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We show that an oscillator array prefers to operate at an exceptional point of degeneracy (EPD) occur-
ring in a waveguide periodically loaded with discrete nonlinear gain and radiating elements. The concept
of the EPD is employed to conceptualize an exceptional synchronization regime, which leads to enhanced
radiating power efficiency. The system maintains a steady-state degenerate mode of oscillation at a fre-
quency of 3 GHz, even when the small-signal nonlinear gain values are nonuniform along the array. We
designed the system using small-signal gain to work at the EPD of zero phase shift in consecutive unit
cells. Contrarily to the original expectation of zero phase shift, after reaching saturation, the time-domain
signal in consecutive unit cells displays a π phase shift. Hence, we demonstrate that the saturated system
tends to oscillate at a distinct EPD, associated to a π phase shift between consecutive cells, than the one at
which the system was originally designed using small-signal gain. This alternative EPD at which the non-
linear system is landing is associated to higher radiating power efficiency with respect to power provided
by nonlinear gains. Finally, we demonstrate that the oscillation frequency is independent of the length of
the array, contrarily to what happens ordinary oscillating systems based on one-dimensional cavity res-
onances. These findings may have a high impact on high-power radiating arrays with distributed active
elements.
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I. INTRODUCTION

Exceptional points of degeneracy (EPDs) in waveguides
have become increasingly popular in the fields of elec-
tromagnetics, photonics, and rf circuits [1–6]. EPD is the
condition at which two or more eigenmodes coalesce in
their eigenvalues and eigenvectors [7–10]. The term EP
has been in use since [8]; as was also emphasized in
Ref. [11], the key physics feature is the “degeneracy,”
and that is the reason for the “D” in EPD. Exceptional
points have been the subject of study in different areas,
including absorbers [12], reflectionless applications [13],
sensing applications [14,15], and low thresholds lasers
[16]. At the EPD, the system matrix or transfer matrix
representing the mode evolution in the system is similar
to a matrix containing a nontrivial Jordan block [17,18].
The order of the degeneracy is the number of coalesc-
ing eigenmodes at the EPD. Close to an EPD of order 2
in a waveguide, the dispersion relation between frequency
and wave number is (ω − ωe) ∝ (k − ke)

2, where the sub-
script e denotes EPD. When the system refractive index
obeys n(x) = n∗(−x), where x is a coordinate in the sys-
tem orthogonal to the propagation direction z, and ∗ is the
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complex conjugate, the system is parity-time (PT) sym-
metric [19–21]. PT symmetry is a condition that enables
the occurrence of EPDs with a degenerate real eigenvalue
[2,3,5,22], though it is not a necessary condition to get
EPDs [23]. Moreover, the degeneracy of eigenvalues dis-
cussed in this paper is in the wave number k, rather than
the degeneracy of PT-symmetric structure that is often in
the eigenfrequency domain ω as in [24–26]. EPDs in peri-
odic structures can be classified into two categories: (i)
those obtained without gain and loss [6,17,27,28] (note
that in some of these papers, the author did not use the
term EP), and (ii) those obtained with gain and/or loss [1–
3,21,23,29,30]. The occurrence of an EPD enables special
and unique physical features that can be used in different
applications from rf to optics. The EPD concept has been
proposed to provide notable enhancements in the perfor-
mance of oscillators and amplifiers: there are two main
categories of these applications, classified according to the
presence or absence of loss and gain. The first category
involves EPD in waveguides without loss and gain, such
as the degenerate band edge (DBE) or stationary inflection
point (SIP) laser concepts [16] that exhibit another thresh-
old scaling law of quality factor and absorbance [31,32],
and in microstrip waveguides for arrayed antennas and
providing a stable oscillation [33]. The second category
involves waveguides where EPDs are obtained thanks to
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the presence of loss and gain (PT symmetry is an example)
that leads to the concepts of arrays of radiators with high-
output power, backward-wave oscillators with distributed
power extraction, etc. [23,29,34,35] (these examples do
not involve PT symmetry; one involves glide-time sym-
metry). In particular, accurate particle-in-cell simulations
have shown that this kind of EPD in a waveguide with
distributed gain and power extraction may enhance the
performance of high-power electron-beam devices [34]. In
this paper, we focus on the second category of EPDs, i.e.,
EPDs that exist in waveguides with loss and gain, aiming at
applications where a large array radiates a highly coherent
beam with high power.

Oscillators play a vital role in microwave, THz, and
optics applications. At rf, there is interest in making oscil-
lators that offer stable oscillation frequency [36,37], high-
quality factor [38,39], loading independency [33], and high
output power [40]. The EPD concept with gain and loss has
been proposed to enhance the performance of distributed
oscillators in various ways [23,34,35]. A method to design
distributed oscillators with EPD is through the utilization
of waveguide loaded with periodic nonlinear gain and loss
[35]. In this approach, losses represent the arrayed radi-
ating elements, e.g., antennas. This paper does not focus
on providing a theoretical analysis of the nonlinear modes
and bifurcation dynamics [41] of the system, but rather
shows its dynamics as a result of numerical experiments
fully accounting for nonlinearities.

This paper presents a waveguide system modeled as
a transmission line (TL), periodically loaded with dis-
crete nonlinear gain and radiating elements as shown in
Fig. 1(a). Rather than the general EPD conditions dis-
cussed already in Ref. [35], here we explore the resonances
of the finite-length array with gain and radiating elements,
and the nonlinear features of the same structure, including
the saturation from a nonuniform distribution of nonlinear
gain elements. The analysis of nonuniform distribution of
gain is extremely useful in practice because it is impos-
sible to guarantee that the active elements have the same
value of gain along a waveguide, at both rf and optical
frequencies. Variation in nonlinear gains over the arrayed
structure, due to device tolerances, may alter the oscillator
operation and affect the power extraction from radiating
elements. Therefore, we show that when utilizing the EPD
concept in waveguide oscillators, even nonuniform distri-
butions of nonlinear gain elements along the array lead to
a stable oscillation regime, and this stationary regime leads
to a uniform saturated gain distribution. To confirm the
full degeneracy of the eigenmodes, we employ the “coa-
lescence parameter” tool to demonstrate the coalescence of
the eigenvectors. Also, we show that the system maintains
a stable oscillation frequency even when varying the length
of the structure (number of unit cells), and also when the
nonlinear small-signal gains or radiation losses are not uni-
form along the array, and when loads on the two sides
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FIG. 1. (a) Schematic of a periodically loaded waveguide rep-
resented by its equivalent transmission line (TL). Each unit cell is
made of two TL segments with characteristic impedance Z0 and
the same electrical lengths θ , loaded with a lossy shunt element
Yr representing a radiator (e.g., an antenna) and a shunt nonlin-
ear gain element Yg . (b) Time-domain voltage signals v4(t) and
v5(t) are evaluated at the two middle unit cells’ active elements,
for an array with N = 8. Radiation is given by YrZ0 = 2.5 and
the nonlinear small-signal gain is gZ0 = 0.5. (c) Frequency spec-
trum of the voltage v4(t) in dB scale shows the oscillation at the
fundamental frequency fosc = 3 GHz.

are varied. Finally, we discuss the degeneracy condition
in the presence of an additional small reactance in parallel
to the gain element, and identify the EPD using the coa-
lescence parameter tool. We provide an example where a
small capacitance is added to each gain element, and we
demonstrate that the system exhibits stable oscillation at a
different EPD. This approach shows that we can create a
tunable oscillator by adding a small tunable capacitor in
each unit cell. Additionally, we confirm that the system
tends to oscillate at a state where the nonlinear saturated
gain is diminished, bring the system to another EPD.

II. OSCILLATORY REGIME WITH NONLINEAR
GAIN

The array oscillator consists of a waveguide, modeled
as a TL with characteristic impedance Z0 = 50�, with a
periodic distribution of N lumped nonlinear gain elements,
described by shunt admittances Yg,n with n = 1, 2, . . . , N
(not necessarily equal to each other), and N + 1 radiat-
ing elements described by shunt admittances Yr (all equal
to each other), both arranged periodically with period d
as shown in Fig. 1(a). This assumption reflects realistic
scenarios where it is easy to make radiators that are very
similar to each other, hence exhibiting the same admittance
(e.g., dielectric resonator antennas, patch antennas, slot
antennas, etc.) whereas it is almost impossible to ensure
that the gain of each element is the same when using active
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components like transistors or even in the case of opti-
cally or electrically pumped lasers. Impinging signals of a
certain strength may have an effect on the oscillation oper-
ation, but we did not consider their effects on the array in
this paper.

For brevity, we consider only the case where radiating
and gain lumped elements are separated by d/2. Therefore,
each TL segment has electric length θ = kwd/2, where
kw = 2π f /vw is the wave propagation constant in the uni-
form TL segments where f is the frequency, and the phase
velocity vw is assumed to be dispersionless for simplicity.
The array structure is symmetric, i.e., we terminate the left
and right ends with loads ZL = Yr/2, and on the right side
there is an extra shunt radiating element Yr. Thus, the struc-
ture with N unit cells has N nonlinear gain elements, N + 1
radiating elements, and left and right load terminations.
Each gain element is described by a negative small-signal
conductance Yg,n = −gn and saturation effect, where the
current in and voltage vn, with n = 1, 2, . . . , N , are related
by the i − v cubic model

in = −gnvn + αnv
3
n , (1)

and αn = gn/3 (unit of S/V2) describes the saturation
level. This cubic model provides a negative conductance
Yg,n = −gn for small voltage in the range between −1 V <

vn < 1 V. At rf, the active component with the small-signal
negative conductance can be realized in various ways,
including a Gunn diode [42], a cross-coupled transistor
pair [43], an op-amp [44], and other possible approaches.
Due to the third-order nonlinearity, each active element
saturates to an admittance value Ygsat,n that provides a gain
−Re(Ygsat,n) to the system, which differs from the small-
signal gain gn. We implicitly assume the time convention
ejωt. The saturated gain admittance (magnitude and phase)
is found numerically by looking at the frequency compo-
nents of the voltage and current, selecting the oscillation
frequency fosc, by using the fast Fourier transform (FFT)
as

∣
∣Ygsat,n

∣
∣ = |FFT(in)|fosc

|FFT(vn)|fosc

∠Ygsat,n = (∠FFT (in)− ∠FFT (vn))|fosc

, (2)

where | | represents the magnitude, and ∠ represents the
phase. Numerical simulations are carried out in the time
domain using the Keysight Advanced Design System
(ADS) circuit simulator. We first assume that the uniform
(i.e., gn = g, constant along the array) normalized nonlin-
ear small-signal gain and radiating element are gZ0 = 0.5
and YrZ0 = 2.5, respectively. Figure 1(b) shows the time-
domain oscillatory signals v4 and v5 in the middle of the
array. We observe that the time-domain signal at the two
consecutive unit cells has a π phase shift. Figure 1(c)
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FIG. 2. (a) Saturated gain calculated at each unit cell, found
by Eq. (2), for two arrays with different nonlinear small-signal
gain. Radiation losses are YrZ0 = 2.5 in both cases. For two cases
of arbitrary uniform nonlinear small-signal gain values gZ0 = 1
(orange line) and gZ0 = 0.2 (yellow line), the real and imaginary
part of the saturated gain will end up at Ygsat,nZ0 ≈ 0 in each unit
cell.

shows the frequency spectrum of v4 with the fundamen-
tal frequency of oscillation of 3 GHz, calculated by using
the built-in fast Fourier transform (FFT) in the Keysight
ADS simulator of the saturated signal in the time window
from 2 to 12 µs, with 106 points. We observe the pres-
ence of higher harmonics of the oscillating voltage in this
structure because of the nonlinearity in the gain. Simula-
tion results show that the fundamental frequency carries
the highest power in the array, and the next harmonic (9
GHz) is 9.7 dB smaller than the fundamental one.

To understand the observed oscillatory regime, we con-
sider two other uniform cases with initial small-signal gain
values of gZ0 = 1 and gZ0 = 0.2, and we calculate the
cells’ saturated gain using Eq. (2) after reaching satura-
tion. Of note, we observe that in both cases, after reaching
saturation, the system still oscillates at f = 3 GHz, as
observed in the previous case with gZ0 = 0.5. Further-
more, we observe that the time-domain voltages on the
gain elements in consecutive unit cells still have a π phase
shift, as in the previous case with gZ0 = 0.5. For the cases
of gZ0 = 1 and gZ0 = 0.2, Figs. 2(a) and 2(b) show the
real and imaginary parts of the saturated gain −Ygsat,n in
each unit cell, which is mainly real positive. The real part
−Re(Ygsat,n) of the saturated gain at steady-state regime are
smaller than g, in both cases. At this stage, it seems that
the system tends to work at the point that has a saturated
gain, such that −Re(Ygsat,n) << (1/Z0). In the following,
we analyze the modes of the structure to determine the
characteristics of this specific point.

III. FORMULATION OF A WAVEGUIDE
PERIODICALLY LOADED WITH DISCRETE

LINEAR GAIN

Second-order EPDs can occur in the waveguide under
study. We find the system’s eigenmodes by using the trans-
fer matrix approach as in Refs. [29,35,45]. We define the
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state-vector �(z) = [V(z), I(z)]T with voltage V(z) and
current I(z) along the waveguide, and T is the transpose
action. The state vector in the periodic structure with a
period of d changes as

�(z + d) = TU�(z), (3)

where TU is the 2 × 2 transfer matrix relative to a unit cell
denoted by a dashed line in Fig. 1(a). It is built using the
sub-blocks relative to shunt gain Tgain, shunt loss Tloss, and
two lossless transmission lines with electric length θ =
kwd/2, TTL. Multiplying each segment’s transfer matrix
yields the unit cell’s transfer matrix

TU = TgainTTL(θ)TlossTTL(θ). (4)

The eigenmodes supported by the waveguide system are
found by solving the eigenvalue problem

(

TU − λI
)

�(z) = 0, (5)

in which I is the identity matrix of order two [35]. Eigen-
values are in the form of λi = e−jkid, with i = 1, 2, and ki
is the Floquet-Bloch modal wave number in the periodic
waveguide.

The eigenvalues are obtained by calculating the roots of
the characteristic equation det(TU − λI) = 0 that is

λ2 +
[

−2 cos(2θ)+ YgYrZ2
0 sin2(θ)

−jZ0Yr(1 + Yg/Yr) sin(2θ)
]

λ+ 1 = 0.
(6)

The characteristic equation is a second-order polynomial
that results in k2 = −k1. In the Eq. (6), the λ’s coefficient
equal to ±2 is a sufficient and necessary condition to have
a second order degeneracy of the eigenvalues at λe, leading
to the two EPD conditions

−2 cos(2θ)+ YgYrZ2
0 sin2(θ) = ±2

jZ0Yr(1 + Yg/Yr) sin(2θ) = 0 . (7)

where +2 corresponds to an EPD at kd = π and the −2
corresponds to an EPD at kd = 0. The degeneracy condi-
tions are discussed in Ref. [35] with more details. Here, we
just provide a brief summary of the conditions to obtain
the EPD for the special case with θ = π/2 at 3 GHz
where the phase velocity to unit-cell period ratio is vw/d=
6 × 109 s−1. There are three possible degeneracy condi-
tions with real Yg = −g: (i) no linear gain or loss (Yr = 0
or g = 0); (ii) symmetric linear gain and loss (YrZ0 =
gZ0 = 2) results in an EPD at kd = π ; (iii) asymmetric
linear gain and loss where the EPD at kd = 0 happens
when gZ0 = 4/(YrZ0) and the EPD at kd = π happens
when g = 0. In this paper, we focus on the EPD condi-
tion (iii), i.e., the asymmetric linear gain and loss case, and

analyze the nonlinear effects. To confirm the coalescence
of the eigenvectors in our system, we use the concept of
coalescence parameter C (also called hyperdistance) [6].
The coalescence parameter is a mechanism to measure the
separation between the eigenvectors and how close they
are to their degeneracy. The coalescence parameter van-
ishes when the eigenvectors collide. Thus, the Hermitian
angle φ between the eigenvectors �1 and �2 is defined as
[46,47].

C = |sin (φ)| , cos (φ) = |〈�1, �2〉|
‖�1‖ ‖�2‖ . (8)

The cos (φ) is found by using the inner product of the two
eigenvectors 〈	1, 	2〉 = ∑2

q=1 ψ1,qψ
∗
2,q, absolute value | |

and norm of a complex vector ‖�‖ = √〈�, �〉. When the
sin (φ) = 0 two eigenvector coalesce at the eigenvectors
�e defining the EPD corresponding to the eigenvalue λe.
Different combinations of the loss Yr and gain g lead to
EPDs at various frequencies. Here, we choose the parame-
ters to find an EPD that occurs at 3 GHz. Figure 3(b) shows
the coalescence parameter for different normalized gain
values with a fixed loss YrZ0 = 2.5, showing two degen-
eracies of the eigenvectors at kd = π (when gZ0 = 0) and
kd = 0 (when gZ0 = 1.6). Figure 3(c) shows the dispersion
relation of complex-valued wave number versus frequency
for the case with YrZ0 = 2.5 and gZ0 = 1.6, where the EPD
happens at f = 3 GHz at kd = 0. The dispersion is fitted
by the quadratic curve (f − fe) ∝ η(k − ke)

2, where fe is
the frequency at which the two modes coalesce, and ke is
the wave number at the degeneracy point (black dashed
line). The flatness coefficient η (m/s2) shows the flatness
of the dispersion in proximity of the degeneracy and it is
related to ∂2f /∂k2. A lower value of η means a flatter
dispersion, and by engineering the structure, the desired
parameters could be achieved. In the studied case we have
η ≈ 2.06 × 105 m2/s.

Note that Figs. 3(b) and 3(d) exhibit another EPD at f =
3 GHz and kd = π . The EPD is found for loss and gain
at YrZ0 = 2.5 and gZ0 = 0, respectively. The dispersion
is fitted by the quadratic formula (f − fe) = ±η(k − ke)

2

with η ≈ 7.153 × 104 m2/s, denoted by the black dashed
line. As a reference, we also show in Fig. 3(e) a disper-
sion relation for a case without EPD with gain gZ0 = 0.8
and loss YrZ0 = 2.5. We see that the eigenvalues are cross-
ing but we do not have a degeneracy and the relation
(f − fe) ∝ η(k − ke)

2 is not satisfied. The results shown
in Fig. 3 are numerically calculated with MATLAB.

To predict the self-oscillation of the system, we look at
the poles of the finite-length system (N = 8) by imposing
boundary conditions (i.e., the loading) at the two array ter-
minations. We first define the two-state vectors at the left
and right terminations, � l = [Vl, Il]T and �r = [Vr, Ir]T,
respectively. Assuming the loading on two ends ZL = 1/Yr
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(a)

(b) (c)

(e)(d)

FIG. 3. (a) Schematic of a periodic waveguide represented in
terms of an equivalent TL with characteristic impedance Z0 =
50 �, loaded periodically with a lumped loss Yr and linear
gain Yg admittances. We assume YrZ0 = 2.5 and θ = π/2 at
3 GHz. (b) The vanishing of the coalescence parameter shows
two EPDs calculated from Eq. (6), for varying small-linear gain
g. The two EPs are at kd = 0 (for gZ0 = 1.6) and kd = π (for
gZ0 = 0). Dispersion relation of the real and imaginary parts
of the complex-valued wave number k versus frequency for (c)
gZ0 = 1.6 and (d) gZ0 = 0. In the inset, the dispersion diagram
is fit with the quadratic equation (f − fe) = ±η(k − ke)

2 denoted
by the black dashed line, with η ≈ 7.153 × 104 m2/s. (e) A case
without supporting EPD (gZ0 = 0.8).

and applying the two boundary conditions, leads to

�r = TN
U� l,

Vl + IlZL = 0,
Vr − IrZL = 0,

→ M
(

�r
� l

)

= 0. (9)

The three equations are combined in a linear system with
the 4 × 4 system matrix of M. The resonances are found
by solving |det(M)| = 0 for s = jω, assuming a uniform
YrZ0 = 2.5 for the two cases supporting EPD, at gZ0 =
0 and gZ0 = 1.6. Figure 4 shows the log10|det(M)| to
demonstrate the resonances in the s = jω complex plane.
The system with no gain (g = 0) has all the poles such that
Re(s) < 0. The case with gain (gZ0 = 1.6) shows that the

(a)

(b)

FIG. 4. The vanishing of the determinant provides the com-
plex resonances of the finite-length array in the complex s = jω
plane, with an enhanced version around the resonances. We
consider two cases of gain, both with losses YrZ0 = 2.5. They
pertain to the two EPDs in Fig. 3: (a) gZ0 = 0 and (b) gZ0 = 1.6.
Instability occurs when poles have Re(s) > 0.

poles are such that Re(s) > 0, i.e., they are all unstable.
The finite-length array is stable at the EPD with gZ0 = 0;
however, it becomes unstable with a relatively tiny non-
linear small-signal gain and oscillates close to the EPD
frequency with gZ0 = 0, as demonstrated in Fig. 6 in the
next section that focuses on the array oscillatory regime.

IV. OSCILLATOR OPERATING AT
SECOND-ORDER EPD

We now consider the waveguide with EPD at kd = 0 at
3 GHz, by selecting small-signal gain gZ0 = 1.6 and radi-
ation loss YrZ0 = 2.5, while each segment has the same
electric length as previously, with θ = π/2 at 3 GHz.
Then, we set the number of unit cells to be N = 8, and
when using nonlinear gain as in Eq. (1) and we observe
that the system oscillates at fosc = 3 GHz. Since the system
was designed at the EPD with kd = 0 (based on the small-
signal gain value), one would expect the signal of each unit
cell to have the same phase of oscillation. But, in reality,
we observe that contiguous unit cells have a π phase dif-
ference. In other words, under the small-signal condition,
the system should operate at the EPD with kd = 0, but we
observe that after reaching saturation it operates at another
point.

To gain physical insight, we calculate the saturated gain
Ygsat,n on each unit cell as shown in Fig. 5(a). For exam-
ple, the saturated gain of the fourth active element of the
array was found to be −Ygsat,4Z0 = 0.003, which is very far
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FIG. 5. Saturated gain admittance −Ygsat,n calculated at each unit cell (blue curve), for an array with N = 8 unit cells. The radiating
elements have conductance YrZ0 = 2.5. We consider two cases: (a) all unit cells have the same small-signal gain gZ0 = 1.6; and (b)
each unit cell has a different small-signal gain gnZ0 = γn1.6, with factors γn equal to 85%, 90%, 110%, 105%, 82%, 89%, 95%, 101%,
respectively, of the EPD small-signal gain. The saturated gain −Ygsat,n (blue) converged to a much smaller value than the initial small-
signal gain, and tends to vanish for longer arrays. For infinite arrays it converges to Ygsat,nZ0 = 0 that is associated to an EPD at 3 GHz
with kd = π , shown with a dashed red line.

away from the starting small-signal one (gnZ0 = 1.6). The
other saturated gains Ygsat,n follow an analogous behavior,
as shown in Fig. 5(a). We then look at the color map in
Fig. 3(b) and observe that there is another point where the
coalescence parameter C vanishes, at gZ0 = 0, yielding a
different EPD condition. From Fig. 3(d), we also observe
that the phase shift associated to this EPD has kd = π ,
which is what we are observing in the saturated regime,
even if the system started from the other EPD condition
associated with kd = 0. Further investigation is needed to
study the stability of these EPDs by looking at the Lya-
punov exponents and nonlinear dynamics, as discussed in
Refs. [48–50].

In summary, results from an array with a finite number
N of elements indicate that the system tends to work at the
point where the real and imaginary parts of the saturated
gain is close to zero (as verified next). From the disper-
sion diagram of the complex-valued wave number k versus
frequency, we have verified that the saturation point is at
a gain value that corresponds to another EPD condition
with kd = π , which explains the observed π phase shift
in the time-domain waveform. Numerical investigations
show that the nonlinearity in the gain elements and their
saturation raise an interesting point regarding the circuit’s
behavior; the system reaches a point where the oscilla-
tion frequency is insensitive to gain variations. A deeper
theoretical investigation should be carried out in the future.

As further confirmation of these interesting dynamic
properties, we also investigate the case where the nonlin-
ear small-signal gain in each unit cell is nonuniform, i.e.,
varies as gnZ0 = γn1.6 from the EPD value gnZ0 = 1.6.

For the case shown in Fig. 5(b), small-signal gain varies
with an arbitrary value −15% < γn < 15%. Specifically
for the mentioned arbitrary case, nonlinear active elements
with small-signal gains are set on each unit cell with
γn as 85%, 90%, 110%, 105%, 82%, 89%, 95%, 101%,
respectively. After the system reaches saturation, the time-
domain waveforms show that the system tends again to
work at the point where the saturated gain in each unit
cell tends to be uniform and such that −Ygsat,nZ0 << 1.
The saturated gain values in Fig. 5(b) are very close to
those in Fig. 5(a). Thus, random variations in small-signal
gain in each unit cell do not affect the system’s saturation
regime at the EPD. Moreover, even the implementation of
actual radiators in the array might have an imperfection,
therefore we have analyzed a deviation from the uniform
array assuming that the actual radiators are ζnYrZ0, where
YrZ0 = 2.5. For a given arbitrary value −5% < ζn < 5%,
we consider the particular example with ζn as 95%, 98%,
102%, 101%, 96%, 102%, 99%, 97%, when n = 1, .., 8.
After conducting time-domain simulation with ADS with
fixed small-signal gain gZ0 = 1.6, we tracked the oscil-
lation frequency on each unit cell, and the array still
oscillates at 3 GHz.

We have performed time-domain calculations on arrays
with various lengths N and observed how the length
affects the saturation regime. We considered nonlinear
active elements with small-signal gain of gZ0 = 2. Figure
6(a), shows the saturated gain in the middle of the array
−Ygsat,n in the middle of the array [where n is either
(N + 1)/2 or N/2 for odd or even N , respectively] for dif-
ferent array lengths N (blue line), and the corresponding
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number of unit cells N .(b) Radiated power Pr delivered to the periodic elements with conductance Yr. The total power Pg is delivered
by the nonlinear gain elements Ygsat,n. The efficiency is Pr/Pg . The array has N = 8 unit cells and Z0 = 50 �. The small signal is
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and right PL, and delivered by the nonlinear gain elements Pg , versus load variation ZL. We also show the efficiency Pr/Pg and the
oscillation frequency fosc.

oscillation frequency after reaching the saturated regime
(orange line). As N increases, the saturated gain has a
monotonic decrease, as shown in the inset of Fig. 6(a),
indicating that the saturated system seems to converge to
the EPD at kd = π that occurs at 3 GHz. Indeed, in the
saturation regime, the array exhibits stable oscillations at
fosc = 3 GHz. The oscillation frequency is almost stable at
the EPD frequency by only a 0.003% deviation (approxi-
mately 100 KHz) when changing the structure length from
N = 3 to N = 13.

We then investigate the efficiency of the system in terms
of radiating power with respect to the power arising from
the gain elements for the case of an array with N = 8 gain
elements. In the saturated regime, we calculated the power
Pr radiated by the radiating elements, and the one deliv-
ered by the nonlinear gain elements Pg . The efficiency of
the system is defined as the ratio Pr/Pg evaluated in the
saturated regime. Simulations are performed for different
values of uniform nonlinear small-signal gains, ranging
from gZ0 ≈ 0 to gZ0 = 1.6, as shown in Fig. 6(b). These
two values represent the two small-signal gains that are
associated to the two EPDs in Fig. 3(b). The results reveal
that when the system starts from a small-signal gain close
to zero, after reaching saturation it operates with maximum
efficiency. The efficiency decreases when the system starts
from a larger value of small-signal gain; the efficiency
is low even in the case when the system starts from the
EPD associated with gZ0 = 1.6 and kd = 0. Overall, the
oscillating array system offers stable frequency of oscilla-
tion for all small-signal gain values, and high efficiency
in radiating power for the lower end of small-signal gain
values.

Additionally, we investigate the impact of the two load
impedances ZL on the saturation regime, displayed in

Fig. 6(c). Time-domain simulations have been performed
for ZL ranging from 0.1 � to 1 k�, and then the power in
the saturated regime has been evaluated. We still assume
N = 8 nonlinear gain elements with gZ0 = 1.6 and radiat-
ing elements with YrZ0 = 2.5. Figure 6(c) shows the power
Pr radiated by the arrayed radiating elements (dashed
green), the power PL delivered to the two load terminations
(dashed red), and the power delivered by the nonlinear gain
elements in saturation (solid blue). Additionally, the figure
presents the efficiency of the structure defined as Pr/Pg
(solid black), and the oscillation frequency (solid orange).
These outcomes demonstrate that remarkably the oscilla-
tion frequency at fosc = 3 GHz remains almost constant,
i.e., almost equal to the EPD one, with a negligible shift
of only 0.006% (approximately 200 KHz) when varying
ZL from 0.1� to 1 k�. The stability of the oscillation
frequency over a wide range of variations of the load
resistance and also of the array length (number of unit
cells) shows the robustness of the proposed array oscillator
whose saturated regime always converges to an EPD state.

V. TUNABILITY

The effect of the reactive part in the active element com-
ponents Yg is analyzed here. Such reactance can be present
because of parasitic effects (e.g., in the solid-state device or
in its packaging, because of the way they are mounted, etc.)
or because it can be added for tuning purposes. Therefore,
even for small signals, we assume that the uniform linear
gain elements Yg are not a purely real negative conduc-
tance and we consider the effect of an additional inductive
or capacitive susceptance as Yg = −g + jb. The EPD con-
dition corresponding to kd = π [i.e., the λ coefficient in
Eq. (6) is equal to +2] is discussed in the following.
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Accounting for the reactive part b, the EPD condition
leads to these two alternative equations by setting both the
imaginary and real parts equal to zero:

bYr sin2(θ)+ Yr(1 − g/Yr) sin(2θ) = 0,

−Yrgsin2(θ)− b sin(2θ)− 4 cos2(θ) = 0.
(10)

Therefore, by setting g = 0 and b = −2 cos θ/ sin θ ,
the degeneracy condition at kd = π is satisfied. Hence,
we can still find an EPD if the active reactance value is
b = −2 cos θ/ sin θ , which implies that θ 
= π/2 anymore,
hence the EPD frequency is not at 3 GHz anymore. This
analysis also clarifies why the results of Sec. IV, based
on assuming that θ = π/2 at 3 GHz, implied that the
imaginary part of the saturated nonlinear gain approached
zero.

Figure 7(a) shows the vanishing of the coalescence
parameter C by varying x and θ = kwd/2, where kw =
2π f /vw, assuming Re(Yg) = −g = 0. Since the vanishing

(a)

(b) (c)

FIG. 7. (a) The vanishing of the coalescence parameter shows
different values for reactance satisfies the EPD condition. The
EPs happen in different θ for different reactive susceptance b.
(b) The frequency spectrum of the nonlinear gain voltage v4(t),
which shows the oscillation frequency shifts when we added
a small reactance to all nonlinear gain through the structure at
fosc = 2.91 GHz.

of the coalescence parameter indicates the occurrence of
an EPD, the results illustrate how EPDs occur at frequen-
cies f = θvw/(πd) that depend on b. The EPD frequency
decreases or increases for larger capacitive or inductive
b. For instance, we assumed that the uniform nonlinear
small-signal gain admittance Yg = −g + jb comprises a
capacitive reactive susceptance b = j 2π fC (C = 0.1 pF)
equal to bZ0 = 0.091 at 2.91 GHZ.

We then perform the nonlinear time-domain simulation
for an array of N = 8 gain elements, assuming a small
capacitor of 0.1 pF in parallel to the nonlinear small-
signal gain conductance g in each unit cell as depicted in
Fig. 7(b). Time-domain results obtained by the Keysight
ADS simulator show that after saturation the oscillation
frequency is fosc = 2.91 GHz, corresponding to the EPD
point denoted by the cross symbol in Fig. 7(a). Analo-
gously to what has been demonstrated in the last section,
here we start from a given value of small-signal gain,
and after reaching saturation the admittance is Ygsat,nZ0 ≈
0 + jb. For example, assuming the nonlinear small-signal
gain conductance of gZ0 = 0.3, the saturation gain on
fourth unit cell calculated at the oscillation frequency
fosc = 2.91 GHz is Ygsat,4Z0 = −0.009 + j 0.093 where the
reactive part mostly comes from the added capacitor. Thus,
the numerical result confirms that the system once again
after starting from a given small-signal admittance value
(including a reactance) converges to the limiting value
associated to the EPD at kd = π where the saturated admit-
tance is Ygsat,n = 0 + jb. In summary, an additional reactive
part of the nonlinear gain can be adjusted to achieve
tunability of the frequency of the stable oscillation.

VI. CONCLUSIONS

We have investigated the effect of nonlinear active ele-
ments in a waveguide with a periodic array of radiating
elements and discrete gain elements that supports EPDs.
Of note, by using a nonlinear gain for each active ele-
ment in a finite-length array, we have demonstrated that
for arbitrary choices of gain values, the array reaches a
stable oscillation regime operating at a specific EPD at
kd = π , independently of the number of array elements.
Our results showed that even a 15% arbitrary variation in
small-signal gain in each of the nonlinear elements does
not alter the overall performance and the saturated gain is
uniform and independent of the initial choice of the small-
signal gain because the saturated gain is associated to an
EPD. In other words, we have demonstrated the concept
that the saturated system tends to operate at the excep-
tionally degenerate eigenmode. However, the initial choice
of nonlinear small-signal gain affects the radiation power
efficiency. We have also demonstrated that not all EPDs
are desirable points of operation, indeed in one represen-
tative example the initial choice of small-signal gain was
an EPD but the system migrated to another EPD after
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reaching saturation. Further studies are needed to provide
a more comprehensive analysis of nonlinear dynamics of
systems with EPDs.

The proposed strategy to conceive coherent arrays of
oscillators based on EPD operation provides a stable
oscillation frequency (even when there is an unbalanced
nonlinear gain across the array). Furthermore, the oscil-
lation frequency does not change when varying the array
length and the impedance loading at the two array ends.
Numerical simulation results show that the array dynamics
collapses onto a regime based on the EPD with kd = π ,
even when the gain elements are nonuniform along the
array. Moreover, we have shown also the EPD condition
in the presence of reactance in the active elements and
justify the EPD occurrence by using the vanishing of the
coalescence parameter. Our analysis revealed that the EPD
occurs at a frequency that depends on the shunt capaci-
tive or inductive reactance values. Nonlinear time-domain
simulation has shown that a tunable EPD oscillator with a
stable oscillation frequency is conceived by adding small
shunt capacitances to all the gain elements.

This proposed EPD oscillating array scheme may have
diverse applications, including radiating arrays of active
integrated antennas, and distributed high-power oscilla-
tors. The fundamental principles analyzed in this paper are
valid for a synchronized array of oscillators, from radiofre-
quency to optics. The demonstrated concept is applicable
also to high-power lasers with distributed power extrac-
tion (like in a vertically emitting laser). The proposed
strategy is general, and it focuses on demonstrating possi-
ble advantages of EPD-based distributed oscillators in the
robustness of oscillation, coherence of radiation with small
phase noise, and high power in large apertures of radiators.
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