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Fully analytical design of electromagnetic transmissive metagratings for highly
efficient extreme-angle beam refraction and reflection
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Metagratings are promising candidates for extreme-angle beam manipulation, due to two main features,
namely, the ability to maintain very high efficiency in beam manipulation at extreme angles and the sim-
plicity of the sparsely arranged structure for an easy physical implementation. Here, we propose to design
transmissive metagratings, which can achieve highly efficient extreme-angle beam manipulation under
normal incidence using a fully analytical design methodology, where information about the positions
and impedance density values of the meta-atoms are derived from closed-form expressions. The design
methodology is verified by full-wave simulations for extreme-angle anomalous refraction and reflection,
where the simulations results are found to be consistent with the theoretical predictions. Proof-of-concept
prototypes are fabricated and experimental demonstrations performed around 10 GHz are found to be in
good agreement with the simulation results. The proposed metagratings open the door to high-efficiency
functionalities in far-field beam manipulations and wireless power transfer.
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I. INTRODUCTION

Beam manipulation has always been a key topic in
modern wireless communications. Particularly, with the
development of fifth-generation (5G) wireless systems,
high data throughput of millimeter-wave communications,
and the fact that millimeter waves do not propagate
well through obstacles, such as walls, efficient beam-
manipulation schemes are highly demanded [1]. In the
past, phased antenna arrays were commonly used to
achieve beam manipulation [2]. With the emergence of
artificially engineered structures, the ability to achieve
low-cost beam manipulation has become possible [3]
and the subsequent development of metasurfaces has
enabled beam manipulation with significantly reduced
profile structures [4]. While phase gradient metasurfaces
based on generalized Snell’s law have provided an alterna-
tive means of beam manipulation [5], a significant decline
in efficiency is observed for large deflection angles due
to the mismatch between the wave impedance of incident
and outgoing waves [6]. To improve large-angle beam-
manipulation efficiency, the concept of Huygens’ meta-
surfaces has been proposed [7]. Based on the equivalence
principle, Huygens’ metasurfaces enable independent con-
trol of electric and magnetic fields of the incident wave
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through equivalent electric surface admittance and mag-
netic surface impedance [8–11]. As a result, beam manip-
ulation with perfect beam deflection can be achieved with
a passive and lossless Huygens’ metasurface [12]. How-
ever, the need to tailor two resonances presents a design
challenge for the use of such metasurfaces in practical
applications due to their complex structure and fabrication
processing.

Recently, metagratings have been proposed to achieve
beam manipulation with near-unity efficiency [13]. The
period of the structure, also known as the supercell, can
be designed as a complete scatterer, allowing indepen-
dent control of multiple diffraction modes and maintaining
a high level of efficiency for any diffraction angle. The
sparse arrangement of the meta-atoms further allows sim-
ple and easy fabrication process [14]. So far, there have
been several developments in beam manipulation with
metagratings. In Ref. [15], a rigorous analytical method-
ology for electromagnetic metagratings using microstrip
capacitor structure as meta-atoms was proposed. Subse-
quently, anomalous reflection based on a reflective meta-
grating was designed using a single meta-atom per super-
cell with printed-circuit-board (PCB) technology [16,17].
Then, more meta-atoms were introduced into the meta-
gratings supercell to control a large number of diffraction
orders, to enable more functionality-rich beam manipu-
lation [18–24]. Later, a semianalytical methodology and
an equivalent circuit model were proposed to design arbi-
trary multilayered metagratings with multiple meta-atoms
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per period to achieve versatile beam manipulation [25,
26]. While for a metagrating containing a large num-
ber of meta-atoms per period, numerical optimization is
a good means to finalize the design due to the com-
plex field coupling, for basic beam-manipulation func-
tionality, which usually require only a few number of
meta-atoms per period, a fully analytical design can cir-
cumvent numerical optimization to facilitate the design
procedure [27–29].

In this work, we propose a fully analytical methodol-
ogy to design transmissive metagratings, which can effi-
ciently achieve beam manipulations at arbitrary extreme
angles under normal incident wave illumination. Com-
pared to previous analytical or numerical techniques for
realizing similar beam manipulations [25,30], the pro-
posed fully analytical procedure presents the advantage
to be a more straightforward and intuitive theoretical
tool to accomplish the design. In particular, the loca-
tions of the meta-atoms as well as the purely imaginary
load impedance for realizing desired beam manipula-
tion can be directly calculated by the closed-form load-
impedance relations, and the choice of the substrate thick-
ness, which plays a role in Ohmic losses, can be directly
avoided. Compared to designs previously accomplished
with genetic algorithms [30], the metagratings designed
in this study have fewer meta-atoms, making the struc-
ture of the metagratings simpler and sparser. Interestingly,
anomalous beam reflection is tailored from a metagrat-
ing topology without ground plane and is experimentally
verified from a transmissive metagrating in this study.
Finally, the analytical formulas presented in the paper
can be expected to facilitate the application of metagrat-
ings in future antennas as well as wireless communication
systems [31,32].

II. THEORY

The schematic of extreme-angle beam manipulation
based on electromagnetic metagratings is shown in
Fig. 1(a). Highly efficient beam manipulation at any
extreme angle can be achieved when the metagrating is
illuminated by a TE-polarized (Ey = Ez = Hx = 0) elec-
tromagnetic wave. The considered metagrating is a two-
dimensional structure, which is invariant along the x direc-
tion and exhibits a periodic alignment in the y direction.
The distance between the upper and lower surfaces along
the z direction is h. The side view of the supercell (period
with length �y) composing the metagrating with the estab-
lished coordinate system is shown in Fig. 1(b). The super-
cell contains five wires, three of which are located on the
upper layer of the dielectric substrate and two on the lower
layer, and their constellations are (y1, z1) = (−d1, h), (y2,
z2) = (0, h), (y3, z3) = (d2, h), (y4, z4) = (−d3, 0), and (y5,
z5) = (d4, 0). Here, (yi, zi) (i = 1, 2, 3, 4, 5) denote the

(a)

(b)

FIG. 1. (a) Schematic of extreme-angle beam manipulation
based on electromagnetic metagratings. (b) Side view of the
supercell composing the metagratings.

coordinates of each wire in Fig. 1(b), respectively. We con-
sider the groundless metagrating with air above (z < −h)
as well as below (z > 0), and the permittivity of air and
dielectric substrate are ε0 (ε0 is the permittivity of vac-
uum) and εs = εrε0 (εr is the relative permittivity of the
substrate), respectively. Since both air and dielectric sub-
strate are nonmagnetic media, the wave number and wave
impedance in the air and substrate are k0 = ω

√
μ0ε0, η0 =√

μ0/ε0, ks = ω
√

μ0εs, and ηs = √
μ0/εs, respectively.

When considering a TE-polarized electromagnetic
wave of amplitude Ein the transmissive metagrating
illuminating at an incident angle θ in and ignoring
the time factor ej ωt, a number of diffraction modes
is generated. The external field (incident field plus
reflected field) in the upper half-space (z ≤ −h) can be
written as

Eext
x (y, z) = Ein[e−j β0(z+h) + R0ej β0(z+h)]e−j ξ0y , (1)

where ξ0 = k0 sin θin and β0 = k0 cos θin are the transverse
and longitudinal wave numbers of the incident wave in
air and k0 is given as k0 = 2π/λ0 (λ0 is the wavelength
corresponding to the operating frequency in vacuum). The
external field (transmitted field) in the lower half-space
(z ≥ 0) is written as

Eext
x (y, z) = EinT0e−j ξ0ye−j β0z, (2)

where R0 and T0 in Eqs. (1) and (2) are the Fresnel reflec-
tion and transmission coefficient of the incident wave,
respectively, and given as

R0 = j (1 − ρ2
0)sin(βsh)

2ρ0cos(βsh) + j (1 + ρ2
0)sin(βsh)

, (3)
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T0 = 2ρ0

2ρ0cos(βsh) + j (1 + ρ2
0)sin(βsh)

, (4)

where βs =
√

k2
s − (k0 sin θin)

2 is the longitudinal wave
number of the incident wave in the dielectric substrate, ks
is written as ks = √

εrk0, and ρ0 is defined as ρ0 = βs/β0.
Equations (3) and (4) can be derived by the tangential con-
tinuity of the electromagnetic field at the upper and lower
interfaces of the metagrating.

Next, we analyze the radiation fields of the metagrat-
ing located in the upper and lower layers of the dielectric
substrate. We use I u

1 , I u
2 , and I u

3 to denote the line cur-
rents on the upper wires and I l

1 and I l
2 denote wires in

the lower layer of the supercell. The radiation field of the
metagrating in the upper half-space (z ≤ −h) is [33]

Eu
x (y, z) = −η0k0

4

∞∑
n=−∞

e−j ξ0nΛy [I u
1 H (2)

0 (k0lu1)

+ I u
2 H (2)

0 (k0lu2) + I u
3 H (2)

0 (k0lu3)] (5)

with

lu1 =
√

(z + h)2 + (n�y − d1 − y)2, (6a)

lu2 =
√

(z + h)2 + (n�y − y)2, (6b)

lu3 =
√

(z + h)2 + (n�y + d2 − y)2, (6c)

where H 2
0 (·) is the second kind Hankel function. Simi-

larly, the radiation field of the metagrating in the lower
half-space (z ≥ 0) is

El
x(y, z) = −η0k0

4

∞∑
n=−∞

e−j ξ0nΛy [I l
1H (2)

0 (k0ll1)

+ I l
2H (2)

0 (k0ll2)] (7)

with

ll1 =
√

z2 + (n�y − d3 − y)2, (8a)

ll3 =
√

z2 + (n�y + d4 − y)2. (8b)

For a clearer analysis of the radiation field of the cur-
rents array, Poisson’s summation formula with the Fourier
variation of the Hankel function is used to rewrite the
above Eqs. (5) and (7) in the form of a superposition of

Floquet-Bloch modes [33]

Eu
x (y, z) = −

∞∑
m=−∞

k0ς
u
m

βm
e−j ξmye−j βm|z+h|, (9)

El
x(y, z) = −

∞∑
m=−∞

k0ς
l
m

βm
e−j ξmye−j βm|z| (10)

with

ςu
m = η0

2Λy
(I u

1 e−j ξmd1 + I u
2 + I u

3 ej ξmd2), (11)

ς l
m = η0

2Λy
(I l

1e−j ξmd3 + I l
2ej ξmd4), (12)

where ξm = k0 sin θin + (2πm/�y) and βm =
√

k2
0 − ξ 2

m

are the transverse and longitudinal wave numbers of the
mth-order Floquet mode in air, respectively.

When considering the reflection as well as transmission
of the line currents’ radiation field in the substrate, the
superposed radiation field of the line currents array (inci-
dent field is not included here) in the upper half-space of
the substrate (z ≤ −h) is

Erad
x (y, z) = −k0

∞∑
m=−∞

(
1 + Rm

βm
ςu

m + Tm

βm
ς l

m

)

× e−j ξmye−j βm|z+h| (13)

and the superposed radiation field in the lower half-space
(z ≥ 0) of the substrate is

Erad
x (y, z) = −k0

∞∑
m=−∞

(
1 + Rm

βm
ς l

m + Tm

βm
ςu

m

)

× e−j ξmye−j βmz, (14)

where Rm and Tm are the Fresnel reflection and transmis-
sion coefficients of the mth diffraction mode, respectively,
which can be obtained through the tangential continuity of
the electromagnetic field at the upper (z =−h) and lower
(z = 0) interfaces of the metagrating, written as

Rm = j (1 − ρ2
m)sin(βmsh)

2ρmcos(βmsh) + j (1 + ρ2
m)sin(βmsh)

, (15)

Tm = 2ρm

2ρmcos(βmsh) + j (1 + ρ2
m)sin(βmsh)

(16)

with βms = √
k2

s − ξ 2
m, and ρm = βms/βm. Here, Eqs. (15)

and (16) are the generalized forms of Eqs. (3) and (4).
Combining Eqs. (1) and (13), the total field in the upper

half-space (z ≤ −h) of the metagrating can be expressed as
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Etot
x = Eext

x + Erad
x , which is written as

Etot
x (y, z) = Eine−j β0(z+h)e−j ξ0y +

∞∑
m=−∞

Eu
me−j ξmyej βm(z+h).

(17)

Similarly, combining Eqs. (2) and (14), the total field in the
lower space (z ≥ 0) of the metagrating can be written as

Etot
x (y, z) =

∞∑
m=−∞

El
me−j ξmye−j βmz, (18)

where Eu
m and El

m are the amplitudes of the mth-order
diffraction mode of the reflection and transmission, respec-
tively, which can be denoted as

Eu
m = −k0

(
1 + Rm

βm
ςu

m + Tm

βm
ς l

m

)
+ δm0EinR0, (19)

El
m = −k0

(
1 + Rm

βm
ς l

m + Tm

βm
ςu

m

)
+ δm0EinT0, (20)

where δm0 is the Kronecker function.
Under normal incidence, for λ0 <Λy < 2λ0, the trans-

missive metagratings have six diffraction modes (three

reflection modes and three transmission modes), which is
sufficient to meet the requirement for extreme-angle beam
manipulation (see Appendix A for details). First, for these
propagating diffraction modes, we have [28]

Pu
m = |Eu

m|2βm

|Ein|2β0
, Pl

m = |El
m|2βm

|Ein|2β0
, (21)

1∑
m=−1

Pu
m +

1∑
m=−1

Pl
m = 1, (22)

where Pu
m and Pl

m denote the power ratio accounted for by
the mth reflection diffraction order and the mth transmis-
sion diffraction order, respectively.

According to the above Eq. (21), the amplitude of
the mth-order propagating diffraction modes can also be
written as

Eu
m = ej ϕu

mEin
√

Pu
mβ0/βm, (23)

El
m = ej ϕl

mEin

√
Pl

mβ0/βm. (24)

Thus, combining Eqs. (19), (20), (23), and (24), we can get

− η0

2Λy

[
(1 + Rm)

(
I u
1 e−j ξmd1 + I u

2 + I u
3 ej ξmd2

)+ Tm
(
I l
1e−j ξmd3 + I l

2ej ξmd4
)]+ δm0EinR0 = Einej ϕu

m
√

Pu
mβm/β0, (25)

− η0

2Λy

[
(1 + Rm)(I l

1e−j ξmd3 + I l
2ej ξmd4) + Tm(I u

1 e−j ξmd1 + I u
2 + I u

3 ej ξmd2)
]+ δm0EinT0 = Einej ϕl

m

√
Pl

mβm/β0. (26)

To further simplify the subsequent computational expressions, we can define the following two parameters:

am = ej ϕu
m
√

Pu
mβm/β0, (27)

bm = ej ϕl
m

√
Pl

mβm/β0. (28)

Then, Eqs. (25) and (26) can be rewritten as

− η0

2Λy
[(1 + Rm)(I u

1 e−j ξmd1 + I u
2 + I u

3 ej ξmd2) + Tm(I l
1e−j ξmd3 + I l

2ej ξmd4)] + δm0EinR0 = Einam, (29)

− η0

2Λy
[(1 + Rm)(I l

1e−j ξmd3 + I l
2ej ξmd4) + Tm(I u

1 e−j ξmd1 + I u
2 + I u

3 ej ξmd2)] + δm0EinT0 = Einbm. (30)

When m =−1, 0, and 1, the above Eqs. (29) and (30) can
be expanded into six equations, which contain only five
current parameters (I u

1 , I u
2 , I u

3 , I l
1, and I l

2). Therefore, when
considering the power ratio of each propagating diffraction
mode, i.e., when solving these equations, only five of them

need to be arbitrarily chosen for the solution. The feasibil-
ity of this approach also implies the inherent property of
metagratings, that is, controlling five diffraction modes is
equivalent to controlling the whole six diffraction modes
here.
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Therefore, here we choose the −1st, 0th, and 1st reflec-
tion modes as well as the −1st and 0th transmission modes
as our modes to be controlled, i.e., the five equations con-
cluding Eq. (29) with m =−1, 0, 1 and Eq. (30) with
m =−1, 0 are solved to get the five currents. For conve-
nience in the subsequent derivation, here we define two
radiative impedance density functions Zr(y, z) and Zt(y, z)
as in Ref. [28] with respect to reflection and transmission,
respectively, which are denoted as

Zr(y, z) = j
k0η0

2Λy

+∞∑
m=−∞

1 + Rm

αm
e−j ξmye−αm|z|, (31)

Zt(y, z) = j
k0η0

2Λy

+∞∑
m=−∞

Tm

αm
e−j ξmye−αm|z| (32)

with αm = j βm =
√

ξ 2
m − k2

0. When (y, z) = (0,0), Eq. (31)
has a series divergence term and needs to be rewritten as
[33]

Zr(0, 0) = η0(1 + R0)

2Λycos θin
+ j

η0

λ0

⎧
⎪⎨
⎪⎩

ln
(

�y

2πr

)

+ 1
2

∞∑
m =−∞
m �=0

[
2π(1 + Rm)

�yαm
− 1

|m|
]
⎫
⎪⎬
⎪⎭

, (33)

where parameter r denotes the effective radius of the wires,
as shown in Fig. 1(b).

Then combining Eqs. (19), (20), (31), (32), and Ohm’s
law Etot

x = ZI , at the upper surface of the metagrating

(z =−h), we have
⎛
⎜⎝

Zu
1 I u

1

Zu
2 I u

2

Zu
3 I u

3

⎞
⎟⎠ =

⎡
⎢⎣

Ein(1 + R0)

Ein(1 + R0)

Ein(1 + R0)

⎤
⎥⎦− Qu(r)

3×3

⎛
⎜⎝

I u
1

I u
2

I u
3

⎞
⎟⎠

− Ql(t)
3×2

(
I l
1

I l
2

)
(34)

with

Qu(r)
3×3 =

⎡
⎣

Zr(0, 0) Zr(d1, 0) Zr(d1 + d2, 0)

Zr(d1, 0) Zr(0, 0) Zr(d2, 0)

Zr(d1 + d2, 0) Zr(d2, 0) Zr(0, 0)

⎤
⎦ ,

(35a)

Ql(t)
3×2 =

⎡
⎣

Zt(d1 − d3, 0) Zt(d1 + d4, 0)

Zt(d3, 0) Zt(d4, 0)

Zt(d2 + d3, 0) Zt(d2 − d4, 0)

⎤
⎦ . (35b)

Similarly, at the lower surface of the metagrating (z = 0),
we have

(
Zl

1I l
1

Zl
2I l

2

)
=
(

EinT0

EinT0

)
− Ql(r)

2×2

(
I l
1

I l
2

)
− Qu(t)

2×3

⎛
⎜⎝

I u
1

I u
2

I u
3

⎞
⎟⎠ (36)

with

Ql(r)
2×2 =

[
Zr(0, 0) Zr(d3 + d4, 0)

Zr(d3 + d4, 0) Zr(0, 0)

]
, (37a)

Qu(t)
2×3 =

[
Zt(d1 − d3, 0) Zt(d3, 0) Zt(d2 + d3, 0)

Zt(d1 + d4, 0) Zt(d4, 0) Zt(d2 − d4, 0)

]
,

(37b)

where I u
1 , I u

2 , I u
3 , I l

1, and I l
2 are the polarization currents and Zu

1 , Zu
2 , Zu

3 , Zl
1, and Zl

2 are the load-impedance density of the
five wires on the upper and lower surfaces of the metagrating.

Meanwhile, according to the system of Eqs. (29) and (30), the currents on the lower face of the metagrating can be
derived as

I l
s = Λy

η0
Einps, (s = 1, 2) (38)

with

p1 = 2
ej ξ1d3 − e−j ξ1d4

[
−(1 + R1)b−1 + T1a−1

(1 + R1)
2 − T2

1

+ (1 + R0)b0 − T0(1 + a0)

(1 + R0)
2 − T2

0

e−j ξ1d4

]
, (39a)

p2 = 2
ej ξ1d3 − e−j ξ1d4

[
(1 + R1)b−1 − T1a−1

(1 + R1)
2 − T2

1

− (1 + R0)b0 − T0(1 + a0)

(1 + R0)
2 − T2

0

ej ξ1d3

]
. (39b)
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The currents on the upper face of the metagrating are derived as

I u
s = Λy

η0
Einqs, (s = 1, 2, 3) (40)

with

q1 = 2
(ej ξ1d1 − 1)(ej ξ1d2 − e−j ξ1d1)

×

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−(1 + R1)a−1 + T1b−1

(1 + R1)
2 − T2

1

ej ξ1d2 −
[

1 − (1 + R0)(a0 + 1) − T0b0

(1 + R0)
2 − T2

0

]
(1 + ej ξ1d2) − a1

1 + R1

− T1

1 + R1

[
(1 + R1)b−1 − T1a−1

(1 + R1)
2 − T2

1

ej ξ1(d4−d3) − (1 + R0) − T0b0(1 + a0)

(1 + R0)
2 − T2

0

(e−j ξ1d3 + ej ξ1d4)

]

⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

, (41a)

q2 = 2
(ej ξ1d1 − 1)(ej ξ1d2 − 1)

×

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(1 + R1)a−1 − T1b−1

(1 + R1)
2 − T2

1

ej ξ1d2 +
[

1 − (1 + R0)(a0 + 1) − T0b0

(1 + R0)
2 − T2

0

]
(1 + ej ξ1(d1+d2)) + a1ej ξ1d1

1 + R1

+T1ej ξ1d1

1 + R1

[
(1 + R1)b−1 − T1a−1

(1 + R1)
2 − T2

1

ej ξ1(d4−d3) − (1 + R0)b0 − T0(1 + a0)

(1 + R0)
2 − T2

0

(e−j ξ1d3 + ej ξ1d4)

]

⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

, (41b)

q3 = 2
(ej ξ1d2 − 1)(ej ξ1d1 − e−j ξ1d2)

×

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−(1 + R1)a−1 + T1b−1

(1 + R1)
2 − T2

1

−
[

1 − (1 + R0)(a0 + 1) − T0b0

(1 + R0)
2 − T2

0

]
(1 + ej ξ1d1) − a1ej ξ1d1

1 + R1

−T1ej ξ1d1

1 + R1

[
(1 + R1)b−1 − T1a−1

(1 + R1)
2 − T2

1

ej ξ1(d4−d3) − (1 + R0)b0 − T0(1 + a0)

(1 + R0)
2 − T2

0

(e−j ξ1d3 + ej ξ1d4)

]

⎫
⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

. (41c)

After obtaining the analytical expression of the polarization currents, substituting them into Eqs. (34) and (36),
respectively, we can obtain the closed form analytical solutions of wire load-impedance density as

Zu
1 = η0

Λy

(
1 + R0

q1

)
− Zr(0, 0) − j

k0η0

2Λy

+∞∑
m=−∞

[
1 + Rm

αm

(
q2

q1
+ q3

q1
e−j ξmd2

)
+ Tm

αm

(
p1

q1
ej ξmd3 + p2

q1
e−j ξmd4

)]
e−j ξmd1 ,

(42a)

Zu
2 = η0

Λy

(
1 + R0

q2

)
− Zr(0, 0) − j

k0η0

2Λy

+∞∑
m=−∞

[
1 + Rm

αm

(
q1

q2
e−j ξmd1 + q3

q2
e−j ξmd2

)
+ Tm

αm

(
p1

q2
e−j ξmd3 + p2

q2
e−j ξmd4

)]
,

(42b)

Zu
3 = η0

Λy

(
1 + R0

q3

)
− Zr(0, 0) − j

k0η0

2Λy

+∞∑
m=−∞

[
1 + Rm

αm

(
q1

q3
e−j ξmd1 + q2

q3

)
+ Tm

αm

(
p1

q3
e−j ξmd3 + p2

q3
ej ξmd4

)]
e−j ξmd2 ,

(42c)

Zl
1 = η0

Λy

(
T0

p1

)
− Zr(0, 0) − j

k0η0

2Λy

+∞∑
m=−∞

[
1 + Rm

αm

p2

p1
e−j ξmd4 + Tm

αm

(
q1

p1
ej ξmd1 + q2

p1
+ q3

p1
e−j ξmd2

)]
e−j ξmd3 , (42d)

Zl
2 = η0

�y

(
T0

p2

)
− Zr(0, 0) − j

k0η0

2�y

+∞∑
m=−∞

[
1 + Rm

αm

p1

p2
e−j ξmd3 + Tm

αm

(
q1

p2
e−j ξmd1 + q2

p2
+ q3

p2
e j ξmd2

)]
e−j ξmd4 . (42e)
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To consider passive and lossless metagratings so as to
ensure the maximum efficiency, we need an additional
constraint on the load-impedance density, which is

Re[Zu
1 ] = 0, Re[Zu

2 ] = 0, Re[Zu
3 ] = 0,

Re[Zl
1] = 0, Re[Zl

2] = 0. (43)

Finally, the design of various types of beam manipulation
can be completed by assigning values to parameters a−1,
a0, a1, b−1, and b0. From Eqs. (27) and (28), it can be
seen that when the different am and bm are determined, the
corresponding different diffraction powers Pu

m and Pl
m are

determined.
For the anomalous refraction, we let the +1st trans-

mission diffraction mode as the radiated beam to realize
anomalous refraction, meaning that we have

a−1 = a0 = a1 = b−1 = b0 = 0. (44)

Solving the system of Eqs. (43) and (44), the constella-
tion parameters of the meta-atoms, i.e., d1, d2, d3, d4, and
h, can be calculated. By substituting these parameters into
the load-impedance density expressions (42a)–(42e), the
required corresponding impedance density values of each
meta-atom can be calculated.

For the anomalous reflection design, we consider the
+1st reflection diffraction mode as the radiated beam.
Thus, it can be obtained that

a−1 = a0 = b−1 = b0 = 0, a1 = ej ϕu
1
√

β1/β0. (45)

FIG. 2. Computational flowchart for fully analytical design of metagratings.

Since an extra unknown ϕu
1 is introduced in Eq. (45), we

need to add an extra equation |ej ϕu
1 | − 1 = 0 when solv-

ing the system of Eqs. (43) and (45) so that the number
of unknowns d1, d2, d3, d4, h, and ϕu

1 is the same as the
number of equations, thus enabling the system of equa-
tions to be solved successfully. Similarly, the required
impedance densities are calculated by substituting these
solved parameters into the impedance density expressions.

In addition, it is worthwhile to note that when design-
ing the metagratings, the Joule losses usually constitute
an unavoidable factor affecting the efficiency. In particular,
large amplitude polarization currents will cause significant
losses, even though the real part of the load-impedance
density of the meta-atom may be very small. By analyz-
ing Eqs. (38) and (40), we can know that the amplitude
of the currents is affected by the substrate thickness h.
When the denominators in Eqs. (38) and (40) are zero, i.e.,
sin(βsh) = 0, the current amplitudes will be infinite, and
the corresponding thickness can be derived as

h = n
2
√

εr
λ0, (n = 0, 1, 2 . . .). (46)

It is worthwhile to note that we should not only avoid
choosing the thickness of the substrate in Eq. (46), but
also the values around it. Interestingly, this result is con-
sistent with previous results when a supercell contains
one meta-atom [16,17], as well as two meta-atoms [28].
So, we conclude that for a metagrating supercell contain-
ing arbitrary multiple meta-atoms, the nearby values of
the substrate thickness in Eq. (46) need to be avoided.
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This corollary may be a convenient and direct reference
in metagrating designs to avoid as much as possible losses
caused by Joule heating. In order to have a more intuitive
view of the analytical formulas proposed in this paper for
the design of the metagratings, the calculation steps are
summarized in the flowchart depicted in Fig. 2.

III. DESIGN, SIMULATIONS, AND EXPERIMENTS

To validate our proposed methodology, a proof-of-study
study is numerically and experimentally reported for beam
refraction and reflection schemes. The operating frequency
of the metagrating is set to 10 GHz. Since the calculated
reactance densities are all negative, and considering the
practical feasibility of the model, the wires are replaced by
meta-atoms with microstrip capacitor structures to achieve
the required impedance density of the wires in the super-
cell, as shown in Fig. 3(a). The material of meta-atom
is copper and the thickness and width or the microstrip
wire are t = 0.018 mm and w = 0.2 mm, respectively. The
capacitor’s gap is g = 0.2 mm and width is L, which is
obtained using an electromagnetic parameter retrieval pro-
cedure (see Appendix B for details). The dimensions of the
metagrating supercell in the x direction and y direction are
considered as �x = λ/10 and �y = λ/sinθ1 (θ1 is the angle

(a)

(b)

(c)

FIG. 3. (a) Realization of meta-atoms with reactive load-
impedance density using microstrip line capacitor. (b) Top view
of the metagrating supercell. (c) Bottom view of the metagrating
supercell.

of the +1st diffraction mode), respectively, as shown in
Figs. 3(b) and 3(c). The dielectric substrate is selected as
F4BM300 (ε = 3ε0 and tan δ = 0.0007) with a thickness h.

For the metagratings, we consider designs with 75°
refraction and 70° reflection. Other angle designs of
anomalous refraction and anomalous reflection are pre-
sented in Appendix C. Once the angle and power ratio
of each diffraction order are determined, the constellation
and the load-impedance density of each meta-atom in the
supercell are calculated by Eqs. (43)–(45). The dimen-
sions of the meta-atoms can then be determined and the
final parameters of the metagrating supercells are given
in Table I. The anomalous refraction and reflection dia-
grams of the metagratings are shown in Figs. 4(a) and 4(c),
respectively, and the simulated performances of the cor-
responding supercells are depicted in Figs. 4(b) and 4(d).
From the results, it can be observed that for both designs
the energy is almost completely transformed from the inci-
dent wave to the desired outgoing wave at 10 GHz, with
less than 0.4% of the power radiated in the direction of par-
asitic scattering. The inevitable Joule losses are of the order
of 6.24% for the anomalous refraction and 10.95% for the
anomalous reflection. The reason for more power absorp-
tion in the anomalous reflection design is that the thickness
of its substrate is closer to the value of h in Eq. (46), and
thus the larger amplitude of the polarization current leads
to more Joule heat losses. It is worthwhile to note that
some multispace harmonic metasurface designs using the
“phase-shift” approach have also been proposed to achieve
efficient wavefront manipulation [34–36]. However, most
of them rely on densely arranged meta-atoms and on
full-wave optimizations, therefore lacking intuitive design

TABLE I. Parameters of the metagratings with 75° anomalous
refraction and 70° anomalous reflection.

Parameters

Supercell type Anomalous
refraction

Anomalous
reflection

�x (mm) 3 3
�y (mm) 31.06 31.93
h (mm) 2.37 7.42
d1 (mm) 10.90 11.30
d2 (mm) 13.14 10.94
d3 (mm) 11.19 9.74
d4 (mm) 12.33 10.48
Zu

1(η/λ) −j 3.7060 −j 2.2093
Zu

2(η/λ) −j 1.5637 −j 4.1663
Zu

3(η/λ) −j 4.0354 −j 2.7461
Zl

1(η/λ) −j 4.4263 −j 4.1104
Zl

2(η/λ) −j 4.3434 −j 4.1231
L1 (mm) 4.22 5.89
L2 (mm) 6.92 3.85
L3 (mm) 3.96 5.19
L4 (mm) 3.67 3.89
L5 (mm) 3.72 3.88
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(a) (b)

(c) (d)

FIG. 4. Different beam-manipulation diagram: (a) anomalous
refraction, (c) anomalous reflection. Simulation results of the
supercells: (b) anomalous refraction, (d) anomalous reflection.

guidance. Hence, metagratings with sparsely arranged
meta-atoms designed by explicit analytical design guid-
ance constitute an excellent alternative for efficient wave-
front manipulation.

To further verify the validity of the proposed design
methodology through experiments, the parameters listed
in Table I are used to fabricate the two metagratings
using classical PCB technology, as shown by the pho-
tographs in Figs. 5(a) and 5(b). The two proof-of-concept
prototypes, both consisting of 100 × 18 supercells in x
and y direction, respectively, i.e., 300 mm × 574.74 and

300 mm × 559.08 mm, are measured using the experimen-
tal setup shown in Fig. 5(c). The metagrating under test
is mounted on a low-index foam support surrounded by
microwave absorbing materials, and three standard horn
antennas are utilized for the measurements. The transmit-
ter antenna is placed away from the prototype at a distance
of 2.5 m to launch a quasiplanar wave-front illumination.
The receiving antenna 1 and the receiving antenna 2 are
mounted on two rotatable mechanical arms to record the
scattered waves from the metagrating plate at a distance
of 2.5 m as well as 2 m away from the plate, respectively.
Finally, the measurement is accomplished by keeping the
transmitter and the metagrating fixed and rotating the
mechanical arms with 1° step.

Figure 6(a) compares the simulated and measured nor-
malized far-field scattered power of the metagratings at
10 GHz. In addition to very small angular errors, the meta-
gratings are able to redirect the incident wave toward the
predicted angles well. For the 75° anomalous refraction
design, the simulation shows a main beam pointing at 73°,
while the measurement shows a refraction to 74°. For the
70° anomalous reflection design, both simulation and mea-
surement show a main beam pointing at 69°. The observed
angular deviations are due to the finite size of the meta-
grating samples. In order to minimize the deviation with
respect to the theoretically expected value, the size of the
samples need to be increased as much as possible. The
diffraction efficiency ηsca, which is the ratio of the power
in the direction of the outgoing beam to the total diffracted
power of the metagrating, is given as [20]

ηsca =
∫ θ2

m
θ1

m
P(θ)dθ

∑
m

∫ θ2
m

θ1
m

P(θ)dθ
, (47)

where P (θ ) is the power scattered at angle θ , and θ1
m and θ2

m
are the angles where the scattered power is 3 dB less than

(a)

(b)

(c)
31.06 mm31.06 mm

10.90 mm

13.14 mm

30.46 mm

11.30 mm

10.94 mm

20.22 mm

30.46 mm

23.52 mm

FIG. 5. Enlarged view on two lat-
eral and multiple longitudinal peri-
ods of the fabricated metagrating
plates, the sizes as well as spac-
ing of the meta-atoms are labeled
in blue: (a) anomalous refractor, (b)
anomalous reflector. (c) Experimen-
tal setup, consists of one transmit-
ter and two receiver standard horn
antennas, and rotatable arms.
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(a)

(b)

FIG. 6. Far-field simulation and measurement results of the
fabricated metagrating anomalous refractor and anomalous
reflector. Near-field simulation result of the fabricated metagrat-
ing anomalous refractor and anomalous reflector.

the peak value in the direction of the mth diffraction order.
The simulated and measured diffraction efficiency for the
75° anomalous refraction metagrating is then found to be
98.24% and 92.65%, respectively. For the 70° anomalous
reflection, the diffraction efficiency is 93.26% and 91.19%,
in simulation and experiment, respectively. It should be
noted that for the total efficiency, Joule losses as well
as the edge effects of the board contribute to the power
loss [17]. Finally, the near-field distribution extracted from
full-wave simulations, displayed in Fig. 6(b), show that
when the incident waves pass through the metagrating
board, they both point to the expected angle. Particularly,
for the anomalous reflection, it is interesting to observe
that no energy is transmitted on the bottom side of the
metagrating, even if there is no ground plane.

IV. CONCLUSION

In summary, we have proposed a fully analyt-
ical methodology to design groundless transmissive

electromagnetic metagratings for highly efficient extreme-
angle beam manipulation. Unlike the designs achieved
with the help of optimization algorithms, here we derive
closed-form formulas to obtain the required impedance
density of the meta-atoms. The proposed methodology
constitutes a convenient and straightforward design tool
for a future extreme-angle beam-manipulation scheme
based on metagratings. The validity of the proposed
methodology is numerically and experimentally validated
for large-angle anomalous reflection and refraction con-
figurations. Moreover, it is particularly noted that high-
efficiency reflection can be obtained from a metagrating
topology without ground plane, suggesting that it can be
further exploited for out-of-band transmission features.
The proposed metagratings can be good alternatives for
future applications in base stations, satellite terminals, and
lens antennas for edge coverage enhancement.
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APPENDIX A: DISCUSSION ABOUT THE PERIOD
LENGTH SELECTION FOR THE

METAGRATINGS

Here, we mainly consider beam manipulation of trans-
missive metagratings under a normal incidence, i.e.,
θ in= 0°. First, we discuss the effect of the metagratings
period length �y on the angular range of the beam manip-
ulation. Since the incidence is normal, the number of
transmission or reflection diffraction modes will be odd,
i.e., 2|m| + 1 = 3, 5, 7. . . (m denotes the mth transmission
and reflection diffraction order). For the sake of simplic-
ity, let us use the transmission diffraction modes as an
example (the reflection diffraction modes are symmetri-
cal to the transmission ones, and they have the same
angular range), as shown in Fig. 7. If λ0 < �y < 2λ0,
there are only three transmission diffraction modes, i.e.,
m = 1, and the diffraction angle of the +1st order is θ1 =
arcsin(ξ+1/k0), as shown in Fig. 7(a). Thus, if we select the
+1st order as the anomalous refraction beam, the beam-
manipulation range is equal to the range of θ1, which is

(a) (b) (c)

FIG. 7. Wave-vector diagram of different transmission Floquet modes of the transmissive metagratings: (a) three modes, (b) 2|m| + 1
modes, (c) θmin under different maximum diffraction order m.
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30◦ <θ1 <90◦. As shown in Fig. 7(b), when the range
of the period �y becomes mλ0 <�y < (m + 1)λ0, the
metagrating has more transmission diffraction modes, i.e.,
2m + 1 diffraction modes. Then, the range of anomalous
refraction on the right side will include all the ranges
from θ1 to θm, where θm is the diffraction angle of +mth
order. The maximum angle of anomalous refraction is
θmax= 90°, and the minimum angle of anomalous refrac-
tion is θmin = arcsin[1/(m + 1)], and the relationship of
θmin with m is shown in Fig. 7(c). From the above anal-
ysis, we can know that as the number of diffraction modes
increases, the maximum angle of anomalous refraction is
always kept at 90°, while the mnimum angle changes from
30° toward to 5° and the change trend gradually becomes
slower, which can be seen in Fig. 7(c). Thus, here for
metagratings focusing on the large-angle beam manipu-
lation, choosing λ0 < �y < 2λ0 is sufficient to meet the
requirement for the extreme-angle beam manipulation.

APPENDIX B: OBTAINING META-ATOMS’ SIZE
CORRESPONDING TO THE REQUIRED

LOAD-IMPEDANCE DENSITY USING
S-PARAMETER RETRIEVAL

For the meta-atom load-impedance density at a cer-
tain frequency, it can be obtained either by the analyti-
cal formulas given in Ref. [28] or by the local periodic
approximation method poposed by Popov et al. [21]. In
this paper, since the supercell contains more than one
meta-atom, we choose the more accurate parameter extrac-
tion method [21]. Considering the completeness, here we
briefly describe the derivation of the S-parameter retrieval
procedure.

As shown in Fig. 8, we build the desired meta-atom
structure in HFSS simulation software. In this model, the
height of the air box with periodic boundary condition is
λ0, and Floquet port 1 is used as an excitation port on
the top face of the air box. The permittivity of the dielec-
tric substrate is the same as in Sec. II (ε = 3ε0 and tan

FIG. 8. Model built for HFSS simulation to extract the load-
impedance density of meta-atoms.

δ = 0.0007). The width of the unit cell is Lx = λ0/10. The
length Ly of the unit cell can be taken arbitrarily, and to
ensure that only 0th diffraction mode exists, here we con-
sider Ly = λ0/2. The thickness of the substrate h can also
be taken arbitrarily, just to ensure that it is away from h
given in formula (62), here we consider h = λ0/10. The
width of the microstrip capacitor trace is considered to
be w = 0.2 mm as in Sec. II. Considering the same illu-
mination as in Sec. II, the electric field amplitude of the
reflection 0th mode E0 in Fig. 8 is [37]

E0 = −k0η0

2Ly

(
1 + R′

0

β0

)
I0 + EinR′

0, (B1)

where R′
0 = [

tan(ksh) + j
√

εr
]
/
[
tan(ksh) − j

√
εr
]

is the
Fresnel reflection coefficient of the incident wave. Then the
load-impedance density of the meta-atom can be expressed
as [37]

Z = η0

2Ly

[
(1 + R′

0)
2

R′
0Ein − E0

]
− Z(0, 0) (B2)

with

Z(0, 0) = η0

2Ly
T′

0

+ j
η0

λ0

[
ln
(

2Ly

πw

)
+

∞∑
m=1

(
2πT′

m

Lyαm
− 1

m

)]
,

(B3)

where T′
m = 2 tanh(α′

mh)/[tanh(α′
mh) + α′

m/αm], αm =
k0

√
(mλ0/Ly)

2 − 1, and α′
m = k0

√
(mλ0/Ly)

2 − εr.
In Fig. 8, when Ein= 1 V/m, then the E0 can be written

as E0 = EinS11ej β0λ0 = S11ej k0λ0 = S11, where S11 is the
scattering parameter of the Floquet port 1. Thus, we can
obtain E0 by extracting S11. By scanning parameter L, the
real and imaginary parts of different E0 are obtained shown
in Fig. 9(a). Then, the corresponding load-impedance den-
sity Z can be obtained according to Eq. (B2), as shown in

(a) (b)

FIG. 9. Extracted real and imaginary parts of E0 with different
capacitor width L when Ein= 1 V/m, (b) calculated impedance
density Z of the meta-atom with different capacitor width L
according to extracted E0.
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TABLE II. Parameters of the metagratings with four types of beam manipulation.

Parameters

Supercell type
Type A Type B Type C Type D

�x (mm) 3 3 3 3
�y (mm) 46.67 36.62 52.30 39.16
h (mm) 5.38 4.92 5.91 6.73
d1 (mm) 19.49 15.62 29.99 17.69
d2 (mm) 14.09 6.85 5.43 10.10
d3 (mm) 10.98 15.78 21.50 15.94
d4 (mm) 16.33 5.04 13.12 9.36
Zu

1(η/λ) −j 3.3.2735 −j 4.1722 −j 3.3967 −j 2.7271
Zu

2(η/λ) −j 1.9174 −j 5.7574 −j 4.2235 −j 2.2666
Zu

3(η/λ) −j 4.8696 −j 5.0165 −j 1.7130 −j 2.9990
Zl

1(η/λ) −j 4.4599 −j 4.1319 −j 3.7493 −j 5.1017
Zl

2(η/λ) −j 5.2848 −j 6.2141 −j 4.4473 −j 4.8624
L1 (mm) 4.61 3.82 4.51 5.21
L2 (mm) 6.32 2.88 3.80 5.80
L3 (mm) 3.37 3.27 6.65 4.91
L4 (mm) 3.64 3.85 4.18 3.23
L5 (mm) 3.13 2.67 3.64 3.38

aType A: anomalous refraction at 40°.
bType B: anomalous refraction at 55°.
cType C: anomalous reflection at 35°.
dType D: anomalous reflection at 50°.

Fig. 9(b), and the extracted real part of the impedance den-
sity is Re [Zq] = 0.5η/λ, which is not considered here. For
the imaginary impedance density required for each meta-
atom in the metagrating, we can retrieve the corresponding
capacitor width L. It should be noted that since the strategy
used here to extract the meta-atom impedance density is
based on the assumption that the entire metagrating peri-
odic array is uniform (each reflective supercell contains
one meta-atom), but the metagrating array designed in
Sec. II is not uniform (each transmissive supercell con-
tains five nonuniformly arranged meta-atoms). Owing to
different interaction between adjacent meta-atom, it is also
necessary to multiply the capacitor width by a correction
factor K, which can be obtained by parameter sweeping
in simulation. For the anomalous refraction and anoma-
lous reflection metagratings in Sec. II, their correction
factors are K refraction = 1.02 and K reflection = 1.019, respec-
tively. Finally, the capacitor length L of the meta-atoms to
realize different required load-impedance densities can be
obtained and tabulated in Table I.

APPENDIX C: OTHER ANGLE DESIGNS OF
ANOMALOUS REFRACTION AND REFLECTION

In Sec. III, we design an anomalous refraction with 75°
and an anomalous reflection with 70°. Here, we will per-
form some other angle designs of anomalous refraction
and reflection. The designs also follow Eqs. (44) and (45).

Then, the parameters of these metagrating supercells are
calculated and presented in Table II.

The anomalous refraction diagram for each type of
metagrating is shown in Figs. 10(a) and 10(c) and the

(a) (b)

(c) (d)

FIG. 10. Different anomalous refraction diagram: (a) type A,
(c) type B; simulation results of the supercells: (b) type A, (d)
type B.
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(a) (b)

(c) (d)

FIG. 11. Different anomalous reflection diagram: (a) type C,
(c) type D; simulation results of the supercells: (b) type C, (d)
type D.

simulated performances of the corresponding supercells
are depicted in Figs. 10(b) and 10(d). It can be observed
that for different anomalous refraction, the efficiency is
higher than 95% (type A, 95.21%; type B, 95.45%), with
less than 0.3% of the power radiated in the direction of par-
asitic scattering (type A, 0.25%; type B, 0.10%), and the
remaining power is absorbed due to the inevitable Joule
losses (type A, 4.54%; type B, 4.45%).

The anomalous reflection diagram for each type of
metagratings are shown in Figs. 11(a) and 11(c), and the
simulated performances of the corresponding supercells
are depicted in Figs. 11(b) and 11(d). From the simulation
results, the efficiency of each anomalous reflection reaches
over 90% (type C, 94.90%; type D, 90.57%), with less
than 0.5% of the power coupled to the parasitic scattering
(type C, 0.17%; type D, 0.42%), and the remaining power
is absorbed (type C, 4.93%; type D, 9.01%).
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