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Atomic engineering in a solid-state material has the potential to functionalize the host with novel phe-
nomena. STM-based lithographic techniques have enabled the placement of individual phosphorus atoms
at selective lattice sites of silicon with atomic precision. Here we show that by placing four phospho-
rus donors spaced 10—15 nm apart from their neighbors in a linear chain, one can realize coherent spin
coupling between the end dopants of the chain, analogous to the superexchange interaction in magnetic
materials. Since phosphorus atoms are a promising building block of a silicon quantum computer, this
enables spin coupling between their bound electrons beyond nearest neighbors, allowing the qubits to be
separated by 3045 nm. The added flexibility in architecture brought about by this long-range coupling not
only reduces gate densities but can also reduce correlated noise between qubits from local noise sources
that are detrimental to error-correction codes. We base our calculations on a full-configuration-interaction
technique in the atomistic tight-binding basis, solving the four-electron problem exactly, over a domain of
a million silicon atoms. Our calculations show that superexchange can be tuned electrically through gate

voltages where it is less sensitive to charge noise and donor-placement errors.
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I. INTRODUCTION

Donor qubits in silicon are promising candidates for
encoding quantum information in the solid state due to
their long coherence times [1-3] and their technologi-
cal link to the silicon platform of the electronics indus-
try. Experimental advancements in the past decades have
enabled the precision placement of phosphorus donors in
silicon [4-8]. The platform of phosphorus donor—based
quantum computing has been bolstered by key mile-
stone achievements over the last decade, including single-
shot spin readout [9], the realization of single-electron-
spin and single-nuclear-spin qubits [10,11], and, more
recently, two-qubit SWAP gates [12] and a three-qubit-
donor quantum processor with universal logic operation
[13]. Exchange coupling between the electronic spins of
donors remains a key mechanism for fast coupling of
two qubits [12,14]. The exchange interaction depends
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on the overlap between the electronic wave functions
and ultimately limits the separation of donor qubits to
about 10—15 nm in silicon devices. Long-range coupling
schemes through resonators and cavities have recently
been explored in donor qubits [15—17]; however, these typ-
ically require additional fabrication and integration steps,
adding complexity to the overall manufacturing process.
Spacing out the qubits is beneficial from an architec-
tural point of view in fault-tolerant quantum comput-
ing [18] as correlations between the qubits due to local
noise sources can be minimized. An increase in separa-
tion also relaxes stringent gate-density requirements and
offers more-independent electrostatic control of the qubits
by reducing their capacitive crosstalk. For STM-patterned
donors with phosphorus-doped in-plane gates, the den-
sity is already low [19], so this technique is particularly
appealing.

In this work, we study long-range exchange coupling
between the end spins of four single-donor (1P) quan-
tum dots in a linear chain. With each donor contain-
ing a single electron, a superexchange coupling is found
to emerge between the donors at the end of the chain.
This third-nearest-neighbor interaction enables the qubits
to be separated by 3045 nm. Using atomistic full-
configuration-interaction (FCI) calculations, we study the
eigenvalues and eigenvectors of four electron spins across
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four 1P atoms in silicon. We investigate the regime of
superexchange where the distant qubits can be coherently
manipulated and provide guidelines on the appropriate
donor placement to achieve this. We also investigate the
role of the conduction-band valleys in superexchange for
donor separation along different crystallographic direc-
tions. We simulate the system using realistic electro-
static potentials produced by the surrounding in-plane
STM-patterned gates, where we demonstrate tunability
of superexchange with gate voltages, a crucial require-
ment for the realization of electrically controlled singlet-
triplet oscillations. Finally, we comment on the sensitivity
of superexchange to charge noise and donor-placement
errors, as well as the role of nuclear spins in singlet-triplet
oscillations induced by superexchange.

Recent experiments and theoretical calculations have
shown indirect coupling of distant electrons in quantum
dots via a central empty mediator [20—24], a multielec-
tron quantum dot [21,24-29] and a linear chain of singly
occupied quantum dots [20,30,31]. However, to date, com-
prehensive studies have not been performed on long-range
indirect coupling for donor qubits in silicon. Compared
with electrostatically defined quantum dots, donor quan-
tum dots in silicon typically have atomic-scale properties
with wave-function length scales an order of magnitude
less and a large quantity of orbital-valley energy split-
tings [32]. A single phosphorus donor can bind at most
two electrons, with the nucleus having a net 1/2 spin.
Early papers on single donor qubits showed how the exact
position and axis of separation of donor qubits can signif-
icantly affect their direct exchange, including effects such
as exchange oscillations due to valley interference [33,34].
More-recent work has shown that these effects can be
mitigated by separating the donors along specific crystallo-
graphic directions, by using multidonor quantum dots [35]
or by applying strain or placing the donors close to the sur-
face [33]. Highly tunable nearest-neighbor exchange has
also been predicted [35] and demonstrated [12] in asym-
metric donor quantum dots, showing that multielectron
molecular physics can be tuned by gate voltages. How-
ever, the atomistic character of these donors and donor-
quantum-dot systems needs to be accounted for when
one is considering indirect couplings such as superex-
change since the phenomenon emerges from individual
nearest-neighbor exchange couplings.

II. METHODS

The exact calculation of a multielectron system is chal-
lenging because of the complicated and numerically inten-
sive electron-electron interaction term in the Schrédinger
equation [36]. The accuracy relies both on the quality
of the basis states and the multielectron approximation.
In semiconductor materials such as GaAs, eigenstates
from effective Hubbard Hamiltonian [20,25,37] or simple

Fock-Darwin states are often used as basis states [21].
These are, however, unsuitable for silicon due to the
multivalley states. The effective-mass approximation has
also been used to calculate single-electron basis states
for donors in silicon [38,39]. However, the theory does
not provide a complete description of the band structure
and can be inaccurate at higher energy levels. In con-
trast, the full-band atomistic tight-binding model has the
potential to capture all intricate nuances of the wave func-
tion of phosphorus donors in silicon, hence its use in this
work.

The commonest approximation for multielectron cal-
culations is the Hartree-Fock method, which ignores the
electron-electron correlations to minimize the complexity
of the calculations. Use of configuration interaction, on
the other hand, increases the accuracy in the treatment of
many-body interactions but can be computationally inten-
sive. This is particularly true for a multivalley material
such as silicon, where only a few electron calculations are
present in the literature [33,40]. In this work, we performed
a state-of-the-art investigation combining atomistic basis
states with a full-configuration-interaction method to cal-
culate the energy levels of a four-electron donor system
without compromising accuracy.

A. Atomistic full configuration interaction

The FCI method obtains the exact numerical solu-
tion of a many-body Schrodinger equation, limited by
the number and quality of single-electron basis states.
The single-electron basis states used here are calculated
with use of a ten-band sp3d’s* atomistic tight-binding
method in NEMO3D [41,42]. This approach uses a local-
ized atomic orbital-based method with nearest-neighbor
interactions. The tight-binding parameters are optimized to
reproduce the bulk-silicon band structure [43]. The phos-
phorus donors are represented by a Coulomb potential with
a central-cell correction at the donor site, which can suc-
cessfully determine the experimentally measured energy
spectra of donors in silicon [44,45].

A schematic representation of the simulations is illus-
trated in Fig. 1(a). There are four phosphorus donors
placed in a chain, each with an electron. The end electron
spins, O and QO», are the qubits separated by R. The middle
spins, M| and M,, work as mediators, with correspond-
ing donors being separated by ry,. The separation between
O and M, is r; and the separation between M, and O,
is 7. The simulation domains used in the calculations
entail approximately 1.14 million atoms, which account for
approximately 60 nm of silicon in the direction of separa-
tion and approximately 20 nm in the other two directions.
The single-electron basis states, solved from a parallel
Block Lanczos eigensolver, are used to calculate the anti-
symmetric Slater determinants of the multielectron prob-
lem. The lowest-two single-electron valley-orbital states
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Schematic representation of a simulation using four single phosphorus donors each with an electron. (a) Four phosphorus

donors placed in the silicon crystal (gray), where the electrons localized in the two middle donors (blue) are mediators (M, and M>)
for the electron spins localized in the end donors (Q; and Q,) (red). The separation of the blue mediator spins is 7y, and their exchange
coupling is jj;. The first qubit Q) is separated from the first mediator M, by r| (approximately 10 nm) and the second qubit Q, is
separated from the second mediator M, by r, (approximately 10 nm). The corresponding exchange coupling between them is j; and j,,
respectively. The total separation of qubits O, and Q; is R (approximately 30 nm). The probability density of the lowest single-electron
valley-orbital (b) bonding and (c) antibonding state on a logarithmic scale calculated with an atomistic tight-binding method.

of the system are shown in Figs. 1(b) and 1(c). Here we
see bonding-state and antibonding-state formation in the
middle-two donors M; and M, of a four-donor chain. The
rest of the single-electron molecular basis states are shown
in Fig. 2 in Supplemental Material [46], where we see the
next-two valley-orbital states are localized mainly in the
outer donor quantum dots.

The four-electron wave function is a superposition of
various symmetry-permitted configurations of the Slater
determinants. All possible integrals between the Slater
determinants with pairwise electronic interaction opera-
tors are computed to capture Coulomb, exchange, and
higher-order correlations. The four-electron Hamiltonian
constructed from the Slater determinants is solved with
use of the block Krylov-Schur algorithm within the Trili-
nos framework [47]. The number of single-electron basis
states in FCI calculations is increased until the eigenval-
ues of the four-electron system converge within a chosen
tolerance [46]. On average, 56 single-electron basis states
are sufficient to reach convergence. The eigenvalue of
the ground state is separated from the triply degener-
ate excited states by the indirect exchange coupling. We
place the donor atoms at different separations and ori-
entations in our simulations and calculate this exchange
coupling.

B. Effective spin Hamiltonian

To analyze and interpret our FCI results, we compare
them with an effective Hamiltonian model [30]. We can
represent the four-spin system with a spin Hamiltonian

such as

Heff=JZIO'10'2 +]%0203 +%20304, (1)

where o; is a Pauli matrix corresponding to an electron spin
located on the ith donor in the chain, jj, is the exchange
coupling between the middle-two spins, M| and M>, j is
the exchange coupling between Q; and M, and j, is the
exchange coupling between O, and M,; see Fig. 1(a) for a
schematic of the system.

We consider only the subspace with spin-zero states
(S, = 0) to construct the Hamiltonian as we are inter-
ested in the singlet-triplet oscillations in qubits O and Q.
When ji,/» < jur, we can isolate the low-energy states of
the four-electron spin Hamiltonian using a Schrieffer-Wolff
transformation. In that case, the effective Hamiltonian in a
Heisenberg-exchange form, Hsw [30] becomes

J:
Hgw = —ZW 0104,
. . . 2
Ju2 3(1 +j2) )
Jsw=""|14+——"]|,
2Jm 4jm

In the regime where ji,j» < jy, the lowest-energy
eigenstates are characterized by the singlet state formed
within the two middle quantum dots and singlet or triplet
states formed within the outer quantum dots [30]. The
energy difference, AE, between the lowest long-distance
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FIG. 2. Comparison of indirect and direct exchange coupling of 1P donors in silicon calculated with use of atomistic FCI. (a)
Comparison of indirect exchange (4P chain) of the end spins (red dots) with nearest-neighbor exchange coupling (1P-1P) (blue dots,
replicated from Ref. [35]) along the [100] direction. Dashed lines provide linear fits to both datasets. Here we see that the indirect
exchange is greater than the nearest-neighbor exchange, with the exponential dependence on separation being less steep for indirect
coupling. (b) Same as (a) but along the [110] direction. Here we see a similar trend in terms of the comparison between direct and
indirect exchange as for the [100] direction. However, we also observe oscillations in the exchange coupling along this crystalline

orientation due to valley quantum interference.

singlet and triplet states, i.e.,

S 1V2(11 S L) = 14 S 1)

3)
T~ 1/V201 S 1) + 11 5 4)

is what we call “superexchange” (AE) in this paper; see
Fig. 3(a) for the energy-level diagram of the system. For
J1.j2 < ju, the middle-quantum-dot singlet manifold is
well separated from all the middle-quantum-dot triplet
states desirable for coherent coupling of the outer spins
only, without any interference from the middle-quantum-
dot spins.

II1. RESULTS AND DISCUSSION

A. Equal nearest-neighbor separation of donors

We first analyze the equidistant case, where the sepa-
ration between each neighboring pair of donors is equal,
ry =r, =ry = R/3; see Fig. 1. Here we have approxi-
mately equal values of exchange coupling between each
pair of donors, i.e., ji & j, & jy. In Fig. 2 (with red dots),
we show the values of the indirect exchange coupling
for these equispaced donors (4P chain) with constant but
increasing separation between the dots along the [100]
(left) and [110] (right) directions in the silicon crystal, cal-
culated with use of FCI. For comparison, we also plot (with
blue dots) the direct-exchange values for two donors, i.e.,
1P-1P system, separated by R, as previously calculated in

Ref. [35]. Looking at the fitted dashed lines between the 4P
chain and 1P-1P cases, we can see that the presence of the
mediator donors dramatically increases the exchange cou-
pling between the two outer spins. The indirect exchange
coupling for a donor chain with R of about 25 nm reaches
approximately 10> GHz (approximately 10~! meV), while
direct exchange coupling for the same separation with-
out the presence of mediators would fall below 10~* GHz
(1077 meV) (extrapolated from the dataset in Ref. [35]).
We also see that the direct exchange decays much faster
than the indirect exchange by comparing the slope of
the two plots, which is true for both the [100] crystal
direction and the [110] crystal direction. For the [100]
case in Fig. 2(a), the slope of the fitted dashed line
for the direct exchange as a function of qubit separa-
tion is approximately —0.38/nm, whereas the slope for
the indirect exchange is approximately —0.12/nm. Simi-
larly in the [110] case in Fig. 2(b), the slope of the fitted
line for the direct exchange is approximately —0.36/nm,
whereas the slope for the indirect exchange is approx-
imately —0.11/nm. In general, the indirect exchange
decays almost 3 times less with donor separation than
the direct exchange. This dependency on distance lets the
qubits be well separated in the device and allows less-
correlated noise between them while maintaining strong
spin coupling. Since the nearest-neighbor exchange cou-
pling has an exponential dependence with increasing sepa-
ration of the donors, one might expect superexchange to
change as an exponential function of r; +r, — ryy; see
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Eq. (2). On the contrary, the nearest-neighbor exchange
coupling changes as an exponential function of the qubit
separation R = r| + r, + ry, which results in a faster
decay of direct exchange than indirect exchange.

We observe no oscillations in the exchange coupling
when the donors are separated in the [100] direction,
whereas we see oscillations in the exchange energy for
separation in the [110] direction, a signature of interval-
ley quantum interference arising from the band structure
of silicon [33,35,48].

B. Different regimes of superexchange from the
effective spin Hamiltonian

To obtain superexchange and coherent control between
the electron spin qubits at the end of chains @, and 0>,

(a)
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it is essential that the middle spins M; and M, form
a singletlike state. Otherwise there will be additional
oscillations originating from the middle spins impeding
coherent manipulation of the qubits. Thus we are look-
ing for an operational regime where the ground state and
the first excited state are well separated from the higher-
energy states in which the indirect coupling can be termed
“superexchange.” In Fig. 3(a) we plot the energies of all
the eigenstates of the effective Hamiltonian Hy as a func-
tion of ji»/jy varying from O to 1. When the outer spins
are weakly coupled with the middle spins (ji2/ju ~ 0),
we see two clear branches of energy states separated by
d, but the separation between the branches decreases as
J2ljm = 1.

In Fig. 3(b), we plot the energy difference between the
two-lowest states as a function of jj»/jy as calculated
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Estimate of exchange-coupling strength from the spin Hamiltonian. (a) Energies of four-electron eigenstates calculated with

the effective Hamiltonian Hg as a function of jj 5 /jyr. The two-lowest states (spanned by |1 S |) and [, S 1)) are well separated from
the higher states when j; »/jis is smaller. The separation of these two energy levels is the superexchange AE. The labels on the right
refer to the dominant contribution of the corresponding energy states when j;»/jys = 0. (b) Comparison of the exchange coupling,
AE, calculated from the effective spin Hamiltonian and the Schrieffer-Wolff Hamiltonian shows that for j; »/Jys up to approximately
0.3, the superexchange from H.g and Hsyw is the same since the Schrieffer-Wolff Hamiltonian is a valid approximation of the spin
Hamiltonian. Beyond this regime, their behavior diverges significantly because the Schrieffer-Wolff transformation no longer holds,
indicating the development of an admixture in the singletlike state of the middle-two spins. (c) Contribution of the inner-singlet and
inner-triplet basis states to the ground state of Heg as a function of j; » /jis. Here we see that as j; 2 /jus increases, the singlet contribution
from the inner mediator spins decreases, and the triplet contribution increases. At j;»/jys = 1, the ground state has equal contributions
from singlet and triplet mediator spin states. The contribution of the inner singlet to the ground state is more than 90% for j; > /Jyr < 0.3
(shaded region).
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from H.y and Hsw. These two-lowest states are the
long-distance singlet and triplet states, namely, S’ and
T{). Here we see that, in the regime where jj»/jy =~ 0,
the solutions from the effective spin Hamiltonian and
the Schrieffer-Wolff Hamiltonian are the same since the
assumption of the transformation is valid here. As j; 2 /ju
increases, the two solutions start to diverge, suggesting the
Schrieffer-Wolff transformation no longer holds. The two-
lowest energy states (spanned by |1 S |) and || S 1)) are
no longer well separated from the excited states and there
are now tripletlike admixtures in the singletlike state of the
middle-two spins.

In Fig. 3(c), we can see the contributions in the
ground state S’ of the inner-quantum-dot singlet states
(ie, 1S ) and || S 1)) and inner-quantum-dot triplet
states (all the remaining basis states). When ji/jy = 1
(i.e., the equidistant case where all donors are equally
separated), the inner-quantum-dot singlet and triplet con-
tributions in S; are both approximately 50% and we no
longer have a well-defined two-level system of S’ and Té,
but we now have contributions from the four higher states
shown in Fig. 3(a). As jj»/ju decreases, the contribution
of the inner-quantum-dot singlet reaches more than 90%,
where j1» < 0.3/), (shaded region). This regime can be
considered as a threshold for coherent operation of the
qubits. However, we note that the threshold we mention
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here (j12/ju =~ 0.3) is not the upper limit of the coherent
regime. The ratio should ideally be very close to 0.

C. Modulating superexchange by changing the
middle-donor separation

To explore the coherent-control regime of the four-
donor chain using our FCI calculations, we switch from
the equidistant case discussed in Fig. 2 to a chain with
varied r,/ry ratios; see Fig. 4. Here we present val-
ues of the indirect exchange coupling for chains oriented
along the [100] and [110] directions in Figs. 4(a) and
4(b), respectively, as a function of middle-donor separation
while we keep the outer-donor separation R constant. The
lower-middle-donor separation corresponds to a higher
exchange coupling jj, and lower j; and j, couplings, mov-
ing the system closer to the regime well described by the
Schrieffer-Wolff approximation. In general, we see from
Fig. 4 that the exchange coupling exponentially decreases
as we decrease the middle-donor separation. The dashed
gray line represents the separation where r; = r, = ry.
The exchange coupling shows two different dependencies
on either side of this point. The first is where the distance
between the middle donors is smaller than »; or r, and
the second is where it is large. For donors separated along

Qubit separation, R [110] = 28 nm
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FIG. 4. Exchange coupling as a function of different middle-donor separations, ;. The exchange coupling AE is calculated with
use of atomistic FCI for different separations of the middle donors 7, in (a) the [100] direction and (b) the [110] direction while the
total outer-qubit separation is kept fixed (R = 29.3274 nm for the [100] direction and R = 27.648 nm for the [110] direction). The
system is symmetric (#; = r;) to the end donors. The results show that the dependence of exchange energy changes on either side of
the equidistant separation (dashed gray line) for all donors. The dashed line indicates where »; = r, = ry, and the left region of this
line, where | = r, > ry, is where the two middle donors form a singlet state and the exchange coupling between the end donors is
termed “superexchange.” We compare our FCI results with the effective spin Hamiltonian, Hegr of Eq. (1) with j; » and jj, extracted
from Ref. [35]. For both cases, the results show reasonable agreement with each other. We attribute any differences mainly to the
fact that the total confinement potential of four donors is deeper than that of two donors, which results in a slightly greater exchange
coupling AFE in our atomistic FCI calculations.
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the [110] direction, we see clear oscillations in AE as a
function of r),.

As we discussed in the previous section, the equidistant-
donor chain is not suitable for coherent manipulation of
distant spins due to the admixture of states. The right side
of the dashed gray line, where r; = r, < ryy, is therefore
not valid for operating qubits. To specify the limits of these
different regimes, we use the values of direct exchange
from the 1P-1P results in Ref. [35] to find 1, and 7y
and the corresponding threshold. Decreasing the separa-
tion of the middle quantum dots gives rise to a value
of the superexchange that decreases exponentially, while
increasing the inner-singlet contributions to the ground
state; see Table 1 in Supplemental Material [46]. So there
is a trade-off between the strength of coupling and opera-
tion fidelity. However, we see even small changes in the
middle-donor separation, on the order of approximately
2 nm, can increase the inner-singlet contributions to the
ground state from approximately 49% to approximately
98% while keeping the value of superexchange still high
enough (approximately 100 MHz or approximately 1 x
1073 meV) for use in realistic devices.

D. Electrical control of superexchange

To address the tunability of superexchange, we applied
an electric field along the direction of the donor chain in
our simulations, where all donors are separated by 9.7758
nm (] =7, = ry = 9.7758 nm). For a realistic applied
electric field of 2 MV/m, we observe an exchange cou-
pling of 18.09 GHz (74.83 weV), compared with 11.01
GHz (45.556 neV) under no electric field. The electric
field detunes the qubits and increases the virtual tunneling
between them, which results in slightly increased (less than
a factor of 2) superexchange. However, when the donors
are all charge neutral with one electron on each phospho-
rus atom, it is difficult to reach the (2,1,1,0) charge regime
froma (1,1,1,1) regime without applying a very large bias.
A similar challenge was observed in the work reported
in Ref. [35], where on application of an electric field of
2 MV/m, the exchange coupling was increased by 5 times.
In the case of superexchange, the sensitivity of the cou-
pling with an applied electric field is even less; hence, the
distanced qubits are less susceptible to charge noise caused
by electric field fluctuations compared with the nearest-
neighbor ones. To explore different levels of control over
superexchange, we apply a J-gate bias on a system with
a phosphorus-doped silicon top gate based on the original
Kane architecture [14]. We place gates 30 nm above the
donor plane to control the potential barrier between donor
atoms and the nearest-neighbor exchange and observe their
effect on superexchange. Similar three-dimensional tun-
ing of the potential barrier between in-plane phosphorus-
doped gates was recently experimentally demonstrated
[49] in precision-engineered STM tunnel junctions where

the gates were degenerately phosphorus-doped silicon lay-
ers. A schematic of the system is illustrated in Fig. 5(a).
The device consists of five quasimetallic gates (source,
drain, and three top gates—G, G,, and Gy,). G| and G,
are used to tune j; and j,, and Gy, is used to tune jj,.
The total electrostatic potential profile of the device in the
x-z plane is shown in Fig. 5(b), where a cut is taken at
the donor location. Here we see that, in the donor plane,
the top gates create a parabolic potential profile. This total
electrostatic potential is added to the tight-binding Hamil-
tonian while we are solving the energy levels of the donor
quantum dots. In Figs. 5(c)-5(h), one-dimensional cuts are
taken at the donor locations shown for different V), and
Vi (= V,) values, i.e., for different voltages applied at
gates Gy, and Gy (G»), respectively. Here the source and
drain are grounded, i.e., Vs = Vp = 0. We note that just
the presence of the electrostatic leads around the donors
also modifies the total electrostatic potential of the device,
even without an applied voltage. This is due to the band-
structure mismatch between the leads and the surrounding
material, and the band-bending caused by the leads [50].
We calculate the total electrostatic potential profile of the
device using a multiscale modeling technique that com-
bines the atomistic calculation of the band structure of the
gates with a nonlinear Poisson solution of the entire device
[51].

1. Application of voltage to the middle top gate, Gy,

Since superexchange AFE is a function of nearest-
neighbor exchanges (i.e., ji, j2, and jys), it is necessary to
understand how these exchange couplings change under an
applied bias. When we apply a positive voltage to the mid-
dle gate Gy, the potential barrier between the mediators
M, and M, decreases but j,, increases—see Figs. 5(c)-5(e)
for increasing values of Vj,. However, from the dashed line
in Fig. 5(e), we see that the applied bias in G, detunes
qubits Q1 and O, with respect to M| and M,, so j; and j,
will also increase. As we can see from Eq. (2), the superex-
change strongly depends on the interplay between jj, and j;
and j,. In our case, here the superexchange increases over-
all with V; since the effect caused by detuning between the
qubits and the mediator donors is stronger than that caused
by lowering of the middle barrier—see the potential profile
in Fig. 5(e). We observe this effect on the value of AE in
Fig. 5(i), where we can see the superexchange as a func-
tion of V), for V), =V, = 0 [case corresponding to Figs.
5(c)-5(e)]. By changing the middle-gate potential from 0
to 0.5 V, we increase the magnitude of the superexchange
by a factor of 10. The increase of superexchange is due to
a relatively higher increase of j; and j, than jj,, resulting
in lesser singlet contribution from the mediator quantum
dots, as discussed in the previous section. In our case, the
singlet contribution in the middle quantum dot drops from
92.2% (Vi = 0) to 67% (Vyy = 0.5V).
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FIG. 5.

Modulation of superexchange using voltage biases on phosphorus-doped top gates above the donor plane. (a) Electrostatic

potential of the device in the schematic representation of the simulation domain. The qubit donor atoms (Q; and (,) and the mediator
donor atoms (M) and M) are placed in the plane between the source (S) and drain (D) electrodes. Three phosphorus-doped top
gates (G1, Gy, and Gyy) are placed 30 nm above the donor plane. (b) Total potential of the device in the x-z plane (cut taken at the
donor location). Here the voltages of gates G| and G, are V; = V, = —0.1 V, while the middle gate G,, has voltage V), = 0.5 V
and the source and drain are grounded. The red and blue dots represent the location of the donors and are not to scale. (c)-e) One-
dimensional potentials with cuts taken at the donor location when V', = V, =0V and (¢) V) =0V, (d) V) = 0.3 V,and (e) Vi, = 0.5
V, respectively, as we deplete the barrier between the donors. The dashed lines represent the potential from the gates and the solid lines
represent the individual donor potentials combined with the electrostatic potential from the gates. As the voltage of the top gate
increases, the curvature of the potential also increases. (f)+(h) Same as (c}+e) but when V), = 0.5 Vand (f) V1 =V, = —0.1V, (g)
Vi="V,=-03V,and (h) V' = V>, = —0.5 V, respectively. (i) Superexchange as a function of V), when V; = I, = 0 V. We see that
the magnitude of the superexchange increases as a positive bias is applied to G),. The increased curvature of the applied potential of
Vi = 0.5 V [comparison of (¢),(e)] gives rise to an increase of the magnitude of superexchange by a factor of 10. (j) Superexchange
as a function of V; = V, when V), = 0.5 V. Here we see the superexchange decreases as more-negative bias is applied as a result of

decreased potential curvature [comparison of (f),(h)].

2. Application of voltage to all three top gates, Gy, Gy,
and Gy

We can minimize the detuning of qubits Q; and O, by
applying a negative voltage to the left and right gates.
Then the superexchange would decrease—here from 65.42
to 6 peV when V) =V, is changed from 0 to —0.5 V
for V3 = 0.5 V; see Fig. 5(j). The positive bias applied
to Gy increases jys and the negative bias applied to G| »
decreases jj 2, so the jj2/jy ratio becomes smaller. The
potential profile at the donor location for V3, = 0.5 V and
Vi=V,=-0.1, —0.3, and —0.5 V is shown in Figs.
5(f)-5(h). If we look at the inner-singlet contributions on
the ground state, we see that the contribution has increased
up to 94.05% when V; = V, = —0.5 V. Tuning superex-
change by using three gates might be useful in increasing
the fidelity of the operation; otherwise the tuning shows
a similar range of superexchange even with one top gate.
With these simulations, we have shown that it is possible
to manipulate superexchange in a 4P chain by purely elec-
trostatic means. Application of voltage through top gates
results in better tunability of superexchange than a tilt volt-
age along the donor separation. We have shown that it is

possible to increase superexchange by a factor of 10 with
modest gate potentials of 0.5 V. We note that even greater
tunability might be desired to turn the coupling on and off
for qubit operations. Such high tunability of the exchange
coupling can also be achieved by depleting the middle
donors. Without electrons in the middle donors, the qubits
will be coupled by direct exchange, which is significantly
low at these separations. On the other hand, loading elec-
trons in the middle donors will introduce a high value of
superexchange. This mechanism can be crucial for the real-
ization of singlet-triplet oscillations in distanced qubits.
We can realize the depletion of electrons from the medi-
ator donor sites using a single-electron transistor (SET).
In STM devices, a large SET is coupled to each of the
donor quantum dots to perform energy-selective spin read-
out. The SET also functions as a reservoir for the electrons
in the donor sites [12]. When selected donor levels are
detuned with respect to the SET, electrons are loaded into
or unloaded from selective donor dots. Similarly, with use
of an SET spanning the entire donor chain, electrons can be
loaded onto and depleted from the mediator quantum dots
to turn the coupling on or off. Alternatively, the limited
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electrical tunability of the coupling can be increased if the
donors are placed further apart. The increased separation
will reduce the superexchange but will increase voltage
tunability because the same electric field can produce a
larger detuning between the quantum dots. Schemes to
account for residual direct exchange can also be adapted
for superexchange to have better control over individual
exchange couplings, as shown in Ref. [52]. Furthermore,
different orientations, dimensions, and separations of the
gates might also assist the modulation of superexchange.
Although these were not achieved for the limited param-
eter space explored in this work, it might be possible to
choose the donor separations and gate geometries opti-
mally to increase electrical tunability of superexchange,
which needs to be explored further in future work.

E. Effect of asymmetric separation of the donors

Current STM lithography techniques allow us to place
donor atoms in silicon with the precision of a single lattice
constant [53—57]. As a consequence, we can investigate
how small shifts in the exact location of a P atom within
the four-donor chain can affect the value of superexchange
available. For that purpose, we analyze a chain oriented
along the [100] direction with constant middle-quantum-
dot separation 7, = 5.431 nm but with variable positions
of the outer donors, described by | and r,, where 7,7, >
7nm. We have deliberately chosen a smaller value of ry,
so that r|,r, > ;. We do not consider nearest-neighbor
separations less than 7 nm (qubit separation R < 20 nm)
since we are interested in the long-distance qubit cou-
pling regime and want to exceed the distance achievable
by direct exchange.

The results are shown in Fig. 6. Here we can see the
superexchange AE is maximum (11.53 GHz) for the small-
est value of r; and r, (r; = r, = 7.6 nm). This result arises
both from minimizing the total chain separation, R, and
from maximizing the ry/r) » ratio—as observed in Fig. 4.
AE decreases exponentially if either of the outer donors
i1s moved outwards, i.e., if either r; or r, increases. How-
ever, at the same time, we can see that AE does not
change if both of the outer donors are shifted simultane-
ously in the same way—see the dashed lines, where | + r;
is constant. This result is consistent with the Schrieffer-
Wolff approximation for superexchange in Eq. (2), where
the dominating contribution to AE comes from jj,/2jy.
While j; and j, change approximately exponentially with
distance, their product will not change when r| + r; is kept
constant.

Thus we can conclude that any small shifts in the loca-
tion of the donors within the [100]-oriented chain can
result in large changes in total AE. However, interestingly,
a simultaneous shift of both outer (or both middle) donors
in the same direction would not have any impact on the
superexchange (indicated by the dashed black lines). The
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FIG. 6. Effect of donor placement on the magnitude of
superexchange calculated with use of atomistic FCI along the
[100] direction. Keeping the separation of the middle donors
fixed (ryy = 5.431 nm), we change r; and r, to account for any
deviation in donor placement. The superexchange AE is maxi-
mum when r; = r,. We also see that AE remains constant when
r1 + r, 1s constant; see the dashed lines.

situation is completely different for the [110] crystalline
direction due to the oscillations of two-donor exchange
with distance, which lifts the smooth jj,/2/,, dependency
for varied r; and r, when r; + r, is constant. Here AFE
will change in an oscillatory manner if one middle donor
or both middle donors are shifted. While we are plac-
ing the atoms, the phosphorus donors can also be shifted
slightly in the [010] direction, resulting in a small angular
component in the direction of separation. We investigated
the impact of a small shift of the donor by one atomic
lattice constant (dy = 0.5431 nm) in the [010] direction.
We observed that the nearest-neighbor exchange coupling
reduces by a factor of 2 due to the shift, but the value is of
the same order of magnitude. Hence, we expect a small
change in the magnitude of superexchange due to such
shifts in precision placement.

F. Impact of donor nuclear spins on the superexchange

Finally, we comment on the presence of nuclear spins
in the donor system and how they can also impact
superexchange and coherent electron-spin manipulation.
The nuclear spins of phosphorus donor atoms couple with
their electron spins through the hyperfine interaction. From
the perspective of the electron spin, this can be treated
as a small additional magnetic field dependent on the
nuclear-spin polarization. In the case of an electron singlet-
triplet spin qubit, localized within the middle double-donor
quantum dot, this hyperfine interaction can create a mag-
netic field gradient that mixes singlet and triplet states
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[17,58]. For a 1P-1P system, the gradient is approximately
a few milliteslas, which gives rise to Zeeman-energy dif-
ference AE, ~ 5 x 10~* meV between the donors when
the two nuclear spins are oriented antiparallel (1}{}) and
AE, ~ 0 when the two nuclear spins are aligned in the
same direction (1}).

To create well-defined eigenstates as well as singlet and
triplet states, the exchange coupling AE needs to domi-
nate over AE,. We can consider the four-electron system
discussed in this paper essentially as two pairs of singlet-
triplet qubits—one defined between the two inner quantum
dots and one defined between the two outer quantum dots.
To avoid mixing of the singlet and triplet states, it is desir-
able for both j); and AE to be significantly greater than
AE.. From Fig. 2, this is satisfied when the middle-donor
separation ry, is smaller than 10—15 nm, which includes
most of the results presented in this work. The superex-
change AFE ultimately depends both on 7y, and R. From
Fig. 4 we can see it is possible to design 4P configurations
that belong to the regime where ji,j2/jy < 0.3 and at the
same time satisfy AE > AFE,. These considerations are,
however, no longer relevant if we deterministically initial-
ize the nuclear spins to be all parallel before any operation
using a local nuclear magnetic resonance [10]. In this case,
there is no magnetic field gradient and thus no limitations
on the minimum values of j,; and AE.

IV. CONCLUSION

In this work, we have presented the results for strong
non-nearest-neighbor exchange coupling over a long dis-
tance (2035 nm) with a possible extension of up to
45 nm, which has not been explored in donor quantum dots
before. Using an atomistic full-configuration-interaction
technique, we have calculated the eigenvalues of a four-
electron system with high-quality atomistic basis states
and have provided a comparison with an effective spin
Hamiltonian to determine the viability of our intensive
numerical calculations. We have shown that by our placing
the mediator donors one atomic position inwards compared
with the symmetric chain, it is possible to enable coher-
ent control of the qubits separated in the [100] and [110]
directions. Similarly to previous work on direct exchange,
we observe a monotonic dependence of superexchange
versus distance for donors separated in the [100] direc-
tion and an oscillatory dependence for donors separated
in the [110] direction. Importantly, we have demonstrated
that the superexchange can be increased by an order of
magnitude by purely electrostatic means using realistic
experimental gate voltages. These results pave the way
for the realization of fast singlet-triplet control for dis-
tanced qubits. The calculations support the experimental
realization of long-distance coupling of donor qubits in
silicon.
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