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Programmable linear optical processors (LOPs) can have widespread applications in computing and
information processing due to their capabilities of implementing reconfigurable on-chip linear transfor-
mations. A conventional LOP that uses a mesh of Mach-Zehnder interferometers (MZIs) requires 2N + 3
stages of phase shifters for N × N matrices. However, it is beneficial to reduce the number of phase-shifter
stages to realize a more compact and lower-loss LOP, especially when long and lossy electro-optic phase
shifters are used. In this work, we propose a structure for LOPs that can implement arbitrary matrices
as long as they can be realized by previous MZI-based schemes. Through numerical analysis, we further
show that the number of phase-shifter stages in the proposed structure can be reduced to N + 2 and N + 3
for a large number of random dense matrices and sparse matrices, respectively. This work contributes to
the realization of compact, low-loss, and energy-efficient programmable LOPs.
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I. INTRODUCTION

Programmable linear optical processors (LOPs) capa-
ble of implementing reconfigurable on-chip linear trans-
formations have attracted increasing attention in recent
years due to their promising applications in computing
and information processing [1–5]. By programming the
transfer matrix of optical processors, parallel tasks such as
matrix multiplication can be directly performed in the opti-
cal domain, which may significantly reduce latency and
lower energy consumption compared to their electronic
counterparts [6–9].

So far, to implement an arbitrary matrix on a LOP, the
matrix first needs to be decomposed into the product of
two unitary matrices and a diagonal matrix via singular-
value decomposition [10], as illustrated in Fig. 1(a). The
unitary matrices are realized using the universal multi-
port interferometer architectures, which consist of a mesh
of tunable Mach-Zehnder interferometers (MZIs) [11–15].
Bell et al. have proposed a compact MZI-based structure
that requires N + 2 stages of phase shifters for realiz-
ing arbitrary N × N unitary matrices [14], as shown in
Fig. 1(b). The diagonal matrix is realized using either a
gain or absorber array or an MZI array. In practice, it is
preferred to construct the entire LOP only using MZIs for
easier fabrication and control. In this case, the structure of
a LOP using the Bell structure is schematically shown in
Fig. 1(c). Here, the last phase-shifter stage in the section
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for V and the first phase-shifter stage in the section for
U have been absorbed into the MZI array for �. There-
fore, for a conventional N × N LOP only using MZIs, in
its most compact form, 2N + 3 phase-shifter stages are
required.

While thermo-optic (TO) phase shifters are widely used
in existing devices [3,16], a TO phase shifter typically
consumes more than 1 mW of power and is therefore
not suitable for large-scale devices [17–19]. To realize a
high-speed and low-power LOP, electro-optic (EO) phase
shifters are highly desirable, since a gigahertz modulation
bandwidth and ultralow power consumption during static
operations can be easily achieved [20–23]. However, these
phase shifters tend to have non-negligible insertion loss
or can be millimeters in length, severely hindering their
applications in LOPs. Therefore, it would be highly bene-
ficial to reduce the number of phase-shifter stages for the
realization of compact and low-loss LOPs using EO phase
shifters.

In this work, we propose a structure for programmable
LOPs based on the concept of multiplane light conver-
sion (MPLC) [24–26]. We show that using N input-output
ports out of an N ′ × N ′ universal multiport interferometer
(N ′ ≥ 2N ), an arbitrary N × N matrix can be obtained as
long as it can be realized by previous MZI-based schemes.
Through numerical analysis, we further show that the num-
ber of phase-shifter stages in the proposed structure can be
reduced to N + 2 and N + 3 for a large number of ran-
dom dense matrices and sparse matrices, respectively. This
work contributes to the realization of compact, low-loss,
and energy-efficient programmable LOPs.

2331-7019/24/21(1)/014054(8) 014054-1 © 2024 American Physical Society

https://orcid.org/0000-0001-6443-4690
https://orcid.org/0000-0001-7205-3003
https://orcid.org/0000-0002-2713-9542
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.21.014054&domain=pdf&date_stamp=2024-01-26
http://dx.doi.org/10.1103/PhysRevApplied.21.014054


TANG, TANOMURA, TANEMURA, and NAKANO PHYS. REV. APPLIED 21, 014054 (2024)

(a)

(c)

(b)

FIG. 1. (a) Conventional programmable LOPs based on singular-value decomposition. The target matrix is first decomposed into
the product of two unitary matrices and a diagonal matrix. (b) A compact universal multiport interferometer proposed by Bell et al. for
implementing arbitrary unitary matrices [14]. N + 2 stages of phase shifters are needed (N = 4 in this figure). (c) The structure of a
LOP using the Bell structure. The last phase-shifter stage in the section for V and the first phase-shifter stage in the section for U have
been absorbed into the MZI array for �. 2N + 3 stages of phase shifters are needed (N = 4 in this figure).

II. PRINCIPLE

Our proposed structure is illustrated in Fig. 2. We use N
input-output ports out of an N ′ × N ′ universal multiport
interferometer, which consists of cascaded phase-shifter
arrays and N ′ × N ′ couplers. The complex-valued transfer
matrix can be calculated by multiplying the transfer matri-
ces of all phase-shifter arrays and couplers. The couplers
can be multimode interference (MMI) couplers [27–29],
or multiport directional couplers (MDCs) [30–33]. As
explained in the previous works [31,32,34,35], for schemes
based on MPLC, the coupler is not required to have a spe-
cific transfer matrix as long as it properly scrambles the
transmitted light.

For an N × N complex matrix S that can be realized in
previous schemes only using MZIs, as shown in Fig. 1(c),

FIG. 2. The proposed LOP structure. While the whole device
has N ′ ports, only N ports are used as input-output ports. For
unused input and output ports, phase shifters are not needed and
thus are omitted in the first and last stages. For the stages in
between two N ′ × N ′ couplers, all N ′ phase shifters are used.
The couplers can be multimode interference (MMI) couplers or
multiport directional couplers. M is the number of phase-shifter
arrays.

it can be written in the form of

S = U�V, (1)

where U and V are two N × N unitary matrices and �

is a N × N non-negative real diagonal matrix. Since we
have assumed that � is realized by an MZI array, it can be
written in the form of

� =

⎛
⎜⎜⎝

sin α1
sin α2

. . .
sin αN

⎞
⎟⎟⎠ , (2)

where αi ∈ [0, π/2] (i = 1, 2, . . . , N ).
We now show that using N input-output ports of a N ′ ×

N ′ universal multiport interferometer, which can imple-
ment arbitrary N ′ × N ′ unitary matrix, an arbitrary S in the
form of Eq. (1) can be realized provided that N ′ ≥ 2N . We
first construct two N ′ × N ′ unitary matrices U′ and V′ from
U and V, respectively:

U′ =
(

U
O

)
, (3)

V′ =
(

V
P

)
, (4)

where O and P are arbitrary unitary matrices with N ′ − N
rows and columns. We then assume N ′ ≥ 2N and construct
a N ′ × N ′ matrix �′ in the form of
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�′ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

sin α1 j cos α1
sin α2 j cos α2

. . . . . .
sin αN j cos αN

j cos α1 sin α1
j cos α2 sin α2

. . . . . .
j cos αN sin αN

Q

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (5)

where j is the imaginary unit and Q is an arbitrary unitary
matrix with N ′ − 2N rows and columns. Q vanishes at the
boundary case (N ′ = 2N ). It is easy to verify that �′ is a
unitary matrix and can be written as

�′ =
(

� D
D� E

)
, (6)

where

D =

⎛
⎜⎜⎝

j cos α1 0 · · ·
j cos α2 0 · · ·

. . .
...

j cos αN 0 · · ·

⎞
⎟⎟⎠ ,

(7)

E =
(

�

Q

)
, (8)

and D� is the transpose of D.
Now, we can see that the product of U′, �′, and V′ is

S′ = U′�′V′ =
(

U
O

) (
� D

D� E

) (
V

P

)

=
(

S UDP
OD�V OEP

)
, (9)

where S is included as a submatrix. Since U′, �′, and V′
are all unitary matrices, S′ must also be a unitary matrix,
which by definition can be realized by an N ′ × N ′ univer-
sal multiport interferometer. Because S is a submatrix of
S′, we reach the conclusion that using N input-output ports
of a N ′ × N ′ universal multiport interferometer, an arbi-
trary S in the form of Eq. (1) can be realized provided that
N ′ ≥ 2N . On the contrary, if N ′ < 2N , a unitary �′ can no
longer be constructed and therefore S′ cannot be realized.
It also can be verified that selecting N ports from N ′ ports
can be arbitrary and does not have to be consecutive as in
the above case, since permuting rows and columns in S′
does not affect its unitarity. Meanwhile, we note that other

submatrices in S′ can be arbitrary, since O, P, and Q are
all arbitrary. This suggests that there are redundant degrees
of freedom in S′ and that we may need fewer phase-shifter
stages to realize S. Considering the necessary degrees of
freedom (2N 2 + N ), the stage number M should be no less
than N + 2.

III. NUMERICAL ANALYSIS

We use two different types of couplers—MMI cou-
plers and MDCs, respectively—to investigate the neces-
sary phase-shifter stages in this scheme. For an ideal MMI
coupler in which insertion loss and power imbalance are
ignored, its transfer matrix is given in Ref. [36]. For an
MDC, we use the coupled mode theory to derive its trans-
fer matrix [37]. The details are provided in the Appendix.
In real devices, the MMI coupler should be engineered to
have a low insertion loss, which typically involves the use
of waveguide tapers; the MDC should be designed to have
a large coupling entropy [32].

A. Dense matrices

We consider the cases of various N , N ′, and M . For
each N , we generate 100 random S as target matrices by
multiplying randomly generated U, �, and V, where U
and V are Haar-random unitary matrices and the diago-
nal elements of � are randomly sampled from the uniform
distribution [0, 1]. In this way, all generated S are dense
matrices with nonzero elements. For each target matrix, we
construct several LOPs with different N ′ and M and then
optimize all the phase shifts to obtain the target matrix,
using a covariance-matrix-adaptation evolution-strategy
(CMA-ES) algorithm [38]. An open-source PYTHON pack-
age developed for the CMA-ES optimization is used [39].
For simplicity, the N ports are chosen to be the middle
ports of the N ′ ports. After optimization, the difference
between the target matrix S and the obtained matrix Sob

is evaluated using the normalized squared error (NSE):

NSE = 1
N

N∑
i=1

N∑
j =1

∣∣∣Sij − Sob
ij

∣∣∣
2
. (10)
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The NSE is also used as the cost function during opti-
mizations and the stopping criterion is set as either NSE <

10−12 or upon reaching a specific iteration number. For all
optimizations, we set the initial phase shifts to π and the
update step size (parameter “sigma” in the algorithm) to
2. In most cases, the algorithm converges successfully and
returns the desired results.

Figures 3(a) and 3(b) show the average NSEs when the
proposed LOPs are used to implement 100 random dense
4 × 4 matrices (N = 4), assuming the use of MMI cou-
plers and MDCs, respectively. The error bar represents the
range between the maximum and minimum value among
the 100 cases. The dashed line indicates the NSE of 10−12.
We can see that very similar results are obtained for the
two different couplers. As predicted in Sec. II, an arbi-
trary matrix cannot be realized if N ′ < 2N . Therefore, for
N ′ = 6 and 7, the average NSE does not decrease signif-
icantly even when M is increased. On the contrary, for
N ′ = 8, sufficiently small NSEs (< 10−12) are obtained
for all the 100 cases when M ≥ N + 2, indicating that all
the desired matrices are almost perfectly realized. Figure 4
further shows the cases of various N . The error band repre-
sents the range between the maximum and minimum value
among the 100 cases. For all desired matrices, sufficiently
small NSEs are obtained for both types when N ′ = 2N and
M = N + 2. For M = N + 1, although the NSE decreases
slightly with increasing N , it cannot be sufficiently sup-
pressed compared to the case of M = N + 2. There is no
notable difference between the LOP using MMI couplers
and MDCs in terms of NSE. Therefore, while a rigorous

M:

N' = 6 N' = 7 N' = 8

M:

N' = 6 N' = 7

5  6 7 5  6 7 5  6 7

5 6 7 5  6 7 5 6 7

N' = 8

(a)

(b)

FIG. 3. Average NSEs when the proposed LOPs are used to
implement 100 random dense matrices with nonzero elements.
The error bar represents the range between the maximum and
minimum values among the 100 cases. The dashed line indicates
the NSE of 10−12. (a) LOPs using MMI couplers (N = 4). (b)
LOPs using MDCs (N = 4).

(a)

(b)

M = N+2

M = N+1

M = N+2

M = N+1

FIG. 4. Average NSEs for random dense matrices with
nonzero elements. The error band represents the range between
the maximum and minimum values among the 100 cases. (a)
LOPs using MMI couplers (N ′ = 2N ). (b) LOPs using MDCs
(N ′ = 2N ).

proof is still lacking, the numerical analysis shows that
N + 2 stages of phase shifters are sufficient in this scheme
for a large number of random dense matrices with nonzero
elements.

B. Sparse matrices

We then investigate the necessary stage number in this
scheme for sparse matrices. Random dense matrices with
nonzero elements are first generated following the same
procedures as described in Sec. III A. Subsequently, sparse
matrices with only one nonzero element are created by
randomly setting elements to 0 in the dense matrices. We
construct various LOPs to implement these sparse matri-
ces. Figure 5 shows the average NSEs after optimizing
the phase shifts. Each point again represents the average
value of 100 random cases. It can be seen that all these
sparse matrices are realized sufficiently well using N + 3
stages. Although an extra stage is needed compared with
the case of dense matrices, this increase is still acceptable
from a practical standpoint. Additionally, we can note the
differences in Figs. 5(a) and 5(b) for N = 4 and 5, which
are attributed to the differences in the coupling entropy
between the two couplers.

C. Hardware-induced computational errors

We further compare the hardware-induced computa-
tional error in this scheme and that in the conventional
MZI-based scheme shown in Fig. 1(c). Computational
errors can arise from many factors, such as fabrication
errors and finite-phase control resolutions. Since it is
beyond the scope of this paper to investigate the effects
of different error sources, here we focus solely on the
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(a)

(b)

M = N+3

M = N+2

M = N+3

M = N+2

FIG. 5. Average NSEs for random sparse matrices with one
nonzero element. The error band represents the range between
the maximum and minimum values among the 100 cases. (a)
LOPs using MMI couplers (N ′ = 2N ). (b) LOPs using MDCs
(N ′ = 2N ).

phase-quantization error, which is caused by the finite-
phase control resolution in practical devices. In the results
shown in Figs. 3–5, all phase shifts have been assumed
to have sufficiently fine resolutions. Now, we assume that
the resolution of phase control is 10 bits and calculate
the induced errors in both schemes. We use the same 100
random matrices in Fig. 4 as the targets and calculate
the ideal phase configurations for each scheme, respec-
tively. The phase configurations for the MZI-based scheme
are derived using the decomposition algorithm proposed
in Ref. [14]. Then, these ideal phase configurations are
replaced by 10-bit approximations and the new matrices
are calculated. Figure 6 shows the average NSEs between
the target and obtained matrices. For this scheme, the
results of using MMI couplers and using MDCs are almost
the same. The MZI-based scheme has larger average NSEs

FIG. 6. Average NSEs of this scheme (N ′ = 2N , M = N + 2)
and the MZI-based scheme when all phase shifts are assumed to
have 10-bit resolutions.

than this scheme and the difference increases with increas-
ing N . This arises from the fact that an error occurring at
an earlier stage affects all the following stages. The error
accumulates along with the propagation of light in the cir-
cuit and, therefore, a deeper LOP has a larger error than a
shallower one.

IV. DISCUSSION

It is natural to wonder if the proposed method can be
applied to conventional schemes based on MZI meshes.
Here, we show that although an arbitrary S can be realized
by increasing the port number to 2N , the number of phase-
shifter stages can only be reduced by 1. We use N = 3 and
N ′ = 6 as the example, as illustrated in Fig. 7. Without
loss of generality, we assume that ports 1–3 are used as the
input-output ports. The transfer matrix of this 6 × 6 MZI
mesh Tmesh can be calculated by sequentially multiplying
the matrices of all components:

Tmesh = �8
4�

8
2�

7
6T7

4,5T7
2,3�

7
1T6

5,6T6
3,4T6

1,2�
5
6T5

4,5T5
2,3�

5
1T4

5,6

× T4
3,4T4

1,2�
3
6T3

4,5T3
2,3�

3
1T2

5,6T2
3,4T2

1,2�
1
6�

1
4�

1
2,

(11)

where Tk
i,i+1 corresponds to the MZI between the ith and

(i + 1)th ports on the kth stage [14], �k
i corresponds to the

phase shifter outside MZIs on the ith port and kth stage and
takes the form of

�k
i =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
. . .

ej cos φk
i

. . .
1

⎞
⎟⎟⎟⎟⎟⎟⎠

, (12)

where φk
i is the phase shift. For an arbitrary unitary matrix,

each MZI matrix and phase shifter is determined recur-
sively using the decomposition algorithm proposed by Bell
et al. [14]. Since this MZI mesh can realize arbitrary 6 × 6
unitary matrices, according to the conclusion reached in
Sec. II, an arbitrary 3 × 3 matrix can also be realized if
it can be written in the form of Eq. (1). Meanwhile, it is
known that multiplying a matrix with Tj

i,i+1 only affects
the associated elements in the ith and (i + 1)th rows and
columns. Therefore, T4,5, T5,6 and �6 on all stages are
redundant, as they do not affect the matrix elements of our
interest. It then becomes obvious that the required stages
of phase shifters are 2N + 2. The distinct difference in
the required number of phase-shifter stages between the
MZI mesh and our proposed structure is attributed to the
N ′ × N ′ couplers. The MMI coupler splits the input light
from any input waveguide equally into all output waveg-
uides. The MDC does not split the input light equally but
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FIG. 7. An example of using a 6 × 6 MZI-based universal
multiport interferometer to implement 3 × 3 matrices. All MZIs
and phase shifters below the dashed line are redundant, since
they have no effect on the matrix elements of interest. 2N + 2
phase-shifter stages are required (N = 3 in this example).

scrambles it in a way such that the light is not localized in
only a few waveguides [31]. Therefore, the phase shifters
following an N ′ × N ′ coupler change the matrix elements
globally, since each phase shifter affects the light from all
ports in the previous stage. By contrast, a phase shifter in
the MZI mesh changes the matrix elements locally, since it
only affects the light from two ports in the previous stage.
This leads to the result that a large number of phase shifters
in Fig. 6 are redundant.

Although the structure of the universal multiport inter-
ferometer is not new, the method of reducing the circuit
depth by encoding a complex matrix as a block in a unitary
matrix has not been proposed in previous works. While the
number of ports has doubled in our scheme, the required
number of phase-shifter stages has been reduced from
2N + 3 in the previous scheme to N + 2 or N + 3, which
brings significant advantages in terms of insertion loss and
footprint, especially when N is large. In addition, the dou-
bling of ports may not be a serious issue, since there is
no thermal crosstalk between the EO phase shifters, allow-
ing them to be placed very close to each other. For unused
output ports, optical power monitors can be integrated to
provide real-time monitoring signals.

V. CONCLUSIONS

We have proposed a structure for programmable LOPs
based on the concept of MPLC. We have shown that using
N input-output ports out of an N ′ × N ′ universal multi-
port interferometer (N ′ ≥ 2N ), an arbitrary N × N matrix
can be obtained as long as it can realized by conventional
schemes based on MZI meshes. While a rigorous proof is
yet to be provided, our numerical analysis suggests that the
number of phase-shifter stages in the proposed structure
can be significantly reduced to N + 2 for a large num-
ber of dense matrices and N + 3 for a large number of

sparse matrices. We have further demonstrated that the
same level of reduction cannot be achieved for the con-
ventional scheme. This work contributes to the realization
of compact, low-loss, and energy-efficient programmable
LOPs.
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APPENDIX: TRANSFER MATRIX OF THE
MULTIPORT DIRECTIONAL COUPLER (MDC)

We consider an MDC consisting of N parallel straight
waveguides with the same width and spacing. N in this
appendix should not be confused with the N in the main
text. We assume that the perturbation is weak so that the
propagation constant in each waveguide is approximately
the same as that in a single waveguide and only coupling
from nearest waveguides needs to be considered. Under
these assumptions, the amplitudes of light in the MDC can
be described by the coupled equations [37]:

da1

dz
= −j βa1 − j κ1,2a2, (A1a)

dai

dz
= −j κi,i−1ai−1 − j βai − j κi,i+1ai+1, (A1b)

daN

dz
= −j κN ,N−1aN−1 − j βaN , (A1c)

where z is the distance along the propagation direction, ai
is the amplitude in the ith waveguide (1 < i < N ), β is
the propagation constant, and κi,i−1 is the coupling coef-
ficient from the (i − 1)th to the ith waveguide. Since all
the waveguides are assumed to have the same width and
spacing, the coupling coefficient between each waveg-
uide pair is the same and will hereafter be denoted as κ .
Equations (A1a)–(A1c) can be written in matrix form as

dA
dz

= −j HA, (A2)

where

A = (
a1 a2 · · · aN

)� , (A3)

H =

⎛
⎜⎜⎜⎜⎝

β κ

κ β κ
. . .
κ β κ

κ β

⎞
⎟⎟⎟⎟⎠

. (A4)
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Since H is a real Hermitian matrix, we can find a unitary
matrix B to diagonalize it into a diagonal matrix C:

C = B−1HB. (A5)

Then, by letting W = B−1A and substituting it into
Eq. (A2), we obtain

dW
dz

= −j CW. (A6)

It is easy to see that the solution of Eq. (A6) is

W = (
e−j C11z e−j C22z · · · e−j CNN z

)� , (A7)

where Cii is the ith diagonal element of C. It follows that

A(z) = B
(
e−j C11z e−j C22z · · · e−j CNN z

)� , (A8a)

A(0) = B
(
1 1 · · · 1

)� . (A8b)

Equations (A8) can be rewritten as

A(z) = B

⎛
⎜⎜⎜⎝

e−j C11z

e−j C22z

. . .
e−j CNN z

⎞
⎟⎟⎟⎠ B−1A(0),

(A9)

Therefore, for an MDC with a length of L, the transfer
matrix is given by

T = B

⎛
⎜⎜⎜⎝

e−j C11L

e−j C22L

. . .
e−j CNN L

⎞
⎟⎟⎟⎠ B−1. (A10)

In this work, we assume the use of silicon waveguides
with core dimensions of 500 × 220 nm2. From numer-
ical simulation, β is found to be 9.91 rad/µm for the
transverse-electric (TE) mode at 1550-nm wavelength. For
an N -port MDC, we assume κ = 0.05 and select an L so
that small deviations in κ and L do not affect the overall
performance of the LOP. Specifically, for N = 8, 10, 12,
14, 16, 18, 20, 22, 24, and 26, we choose L to be 50, 60,
75, 85, 100, 120, 130, 140, 150, and 160 µm, respectively.
Regardless of the value of N , two parameters—the waveg-
uide spacing and the length—can be swept when designing
an MDC. The design goal is to thoroughly scramble the
light propagating through the MDC, which can be quan-
titatively described by the coupling entropy [32]. There
exists a wide design region where the coupling entropy is

large and does not change abruptly. The design parame-
ters should be chosen from this region so that the device is
robust to fabrication errors.

The above method yields unitary transfer matrices that
simplify our analysis in this work. However, if the distance
between adjacent waveguides is small enough that the
assumption of weak perturbation no longer holds, numer-
ical approaches should be used to obtain more precise
results [40].
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