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Control of the ZZ coupling between Kerr cat qubits via transmon couplers
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Kerr cat qubits are a promising candidate for fault-tolerant quantum computers owing to the biased
nature of their errors. The ZZ coupling between the qubits can be utilized for a two-qubit entangling gate,
but the residual coupling called ZZ crosstalk is detrimental to precise computing. In order to resolve this
problem, we propose a tunable ZZ-coupling scheme using two transmon couplers. By setting the detunings
of the two couplers at opposite values, the residual ZZ couplings via the two couplers cancel each other out.
We also apply our scheme to the RZZ(�) gate (ZZ rotation with angle �), one of the two-qubit entangling
gates. We numerically show that the fidelity of the RZZ(−π/2) gate is higher than 99.9% in a case of 16-ns
gate time and without decoherence.
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I. INTRODUCTION

Quantum computation [1] is expected to surpass clas-
sical computation in speed in specific problems such
as prime factorization [2], database search [3], quantum
chemistry [4], and machine learning [5]. A major obsta-
cle is noise caused by the interaction between a computing
system and its environment [6,7]. In order to cancel out the
noise and obtain reliable computational results, we must
perform quantum error correction [8,9]. This requires a
considerable overhead cost, which makes the construction
of a large-scale fault-tolerant quantum computer difficult
[10, Sec. 3.2].

However, when the noise is biased, we can reduce the
overhead [11]. As such [12–14], a Kerr cat qubit, which
uses two coherent states with opposite phases as logical
states and whose bit-flip error is exponentially suppressed
with its photon number [15, Sec. I] [16, Sec. S2], has
attracted much attention in recent years [12–39]. Univer-
sal gate sets [17–19] and bias-preserving gates [12–14] for
Kerr cat qubits have been theoretically proposed. A full
set of single-qubit gates on a Kerr cat qubit has been per-
formed experimentally [20]. Quantum annealing [21–30]
and Boltzmann sampling [31] based on Kerr cat qubits
have also been studied theoretically.
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A Kerr cat qubit is realized by a Kerr parametric
oscillator (KPO), which is an oscillator under paramet-
ric (squeezing) drive with Kerr nonlinearity larger than
the single-photon loss rate (single-photon Kerr regime)
[17,19,27,29,40]. A typical coupling between KPOs is the
beam-splitter type [12,13,18,19,24–35,41]. This leads to
the ZZ (longitudinal) coupling between Kerr cat qubits
[12,18,19,27–35], which can be utilized for an RZZ (ZZ-
rotation) gate [12,18,19,29,33–35], one of the two-qubit
entangling gates. The serious practical problem is that even
when we do not intend to perform an RZZ gate, there are
generally residual ZZ couplings, called ZZ crosstalk [42–
53]. The crosstalk creates unwanted correlations between
qubits [54]; an operation on one qubit may give unexpected
effects on another one (violation of locality); an operation
may be affected by another simultaneous one (violation of
independence). Since crosstalk prevents precise computing
in this way, it has been studied extensively: its characteri-
zation [42,55,56]; its detection [54]; its impact on simulta-
neous gate operations [51]; its suppression using tunable
couplers [43–50,57,58], dynamical decoupling [52], and
multicolor drives [53].

In other systems such as transmons, tunable couplers
have been used to eliminate unwanted residual couplings
[43–50,57,58], but not yet in KPO systems. In this paper,
we propose a tunable ZZ-coupling scheme between two
Kerr cat qubits using two transmon couplers. In this
scheme, the detuning of one of the couplers is modulated to
control the amplitude of the effective ZZ coupling between

2331-7019/24/21(1)/014030(15) 014030-1 © 2024 American Physical Society

https://orcid.org/0000-0002-0112-3489
https://orcid.org/0000-0003-3462-8288
https://orcid.org/0000-0003-1145-6620
https://orcid.org/0000-0003-2081-1110
https://orcid.org/0000-0002-8286-1925
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.21.014030&domain=pdf&date_stamp=2024-01-18
http://dx.doi.org/10.1103/PhysRevApplied.21.014030


TAKAAKI AOKI et al. PHYS. REV. APPLIED 21, 014030 (2024)

the qubits. Of note, the residual coupling can be eliminated
when the detunings of the two couplers are set to opposite
values.

Our scheme does not utilize resonance-frequency differ-
ence between KPOs unlike the cross-resonance gate [59–
62], and thus can be implemented with identical KPOs.
Therefore, it is expected that our scheme will reduce
the complexity of design and fabrication of multi-KPO
systems. Our scheme can also mitigate the frequency-
crowding problem, which becomes significant especially
when frequency differences between qubits are needed
[63]. In addition, our scheme is compatible with KPO sys-
tems with lattice structures in contrast to the previous one
which utilizes the phase difference between pump fields
and can be applied only to simple KPO networks such as
one-dimensional chains [33,41]. Therefore, our scheme is
advantageous for system scale up.

This paper is organized as follows. In Sec. II, we intro-
duce our system Hamiltonian and logical states of Kerr
cat qubits. In Sec. III, we explain how to switch ON
and OFF the ZZ coupling between the qubits. In Sec. IV,
we numerically evaluate the residual coupling and the
RZZ(−π/2)-gate fidelity. Finally, we conclude this paper
in Sec. V.

II. SETTINGS

We consider a system consisting of two identical KPOs
(KPO 1 and KPO 2) and two transmon couplers (coupler
1 and coupler 2); see Fig. 1. The KPOs are parametrically
driven with frequency ωp , which is twice their dressed res-
onance frequency. The effective Hamiltonian of the system
Ĥ R(t) in a rotating frame at frequency ωp/2 is written, in
rotating-wave approximation, as

Ĥ R(t) =
2∑

j =1

Ĥ R
KPOj +

2∑
k=1

Ĥ R
ck(t)+ Ĥ R

I , (1)

Ĥ R
KPOj /� = −K

2
â†2

j â2
j + p

2

(
â†2

j + â2
j

)
, (2)

Ĥ R
ck(t)/� = −χk(t)

2
ĉ†2

k ĉ2
k +�k(t)ĉ

†
k ĉk, (3)

Ĥ R
I /� =

2∑
j ,k=1

gj ,k

(
âj ĉ†

k + â†
j ĉk

)
, (4)

where Ĥ R
KPOj , Ĥ R

ck(t), and Ĥ R
I are the Hamiltonian of KPO

j , the Hamiltonian of coupler k, and the interaction Hamil-
tonian, respectively; � = h/(2π) is the reduced Planck
constant; âj and ĉk are the annihilation operators of KPO
j and coupler k; K(> 0) and p(> 0) are the Kerr nonlin-
earity parameter and amplitude of the parametric drive of
the KPOs; χk(t) and�k(t) are the Kerr nonlinearity param-
eter and detuning of coupler k; �1(t) := ωc1(t)− ωp/2 is

FIG. 1. A schematic diagram of the studied system. Two iden-
tical KPOs are coupled via two transmon couplers. Our arrange-
ment is similar to that in Ref. [43, Fig. 1(a)]. An example of a
circuit to realize the system is given in Appendix A.

time dependent but �2 := ωc2 − ωp/2 is not, where ωc1(t)
(ωc2) is a tunable (fixed) resonance frequency of coupler
1 (2); gj ,k is the coupling strength between KPO j and
coupler k. A circuit to realize the above system is given
in Appendix A. We assume positive constant coefficients
such that χk(t) = χ > 0 and gj ,k = g > 0 throughout the
main text for simplicity.

We can transform Ĥ R
KPOj as

Ĥ R
KPOj /� = −K

2

(
â†2

j − α2
) (

â2
j − α2

)
+ Kα4

2
(5)

with α = √p/K , which shows that two coherent states
|±α〉KPOj are the doubly degenerate highest levels of KPO
j . We assume that α is sufficiently large so that the overlap
between the coherent states KPOj 〈α| − α〉KPOj = e−2α2

is
negligible. It is known that these coherent states are stable
in the sense that their life time is an exponential function of
α2 [15, Sec. I] [16, Sec. S2]. We use these coherent states
to encode logical Kerr cat qubits:

|0̄〉qj := |α〉KPOj , |1̄〉qj := |−α〉KPOj . (6)

Then, |0̄, 0̄〉q := |0̄〉q1 ⊗ |0̄〉q2, |0̄, 1̄〉q, |1̄, 0̄〉q, and |1̄, 1̄〉q
form a complete set of basis states of the two Kerr cat
qubits.

III. SWITCHING OF ZZ COUPLING

Let us explain briefly the mechanism behind the effec-
tive ZZ coupling between the Kerr cat qubits, which is
controlled through�1(t). When�1(t) = −�2 and |�2| �
gα, as explained later, four states, |ī, j̄ 〉q ⊗ |0, 0〉c (i, j ∈
{0, 1}), are almost degenerate and the effective coupling
between the qubits is suppressed. When�1(t) �= −�2, the
effective coupling is on. We gradually modulate �1(t) in
order to perform an RZZ gate. During the modulation, the
states of the Kerr cat qubits remain |ī, j̄ 〉q, as verified in
Appendix C; the degeneracy between the two sets of levels
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corresponding to {|0̄, 0̄〉q , |1̄, 1̄〉q} and {|0̄, 1̄〉q , |1̄, 0̄〉q} is
lifted. The energy difference between the two sets of levels
can be regarded as the effect of the ZZ-coupling Hamil-
tonian of the form Eσ̂ q1

z σ̂
q2
z /2, where σ̂ qj

z = |0̄〉qj 〈0̄| −
|1̄〉qj 〈1̄| and E is the energy difference.

In order to understand the above mechanism in detail,
it is useful to consider the effective Hamiltonians of the
couplers conditioned by the state of the Kerr cat qubits,
which is assumed to be either of |ī, j̄ 〉q (i, j ∈ {0, 1}). The
effective Hamiltonian corresponding to |ī, j̄ 〉q is defined as

Ĥ R,ī,j̄
c (t) = q〈ī, j̄ |Ĥ R(t)|ī, j̄ 〉q. Using Eq. (6), we obtain

Ĥ R,ī,ī
c (t)/� =

2∑
k=1

{
−χ

2
ĉ†2

k ĉ2
k +�k(t)

[
ĉ†

k + (−1)iαk(t)
]

× [ĉk + (−1)iαk(t)
] − 2gααk(t)

}
+Kα4,

(7)

Ĥ R,ī,j̄ ( �=ī)
c (t)/� =

2∑
k=1

[
− χ

2
ĉ†2

k ĉ2
k +�k(t)ĉ

†
k ĉk

]
+ Kα4,

(8)

where αk(t) = 2gα/�k(t). Note that α2 = 2gα/�2 is
time independent. When the nonlinear terms in Eq. (7)
can be neglected, the tensor product of coherent states
|(−1)i+1α1(t), (−1)i+1α2〉c is the eigenstate of Hamilto-
nian Ĥ R,ī,ī

c (t) with eigenenergy

Eī,ī
c (t)/� := −2gα[α1(t)+ α2] + Kα4. (9)

In this paper, we set χ and |αk(t)| so small that

ck

〈
∓αk(t)

∣∣∣χ
2

ĉ†2
k ĉ2

k

∣∣∣∓ αk(t)
〉
ck

= χ

2
αk(t)4 (10)

can be neglected compared to 2gααk(t) in Eq. (9); the
condition is

χ |αk(t)|3 	 gα. (11)

On the other hand, the tensor product of vacuum states
|0, 0〉c is the eigenstate of Hamiltonian Ĥ R,ī,j̄ ( �=ī)

c (t) with
eigenenergy

Eī,j̄ ( �=ī)
c (t)/� = Kα4. (12)

When we set �1(t) = −�2, the first term in Eq. (9)
vanishes, and we have Eī,ī

c (t) = Eī,j̄ ( �=ī)
c (t), which means

that four states, |0̄, 0̄〉q ⊗ |−α1(t), −α2〉c, |0̄, 1̄〉q ⊗ |0, 0〉c,
|1̄, 0̄〉q ⊗ |0, 0〉c, and |1̄, 1̄〉q ⊗ |α1(t),α2〉c, are almost
degenerate, so that we can suppress the residual ZZ
coupling.

Suppose that the initial state of the system is represented
as

|	(0)〉 =
1∑

i,j =0

βī,j̄ |ī, j̄ 〉q ⊗ |0, 0〉c , (13)

where βī,j̄ is a coefficient. If we set �1(0) = −�2 and
|�2| � gα so that the approximation

∣∣(−1)i+1α1(0),
(−1)i+1α2

〉
c ≈ |0, 0〉c is valid, |0, 0〉c is not only the eigen-

state of Ĥ R,ī,j̄ ( �=ī)
c (0) but also the approximate eigenstate of

Ĥ R,ī,ī
c (0). Hence, if we change�1(t) slowly enough so that

coupler 1 evolves adiabatically, the system can evolve as

|	(t)〉 ≈
1∑

i,j =0

N (t)βī,j̄ e−i[�ī,j̄ (t)+θ(t)] |ī, j̄ 〉q ⊗ |ψ(t)〉ī,j̄
c ,

(14)

where

�ī,j̄ (t) = −δi,j

∫ t

0
2gα[α1(t′)+ α2] dt′

= −4g2α2δi,j

∫ t

0

[
1

�1(t′)
+ 1
�2

]
dt′, (15)

θ(t) = Kα4t, (16)

|ψ(t)〉ī,j̄
c = δi,j |(−1)i+1α1(t), (−1)i+1α2〉c

+ (1 − δi,j ) |0, 0〉c , (17)

and N (t) is for normalization. After the gate time tf , the
detuning of coupler 1 returns to the initial value so that
|ψ(tf )〉ī,j̄

c ≈ |0, 0〉c. Defining � as

� = −4g2α2
∫ tf

0

[
1

�1(t)
+ 1
�2

]
dt, (18)

we obtain

|	(tf )〉 ≈
1∑

i,j =0

N (tf )βī,j̄ e−i[�δi,j +θ(tf )] |ī, j̄ 〉q ⊗ |0, 0〉c

= e−iθ(tf )R̂ZZ(�) |	(0)〉 =: |	 ideal
� 〉 , (19)

where θ(tf ) is the overall phase, which is not of physical
interest and

R̂ZZ(�) := N (tf )
1∑

i,j =0

e−i�δi,j |ī, j̄ 〉q〈ī, j̄ | ⊗ Ic (20)

is the RZZ gate with rotation angle� on the Kerr cat qubits
with Ic being the identity operator on the couplers. From
Eq. (19), we find that the RZZ(�) gate is approximately
realized. Of note, we can eliminate the unwanted residual
coupling by imposing�1(t) = −�2, which leads to� = 0
in Eq. (18).
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TABLE I. The parameters of the system and detunings used
in Sec. IV. The used values of K and p correspond to α = 2.
κ/2π = 0 Hz (20 kHz) corresponds to the case without (with)
decoherence. These parameters are comparable to those used in
experiments [20,40,66].

K/2π p/2π χ/2π g/2π κ/2π αmin
c

20 MHz 80 MHz 10 MHz 10 MHz 0 Hz, 20 kHz 0.04

IV. NUMERICAL RESULTS

We numerically examine the performance of our ZZ-
coupling scheme. In this study, we take into account
only single-photon loss of the KPOs and transmons as
a source of decoherence, because it is dominant; see
Sec. II within the Supplementary Information in Ref. [19].
We assume that the single-photon loss rates of the
KPOs and transmons are the same for simplicity. Time
evolution of the system is simulated with the Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL)-type Marko-
vian master equation [64,65]:

dρ̂(t)
dt

= − i
�

[Ĥ R(t), ρ̂(t)]

+ κ
∑
j =1,2

(
âj ρ̂(t)â

†
j − 1

2

{
â†

j âj , ρ̂(t)
})

+ κ
∑
k=1,2

(
ĉkρ̂(t)ĉ

†
k − 1

2

{
ĉ†

k ĉk, ρ̂(t)
})

, (21)

where ρ̂(t) is the density operator of the system; κ is the
single-photon loss rate; [•, ◦] is the commutator; {•, ◦} is
the anticommutator. The used system parameters are listed
in Table I. The initial state of the system is prepared as
in Eq. (13) with βī,j̄ = [2(1 + e−2α2

)]−1 ∀ī, j̄ ∈ {0, 1}. That
is, the four basis states of the Kerr cat qubits are equally
weighted. The initial state can be rewritten as

|	(0)〉 = |α〉KPO1
+ |−α〉KPO1√

2(1 + e−2α2
)

⊗ |α〉KPO2
+ |−α〉KPO2√

2(1 + e−2α2
)

⊗ |0, 0〉c , (22)

which shows that both of the KPOs are in the even-parity
cat states.

In numerical simulations, we used relevant energy
eigenstates of isolated KPOs as basis to expand the states
of the KPOs instead of their Fock states in order to reduce
numerical resource, while Fock states are used for the
couplers. In a part of the simulations, we used Quantum
Toolbox in Python (QuTiP) [67,68].

A. Residual coupling

We evaluate the performance of our scheme of the effec-
tive coupling when it is switched OFF with the infidelity
defined as [69, Sec. 9.2.2]

1 − F(ρ̂(t), |	(0)〉) = 1 − 〈	(0)|ρ̂(t)|	(0)〉. (23)

We set the detunings of the couplers as follows:

�1(t) = −�2 = 2gα
αmin

c
= 2π × 1 GHz. (24)

Figure 2 shows the infidelity 1 − F(ρ̂(t), |	(0)〉) for the
cases (a) without and (b) with decoherence. When the
decoherence can be neglected, we do not see in Fig. 2(a)
the tendency of the infidelity to increase, which we regard
as the sign that the residual coupling is suppressed. We
attribute the oscillation in the infidelity to the fact that
the initial state is a superposition of different energy
eigenstates of the system.

In contrast, when the decoherence cannot be neglected,
we see in Fig. 2(b) the tendency of the infidelity to
increase, so we must perform quantum error correction,
which is left as our future work. Let us explain this infi-
delity increase in terms of Kerr cats dephasing due to
single-photon loss of KPOs. We assume that the interac-
tion between the KPOs and the couplers can be neglected,
which will be validated later. Then, the state of the system
at time t is written as (see Appendix D)

ρ̂(t) = |α〉〈α| + |−α〉〈−α| + e−γ t(|α〉〈−α| + |−α〉〈α|)
2(1 + e−2α2−γ t)

⊗ |α〉〈α| + |−α〉〈−α| +e−γ t(|α〉〈−α| + |−α〉〈α|)
2(1 + e−2α2−γ t)

⊗ |0, 0〉c〈0, 0| , (25)

where the first (second) line in the right-hand side is the
state of Kerr cat qubit 1 (2) and γ = 2κα2 is the dephasing

(a) (b)

FIG. 2. Infidelity 1 − F(ρ̂(t), |	(0)〉) when the effective ZZ
coupling should be switched OFF in the cases (a) without and
(b) with decoherence. The red solid line labeled “Numerical” is
calculated numerically with ρ̂(t) under master Eq. (21). The blue
dashed line labeled “Analytical” corresponds to Eq. (26). The
used parameters are shown in Table I.
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rate of the qubits. The infidelity in Eq. (23) is calculated as

1 − F(ρ̂(t), |	(0)〉) = 1 − (1 + e−2α2
)2(1 + e−γ t)2

4(1 + e−2α2−γ t)2
.

(26)

Since this agrees well with the numerical result as seen
from Fig. 2(b), the neglect of the interaction between
the KPOs and the couplers is validated. In other words,
the residual coupling is suppressed in the presence of
decoherence, too.

B. Performance of the RZZ gate

The RZZ gate for the Kerr cat qubits can be realized
by switching ON their effective coupling. We evaluate the
performance of the RZZ gate with the infidelity defined as

1 − F(ρ̂(tf ), |	 ideal
� 〉) = 1 − 〈	 ideal

� |ρ̂(tf )|	 ideal
� 〉 (27)

under the detuning schedule in Appendix E. We fix � =
−π/2 because RZZ and Rx (X -rotation) gates with rotation
angle −π/2 and the Rz (Z-rotation) gate with all rota-
tion angles are sufficient to form a universal gate set [18].
Figure 3 shows the infidelity 1 − F(ρ̂(tf ), |	 ideal

� 〉) as a
function of tf in the cases with and without decoherence.
First, let us focus on the case without decoherence. We
find that the gate fidelity is over 99.9% for tf = 16 ns.
When tf � 16 ns, the gate infidelity tends to decrease with
the increase of tf due to the mitigation of nonadiabatic
errors. On the other hand, when tf � 16 ns, the infidelity
features an oscillating behavior. This is because nonadi-
abatic errors are not necessarily mitigated monotonically
with time. They are related to the power spectral density of
a gate-pulse form, and the graph of the density versus the
gate time can show an oscillating behavior [70]. Therefore,
the oscillating behavior in Fig. 3 is not strange.

FIG. 3. Infidelity of the RZZ(−π/2) gate as a function of tf ,
with and without decoherence. The blue dashed line labeled
“Analytical” corresponds to Eq. (30). The used parameters and
αmax

c are listed in Tables I and III, respectively.

Next, let us focus on the effect of decoherence. When
tf � 12 ns, the effect is small, and the infidelities with
and without decoherence are almost the same. Otherwise,
decoherence makes the infidelity larger; when tf � 22
ns, the infidelity monotonically increases with tf . Let us
explain this monotonic increase in a similar way with that
in the last paragraph in the previous subsection. From
Eq. (19), we have

|	 ideal
� 〉〈	 ideal

� | =
1∑

i,i′,j ,j ′=0

ei�(δi′ ,j ′−δi,j )

4(1 + 2 cos�e−2α2 + e−4α2
)

× |ī〉q1
〈ī′| ⊗ | j̄ 〉q2

〈 j̄ ′| ⊗ |0, 0〉c〈0, 0| .
(28)

This state does not include the effect of dephasing of the
Kerr cat qubits. The counterpart with the effect is given by

ρ̂
dephased
� (tf )

=
1∑

i,i′,j ,j ′=0

ei�(δi′ ,j ′−δi,j )−γ tf (2−δi,i′−δj ,j ′ )

4(1 + 2 cos�e−2α2−γ tf + e−4α2−2γ tf )

× |ī〉q1
〈ī′| ⊗ | j̄ 〉q2

〈 j̄ ′| ⊗ |0, 0〉c〈0, 0| . (29)

The infidelity only due to the effect of dephasing is calcu-
lated as

1 − F(ρ̂dephased
� (tf ), |	 ideal

� 〉)
= 1 − 4−1[(1 + e−γ tf )2(1 + e−4α2

)

× (1 + 4 cos�e−2α2 + e−4α2
)

+ 4e−4α2
(1 + 2 cos 2�e−γ tf + e−2γ tf )]

× (1 + 2 cos�e−2α2 + e−4α2
)−1

× (1 + 2 cos�e−2α2−γ tf + e−4α2−2γ tf )−1. (30)

As this agrees well with the numerical result in Fig. 3, the
infidelity increase for large tf is mostly due to dephasing.

V. CONCLUSION

We have developed a tunable ZZ-coupling scheme
between two Kerr cat qubits by using two transmon cou-
plers. The detuning of one of the couplers is tuned to
control the coupling amplitude. We have analytically pre-
sented and numerically confirmed that the residual cou-
pling is eliminated by setting the detunings of the transmon
couplers to values opposite to each other. We have numer-
ically achieved RZZ(−π/2)-gate fidelity over 99.9% in the
case of 16-ns gate time and without decoherence.

As we have seen in Figs. 2(b) and 3, the effect of dephas-
ing is serious. In order to preserve superposition states of
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Kerr cat qubits, we must perform quantum error correction.
Combining our ZZ-coupling scheme with quantum error
correction is left for future works.
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APPENDIX A: CIRCUIT MODEL I

In this Appendix, we give a circuit example to realize
our scheme in the main text; see Fig. 4. We derive its effec-
tive Hamiltonian (1) using canonical quantization [71] and
standard methods [29,36,72]. A similar circuit in Fig. 5
is discussed in Appendix B. Each subsystem, λ ∈ {KPO1,
KPO2, c1(coupler1), c2(coupler2)}, comprises a sym-
metric dc superconducting quantum interference device
(SQUID), which has two Josephson junctions Jλ,L and Jλ,R
of Josephson energy EλJ and two shunting capacitors Cλ,L
and Cλ,R; we set Cλ,L = Cλ,R =: Cλ/2. KPO j and coupler
k ( j , k ∈ {1, 2}) are coupled via a capacitor Cj ,k for j = k
and via a linear inductor Lj ,k for j �= k. The branch flux
variables across the Josephson junctions Jλ,L and Jλ,R are
denoted by �λ,L and �λ,R, respectively. Then, the branch
charge variables across the capacitors Cλ,L and Cλ,R are
given by Cλ,L�̇λ,L and Cλ,R�̇λ,R, respectively. The branch
flux variable across the linear inductor Lj ,k and the branch
charge variable across the capacitor Cj ,k are denoted by
�j ,k and Qj ,k, respectively. Each dc SQUID is threaded
by a time-dependent magnetic flux �̃λ(t) directed into the

FIG. 4. A circuit diagram to describe Hamiltonian (1).

paper. We assume that the magnetic flux �̃λ(t) is concen-
trated at the center of the SQUID of λ in a symmetric
distribution with regard to horizontal and perpendicular
axes through the center [73, Sec. 12]. The circuit of λ is
symmetric with respect to the straight line through Pλ and
Oλ. The point Oλ is connected to the ground. Following
normal procedure in electrodynamics [74,75], we obtain

�λ,L = �λ + �̃λ(t)
2

, �λ,R = �λ − �̃λ(t)
2

, (A1)

�1,2 = �c2 −�KPO1, �2,1 = �c1 −�KPO2, (A2)

Q1,1

C1,1
= �̇KPO1 − �̇c1,

Q2,2

C2,2
= �̇KPO2 − �̇c2, (A3)

where

�λ := �λ,L +�λ,R

2
. (A4)

Let us derive Hamiltonian (A15), which describes
Fig. 4, by canonical quantization [71]. The kinetic energy
of the circuit is written as

T =
∑
λ

[
(Cλ,L�̇λ,L)

2

2Cλ,L
+ (Cλ,R�̇λ,R)

2

2Cλ,R

]
+ Q2

1,1

2C1,1
+ Q2

2,2

2C2,2

= 1
2
�̇

T
M�̇ = �2

0

2
ϕ̇TM ϕ̇, (A5)

where

� :=

⎛
⎜⎝
�KPO1
�KPO2
�c1
�c2

⎞
⎟⎠ , ϕ := �

�0
=

⎛
⎜⎝
ϕKPO1
ϕKPO2
ϕc1
ϕc2

⎞
⎟⎠ , ϕλ := �λ

�0
,

(A6)

�0 = �/(2e) is the reduced flux quantum [h/(2e) is the
flux quantum],

M =

⎛
⎜⎜⎝

C + C̃ 0 −C̃ 0
0 C + C̃ 0 −C̃

−C̃ 0 C + C̃ 0
0 −C̃ 0 C + C̃

⎞
⎟⎟⎠ (A7)

(we have set CKPO1 = CKPO2 = Cc1 = Cc2 =: C and
C1,1 = C2,2 =: C̃ for brevity), and we have neglected the

terms
∑

λ C
[ ˙̃
�λ(t)

]2
/8, which do not affect the dynamics

of the system. The potential energy of the circuit is written
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FIG. 5. A circuit diagram to describe Hamiltonian (B1). The
difference between this circuit and the circuit in Fig. 4 is
{C1,2, C2,1} and {L1,2, L2,1}.

as

U(t) = −
∑
λ

[
EλJ cos

(
�λ,L

�0

)
+ EλJ cos

(
�λ,R

�0

)]

+ �2
1,2

L2,1
+ �2

2,1

L2,1

= −
∑
λ

2EλJ cos
(
φλ(t)

2

)
cosϕλ

+ EL

2
(ϕc2 − ϕKPO1)

2 + EL

2
(ϕc1 − ϕKPO2)

2, (A8)

where φλ(t) = �̃λ(t)/�0, we have set L1,2 = L2,1 =: L,
and EL = �2

0/L. The Lagrangian of the system in the
laboratory frame is written as

L(t) = T − U(t). (A9)

We define nλ as the conjugate momentum to �ϕλ:

n = 1
�

∂L
∂ϕ̇

= �2
0

�
M ϕ̇. (A10)

The classical Hamiltonian in the laboratory frame is
obtained from the following Legendre transformation:

H(t) = �ϕ̇ · n − L(t) = 2e2nTM−1n + U(t), (A11)

where

M−1 = 1
C

⎛
⎜⎝

u 0 v 0
0 u 0 v

v 0 u 0
0 v 0 u

⎞
⎟⎠ , (A12)

with

u = 1 + x
1 + 2x

, v = x
1 + 2x

, x = C̃
C

. (A13)

Then, Hamiltonian (A11) is rewritten as

H(t) = 4EC

[
u
∑
λ

n2
λ + 2v

2∑
j =1

nKPOj ncj

]
+ U(t), (A14)

with EC = e2/(2C). By quantization, nλ → n̂λ and ϕλ →
ϕ̂λ with [ϕ̂λ, n̂λ′] = iδλ,λ′ , we obtain the following quantum
Hamiltonian in the laboratory frame:

Ĥ(t) =
∑
λ

Ĥλ(t)+ ĤI , (A15)

Ĥλ(t) = 4uECn̂2
λ − 2EλJ cos

(
φλ(t)

2

)
cos ϕ̂λ + EL

2
ϕ̂2
λ,

(A16)

ĤI = 8vEC

2∑
j =1

n̂KPOj n̂cj − ELϕ̂KPO1ϕ̂c2

− ELϕ̂KPO2ϕ̂c1. (A17)

Then, let us derive Hamiltonian (1) by conventional
methods [29,36,72]. In Eq. (A16), we assume uEC 	
EλJ cos [φλ(t)/2] ∀t. Then, expanding cos ϕ̂λ to the fourth
order in ϕ̂λ is a good approximation:

cos ϕ̂λ ≈ 1 − 1
2
ϕ̂2
λ + 1

24
ϕ̂4
λ. (A18)

Let us decompose φλ(t) into dc and ac parts [29, Sec. 4.1]:

φλ(t) = φdc
λ (t)+ φac

λ (t), (A19)

φac
λ (t) = −2πεp ,λ cos (ωp ,λt). (A20)

We set |εp ,λ| 	 1, so that the following approximation may
be good [29, Sec. 4.1]:

Ĥλ(t) ≈ 4uECn̂2
λ + Ẽλ,dc

J (t)+ EL

2
ϕ̂2
λ + Ẽλ,ac

J (t)
2

ϕ̂2
λ

− Ẽλ,dc
J (t)
24

ϕ̂4
λ, (A21)

where

Ẽλ,dc
J (t) := 2EλJ cos

(
φdc
λ (t)
2

)
, (A22)

Ẽλ,ac
J (t) := 2πεp ,λEλJ sin

(
φdc
λ (t)
2

)
cos (ωp ,λt). (A23)
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We introduce the annihilation and creation operators, âλ
and â†

λ, through [72, Sec. II]

ϕ̂λ =
(

2uEC

Ẽλ,dc
J (0)+ EL

)1/4 (
âλ + â†

λ

)
, (A24)

n̂λ = − i
2

(
Ẽλ,dc

J (0)+ EL

2uEC

)1/4 (
âλ − â†

λ

)
. (A25)

Then Eq. (A21) is rewritten as [36]

Ĥλ(t)/� ≈ ω
(0)
λ (t)â

†
λâλ + [ω(0)λ (t)− ω

(0)
λ (0)]

2

(
â†2
λ + â2

λ

)

− Kλ(t)
12

(
âλ + â†

λ

)4
+ pλ(t)

(
âλ + â†

λ

)2

× cos (ωp ,λt), (A26)

where

ω
(0)
λ (t) :=

√
2uEC[Ẽλ,dc

J (0)+ EL]

�

(
Ẽλ,dc

J (t)+ EL

Ẽλ,dc
J (0)+ EL

+ 1

)
,

(A27)

Kλ(t) := uEC

�

Ẽλ,dc
J (t)

Ẽλ,dc
J (0)+ EL

, (A28)

pλ(t) := πεp ,λEλJ
�

√
2uEC

Ẽλ,dc
J (0)+ EL

sin
(
φdc
λ (t)
2

)
, (A29)

and we have omitted a c-valued term. Inserting Eqs. (A24)
and (A25) into Eq. (A17) yields

ĤI/� = −
2∑

j =1

gj ,j

(
âKPOj − â†

KPOj

) (
âcj − â†

cj

)

+ g1,2

(
âKPO1 + â†

KPO1

) (
âc2 + â†

c2

)

+ g2,1

(
âKPO2 + â†

KPO2

) (
âc1 + â†

c1

)
, (A30)

where

gj ,j := v

�

√
2EC

u

[
ẼKPOj ,dc

J (0)+ EL

]1/4 [
Ẽcj ,dc

J (0)+ EL

]1/4
,

(A31)

g1,2 = − EL
√

2uEC

�

[
ẼKPO1,dc

J (0)+ EL

]1/4 [
Ẽc2,dc

J (0)+ EL

]1/4 ,

(A32)

g2,1 = − EL
√

2uEC

�

[
ẼKPO2,dc

J (0)+ EL

]1/4 [
Ẽc1,dc

J (0)+ EL

]1/4 .

(A33)

We set ωp ,KPO1 = ωp ,KPO2 = ωp ,c1 = ωp ,c2 =: ωp . Let
us move on to a rotating frame at frequency ωp/2 and
neglect rapidly oscillating terms (rotating-wave approxi-
mation), so that the Hamiltonian there may be [36]

Ĥ R(t) = R̂(t)Ĥ(t)R̂†(t)+ i�

(
dR̂(t)

dt

)
R̂†(t) ≈ Ĥ R

λ (t)+ Ĥ R
I (t), (A34)

where

R̂(t) = exp

[
i
ωp

2
t
∑
λ

â†
λâλ

]
, (A35)

Ĥ R
λ (t)/� = �λ(t)â

†
λâλ − Kλ(t)

2
â†2
λ â2

λ + pλ(t)
2

(
â†2
λ + â2

λ

)
, (A36)

Ĥ R
I /� =

2∑
j ,k=1

gj ,k

(
âKPOj â†

ck + â†
KPOj âck

)
, (A37)

where �λ(t) := ωλ(t)− ωp/2 and ωλ(t) := ω
(0)
λ (t)− Kλ(t).

We set EKPO1
J = EKPO2

J =: EKPO
J , εp ,KPO1 = εp ,KPO2 =: εp , and φdc

KPO1(t) = φdc
KPO1(0) = φdc

KPO2(0) =:
φdc

KPO = φdc
KPO2(t)∀t. From Eqs. (A22), (A27)–(A29), we obtain ẼKPO1,dc

J (t) = ẼKPO1,dc
J (0) = ẼKPO2,dc

J (0) =:

ẼKPO,dc
J = ẼKPO2,dc

J (t) ∀t, ω
(0)
KPO1(t) = ω

(0)
KPO2(t) = 2

√
2uEC(Ẽ

KPO,dc
J + EL)/� =: ω(0)KPO∀t, KKPO1(t) = KKPO2(t) =

uECẼKPO,dc
J /�(ẼKPO,dc

J + EL) =: K ∀t, pKPO1(t) = pKPO2(t) = πεpEKPO
J

√
2uEC/(Ẽ

KPO,dc
J + EL) sin(φdc

KPO/2)/� =: p ∀t.

We also have ωKPO1(t) = ωKPO2(t) = ω
(0)
KPO − K =: ωKPO ∀t. We set ωp = 2ωKPO so that we may satisfy

�KPO1(t) = �KPO2(t) = 0 ∀t. We define âKPOj =: âj for j = 1, 2. From Eq. (A36), we obtain
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Ĥ R
KPOj /� = −K

2
â†2

j â2
j + p

2

(
â†2

j + â2
j

)
. (A38)

We set εp ,c1 = εp ,c2 = 0, which gives pc1(t) = pc2(t) =
0 ∀t. We define �ck(t) =: �k(t), Kck(t) =: χk(t), and
âck =: ĉk for k = 1, 2. From (A36) and (A37), we have

Ĥ R
ck(t)/� = −χk(t)

2
ĉ†2

k ĉ2
k +�k(t)ĉ

†
k ĉk, (A39)

Ĥ R
I /� =

2∑
j ,k=1

gj ,k

(
âj ĉ†

k + â†
j ĉk

)
. (A40)

Hence we arrive at Eq. (1).

APPENDIX B: CIRCUIT MODEL II

In this Appendix, we explain that we can suppress the
residual ZZ coupling between Kerr cat qubits in the case
of a circuit which replaces L1,2 and L2,1 in Fig. 4 with
C1,2(= C̃) and C2,1(= C̃); see Fig. 5. Following the similar
procedure to that in Appendix A, the quantum Hamilto-
nian of the system in a rotating frame at frequency ωp/2 is
obtained, in rotating-wave approximation, as

ˆ̃H R(t) =
2∑

j =1

ˆ̃H R
KPOj +

2∑
k=1

ˆ̃H R
ck(t)+ ˆ̃H R

I , (B1)

ˆ̃H R
KPOj /� = − K̃

2
â†2

j â2
j + p̃

2

(
â†2

j + â2
j

)
, (B2)

ˆ̃H R
ck(t)/� = − χ̃k(t)

2
ĉ†2

k ĉ2
k + �̃k(t)ĉ

†
k ĉk, (B3)

ˆ̃H R
I /� =

2∑
j ,k=1

gk

(
âj ĉ†

k + â†
j ĉk

)
+ gKPO

(
â1â†

2 + â†
1â2

)

+ gc

(
ĉ1ĉ†

2 + ĉ†
1ĉ2

)
, (B4)

where

K̃ = yEC/�, (B5)

p̃ = πεpEKPO
J

�

√
2yEC

ẼKPO,dc
J

sin
(
φdc

KPO

2

)
, (B6)

χ̃k(t) = yEC

�

Ẽck,dc
J (t)

Ẽck,dc
J (0)

, (B7)

�̃k(t) =
√

2yECẼck,dc
J (0)

�

(
Ẽck,dc

J (t)

Ẽck,dc
J (0)

+ 1

)
− χ̃k(t)

−
2
√

2yECẼKPO,dc
J

�
+ K̃ , (B8)

gk = z
�

√
EC

y

[
ẼKPO,dc

J Ẽck,dc
J (0)

]1/4
, (B9)

gKPO := w
�

√
ECẼKPO,dc

J

y
, (B10)

gc := w
�

√
EC

y

[
Ẽc1,dc

J (0)Ẽc2,dc
J (0)

]1/4
, (B11)

y = 1 + 4x + 2x2

1 + 6x + 8x2 , z = x
1 + 4x

, (B12)

w = 2x2

1 + 6x + 8x2 , x = C̃
C

. (B13)

Although Eq. (B4) contains the extra terms compared
to Eq. (4), we can suppress the residual ZZ coupling in
essentially the same way as that explained in Sec. III. The
counterparts to Eqs. (7)–(9), and (12) are

ˆ̃H R,ī,ī
c (t)/� = �̃1(t)

(
ĉ†

1 + gc

�̃1(t)
ĉ†

2 + (−1)i2g1α̃

�̃1(t)

)(
ĉ1 + gc

�̃1(t)
ĉ2 + (−1)i2g1α̃

�̃1(t)

)

+
(
�̃2 − g2

c

�̃1(t)

)(
ĉ†

2 + (−1)i2α̃[g2�̃1(t)− g1gc]

�̃1(t)�̃2 − g2
c

)(
ĉ2 + (−1)i2α̃[g2�̃1(t)− g1gc]

�̃1(t)�̃2 − g2
c

)

+
2∑

k=1

(
− χ̃k(t)

2
ĉ†2

k ĉ2
k

)
+ 2gKPOα̃

2 + K̃ α̃4 − 4α̃2[g2
1�̃2 + g2

2�̃1(t)− 2g1g2gc]

�̃1(t)�̃2 − g2
c

, (B14)

ˆ̃H R,ī,j̄ ( �=ī)
c (t)/� =

2∑
k=1

[
− χ̃k(t)

2
ĉ†2

k ĉ2
k + �̃k(t)ĉ

†
k ĉk

]
+ gc

(
ĉ1ĉ†

2 + ĉ†
1ĉ2

)
− 2gKPOα̃

2 + K̃ α̃4, (B15)
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ẼR,ī,ī
c (t)/� = 2gKPOα̃

2 + K̃ α̃4

− 4α̃2[g2
1�̃2 + g2

2�̃1(t)− 2g1g2gc]

�̃1(t)�̃2 − g2
c

, (B16)

ẼR,ī,j̄ ( �=ī)
c (t)/� = −2gKPOα̃

2 + K̃ α̃4, (B17)

where α̃ :=
√

p̃/K̃ . When we set

�̃1(t) = g2
1�̃2 + gKPOg2

c − 2g1g2gc

gKPO�̃2 − g2
2

, (B18)

we have ẼR,ī,ī
c (t) = ẼR,ī,j̄ ( �=ī)

c (t), so that we can sup-
press the residual ZZ coupling. We show in Fig. 6 the

infidelity 1 − F(ρ̂(t), |	(0)〉) for the case without deco-
herence under parameter values in Table II, which
almost satisfy Eq. (B18). The infidelity oscillates as in
Fig. 6(a) and hardly tends to increase with time as
in Fig. 6(b).

APPENDIX C: THE STATES OF THE QUBITS
DURING THE CONTROL OF �1(t)

In order to verify that the states of the Kerr cat
qubits remain |ī, j̄ 〉q during the control of �1(t) in
Sec. III, we consider the effective drive Hamiltonians
of the KPOs conditioned by the state of the couplers,
which is either |(−1)i+1α1(t), (−1)i+1α2〉c or |0, 0〉c. We
define the effective drive Hamiltonians corresponding to
|(−1)i+1α1(t), (−1)i+1α2〉c and |0, 0〉c as

Ĥ R,ī,ī
I ,KPO(t)/� := c

〈
(−1)i+1α1(t), (−1)i+1α2

∣∣∣Ĥ R
I /�

∣∣∣ (−1)i+1α1(t), (−1)i+1α2

〉
c

= (−1)i+1g[α1(t)+ α2]
2∑

j =1

(
â†

j + âj

)
(C1)

and

Ĥ R,ī,j̄ ( �=ī)
I ,KPO :=

c

〈
0, 0
∣∣∣ ĤI

∣∣∣ 0, 0
〉
c
= 0, (C2)

respectively. Since |α1(t)| and |α2| are set to be small in this
study, not only Ĥ ī,j̄ ( �=ī)

I ,KPO but also Ĥ ī,ī
I ,KPO(t) does not deviate

the state of the Kerr cat qubits from |ī, j̄ 〉q very much.

APPENDIX D: DERIVATION OF EQ. (25)

If the interaction Hamiltonian Ĥ R
I can be neglected,

master Eq. (21) and the initial state (22) give

ρ̂(t) = ρ̂KPO1(t)⊗ ρ̂KPO2(t)⊗ ρ̂c1(t)⊗ ρ̂c2(t), (D1)

(a) (b)

FIG. 6. Infidelity 1 − F(ρ̂(t), |	(0)〉) when the effective ZZ
coupling should be switched OFF in the case without decoher-
ence: (a) 0 ns ≤ t ≤ 20 ns; (b) 0 µs ≤ t ≤ 100 µs. The used
parameters are shown in Table II.

with

dρ̂KPOj (t)
dt

= − i
�

[Ĥ R
KPOj , ρ̂KPOj (t)]

+ κ

(
âj ρ̂KPOj (t)â

†
j − 1

2

{
â†

j âj , ρ̂KPOj (t)
})

, (D2)

dρ̂ck(t)
dt

= − i
�

[Ĥ R
ck, ρ̂ck(t)]

+ κ

(
ĉkρ̂ck(t)ĉ

†
k − 1

2

{
ĉ†

k ĉk, ρ̂ck(t)
})

. (D3)

FIG. 7. Time dependence of �1(t) and −�2 in Eq. (E1) for
tf = 16 ns and αmax

c = 0.524. The other parameters are shown in
Table I.
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TABLE II. Parameter values used in Fig. 6. The bold values are
design values, from which the other values (only the first three
digits are shown) are calculated. κ/(2π) = 0 Hz corresponds to
the case without decoherence.

C (pF) 1.1 Ec1
J /h (GHz) 660

C̃ (fF) 2 Ec2
J /h (GHz) 444.69

EC/h (MHz) 17.6 φdc
c1(t) 0

x 1.82 × 10−3 φdc
c2 0

y 0.996 Ẽc1,dc
J (t)/h (THz) 1.32

z 1.81 × 10−3 Ẽc2,dc
J /h (GHz) 889

w 6.54 × 10−6 χ̃c1(t)/(2π) (MHz) 17.5
EKPO

J /h (GHz) 800 χ̃c2/(2π) (MHz) 17.5
φdc

KPO π/2 �̃1(t)/(2π) (GHz) 1.01
ẼKPO,dc

J /h (THz) 1.13 �̃2/(2π) (GHz) −1.43
εp 7 × 10−3 g1/(2π) (MHz) 8.39
K̃/(2π) (MHz) 17.5 g2/(2π) (MHz) 7.60
p̃/(2π) (MHz) 69.3 gKPO/(2π) (kHz) 29.2
α̃ 1.99 gc/(2π) (kHz) 28.6
κ/(2π) (Hz) 0

Since the initial state of coupler k, |0〉ck, is the steady state
of master Eq. (D3), we have

ρ̂ck(t) = |0〉ck〈0| . (D4)

We map master Eq. (D2) of KPO j onto that of Kerr cat
qubit j . For the time being, we use

|C±〉qj := N±(|α〉KPOj ± |−α〉KPOj ), (D5)

with N± := [2(1 ± e−2α2
)]−1/2 as two basis states of qubit

j . The annihilation operator is represented in the qubit
subspace as [15, Sec. III]

âj = rα |C−〉qj 〈C+| + r−1α |C+〉qj 〈C−| , (D6)

with r = N+/N−. Its matrix representation is

âj = α

(
0 r−1

r 0

)
. (D7)

Using this, the Hamiltonian of KPO j is mapped onto that
of qubit j as

Ĥ R
qj = Kα4

2
I , (D8)

where I is the identity matrix with dimension two. The
density matrix of qubit j in the Bloch sphere representation
[76, Sec. III B] is written as

ρ̂qj (t) = I + �bj (t) · �σ
2

= 1
2

(
1 + bj ,z(t) bj ,x(t)− ibj ,y(t)

bj ,x(t)+ ibj ,y(t) 1 − bj ,z(t)

)
, (D9)

where �bj (t) = [bj ,x(t), bj ,y(t), bj ,z(t)]T with |�bj (t)| ≤ 1 is
the Bloch vector and �σ = [σx, σy , σz] is a vector of Pauli
matrices. Using Eqs. (D2), (D7)–(D9), the master equation
of qubit j is written as

dρ̂qj (t)
dt

= − i
�

[Ĥ R
qj , ρ̂qj (t)]

+ κ

(
âj ρ̂qj (t)â

†
j − 1

2

{
â†

j âj , ρ̂qj (t)
})

, (D10)

with

dρ̂qj (t)
dt

= 1
2

(
ḃj ,z(t) ḃj ,x(t)− iḃj ,y(t)

ḃj ,x(t)+ iḃj ,y(t) −ḃj ,z(t)

)
, (D11)

− i
�

[Ĥ R
qj , ρ̂qj (t)] + κ

(
âj ρ̂qj (t)â

†
j − 1

2

{
â†

j âj , ρ̂qj (t)
})

= κα2

2

⎛
⎜⎜⎝

−(r−2 + r2)bj ,z(t)+ r−2 − r2 bj ,x(t)+ ibj ,y(t)− r−2 − r2

2
[bj ,x(t)− ibj ,y]

bj ,x(t)− ibj ,y(t)− r−2 − r2

2
[bj ,x(t)+ ibj ,y] (r−2 + r2)bj ,z(t)− r−2 + r2

⎞
⎟⎟⎠ . (D12)

TABLE III. αmax
c that minimizes the infidelity 1 − F(ρ̂(tf ), |	 ideal

� 〉) for each gate time tf .

tf (ns) 8 10 12 14 15 16 17 18 19 20 21 22 24 26 28 30
αmax

c 0.404 0.460 0.496 0.524 0.528 0.524 0.510 0.486 0.468 0.440 0.412 0.408 0.390 0.370 0.336 0.314

tf (ns) 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60
αmax

c 0.318 0.296 0.280 0.264 0.252 0.244 0.232 0.226 0.230 0.212 0.220 0.202 0.198 0.192 0.188
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The solution is

bj ,x(t) = exp
[

− κα2
(

r−2 + r2

2
− 1
)

t
]

bj ,x(0), (D13)

bj ,y(t) = exp
[

− κα2
(

r−2 + r2

2
+ 1
)

t
]

bj ,y(0), (D14)

bj ,z(t) = exp [−κα2(r−2 + r2)t]
[

bj ,z(0)− r−2 − r2

r−2 + r2

]
+ r−2 − r2

r−2 + r2 . (D15)

Let us prepare the initial state of qubit j as

ρ̂qj (0) = |C+〉qj 〈C+| , (D16)

which corresponds to bj ,x(0) = bj ,y(0) = 0 and bj ,z(0) = 1. This leads to bj ,x(t) = bj ,y(t) = 0 and

bj ,z(t) = exp [−κα2(r−2 + r2)t]
[

1 − r−2 − r2

r−2 + r2

]
+ r−2 − r2

r−2 + r2 . (D17)

Thus, the density matrix of qubit j at time t is written as

ρ̂qj (t) = 1 + bj ,z(t)
2

|C+〉qj 〈C+| + 1 − bj ,z(t)
2

|C−〉qj 〈C−|

= N 2
+ + N 2

− + (N 2
+ − N 2

−)bj ,z(t)
2

(|α〉KPOj 〈α| + |−α〉KPOj 〈−α|)

+ N 2
+ − N 2

− + (N 2
+ + N 2

−)bj ,z(t)
2

(|α〉KPOj 〈−α| + |−α〉KPOj 〈α|), (D18)

where in the last equality, we have changed the basis states of qubit j from Eq. (D5) to Eq. (6). When α is large enough
that e−2α2 ≈ 0, N± ≈ 1/

√
2, and r ≈ 1 are good approximations, we have

ρ̂qj (t) ≈ |α〉〈α| + |−α〉〈−α| + e−γ t(|α〉〈−α| + |−α〉〈α|)
2(1 + e−2α2−γ t)

, (D19)

where γ := 2κα2 is the dephasing rate of Kerr cat qubit j and we have taken normalization into account. We thus arrive
at Eq. (25).

APPENDIX E: DETUNING SCHEDULE OF THE COUPLERS FOR THE RZZ GATE

When we evaluate the performance of the RZZ gate in Sec. IV B, we use a particular detuning schedule of the couplers:

�1(t) = 2gα
λ[u(t)]

(0 ≤ t ≤ tf ), �2 = − 2gα
αmin

c
, (E1)

λ(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

αmin
c + (αmax

c − αmin
c

) ( x
T

− 1
2π

sin
2π
T

x
)

(0 ≤ x ≤ T)

2αmax
c − αmin

c − (αmax
c − αmin

c

) ( x
T

− 1
2π

sin
2π
T

x
)

(T ≤ x ≤ 2T)
, (E2)

where T = tf /(αmax
c + αmin

c ) and u(t) is determined from
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

αmin
c u(t)+ (αmax

c − αmin
c

) { u(t)2
2T − T

(2π)2
[
1 − cos

( 2π
T u(t)

)]} = t (0 ≤ t ≤ tf /2)

(2αmax
c − αmin

c )u(t)− (αmax
c − αmin

c

) { u(t)2
2T

+T − T
(2π)2

[
1 − cos

( 2π
T u(t)

)]} = t (tf /2 ≤ t ≤ tf )

. (E3)

014030-12



CONTROL OF THE ZZ COUPLING. . . PHYS. REV. APPLIED 21, 014030 (2024)

This corresponds to

α1(t) = λ[u(t)], α2 = −αmin
c . (E4)

Note that we have

λ(2T − x) = λ(x) (0 ≤ x ≤ T), (E5)

u(0) = 0, u(tf /2) = T, u(tf ) = 2T, (E6)

λ[u(0)] = λ[u(tf )] = αmin
c , λ[u(tf /2)] = αmax

c , (E7)

�1(0) = �1(tf ) = −�2 = 2gα/αmin
c = 2π × 1 GHz.

(E8)

The complicated form of λ[u(t)] is the result of trial and
error. Predetermined parameters are listed in Table I. In
calculations of the infidelity for each gate time tf , we opti-
mize αmax

c so that we have the minimal infidelity with
� = −π/2. The used values of αmax

c are listed in Table III.
Typical time dependence of �1(t) is presented in Fig. 7.
The point is that we decrease �1(t) as rapidly as possi-
ble while avoiding nonadiabatic transitions after t = 0 and
keep it at small values most of the gate time while keep-
ing αmax

c not too large. This is because we must satisfy the
condition (11).
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