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The Stoner-Wohlfarth model (SW model) is used to explain the relationship between the external mag-
netic field and the magnetization reversal of a single magnetic domain. However, it is inappropriate for
inhomogeneous magnetic films or bulk materials, such as granular and defective films, because the mag-
netization reversal of the films is affected by magnetic particles or grains, which could have a different
anisotropy for uniaxial magnetic anisotropy (UMA) of the films. In this paper, we propose a model based
on the SW model to understand the magnetization switching behavior of magnetic films with misoriented
grains. Our model considers the distribution effect of different anisotropies originating from magnetic
defects or domains against the UMA of a magnetic thin film, and a Gaussian function is employed for
the probability distribution of tilted anisotropy. Finally, we experimentally demonstrate that our model
describes the magnetic switching behavior of a granular magnetic film (FePt-C) with perpendicular mag-
netic anisotropy. This study provides an alternative analytical method for the magnetization reversal in
magnetic devices.
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I. INTRODUCTION

Over the last decade, the scaling down of ferromagnets
has been an essential issue for high-density memory appli-
cations such as magnetoresistive random access memory
(MRAM) and hard disk drives (HDD) [1–4]. By reducing
the scale of a magnetic device with perpendicular magnetic
anisotropy (PMA) up to tens of nanometers smaller than
a single magnetic domain, the Stoner-Wohlfarth model
(SW model) explains the switching behaviors of a device
in a single domain state [5–7]. However, considering the
wafer-scale fabrication for commercializing MRAMs, or
the existence of nanometer-sized magnetic particles in the
magnetic media of HDDs, the SW model cannot per-
fectly describe the total magnetization behaviors of billions
of nanometer-sized ferromagnets for the following rea-
sons [8–19]. In the cases of MRAM, magnetic properties
inevitably degrade during device fabrication, such as etch-
ing damage at the edge of each device, resulting in different
magnetic characteristics among magnetic tunnel junction
(MTJ) devices on a 300-nm wafer. On the other hand,
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the magnetic media in HDDs consists of magnetic gran-
ular films such as FePt-SiO2, FePt-C, and CoCrPt-SiO2, in
which the magnetic easy axes between particles are misori-
ented. The magnetic properties of granular films depend on
grain size, grain interaction, and space between grains [20].
Therefore, the conventional SW model cannot provide
representative information on nanosized pattern arrays or
granular magnetic thin films. In addition to these systems,
the magnetization behaviors of bulk hard magnets consist-
ing of nanocomposites do not follow the SW model or the
simple domain-wall propagation model [8,9] owing to the
randomly oriented magnetic anisotropy of the composite
in the magnets.

In this study, we develop a statistical model based on
the SW model considering a situation in which the uniax-
ial magnetic anisotropy (UMA) direction of each particle
in a system randomly deviates from the standard axis
perpendicular to the plane. The statistical SW model repro-
duces the magnetization switching of a magnetic granular
film, which has uncountable magnetic particles with a
misorientation exhibiting strong PMA. The best fitting of
the angle-dependent coercivity of the granular magnetic
film (FePt-C) using the model quantitatively provided the
degree of deviation of PMA. Our model can be practically
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utilized to analyze the magnetic properties of patterned or
self-assembled magnetic arrays.

II. EXPERIMENTAL AND SIMULATION METHOD

A 4-nm-thick FePt-C nanogranular layer was epitax-
ially grown on a MgO (100) substrate by co-sputtering
FePt and C targets. Pt (5 nm) was deposited as a cap-
ping layer. Here, the chemical composition of FePt was
estimated to be approximately 50:50. A Hall bar geometry
of the FePt-C thin film was defined by using photolithog-
raphy and ion milling. The channel width and length of
the device were 10 and 90 μm, respectively. Ru (100 nm)
was employed as a contact pad for electrical measurement.
All electrical measurements were performed in a cryogen-
free measurement system (cryogenic LTD) with a source
meter (Keithley 6221) and nanovoltmeter (Keithley 2182)
at room temperature. An Al wire was used for electrical
contact with the Ru pads of the device. A dc current of
1 mA was applied for electrical transport.

The micromagnetic simulation, MuMax3, was employed
for comparison with our statistical model. In this simula-
tion, the magnetic properties of FePt-C are referenced from
Ref. [11]. The granular structure is developed by modi-
fied Voronoi tessellation with the perpendicular bisectors
and asymmetric overlapping of the two layers as shown in
Fig. 4(a). Here, unit cell and plane size are 1 × 1 × 1 nm3,
and 200 × 200 nm2, respectively. The thickness of the
film is 4 nm. The average distance between grains (white
shape) is 7 nm. We assume that magnetization satura-
tion is 1.0 × 106 A/m, and the anisotropy constant is
5.0 × 106 J/m3. Also, we consider the demagnetization
effect in addition to a misorientation of the magnetic
grains.

III. RESULTS AND DISCUSSION

A. Statistical model based on the SW model

The SW model considers two energies, the magnetic
anisotropy and Zeeman energies in a single-domain fer-
romagnet. When an external magnetic field is applied, the
total energy is given by [5,6],

Etot = Ku sin2(θ − ϕ) − μ0MHex cos ϕ, (1)

where the Ku is the uniaxial anisotropy, M is the magne-
tization, and μ0 is the vacuum permeability. The first and
second terms indicate the contributions of the anisotropy
energy and the Zeeman energy, respectively.

According to Eq. (1), the magnetization of a single
domain rotates under an external magnetic field (Hex) com-
peting with Ku. The switching field (hs) depends on the
angle θ between the magnetic axis and Hex as shown in
Fig. 2(b). Then, the angle-dependent hs for a single domain
obtained from the minima of the Zeeman energy is given
as [5]

hs(θ) = (1 − tan2/3θ + tan4/3θ)
1/2

1 + tan2/3θ
. (2)

This is a solution from the conventional SW model to
understand the magnetic switching behavior of a single
domain.

Now, we consider a magnetic particle with another uni-
axial anisotropy (K ′

u), which is tilted from the Ku axis,
as shown in Fig. 1. Although factors such as dipole-
dipole interaction and domain wall can affect magnetiza-
tion reversal by external magnetic field in the system with
many magnetic domains or grains, we ignore these factors
to focus on the statistic effect of tilted anisotropy of the
grains. Then, a normalized magnetization vector with K ′

u
can be defined as follows:

nx = ωx√
ωx

2 + ωy
2 + 1

, ny = ωy√
ωx

2 + ωy
2 + 1

, nz

= 1
√

ωx
2 + ωy

2 + 1
. (3)

Here, ω is introduced to consider the tilted weight of K ′
u.

We set the z axis as the standard axis. Then, we can define
the angle (δ) between K ′

u and Hex as in Eq. (4) because Hex
is applied in the x-z plane (Hex = (H sin θ , 0, H cos θ)) as
shown in Fig. 1(b).

Hex × n̂ = H cos δ = H
ωx × sin θ + cos θ
√

ωx
2 + ωy

2 + 1
. (4)

The value of δ is determined by θ and ωx,y as follows:

cos δ = ωx × sin θ + cos θ
√

ωx
2 + ωy

2 + 1
. (5)

If there is no difference between δ and θ , ω = 0 because
the directions of Ku and K ′

u are the same as shown in
Fig. 1(b). Therefore, hs considered with the K ′

u of the
magnetic particles can be expressed as follows:

hs(δ(θ , ωx, ωy)) = (1 − tan2/3(δ(θ , ωx, ωy)) + tan4/3(δ(θ , ωx, ωy)))
1/2

1 + tan2/3(δ(θ , ωx, ωy))
. (6)
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(b)(a)

FIG. 1. Illustration of our model and the SW model. (a) In a magnetic device, magnetic grains can have different magnetic
anisotropies. The red arrows indicate the anisotropy of a single domain. The black arrow indicates UMA. (b) Conceptualization of
our model along with the SW model illustrating the magnetization of a single domain. ϕ indicates the angle of magnetization (M )
indicating Zeeman energy. θ is the angle between the Ku of the UMA and Hex. δ is an angle related to the K ′

u of magnetic particles
against the UMA of the magnetic device.

Here, we set the values of ωx and ωy in the range of −5
to 5. In this range, the tilting angle (δ − θ) of K ′

u varies
from −78.6◦ to 78.6◦ toward the x-y plane.

Figure 2 shows ω-dependent hs determined using Eq.
(6) in terms of θ when −5 < ωx,y < +5. To clarify our

analytical calculation results, we first focus on hs values
as a function of ωx and ωy when Hex is parallel to the
normal direction to the x-y plane (θ = 0◦). Here, δ is no
longer a function of θ . Then, δ is only determined by
ωx,y = 0 according to Eq. (5). The estimated hs plot in

(a) (b) (c)

(d) (e) (f)

FIG. 2. Plot of ω-dependent hs and P. hs as a function of ω at θ = 0◦ (a), 45◦ (b), and 90◦ (c) according to Eq. (7). The maximum
value of hs indicates the perpendicular between Hex and the K ′

u of magnetic particles. The Gaussian distribution as a function of t ω

at σ = 0.10 (d), 0.20 (e), and 0.50 (f) from Eq. (7). The magnitudes of hs and the probability distribution are expressed as a spectrum
(the black color indicates the minimum values, and the white color indicates the maximum values).
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Fig. 2(a) shows centrosymmetric behavior in terms of ωx,y .
In the case of θ = 45◦ in the x-z plane, the estimated hs in
terms of ω is noncentrosymmetric as shown in Fig. 2(b).
When the K ′

u axis is tilted by −45◦ from the z axis under
Hex, hs becomes maximum because K ′

u is perpendicular
to Hex(δ = 90◦). This behavior is natural according to the
SW model. Therefore, the magnetization with ωx = −1
should have a maximum hs independent of ωy (Hex is
always orthogonal to the y axis) as shown in Fig. 2(b).
If K ′

u is parallel to Hex indicating δ = 0, the switching
field can also have the maximum value. Hence, there is
a peak when ωx = 1 and ωy = 0. Figure 2(c) shows the ω-
dependent hs values under Hex with θ = 90◦. This system
also demonstrates the maximum value of hs as the perpen-
dicular (ωx = 0) and parallel (ωx > 5, ωy = 0) between
Hex and K ′

u, corresponding to the parabolic characteristic
of hs in the SW model well.

In the case of a system with several magnetic particles
with various tilting angles (δ − θ) to the z axis, we intro-
duce the probability distribution function in addition to the
concept of ω. Here, we consider that the magnetic easy
axis of each magnetic particle in the system has a ran-
dom variable that depends on ω. Therefore, the Gaussian
distribution, which is typically a continuous probability
distribution function (P), was employed in our model as
follows:

P(ωx, ωy) = 1

σ
√

2π
exp

(
−1

2

(ωx

σ

)2
)

× 1

σ
√

2π
exp

(
−1

2

(ωy

σ

)2
)

. (7)

Here, σ is the standard deviation of P.
Figures 2(d)–2(f) indicate the ω-dependent P(ωx, ωy)

in terms of σ . Considering both P and ω, the expected
value of hs in the magnetic system for a large number of
magnetic objects with various K ′

u axes can be determined
as

〈hs(θ)〉 =
∑

ωx

∑

ωy

hs(δ(θ , ωx, ωy))P(ωx, ωy). (8)

To describe our model intuitively, the overlapping graph
of hs and P of magnetic particles is shown in Fig. 3(a)
when θ is 45◦ and σ is 0.5 in Eq. (8). The dotted black cir-
cle indicates P with σ = 0.5 in Fig. 3(a). Then, the value
of hs in the magnetic system is expected to be within the
probability distribution range because the ω of magnetic
anisotropy, considering the range of standard deviation
of the probability distribution, is directly related to the
hs of magnetic particles with different easy axis. In other
words, the perspective of our model is how many parti-
cles, which have different hs for each K ′

u, are distributed in
the magnetic system.

Based on Eq. (8), the expected value of hs as a function
of θ with various values of σ is shown in Fig. 3(b). For
the analytical calculation, the constraint range of ω is −5
to 5, which corresponds to δ ≤ |81.95◦| at θ = 0◦. In the
case of the conventional SW model, the maximum value
of hs is obtained when θ = 0◦ and 90◦, and the minimum
value is obtained when θ = 45◦. On the other hand, the θ

dependence of hs weakens with increasing σ in our sta-
tistical SW model. As an increase in σ indicates that the
range of the distribution of misoriented grains (the range
of tilted weight) is widened, the expected value of hs is less
affected by θ . Therefore, hs at θ = 45◦ gradually increases
with increasing σ as shown in Fig. 3(c). From Eq. (8), the
θ for the minimum value of hs is shifted from 45◦ to 20◦
with increasing σ as shown in Fig. 3(d).

B. Micromagnetic simulation

We also conduct the micromagnetic simulation to sup-
port our statistical SW model. Figure 4(a) shows the
granular structure of a magnetic thin film with perpen-
dicular magnetic anisotropy as mentioned in the experi-
mental section. In addition to the concept of our statistical
model, we incorporate the demagnetization effect of mag-
netic grains into the switching field. The θ dependence
of the demagnetization field in each direction is shown
in Fig. 4(b). Here, θ is defined as the angle between the
magnetic axis and the external magnetic field in Fig. 1(b).

Figures 5(a)–5(e) indicate the magnetization as a func-
tion of the external magnetic field obtained from the
micromagnetic simulation depending on σ and θ . Here,
the magnetization is normalized with saturation magneti-
zation. The key view in Figs. 5(a)–5(e) is that a perpendic-
ular magnetic anisotropy becomes weaker as σ increases,
meaning that each anisotropy of magnetic grains more tilts
against uniaxial magnetic anisotropy of the magnetic gran-
ular films. From these results, we can obtain the hs of the
magnetic granular structure depending on various σ and
θ . Figure 5(f) shows the angle dependence of hs with our
statistical SW model and the micromagnetic simulation.
The squares indicate the results of the micromagnetic sim-
ulation, and the color dash lines show the statistical SW
model. The micromagnetic simulations also show a ten-
dency to increase the minimum hs with increasing σ as in
the statistical SW model [Fig. 3(b)].

C. Experimental results

To verify our analytical model, we applied it for the
experimental observation of an FePt-C granular film [11],
as shown in Figs. 6(a). FePt-C is a good template to
evaluate our model because it contains large amounts of
nanometer-sized magnetic particles with randomly dis-
tributed K ′

u [21]. Figure 6(b) shows the normalized anoma-
lous Hall effect (AHE) loops of the FePt-C granular film
depending on the angle θ . The AHE loops exhibited a
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(a) (b)

(c) (d)

FIG. 3. Plot of expected values of hs depending on σ . (a) Overlapping graph showing hs and a Gaussian distribution with 95%
uncertainty at θ = 45◦ and σ = 0.5 based on Eq. (8). The total value of hs within the dotted black circle indicates the expected value
of hs under those conditions. (b) hs as a function of θ with various values of σ . Increase in hs with increasing standard deviation at
θ = 45◦. (c) hs at θ = 45◦ as a function of σ . Increase in the value of hs with increasing σ . (d) Angle of minimum hs versus the
standard deviation. Decrease in θ with increasing σ .

typical PMA behavior. Figure 6(c) shows the normalized
hs of the granular film as a function of θ . Here, hs was
obtained from the coercive field of the AHE data. Unlike
in the conventional SW model, the maximum value of hs

is observed at θ = 85°, and the minimum value appears
at θ = 30°. The maximum and minimum hs values are
1.2 and 0.8, respectively. That is, the hs values of the
FePt-C film do not exactly follow the SW model, as

(a) (b)

FIG. 4. Micromagnetic simulation for hsof the granular magnetic film. (a) The image of a granular structure with perpendicular
magnetic anisotropy. The white and gray colors in the structure indicate a magnetic material FePt and insulator C, respectively. This
structure is created using modified Voronoi tessellation. (b) The angle dependence of the demagnetization field (Bdemag) with each
direction (x, y, z, s) in the granular structure. Here, s means the component parallel to saturation magnetization of the magnetic
granular film (Bdemag,s = Bdemag,x sin(θ) + Bdemag,zcos(θ)) and the Bdemag,s decrease as increasing with θ .
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(a) (b) (c)

(d) (e) (f)

FIG. 5. The simulation results of the M -H curve with various angle θ . Magnetization as a function of a perpendicular magnetic field
with 2KU/MS = 10, where KU is the anisotropy energy and MS indicates the saturation magnetization, by (a) σ = 0.00 (meaning the
SW model), (b) σ = 0.10, (c) σ = 0.15, (d) σ = 0.20, and (e) σ = 0.50. (f) The angle dependence of hs obtained from our model
and micromagnetic simulation. The dashed lines and squares indicate our statistical model and the micromagnetic simulation results,
respectively. The black dashed line means the SW model. Simulation results of the granular structure are similar to our statistical
model even though there is a demagnetization effect.

shown by the black dotted line in Fig. 6(c). This behavior
has been reported for several magnetic granular systems
[11–13]. Unlike the conventional SW model, our statisti-
cal SW model can fit the observed angle dependence of
hs when σ = 0.15 [see the blue dotted line in Fig. 6(c)].
The square indicates the data of the simulation in Fig. 6(c).
The results of the simulation well describe our model and
experiment although the demagnetization effect is included
in the simulation condition. It means that the anisotropy of
grains is dominant to the switching field in the magnetic

granular film and our statistical SW model becomes
particularly applicable when the magnetic anisotropy sig-
nificantly surpasses the energy associated with interparti-
cle interactions. Finally, we consider the dispersion weight
of ωx and the z axis to determine PMA properties to cal-
culate a tilted angle (δ − θ) of anisotropy of magnetic
grains as shown in Fig. 6. Average tilted angle can be
obtained from angle δ̄ = ∑ωx ,ωy

ωx ,ωy
δ(ωx, ωy) · P(ωx, ωy) and

then, we can obtain the average value of the tilted angle
depend on σ . In our statistical SW model, σ = 0.15 means

(a) (b) (c)

FIG. 6. Anomalous Hall effect of FePt-C granular film with PMA. (a) Illustration of the FePt-C Hall bar device. The AHE is
measured at room temperature. (b) AHE as a function of the magnetic field B at various values of θ . The AHE loops are normalized.
(c) The angle dependence of the coercive field of the FePt-C granular film. It is not fitted with the SW model (black dotted line).
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ω
(∣∣∣

√
ω2

x + ω2
y

∣∣∣
)

= 0.187966. This value indicates that the
magnetic anisotropy in this FePt-C granular film is tilted by
10.8358° (on average) from the z axis.

D. Discussion

The conventional SW model explains the magnetiza-
tion behavior of a particle with a single-domain state under
Hex. Here, we added two factors to apply the SW model to
real situations as follows. First, we consider a system with
multiple particles. Second, we add an additional frame K ′

u
to the frame of the conventional SW model, as shown in
Fig. 1(b). Tilted magnetic anisotropy against UMA has
been an issue because it is related to the magnetic char-
acteristics in various magnetic systems. Fischbacher et al.
[22] theoretically showed that the misorientation of the
anisotropy axis, which is caused by the demagnetizing
field at the grain boundary, affects the reduction in the
coercive field by nucleation in permanent magnets. This
misorientation effect is more dominant than the thermal
fluctuation. In addition, the misoriented grains in a hard
magnet influence local magnetization switching [23,24].
In the case of magnetic thin films, misoriented grains are
formed primarily at the interface between the magnetic
thin film and the substrate [21,25,26], and at grain bound-
aries [27]. For example, strain relaxation occurs in an FePt
film deposited on a TiN substrate, leading to the formation
of misoriented FePt grains [28]. This induces a change in
the coercive field of the FePt film. As mentioned in the
Introduction section, the tilted anisotropy of the magnetic
grains decreases the thermal stability of an MTJ, which is
a unit device in MRAM. This is because tilted magnetic
grains weaken the UMA of magnetic thin films [29,30].
As this thermal stability is related to the write and read
error rate, our statistical SW model can be used to eval-
uate the magnetic properties of magnetic pattern arrays
and those of magnetic granular films for ultra-high-density
magnetic recording media toward achieving tens of terabits
per square inch [31–34].

Meanwhile, previous results based on the SW model
cannot explain the angle dependence of the switching field
around 90° [35,36]. To overcome these limitations, the
distribution of magnetization was considered on satura-
tion magnetization and hysteresis loop [37,38]. However,
the aforementioned problem with high angle has not been
fully solved yet because a polar angle is solely considered.
However, we statistically deal with Gaussian-type distri-
bution in the magnetic easy axis considering an azimuthal
angle as well as the polar angle as shown in Figs. 2
and 3. Our model and micromagnetic simulation repro-
duce the switching field within a full range of the exter-
nal field angle in Fig. 6(c). Therefore, we attribute our
results of switching field around 90° to the Gaussian-type
distribution with an azimuthal and polar angle.

IV. SUMMARY

In this study, we introduce a statistical method for differ-
ent anisotropy effects to analyze the magnetization reversal
of magnetically inhomogeneous arrays extending the SW
model. The expected value of hs calculated by our model
well reproduces the experimentally observed angle depen-
dence of the coercivity of the granular film. The statistical
SW model can be widely applied for the quantitative anal-
yses of the magnetic characteristics of various magnetic
array systems or bulk-hard magnets.
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