth ∼ 10–20 photons for an 4–5 GHz mode based on the
Bose distribution nth = (e�ω0/kBTs − 1)−1.

V. TEMPERATURE DEPENDENCE

An interesting question when characterizing and oper-
ating superconducting microwave devices and SQUIDs at
a temperature several tens of percent of the critical tem-
perature Tc is how the properties depend on the sample
temperature Ts in that regime and if we can extrapolate to
the properties at lower temperatures from that. The most

(a)

(b)

(c)

FIG. 3. Temperature dependence of the circuit and SQUID. (a)
Flux-tuning curve ω0(�ext) of device 3D1 for several different
sample temperatures Ts = 2.4–2.8 K in steps of 0.1 K. Top curve:
lowest temperature. Bottom curve: highest temperature. Circles
are data and lines are fits to Eqs. (2) and (3). From the fits we
extract the critical current of the constriction I0 and the screening
parameter βL; the obtained values for both are shown as circles
in (b) and (c), respectively. (b) Critical current I0 versus the sam-
ple temperature Ts for all three constriction SQUID cavities as
extracted from the corresponding flux-tuning curves. Symbols
are data and lines are fits. From the theoretical fit curves (see
the main text), we can extrapolate to the critical current at mil-
likelvin temperatures and obtain the critical temperatures of the
constrictions T2D

cc = 3.96 K, T3D1
cc = 3.47 K, and T3D2

cc = 3.31 K.
In combination with the temperature dependencies of Lloop and
Llin, we can calculate theoretical lines for βL(Ts), as shown in
panel (c), for all three circuits in comparison to the experimental
data. Inset shows an enlarged view of the data for the 3D samples.

relevant parameters we are going to consider here are the
cavity resonance frequency ω0(Ts), the constriction critical
current I0(Ts), and the SQUID screening parameter βL(Ts)

for all three circuits.
The main results are summarized in Fig. 3. We repeat

the experiment of flux tuning presented in the previous
section for different sample temperatures Ts. From the
transmission curves S21 for varying external flux we extract
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ω0(Ts, �ext) [see Fig. 3(a) for a corresponding dataset of
sample 3D1]. Corresponding datasets for 2D and 3D2 can
be found in Appendix D. For each temperature Ts, we
also measured ωb(Ts), so we have a reference resonance
frequency from before neon irradiation; see also Note II
within the Supplemental Material [37] for the temperature
dependence of the constrictionless 3D1.

We observe in the resonance frequency tuning curves
that with decreasing temperature the zero-flux resonance
frequency gets shifted to larger values, a clear indication
for a reduction of the kinetic inductance both in the con-
strictions and in the rest of the circuit. Furthermore, we
find that the tuning range of the resonance frequency grows
with increasing temperature, indicating that the constric-
tion inductance increases faster than the remaining circuit
inductance, and we observe that the screening parameter
βL decreases, since LJ0 is increasing faster with Ts than the
effective loop inductance Lloop + 2Llin.

For a quantification of these effects, we fit the flux-
tuning data again with the same equations and procedure
as described in the previous section. As a result, we obtain
for each sample LJ0(Ts) and Llin(Ts) (see Note V within
the Supplemental Material [37]), and from the former
we calculate I0(Ts) = �0[2πLJ0(Ts)]−1. The critical cur-
rents obtained from this are shown for all three circuits in
Fig. 3(b). We model the data with the theoretical Bardeen
expression for the critical current of a constriction [44,55]

I0(Ts) = Ic

[
1 −

(
Ts

Tcc

)2]3/2

, (5)

and find as fitting parameters the critical current at zero
temperature Ic as well as the constriction critical tem-
perature Tcc. As we have already speculated above, the
critical temperature Tcc of the constrictions is considerably
reduced compared to the niobium film to values between
T2D

cc = 3.96 K and T3D2
cc = 3.31 K according to these fits.

Interestingly, similar Tcc values have also been observed
for electron-beam-patterned niobium nanobridges with
comparable critical currents [44]; therefore, the reduced
transition temperature might not actually be related to an
impact of the neon ions. Since according to this fit our data
are taken at Ts > 0.5Tcc, we find that the critical currents
still increase by a factor of 2 in the 2D constrictions and by
about a factor of 3 in the 3D constrictions when approach-
ing Ts → 0 and with respect to the smallest experimental
temperature Tmin

s = 2.4 K.
It is also interesting to discuss the temperature depen-

dence of βL and its projected values in the millikelvin
regime, although this is a bit speculative due to the lim-
ited range of data available. The experimental data shown
in Fig. 4(c) for all three circuits have been obtained from
the flux-tuning fits. For the 2D sample, the values for
βL are found to be between 0.6 and 1.6 in the measured
regime and, for the 3D samples, between 0.4 and 0.8. To

model the temperature dependence, we take into account
the fit curves for I0(Ts) as shown in panel (b), the tem-
perature dependence of the loop inductance Lloop(Ts) as
discussed in Note II within the Supplemental Material [37],
and the temperature dependence of Llin(Ts) that we obtain
by a fit of the experimentally obtained values (see Note
V within the Supplemental Material [37]). We find curves
that coincide very well with the experimental data in the
measured range of Ts and that predict screening parameters
for Ts → 0 saturating around 3.1 for the 2D constrictions
and around 1.8 and 1.9 for the 3D SQUIDs. All these val-
ues are still smaller than or comparable to the millikelvin
screening parameter βL > 3.4 given in Ref. [30] for 2D
niobium constrictions, despite the fact that our SQUID
areas are almost a factor 20 larger.

It seems that the nonsinusoidal CPR of the constric-
tions is currently the main limiting factor for βL in the
3D samples, while in the 2D sample 2L2D

lin ≈ 6 pH and the
screening parameter is limited by the actual Lloop. It will be
interesting to see in future experiments in the millikelvin
temperature regime if these predictions are valid or if so-
far neglected effects will emerge and lead to a different
behavior than expected. With lower-temperature experi-
mental possibilities, it will also be interesting to further
reduce the thickness and critical current of the 3D junc-
tions, which in the current setup with Tmin

s ≈ 2.4 K was
not possible, as can be seen from the very limited temper-
ature range already accessible in the existing 3D devices
with Tcc < 3.5 K.

VI. KERR NONLINEARITY OF THE CIRCUITS

As a final experiment, we determine a very important
parameter of Josephson-based microwave circuits—their
Kerr constant K, also called the anharmonicity or Kerr
nonlinearity, which is equivalent to the circuit resonance
frequency shift per intracavity photon. For many appli-
cations, a small Kerr nonlinearity is highly desired, as it
increases the dynamic range or maximum intracavity pho-
ton number of the device. This is important, for instance, in
parametric amplifiers [5–7,56] and in cavity-based detec-
tion techniques such as dispersive SQUID readout [8,9,
54], SQUID optomechanics [15,57], and photon-pressure
sensing [11,12], where the signal of interest is propor-
tional to the intracavity photon number nc and therefore
profits from high-power detection tones. The origin of
the nonlinearity in our SQUID circuits is the nonlinear
inductance of the nanoconstrictions. In order to access K
experimentally, we implement a two-tone protocol, (see,
e.g., Refs. [56,58]), and measure the equivalent of the ac
Stark shift in the driven circuits. The first microwave tone
of the two-tone scheme is a fixed-frequency pump tone
with variable power Pp and a frequency ωp slightly blue
detuned from the undriven cavity resonance ωp = ω0 + Δp
with Δp ∼ κ . For each pump power, we then measure the
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(a) (b)

(c)

(d)

FIG. 4. Two-tone characterization of the SQUID-circuit Kerr nonlinearity. (a) The SQUID circuit transmission response S21 is
probed with a weak microwave signal, while a strong microwave pump tone with fixed frequency ωp and variable power Pp is applied
slightly blue detuned from the cavity resonance ωp − ω0 = Δp ∼ κ . With increasing Pp, the dressed circuit resonance frequency shifts
towards lower frequencies and the linewidth increases. Five datasets for five different Pp are shown; subsequent datasets are offset by
−0.25 for clarity. From fits (black lines) to the data (blue noisy lines) we calculate the resonance frequency shift δω0 = ω0(Pp) − ω0(0)

and the linewidth κp. The results are shown in panels (b) and (c) for different �ext, temperature Ts = 2.5 K, and sample 3D1. Circles are
data and lines are fits. Star symbols are data points that correspond to the five datasets shown in panel (a). From the fits, we determine
the Kerr nonlinearity K(�ext). We perform this characterization for all three circuits; the result is shown in panel (c) versus the external
flux bias �ext/�0. Symbols are data and dashed lines are theoretical curves based on the flux-tuning curve and Eq. (9), but without
free parameters. Dotted red lines are theoretical curves without the correction factor arising from βL �= 0. Cross symbols in the data of
3D1 correspond to the extracted values from the datasets shown in panels (b) and (c). Error bars take into account uncertainties in the
intracavity photon number nc; see Note VI within the Supplemental Material [37].

pump-dressed device transmission S21 with a small probe
tone; see Fig. 4(a).

What we find qualitatively in this experiment is that,
with increasing pump power, the dressed circuit resonance
frequency shifts towards lower frequencies and that the
internal linewidth of the mode increases; see Fig. 4(a).
For a quantitative analysis, we fit each pump-dressed reso-
nance with a linear cavity response for S21 (see Appendix C
and Note IV within the Supplemental Material [37]), from
which we extract the pump-shifted resonance frequency ω′

0
and the pump-broadened total linewidth κp.

To model the circuit and the results and to extract K,
we use the equation of motion for the complex intracavity
field α:

α̇ =
[

i(ω0 + K|α|2) − κ0 + κnl|α|2
2

]
α + i

√
κe

2
Sin (6)

with a nonlinear damping parameter κnl, the total input
field Sin, and a normalization such that |α|2 = nc is the
total intracircuit photon number. In the linearized two-tone

regime (pump power 	 probe power; see Appendix C
for details), for the pump-broadened linewidth and the
pump-induced frequency shift δω0 = ω0 − ω′

0, we find the
relations

κp = κ0 + 2κnlnc, (7)

δω0 = Δp −
√

(Δp − Knc)(Δp − 3Knc) − κ2
nln2

c

4
. (8)

Subsequently, we use the δω0 and κp as obtained from the
measurements to determine the intracavity photon num-
ber nc for each Pp without any knowledge of K; see
Appendix C, in particular Eq. (C25). In Figs. 4(b) and 4(c),
the extracted values δω0 and κp are shown for various bias
flux values and plotted versus the intracircuit pump photon
number nc in device 3D1 at a sample temperature Ts = 2.5
K. Both quantities show a nearly linear dependence on the
pump photon number as implemented by our model and
the corresponding slope depends in turn on the bias flux
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�ext. We fit the data using Eqs. (7) and (8) and obtain
K(�ext) for all three devices.

For all circuits, the nonlinearity shown in Fig. 4(d)
increases with increasing flux, but the absolute values dif-
fer by several orders of magnitude. While the 2D circuit
has a Kerr constant of about only 1 Hz, the 3D circuits
possess nonlinearities of 102 to 103 Hz in 3D1 and up to
103 to 104 Hz in 3D2. All nonlinearities can still be con-
sidered small though and are in particular several orders
of magnitude smaller than the cavity linewidths K 
 κ0.
We also observe very good agreement with the theoretical
expression for the Kerr nonlinearity

K = − e2

2�Ctot

(
LJ

2L + Llin + LJ

)3[
1 + 3� tan2

(
π

�

�0

)]
(9)

with electron charge e, total circuit capacitance Ctot =
C + Cc, reduced Planck constant �, and � = (Llin +
Lloop/2)/(Llin + Lloop/2 + LJ). Note that we apply the
method of nonlinear current conservation discussed in
Ref. [56] to obtain this theoretical expression; see
Appendix E. The unusual tan2 term in the square brackets
of Eq. (9) is, however, not stemming from an asymmetry
or a hidden third-order nonlinearity, it is a correction factor
for perfectly symmetric SQUIDs with screening parameter
βL > 0. How necessary it is to consider this extra term is
revealed by the difference to the simple participation ratio
expression [Eq. (9) with � = 0], which is also shown in
Fig. 4(d) as dotted lines and that, for large flux bias values,
differs from the exact result and the data by up to a fac-
tor of about 4. The excellent agreement between the data
and the theory curves also supports our initial assumption
of (nearly) identical constrictions in each SQUID, since a
junction asymmetry would lead to the flux-tuning curves of
either the resonance frequency or the Kerr anharmonicity
to deviate from the theory assuming symmetric SQUIDs.

VII. DISCUSSION

In summary, we have reported niobium-based super-
conducting quantum interference microwave circuits with
integrated, monolithically fabricated 2D and 3D nanocon-
striction SQUIDs. The successful implementation of 3D
constrictions nanopatterned with a Ne FIB constitutes a
promising addition to the notoriously difficult patterning
methods of such devices, and can also be applied to other
materials such as aluminum or niobium alloys in the future.
Our experimental results revealed that the tuning range and
the flux responsivity of the circuits increase with decreas-
ing constriction thickness and critical current. Strikingly,
our circuits can be operated at temperatures up to about
4 K though, nearly an order-of-magnitude enhancement
over comparable aluminum realizations. The critical cur-
rents we obtained strongly depend on constriction type

and thickness as well as on sample temperature, and we
found values between I0,min ∼ 4 µA and I0,max ∼ 80 µA
in the investigated temperature range. We believe that in
the future we can even achieve critical currents as low
as 1 µA, possibly even in the millikelvin regime. We
have also extracted and modeled the Kerr anharmonic-
ity of all circuits and found values between 0.5 Hz for
the 2D circuits and 10 kHz for the 3D circuit with the
lowest critical current junctions. The overall characteris-
tics of the circuits make them highly promising candidates
for quantum circuit and quantum sensing applications,
in particular when a high dynamic range and high mag-
netic fields will be important such as in spin-qubit cir-
cuit quantum electrodynamics, hybrid quantum devices
with magnonic oscillators, dispersive magnetometry, or
flux-mediated optomechanics.

Depending on the exact requirements of each hybrid
system and experiment, the parameters of the embedding
circuits can be easily adjusted in the future to obtain
much larger (or smaller) frequency tuning ranges, larger
(or smaller) flux responsivities, and larger (or smaller)
Kerr nonlinearities. A good example for how strongly the
embedding circuit impacts these properties is given in
Ref. [54], where two very different resulting circuits are
obtained from identical aluminum constriction SQUIDs by
just choosing very different values for C and L. One of
the circuits can be flux tuned by about 2 GHz, while the
other has a tuning range of about 90 MHz. Using simi-
lar approaches and combining them with the possibility to
adjust the SQUID size, the desired critical currents, and
the operation temperature by at least one order of magni-
tude opens a very large parameter space for the design of
nonlinearities, flux tunabilities, and responsivities.

The most interesting open questions to be investigated
in future experiments are the circuit characteristics at tem-
peratures in the millikelvin regime and in large magnetic
fields, the exact origin of the microwave losses in the
nanoconstriction circuits, and possibilities to reduce them,
as well as a theoretical and experimental investigation of
the noise characteristics in such devices. Finally, it will be
interesting to investigate possibilities to further reduce the
critical currents and the screening parameters, by poten-
tially further reducing the size of the nanoconstrictions in
all three dimensions.

All data presented in this paper and the corresponding
processing scripts used during the analysis are publicly
available online [59].
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APPENDIX A: DEVICE FABRICATION

In this appendix, the sample fabrication is described step
by step, and a schematic representation of the nanocon-
striction fabrication based on Ne-FIB milling is shown in
Fig. 5.

Step 1: microwave cavity patterning. The fabrication starts
with sputtering 90-nm niobium (Nb) on top of a high-
resistivity (ρ > 10 k� m) intrinsic 2-in. silicon wafer.
The wafer thickness is 500 µm. Then, the complete
wafer is covered with a 600-nm-thick layer of ma-P
1205 photoresist by spin coating and structured by
means of maskless scanning laser photolithography
(λLaser = 365 nm). After development of the resist in
ma-D 331/S for 40 s, the patterned side of the wafer
is etched by means of reactive ion etching using SF6.
For cleaning, the wafer is finally rinsed in multiple
subsequent baths of acetone and isopropanol.

Step 2: dicing and mounting for precharacterization. At
the end of the microwave cavity fabrication, the
wafer is diced into individual 10 × 10 mm2 chips.
These chips are individually mounted onto a PCB,
where they are wirebonded to microwave feedlines
and ground, and the complete set of chip and PCB is
packaged into a radiation-tight copper housing. After
mounting into the measurement setup, the precharac-
terization of the device is performed.

Step 3: 2D and 3D constriction fabrications. Each prechar-
acterized LC circuit contains a square-shaped Nb loop
structure with inner dimensions of 6 × 6 µm2 and
a conductor strip width of 3 µm; see Fig. 1. Two
nanoconstrictions are patterned into the opposite sides
of the loops using the focused ion beam of a neon
ion microscope (NIM). The NIM allows for high-
precision milling with a nanoscaled spot-size Ne FIB.
For the 2D constrictions, two approximately 20-nm-
narrow slot-shaped rectangles are ion milled simul-
taneously from both sides into each loop strip with
a dose of 20 000 ions/nm2 and an accelerating volt-
age of 20 kV. Simultaneous here means that the neon
beam is scanned in a pattern that alternates repeatedly
between the left and the right slots. In between the
two slots, a milling gap of 40 nm is left untouched,
where the 2D constriction is formed. The 3D con-
striction patterning is performed in the same way, but
additionally and again simultaneously to the slot rect-
angles the constriction is milled from the top with a
third rectangle, but with a lower ion dose. The exact
value of the constriction dose defines its remaining
thickness. For the 3D1 and 3D2 samples, the doses
were 7500 and 8500 ions/nm2, respectively.

Step 4: device mounting. After the Ne-FIB cutting process
the sample is mounted in the same way as in step 2.

APPENDIX B: MEASUREMENT SETUP

Both the junctionless circuits and the SQUID cavities,
here generically labeled as the devices under test (DUTs),
are characterized in an evacuated sample space located at
the end of a cryostat dipstick, which is introduced into

(a) (b)

FIG. 5. Schematic niobium nanoconstriction fabrication using a neon focused ion beam. (a) Niobium (Nb) strip on a silicon substrate
prepared for cutting a nanoconstriction into it. (b) Fabrication of the two different constriction types discussed in this study using a neon
ion microscope (NIM): left, 2D constriction; right, 3D constriction. The NIM has an atomically sharp beam source (tip) maintained at
a high voltage of 20 kV. Neon gas around the tip gets ionized and the ions are accelerated and focused through several electromagnetic
lenses to form a Ne FIB with a nanoscaled spot size (about 0.5 nm). For the 2D constrictions, the strip is patterned by cutting two
narrow slots from both sides into the strip. Therefore, the nanobridge has the same height as the remaining niobium leads. For the 3D
constrictions, the constriction is also milled and thinned down from the top simultaneously with the slot cutting, just with a smaller ion
dose.
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1 2

Low-noise
amplifier

Low-pass
filter

FIG. 6. Schematic of the measurement setup. In the drawing, the isolation vacuum shield in between the helium container and the
outer world is omitted. Detailed information is given in the text.

a liquid helium cryostat. The cryostat is covered by a
double-layer room-temperature mu-metal shield to pro-
vide magnetic shielding for the whole sample space. A
schematic illustration of the measurement setup is shown
in Fig. 6. The DUT inside the copper housing is attached
to a copper mounting bracket and a magnet coil for the

application of a magnetic field perpendicular to the chip
surface Bext. The magnet coil is connected to a low-noise
current source at room temperature with a twisted pair of
copper wires. The magnet wires are low-pass filtered at
cryogenic temperature with a cutoff frequency at about 3
kHz. Additionally, the DUT is connected to two coaxial
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lines for input and output of the microwave signals. A tem-
perature diode is attached to the sample housing in close
proximity to the sample and both are coupled to the liquid
helium bath via the copper mounting bracket and through
helium exchange gas. For controlling the sample tempera-
ture Ts, the diode is glued with varnish to the DUT copper
housing and a manganin heating resistor (made of a twisted
wire pair to avoid stray magnetic fields) is placed nearby.
Both the temperature diode (four wires) and the heating
resistor (two wires) are also connected via twisted pairs of
copper wire to a temperature controller.

The SQUID cavities are designed in a side-coupled
geometry. Therefore, the input and output signals are sent
and received through two separate coaxial lines in order
to measure the transmission spectrum S21 of the DUT
by a VNA. The input line is attenuated by −30 dB in
order to balance the thermal radiation from room tem-
perature to the cryostat temperature. The attenuators are
mounted in close proximity to the sample in the sample
vacuum space and we assume that they have a temperature
Tatt ≈ Ts. For amplification of the weak microwave signal
used here, a cryogenic high-electron-mobility-transistor
(HEMT) amplifier and a room-temperature amplifier are
mounted in the output line. The cryogenic HEMT is placed
close to the DUT in order to minimize signal losses in
between the sample and the amplifier chain.

For the two-tone experiment, an additional fixed-
frequency microwave pump tone with frequency ωp and
power Pp is sent to the DUT. This pump tone is gener-
ated by a microwave generator and combined via a 10-dB
directional coupler with the VNA signal before entering
the cryostat. In the experiment the VNA and microwave
generator are both referenced to the 10-MHz clock of the
generator.

For cooling the device to temperatures below that of liq-
uid helium THe = 4.2 K, we pump at the helium dewar of
the cryostat and reach down to Ts,min � 2.4 K with the cur-
rent setup. To achieve high-stability (�Ts < 1 mK) tem-
perature control in the most relevant range for this work,
2.4 � Ts � 3.5 K, we use the helium pumping and addi-
tionally heat the sample with the heating resistor whose
power is controlled via a proportional–integral–derivative
feedback loop by the temperature controller.

APPENDIX C: CIRCUIT RESPONSE MODEL

1. Equation of motion and general considerations

We model the classical intracavity field α of the SQUID
circuits with Kerr nonlinearity and nonlinear damping
using the equation of motion [28,60]

α̇ =
[

i(ωc + K|α|2) − κ + κnl|α|2
2

]
α + i

√
κe

2
Sin. (C1)

Here, ωc is the cavity resonance frequency (= ωb before
cutting and = ω0 after), K is the Kerr nonlinearity (fre-
quency shift per photon), κ is the bare total linewidth (= κb
before cutting and = κ0 after), κnl is the nonlinear damp-
ing constant, κe is the external linewidth (= κe,b before
cutting), and Sin is the input field. The intracavity field is
normalized such that |α|2 = nc corresponds to the intra-
cavity photon number nc and |Sin|2 to the input photon flux
(photons per second) on the coplanar waveguide feedline.

The solution of this equation of motion significantly
depends on the pump power and the number of tones sent
to the cavity. The ideal transmission response function,
however, will always be of the form

Sideal
21 = 1 + i

√
κe

2
α

Sin
(C2)

with the solution of interest α.

2. The linear single-tone regime

In the linear single-tone regime, we set K = κnl = 0.
Then, we can solve the remaining equation by Fourier
transformation and obtain

α = i
√

κe/2
κ/2 + i(ω − ωc)

Sin. (C3)

The ideal transmission response of a capacitively side-
coupled and linear LC circuit is then given by

Sideal
21 = 1 − κe

κ + 2i(ω − ωc)
. (C4)

3. The nonlinear single-tone regime

In the nonlinear single-tone regime, we have to solve the
full equation of motion and start by setting the input field
to Sin,st = S0eiφpeiωt with real valued S0. For the intracavity
field, we make the ansatz α(t) = α0eiωt with real valued α0.
The phase delay between input and response is encoded in
φp. Then the equation of motion reads

iωα0 =
[

i(ωc + Kα2
0) − κ + κnlα

2
0

2

]
α0 + i

√
κe

2
S0eiφp ,

(C5)

which after multiplication with its complex conjugate
yields the characteristic polynomial for the intracircuit
photon number nc = α2

0:

n3
c

[
K2 + κ2

nl

4

]
+ n2

c

[
κκnl

2
− 2KΔ

]
+ nc

[
Δ2 + κ2

4

]

− κe

2
S2

0 = 0. (C6)

Here Δ = ω − ωc is the detuning between the microwave
input tone and the bare cavity resonance. The real-valued
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roots of this polynomial correspond to the physical solu-
tions for the amplitude α0; the highest and lowest ampli-
tudes are the stable states in the case of three real-valued
roots.

For the complete complex transmission, we also need
the phase φp, which we obtain via

φp = atan2
(

− κ + κnlnc

2
, Δ − Knc

)
. (C7)

Having both parts of the complex field solution at hand, we
can also calculate the transmission

Sideal
21,nl = 1 + i

√
κe

2
α0

S0
e−iφp . (C8)

Note that we do not use these equations for any data analy-
sis in this manuscript, but we include them for pedagogical
reasons, since they facilitate understanding the two-tone
regime.

4. The linearized two-tone regime

In the two-tone experiments, we apply a strong pump
tone with fixed frequency ωp and fixed power Pp and
probe the cavity response with a weak additional scanning
tone; the total input is then Sin,tt = S0eiφpeiωpt + Spr(t)eiωpt.
The probe input amplitude Spr(t) is time dependent and
complex valued. As an ansatz for the intracavity field,
we choose α(t) = α0eiωpt + αpr(t)eiωpt with a complex and
time dependent αpr(t) and obtain the equation of motion

iωpα0 + iωpαpr + α̇pr

= i[ωc + K(α2
0 + α0(αpr + α∗

pr) + |αpr|2)]α0

+ i[ωc + K(α2
0 + α0(αpr + α∗

pr) + |αpr|2)]αpr

−
[
κ

2
+ κnl

2
(α2

0 + α0(αpr + α∗
pr) + |αpr|2)

]
α0

−
[
κ

2
+ κnl

2
(α2

0 + α0(αpr + α∗
pr) + |αpr|2)

]
αpr

+ i
√

κe

2
S0eiφp + i

√
κe

2
Spr. (C9)

Now we perform the linearization, i.e., we drop all terms
not linear in the small quantity αpr and get

iωpα0 + iωpαpr + α̇pr

=
[

i(ωc + Knc) − κ + κnlnc

2

]
α0

+
[

i(ωc + 2Knc) − κ + 2κnlnc

2

]
αpr

+
[

iK − κnl

2

]
ncα

∗
pr + i

√
κe

2
S0eiφp + i

√
κe

2
Spr.

(C10)

The time-independent terms are identical to Eq. (C6) of the
nonlinear single-tone experiment and allow one to deter-
mine α0 and nc via the characteristic polynomial now. The
remaining equation can be Fourier transformed to give

αpr

χpr
=

[
iK − κnl

2

]
ncαpr + i

√
κe

2
Spr, (C11)

where

χpr = 1
(κ + 2κnlnc)/2 + i(Δp − 2Knc + Ω)

(C12)

with αpr = α∗
pr(−�), the detuning between the pump and

bare cavity resonance Δp = ωp − ωc, and the probe fre-
quency with respect to the pump Ω = ω − ωp.

Using the equivalent equation for αpr with Spr = 0, we
get

αpr = iχg

√
κe

2
Spr (C13)

with

χg = χpr

1 − [K2 + κ2
nl/4]n2

cχprχpr
, (C14)

and, for the two-tone transmission parameter,

Sideal
21,tt = 1 − κe

2
χg. (C15)

5. The pumped Kerr modes

To find the resonance frequencies of the susceptibility
χg, we solve the complex frequency for which χ−1

g = 0.
The condition is

1 −
[
K2 + κ2

nl

4

]
n2

cχprχpr = 0, (C16)

which is solved by

ω̃1,2 = ωp + i
κ + 2κnlnc

2

±
√

(Δp − Knc)(Δp − 3Knc) − κ2
nln2

c/4. (C17)

The real part corresponds to the resonance frequency
ω1,2 = Re(ω̃1,2) and the imaginary part corresponds to half
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the mode linewidth κ1,2 = 2 Im(ω̃1,2). So, in the regime
where the argument of the square root is > 0 (always
true for our experimental parameters), the system has two
resonances

ω1,2 = ωp ±
√

(Δp − Knc)(Δp − 3Knc) − κ2
nln2

c

4
, (C18)

split symmetrically around the pump frequency. In the
experiment and with the parameters we are using, we
observe only one of the two modes though, the one at ω2 =
ω′

0. The shift of this mode with respect to its unpumped
frequency ω0 is given by

δω0 = Δp −
√

(Δp − Knc)(Δp − 3Knc) − κ2
nln2

c

4
. (C19)

When we measure the pumped resonance, we also extract
the pumped linewidth

κp = κ0 + 2κnlnc, (C20)

and so the only free parameter when fitting the resonance
frequency shift versus pump photon number (see the next
subsection) using Eq. (C19) is the Kerr constant K. For
brevity, we also introduce the short version

κ1 = κnlnc. (C21)

6. The intracircuit pump photon number

One might expect that we need to know the value of
K to calculate the intracircuit pump photon number from
the pump-induced frequency shift and linewidth broad-
ening. This is not the case though, which allows us to
first determine nc and subsequently fit the frequency shift
δω0 as a function of nc to extract K from the data. We
start by setting Knc = x and then solving the characteris-
tic polynomial equation (C6) for x. We get (assuming that
nc > 0)

x1/2 = Δp ±
√

κe

2
nin

nc
− κ2

eff

4
, (C22)

where nin = S2
0 and κeff = κ0 + κ1. The solution we are

interested in is x2. Substituting this into Eq. (C19), the
frequency relative to the drive

δ =
√

(Δp − x2)(Δp − 3x2) − κ2
1

4
(C23)

leads to

δ2 =
√

κe

2
nin

nc
− κ2

eff

4

(
3

√
κe

2
nin

nc
− κ2

eff

4
− 2Δp

)
− κ2

1

4
.

(C24)

We can solve this equation for nc, finding that

nc = 2Pp

�ωp

κe

κ2
eff + 4Δ̃2

(C25)

with the effective detuning

Δ̃2 = 2
9

[
Δ2

p + Δp

√
Δ2

p + 3δ2
κ + 3

2
δ2
κ

]
(C26)

and

δ2
κ = δ2 + κ2

1

4
. (C27)

APPENDIX D: ADDITIONAL DATA

1. Impact of junction cutting in devices 2D and 3D2

In Fig. 1(f), we present the resonances of device 3D1
before and after cutting the nanoconstrictions at Ts = 2.5
K. From the resonance frequencies before and after cutting,
ωb and ω0, respectively, we determine the inductance of a
single constriction Lc in the device via

Lc = 2L
(

ω2
b

ω2
0

− 1
)

; (D1)

see Notes II and III within the Supplemental Material [37].
In Fig. 7 we show the analogous data for the other two
devices of this work, circuits 2D and 3D2.

The resonance frequency of device 2D has shifted
by the cutting from ωb = 2π · 3.995 GHz to ω0 = 2π ·
3.981 GHz, which corresponds to a constriction induc-
tance L2D

c ≈ 8.4 pH. The total linewidth has increased
from κb = 2π · 1.5 MHz to κ0 = 2π · 2.4 MHz. In device
3D2 the impact of the shift was much larger: the res-
onance frequency shifted from ωb = 2π · 5.047 GHz to
ω0 = 2π · 4.811 GHz, which corresponds to L3D2

c ≈ 103
pH. The linewidth increased from κb = 2π · 2.3 MHz to
κ0 = 2π · 24.2 MHz. The observation that the increase in
the linewidths κ is stronger for a larger constriction induc-
tance is not surprising. As we have shown in Fig. 3, the
critical temperature of the constrictions is more suppressed
for thinner constrictions, and so at the fixed temperature
2.5 K the thinner constrictions presumably have a higher
thermal quasiparticle density and at the same time a higher
microwave current density. At this point we cannot exclude
that there are also other mechanisms at play such as nor-
mal conducting contributions at the surfaces or edges of
the constrictions that might increase with neon ion milling
time, but the overall trend is understandable quite intu-
itively from the critical temperature suppression. In Note V
within the Supplemental Material [37], we also discuss the
dependence of the linewidths on the magnetic flux through
the SQUIDs.
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(a) (b)

FIG. 7. Impact of constriction cutting in the 2D and 3D2 circuits. (a) Transmission |S21| versus the probe frequency of circuit 2D
before junction cutting (right, gray noisy line) and after junction cutting at the flux sweetspot (left, blue noisy line). (b) Equivalent to
(a), but for the 3D2 circuit. Both panels: noisy lines are data and black smooth lines are fits. Measurement temperature Ts = 2.5 K. The
resonance frequency and linewidth are ωb and κb before cutting and ω0 and κ0 after cutting. From the shift, we determine the additional
inductance in the circuit Lc/2 (two constrictions in parallel). Values for ωb, κb, ω0, κ0 can be found in the text.

2. Flux-tuning curves versus the sample temperature
in devices 2D and 3D2

In Fig. 3(a) we show flux-tuning curves of the reso-
nance frequency ω0(�ext) for varying sample temperature
Ts in circuit 3D1 and derive from those the critical currents
I0(Ts) and the screening parameters βL(Ts). Since we also
show I0(Ts) and βL(Ts) for the 2D and 3D2 devices, we
present in Figs. 8(a) and 8(b) the corresponding flux-tuning
curves for completeness. For both devices, the sweetspot
frequency at �ext = 0 decreases with increasing Ts due to
the increasing constriction inductance. At the same time
the flux-tuning arches get narrower due to a decreasing
screening parameter βL and an increasing inductance par-
ticipation ratio Lc/L, and the flux-tuning range ωmax

0 –ωmin
0

increases for the same reasons. At the highest tempera-
tures, circuit 2D has a tuning range of about 13 MHz and
circuit 3D2 of about 150 MHz. From the fits to the data, we
extract the screening parameter βL and the linear constric-
tion contribution Llin and calculate the critical current I0.
The screening parameter βL and the critical current I0 are
shown in Figs. 3(b) and 3(c); the linear inductance contri-
butions Llin for all three circuits are shown and discussed
in Note V within the Supplemental Material [37].

Since the linear inductances in the circuit have a kinetic
contribution, the temperature-dependent resonance fre-
quency at the flux sweetspot can be written as

ω0(Ts) = 1√
Ctot[(L(Ts) + LJ0(Ts) + Llin(Ts)]

, (D2)

where LJ0 = �0[2π I0(Ts)]−1. In Fig. 8(c), we show the
resonance frequency at the sweetspot of all three devices.

APPENDIX E: CALCULATION OF THE KERR
NONLINEARITY

For the calculation of the Kerr nonlinearity K, we fol-
low the method described in Ref. [56] and start with
the effective one-dimensional potential for the SQUID, in
which each SQUID arm is considered individually (see
also Ref. [28]):

U = 1
2 Earm(ϕleft − ϕ1)

2 + 1
2 Earm(ϕright − ϕ2)

2

− EJ cos ϕ1 − EJ cos ϕ2. (E1)

Here ϕ1, ϕ2 are the phase differences of the two Josephson
junctions, ϕleft and ϕright are the total phase differences of
the left half and the right half of the SQUID loop including
the JJs, and the energies are given by

EJ = �0I0

2π
, Earm = �2

0

4π2Larm
(E2)

with Larm = Lloop/2 + Llin. From fluxoid quantization in
the SQUID, it follows that

ϕright − ϕleft = ϕext, (E3)

where ϕext = 2π�ext/�0 is the phase introduced by the
external flux. For a visualization of all variables used in
this appendix, see Fig. 9.

Then, the potential can be written as a function of a
single phase variable ϕs = ϕleft as

U[ϕs] = 1
2 Earm(ϕs − ϕ1[ϕs])2

+ 1
2 Earm(ϕs − ϕ2[ϕs] − ϕext)

2

− EJ cos ϕ1[ϕs] − EJ cos ϕ2[ϕs], (E4)
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(a) (c)

(b)

FIG. 8. Temperature dependence of the flux-tuning curves and the sweetspot resonance frequencies. (a) Resonance frequency
versus the external bias flux ω0(�ext) in device 2D; symbols are data and lines are fits. Data have been taken at temperatures
Ts = (2.4, 2.5, 2.6, 2.7, 2.8, 2.9, 3.0, 3.2, 3.4) K (in order from top to bottom). (b) Equivalent of (a), but for device 3D2. Temper-
atures are Ts = (2.4, 2.5, 2.6, 2.7) K. Data are partly incomplete due to hysteretic jumps (device 2D) and due to insufficient flux
data (�ext/�0 > 0.65 in device 3D2). (c) Resonance frequency of all three circuits at the sweetspot frequency (�ext = 0) versus the
temperature Ts. Symbols are data and the dashed lines are calculated theory lines using Eq. (D2).

and as boundary conditions we have the current conserva-
tion relations [56]

ϕs = ϕ1 + ζ sin ϕ1, (E5)

ϕs = ϕ2 + ζ sin ϕ2 − ϕext, (E6)

where ζ = Earm/EJ = LJ0/Larm.
In order to find the Kerr nonlinearity, we have to Taylor

expand the potential up to fourth order, i.e.,

U(ϕs)

EJ
= c0 + c1(ϕs − ϕs,min) + c2

2
(ϕs − ϕs,min)

2

+ c3

6
(ϕs − ϕs,min)

3 + c4

24
(ϕs − ϕs,min)

4, (E7)

where the coefficients are determined by the nth derivative
of the potential evaluated at the phase at the potential well
minimum ϕs,min:

cn = 1
EJ

∂nU
∂ϕn

s

∣∣∣∣
ϕs,min

. (E8)

To find the value for ϕs,min, we demand that in the mini-
mum we have c1 = 0 and, as a result, we get

ϕs,min = 1
2 (ϕ1,min + ϕ2,min − ϕext). (E9)

In the potential minimum, however, i.e., without any phase
excitation, we also have

sin ϕ1,min = − sin ϕ2,min =⇒ ϕ1,min = −ϕ2,min,
(E10)

since the same SQUID circulating current J = −I0 sin ϕ1 =
I0 sin ϕ2 is flowing through both JJs in opposite directions.
Then, using Eq. (E9), we can conclude that

ϕs,min = −ϕext

2
, (E11)

and using Eq. (E5), we arrive at

ϕ1,min + ζ sin ϕ1,min + ϕext

2
= 0, (E12)

which is completely equivalent to

�

�0
= �ext

�0
− βL

2
sin

(
π

�

�0

)
(E13)

with screening parameter βL, total flux in the SQUID
�, and using the relation ϕ1,min = −π(�)/�0. For the
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FIG. 9. Schematic SQUID circuit with definitions of all vari-
ables used for the calculation of the Kerr constant. Circuit
equivalent of the SQUID with a linear loop inductance Lloop/2
in each arm and a constriction modeled by a linear inductance
Llin and a sinusoidal Josephson contribution LJ. In each arm the
energy EJ + Earm is stored, where EJ is the Josephson energy and
Earm is the energy stored in the linear contribution. Nodes 1 and 2
subdivide the loop into a left half and right half with total phase
differences ϕleft and ϕright between the nodes. The single phase
variable ϕs is identical to ϕleft. The Josephson contributions of the
arms have phase differences ϕ1 and ϕ2, respectively. By applying
an external magnetic field Bext perpendicular to the SQUID loop,
an external phase ϕext is introduced by the external flux �ext.

derivatives, we get

∂U
∂ϕs

= Earm(2ϕs − ϕ1[ϕs] − ϕ2[ϕs] + ϕext), (E14)

∂2U
∂ϕ2

s
= Earm

(
2 − ∂ϕ1

∂ϕs
− ∂ϕ2

∂ϕs

)
, (E15)

∂3U
∂ϕ3

s
= −Earm

(
∂2ϕ1

∂ϕ2
s

+ ∂2ϕ2

∂ϕ2
s

)
, (E16)

∂4U
∂ϕ4

s
= −Earm

(
∂3ϕ1

∂ϕ3
s

+ ∂3ϕ2

∂ϕ3
s

)
, (E17)

and we can obtain the phase derivatives from Eqs. (E5)
and (E6) as

∂ϕs

∂ϕ1
= 1 + ζ cos ϕ1, (E18)

∂ϕs

∂ϕ2
= 1 + ζ cos ϕ2, (E19)

which can be inverted as

∂ϕ1

∂ϕs
= 1

1 + ζ cos ϕ1
, (E20)

∂ϕ2

∂ϕs
= 1

1 + ζ cos ϕ2
. (E21)

The consecutive derivatives are, for j = 1, 2,

∂2ϕj

∂ϕ2
s

= ζ sin ϕj

(1 + ζ cos ϕj )3 , (E22)

∂3ϕj

∂ϕ3
s

= ζ cos ϕj (1 + ζ cos ϕj ) + 3ζ 2 sin2 ϕj

(1 + ζ cos ϕj )5 , (E23)

which we can finally use to express our Taylor coefficients
with ϕ0 = −ϕ1,min = π(�)/�0 as

c2 = 2 cos ϕ0

1 + ζ cos ϕ0
, (E24)

c3 = 0, (E25)

c4 = −2
cos ϕ0(1 + ζ cos ϕ0) + 3ζ sin2 ϕ0

(1 + ζ cos ϕ0)5 . (E26)

The SQUID inductance and Kerr nonlinearity of the
SQUID, when shunted with Ctot, are now given by [56]

Ls = LJ0

c2
= 1

2
(LJ + Larm) (E27)

and

Ks = e2

2�Ctot

c4

c2

= − e2

2�Ctot

(
LJ

Larm + LJ

)3[
1 + 3

Larm

Larm + LJ
tan2 ϕ0

]
,

(E28)

where LJ = LJ0/ cos ϕ0, e is the elementary charge, and �

is the reduced Planck number.
When we add a linear inductance L − Lloop/4 in series,

we get the modified parameters [56]

c̃2 = pc2, (E29)

Ltot = Ls

p
, (E30)

c̃4 = p4c4, (E31)

K = p3K, (E32)

where p is the inductance participation ratio

p = Ls

L − Lloop/4 + Ls
. (E33)

Then, we finally have the explicit expression for the circuit
Kerr nonlinearity

K = − e2

2�Ctot

(
LJ

2L + Llin + LJ

)3[
1 + 3

Larm

Larm + LJ
tan2 ϕ0

]
.

(E34)
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