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Multifrequency transcranial ultrasound holography with acoustic lenses
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Focusing ultrasound through the skull requires the accurate correction of skull-induced aberrations.
Acoustic lenses provide an inexpensive and effective measure for correcting these distortions. This
study explores a phase unwrapping technique for designing multifrequency acoustic lenses coupled with
geometrically focused transducers. Here, we demonstrate numerically and theoretically that, in a homo-
geneous medium and for a single target steered from the natural focus of the transducer, a wrapped lens
can only work at its design frequency, while a phase unwrapped lens is broadband. This concept is fur-
ther explored in experiments where three human skulls are inserted between a transducer and its natural
focus. Unwrapped lenses are used to correct for the skull aberrations at multiple frequencies and are com-
pared with their wrapped counterparts. Such experiments demonstrate that only the unwrapped lenses are
capable of correcting for skull aberrations in a broad range of frequencies. At the design frequency of the
lenses, the unwrapped lenses perform quantitatively better than their wrapped counterparts since the aver-
age intensity behind the three skulls is found to be 49% lower with a phase wrapped lens compared with
a phase unwrapped lens, even if both allow the qualitative refocusing of the wave at the desired targets.
In addition, such results confirm the necessity of correcting for skull aberrations, since the field may be
highly distorted in the absence of aberration correction.
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I. INTRODUCTION

Focused ultrasound is an emerging and promising tech-
nology that has been successfully used to treat patients
with a variety of indications [1–3]. Targeting the brain
with ultrasound has long been hampered by the defocusing
effect of the skull bone [4]. Nevertheless, focusing waves
in complex media has been a major subject of interest
in various fields of research. In optics, several techniques
have been proposed and are based on wave-front shaping
[5], measuring the transmission matrix of the scattering
medium [6], phase conjugation [7], time-reversed ultrason-
ically encoded optical focusing [8], or machine learning
approaches [9]. Aberration correction methods have been
implemented specifically for ultrasound transcranial focus-
ing, such as time reversal [10] or phase conjugation [11].
Nevertheless, these techniques require the use of multi-
element transducers and have led to an ever-increasing
number of transducer elements to improve the compen-
sation for skull aberrations: from 64 in 2000 [11] to 300
in 2003 [12] and 1372 in 2010 [13]. Using a large num-
ber of transducers imposes severe constraints on the power
electronics.
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Varying-thickness acoustic lenses have thus been intro-
duced to induce phase shifts on the wave front emitted by a
single-element transducer [14–16] with a limited cost and
for a given frequency [17–25]. Thin lenses, based on the
wrapping of the phase were first developed in the context
of magnetic resonance (MR)-guided noninvasive surgery,
where a flat transducer was coupled with a thin lens to
allow the wave to be focused at the intended target while
minimizing the size of the whole ultrasound setup and
freeing space in the MR bore [26].

When it comes to achieving a multifrequency aber-
ration correction, optics paved the way with the work
conducted on chromatic aberration correction [27–29]. In
medical ultrasound, such multifrequency aberration cor-
rection could be useful in the field of noninvasive neu-
rostimulation [30], in order to find the optimal frequency
to stimulate a given brain area [31,32], and for broadband
transcranial therapies like brain histotripsy [33].

The aim of this work is to present the impact of phase
unwrapping on acoustic lenses coupled with a geometri-
cally focused transducer. First, numerical simulations were
performed in a homogeneous medium while targeting a
point laterally steered from the geometric focus of the
transducer. The unwrapped and wrapped lens profiles were
computed at a given frequency and the propagation of
the wave through the lenses was calculated at multiple
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frequencies to show the impact of phase unwrapping.
Then, an application of phase unwrapping is shown for
transcranial experiments performed at multiple frequencies
with a single acoustic lens.

II. METHODS

A. Numerical simulations in a homogeneous medium

A proof-of-concept numerical experiment was first per-
formed in a homogeneous medium with a 100-mm aper-
ture and 100-mm radius of curvature spherical transducer.
Its aim was to design an acoustic lens capable of focusing
the wave at four different frequencies (νS = 250, 500, 750,
and 1000 kHz) on a target steered laterally from the nat-
ural focus of the transducer by 0.75 cm. All lenses were
designed using the frequency νD = 500 kHz.

Simulations were performed by solving the wave
equation using pseudospectral methods. Such methods are
implemented in the k-Wave MATLAB toolbox [34], which,
for a lossless heterogeneous medium, solves the following
set of equations [35]:

∂u
∂t

= − 1
ρ0

∇ρ (momentum conservation),

∂ρ

∂t
= −ρ0∇ · u − u · ∇ρ0 (mass conservation),

p = c2
0(ρ + d · ρ0) (pressure - density relation),

where u is the particle velocity, ρ the acoustic density, ρ0
the equilibrium density, d the particle displacement, c0 the
isentropic sound speed, and p the acoustic pressure.

If the medium is homogeneous, the terms −u · ∇ρ0
in the mass conservation equation and c2

0d · ρ0 in the
pressure-density relation vanish. All simulations were per-
formed with a spatial step �x = �y = �z = 248 μm,
which corresponds to six points per wavelength in water
at the highest frequency (1 MHz).

The algorithm developed to determine the lens profile
can be described as follows:

1. A virtual source of unit amplitude (corresponding to
the target) is placed in the focal plane of the transducer, but
laterally steered from the geometric focus.

2. A set of virtual sensors are distributed at the surface
of the transducer to record the simulated field emitted by
the source at a design frequency νD. The phase on each
sensor is computed by performing a Fourier transform on
a five-period window once the steady state of the pressure
signal has been reached, yielding a wrapped phase map,
constrained to [−π , π ].

3. The phase map is transformed in a thickness map
using the formula

e(M ) = �(M )

2πνD

1
1/cwater − (1/clens)

+ K , (1)

where �(M ) is the phase map, cwater the sound speed in
water (equal to 1485 m/s), clens the sound speed in the
acoustic lens material (equal to 1000 m/s), and K is a
constant thickness of 2 mm added for structural stability
purposes.

A second lens profile was investigated. The algorithm
was the same except that the wrapped phase map was post-
processed in order to obtain an unwrapped phase map,
which was not constrained in the interval [−π , π]. Sev-
eral unwrapping algorithms have been developed, based
for instance on branch cuts [36] or network flow [37]. We
used the unwrapping algorithm based on the transport of
the intensity equation, introduced by Zhao et al. [38].

B. Skull imaging and acoustic modeling

Transcranial experiments were performed on three
skulls (referenced as A, B, and C), which were provided
by the Institute of Anatomy (UFR Biomédicale des Saints-
Pères, Université Paris Descartes, Paris, France). Each
skull was tattooed with an individual number for identi-
fication purposes, as approved by the ethics committee of
the Centre du Don des Corps (Université Paris Descartes,
Paris, France). Before being computed tomography (CT)
scanned, each skull was degassed in water for at least 48 h
at 20 mbar to remove trapped air bubbles in the skull
using a vacuum pump (diaphragm pump N810.3FT.18,
KNF Neuberger, Freiburg, Germany). CT scans were then
acquired with a medical scanner (Revolution EVO, GE
Medical Systems, Chicago, USA) at GHU Paris Psychi-
atrie et Neurosciences, France, with a slice thickness of
1.25 mm, an in-plane resolution of 0.625 mm, and an
interslice spacing of 1.25 mm.

For acoustic parameter estimation, each CT scan was
thresholded between Hmin = 0 and Hmax = 2400.

The conversion from Hounsfield unit (H ) maps to
acoustic maps was done according to the linear model
described by Marsac et al. [39],

c(x, y, z) = cwater + (cbone − cwater)
H(x, y, z) − Hmin

Hmax − Hmin
,

ρ(x, y, z) = ρwater + (ρbone − ρwater)
H(x, y, z) − Hmin

Hmax − Hmin
,

where cwater = 1485 m/s, cbone = 3100 m/s, and ρbone =
1900 kg/m3 [40].

The attenuation was neglected in this numerical model,
as was done in previous work on transcranial phase esti-
mation [41,42].

The skull acoustic maps were interpolated to an
isotropic spatial resolution of six points per wavelength
in water at 1 MHz, corresponding to �x = �y = �z =
248 μm.
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C. Transcranial acoustic lens design

The skull acoustic maps were imported in numerical
simulations performed using MATLAB with the k-Wave
toolbox, by solving the set of equations described in Sec.
II A with a Courant-Friedrichs-Lewy number equal to 0.3
in cortical bone.

The profiles of two sets of transcranial lenses were com-
puted using the same method as described in Sec. II A
for homogeneous simulations, except that the source was
placed at the geometric focus of the transducer, and the
skull acoustic maps distorted the recorded phase maps.
Transcranial lenses were designed with a design frequency
νD = 683 kHz, corresponding to one of the resonant fre-
quencies of the transducer used in the experiments.

A mold was then three-dimensionally (3D) printed
(Prusa i3 MK3, Prusa Research, Prague, Czech Republic)
with a vertical precision of 200 μm to cast the acoustic
lens. The material used to cast the lens was a silicone
(Elite Double 8, Zhermack SpA, Badia Polesine, Italy)
with the following acoustic properties: clens = 1000 m/s,
ρlens = 1040 kg/m3 [43]. The catalyst and the base were
mixed together (1:1 ratio) and then poured into the cast.

D. Intensity map measurements and postprocessing

A custom single-element transducer with a 100-mm
radius of curvature and 100-mm aperture (Imasonic,
Voray-sur-l’Ognon, France) was used in the experiments.
It was driven at 500, 683, and 1000 kHz, which were
three of the resonance frequencies of the transducer. The
input signal of the transducer was generated by an arbi-
trary waveform generator (33220A, Agilent Technolo-
gies, Santa Clara, CA, USA), and was then amplified
(75A250, Amplifier Research, Souderton, PA, USA). The
pressure field measurement was performed with a needle
hydrophone (HNC-0400, Onda Corporation, Sunnyvale,
CA, USA) equipped with a preamplifier (AH-2020-025,
Onda Corporation, Sunnyvale, CA, USA) and an ampli-
fier (AH-2020-DCBSW, Onda Corporation, Sunnyvale,
CA, USA). The electrical signal acquired by this mea-
surement line was digitized by a digital acquisition card
(HS5, TiePie, Sneek, Netherlands). The hydrophone was
mounted on a three-axis motor assembly (ESP-301, New-
port, Irvine, CA, USA). Prior to the ultrasound experi-
ments, skulls were degassed.

For each driving frequency of the transducer, four sets
of experiments were performed. First, the acoustic focus
location was determined by iteratively scanning around
the geometric focus of the transducer, with no skull or
lens interposed. The pressure signal was then recorded in a
16λ × 16λ grid belonging to the focal plane and averaged
10 times with no skull. The amplitude and phase of the
pressure wave were computed using the Fourier transform
of the time series. The skull was then interposed between
the transducer and its focal point with no lens to correct

for aberrations. A 3D-printed skull holder was designed
for each skull to control the position of the skull relative to
the transducer. The raw pressure signal was recorded in the
focal plane of the transducer and averaged 10 times. The
amplitude and phase of the pressure wave were obtained by
computing the Fourier transform of the time series. Finally,
for each crafted lens, the wrapped and the unwrapped one,
the same measurements were taken with the lens between
the transducer and the skull to correct for its aberrations.

From the amplitude and phase of the pressure wave
in the focal plane, the pressure amplitude was recon-
structed in a 3D volume centered on the acoustic focus
of the transducer using the angular spectrum method [44]
and interpolated for visualization and volumetric metrics
computation purposes.

E. Targeting accuracy metrics

Three different metrics were defined to quantitatively
evaluate the accuracy of the aberration corrections:

(i) The maximum intensity behind the skull, obtained
from 3D reconstructions

(ii) The −6 dB volume of the focal spot behind the skull
obtained from 3D reconstructions, which was compared to
the volume of the focal spot in water, in the absence of the
skull

(iii) The normalized overlapping −6 dB volume, which
corresponds to the intersection between the −6 dB vol-
ume in water with no skull and the −6 dB volume behind
the skull, either with or without aberration correction. The
intersection of these two volumes was normalized by the
volume of the focal spot behind the skull. This metric
encompasses the size and shape of the focal spot as well
as its position with regards to the target, which makes
it a good metric to characterize the concentration of the
acoustic intensity in the vicinity of the target.

III. RESULTS

A. Numerical simulations in a homogeneous medium

Figure 1 highlights the necessity of phase unwrapping to
allow a unique acoustic lens to refocus at multiple frequen-
cies. It can be noticed that the wrapped lens presents abrupt
changes in thickness, which are due to the originally com-
puted phase being constrained in the interval [−π , π ]. To
illustrate why phase wrapped lenses do not work at all fre-
quencies, one can consider a simplistic example consisting
of a lens designed at νD and composed of two parts, each
with a constant thickness (e1 and e2, respectively) such
that the abrupt thickness change between the two parts
corresponds to a 2π difference at νD. When a wave front
propagates through this lens at a frequency νS �= νD, the
phase difference between the portions of the wave front
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(a)

(b)

(c)

(d)

(normalized)

FIG. 1. Computed normalized intensity with a wrapped lens
(left panel) and an unwrapped lens (right panel) designed at
500 kHz. (a) With a transducer driven at 250 kHz. (b) With a
transducer driven at 500 kHz. (c) With a transducer driven at
750 kHz. (d) With a transducer driven at 1 MHz.

going through each part of the lens is, as per Eq. (1),

φ2,νS − φ1,νS = 2π
νS

vD
.

These thicknesses e1 and e2 can be considered as the lens
thicknesses immediately before and after each thickness
jump in the left panels of Fig. 1. If νS is an integer multiple
of νD, as is the case in the left panels of Figs. 1(b) and 1(d),
both portions of the wave front will interfere construc-
tively. In an extreme case scenario where νS = 1.5 νD the
wave fronts will interfere destructively and thus prevent
the efficient focusing of the wave [Fig. 1(c) left panel].

On the other hand, the unwrapped lens focuses the
wave effectively at any of the tested frequencies. This is
because the phase unwrapping process allows the transfor-
mation of the original phase map, constrained to [−π , π ],
to an unwrapped phase map that is not bound to this
interval. As such, the unwrapped phase map �(M ) can
be linearly related to the time of flight of the signal
�t(M ), such that �(M ) = 2πνD�t(M ), which, when sub-
stituted into Eq. (1), allows the frequency-dependent terms
to cancel out, hence yielding

e(M ) = �t(M )

1/cwater − (1/clens)
+ K , (2)

which is independent of the frequency, provided that the
medium is nondispersive (i.e., �t(M ) does not depend on
the frequency). It was reported that the skull was weakly
dispersive between 0.3 and 2 MHz [4,45], supporting the
hypothesis that phase unwrapped lenses could be able
to correct for skull aberrations within the same range of
frequency.

B. Transcranial experimental validation at the design
frequency of the lens

The intensity maps measured at the design frequency of
the lenses are shown on Fig. 2 for skull A. The results for
the other skulls are available in the Supplemental Material
[46].

Uncorrected scans [Fig. 2(a)] exhibit a degraded focus-
ing due to the presence of the skull. Two main spots are
visible on Fig. 2(a) in the focal plane of the transducer.

Wrapped [Fig. 2(c)] and unwrapped lenses [Fig. 2(b)]
allow the correction for skull aberrations at the design fre-
quency of the lens. Higher secondary lobes can be seen on
the measurement made with the wrapped lens. The irreg-
ularities induced by the phase jumps are not supposed to
disrupt the coherence of the wave as they correspond to a
2π phase difference. Nevertheless, it can be hypothesized
that the irregularities induce refraction. Such refraction
was not taken into account in the design of the lens. Itera-
tive simulation-based optimization could help mitigate this
effect. This is beyond the current work and would require
an extension of the work previously introduced in homoge-
nous media [47] and would benefit from the reduction of
the simulation time required for transcranial simulations
[48].

C. Multifrequency transcranial focusing experiments

The intensity maps at 500 kHz obtained with lenses
designed at 683 kHz are shown in Fig. 3. The results for the
other skulls at 500 kHz are available in the Supplemental
Material [46].

The uncorrected intensity map at 500 kHz [Fig. 3(a)] is
less distorted than the one obtained at 683 kHz [Fig. 2(a)]
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FIG. 2. Measured intensity at 683 kHz for each condition on skull A. The white crosses are centered on the location of the acoustic
focus in water. (a) Measured intensity with no lens. (b) Measured intensity with a phase unwrapped lens. (c) Measured intensity with
a phase wrapped lens.

and looks better than that of the wrapped lens [Fig. 3(c)],
the latter being strongly affected by the frequency change,
as explained in Sec. III A. The unwrapped lens, however,
still allows the correction for the skull aberrations at this
frequency [Fig. 3(b)].

The intensity maps obtained at 1 MHz with the same
lenses are shown in Fig. 4. The results for the other
skulls at 1 MHz are available in the Supplemental
Material [46].

The uncorrected intensity map [Fig. 4(a)] is highly
distorted by the presence of the skull at 1 MHz, high-
lighting the need for aberration correction at high fre-
quency. The wrapped lens designed at 683 kHz [Fig. 4(c)]
is not capable of correcting for such aberrations at
1 MHz for the same reason as previously mentioned. The
unwrapped lens [Fig. 4(b)] still exhibits a tight focusing
at this frequency, thus achieving broadband aberration
correction.
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FIG. 3. Measured intensity at 500 kHz for each condition on skull A. The white crosses are centered on the location of the acoustic
focus in water. (a) Measured intensity with no lens. (b) Measured intensity with a phase unwrapped lens. (c) Measured intensity with
a phase wrapped lens.
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FIG. 4. Measured intensity at 1 MHz for each condition on skull A. The white crosses are centered on the location of the acoustic
focus in water. (a) Measured intensity with no lens. (b) Measured intensity with a phase unwrapped lens. (c) Measured intensity with
a phase wrapped lens. For each condition, a large field of view version of the intensity map in the X -Z plane is provided to visualize
the skull and lens geometry.

The broadband correction highlighted by Figs. 3 and 4
for the unwrapped lens suggests that dispersion is negligi-
ble in skull and silicone for this frequency range.

The inability of wrapped lenses to compensate for skull
aberrations at frequencies different than their design fre-
quency can also be explained in the light of the Rayleigh
criterion, which states that an optical instrument would
offer performance close to that of an ideal system as long
as the optical path difference remains below one quarter of
a wavelength [49]. In our case the phase difference induced
by the lens should remain below π/2. As discussed previ-
ously, a 2π phase jump obtained at νD induces a phase shift
of 2π(νS/νD) when a wave propagates through the lens at
νS. The phase difference can be expressed as

�φνD ,νS = 2π

∣
∣
∣
∣

νS

νD
− 1

∣
∣
∣
∣
.

Using a design frequency of νD = 683 kHz, this corre-
sponds to �φνD ,νS = 1.68 rad and �φνD ,νS = 2.92 rad at
νS = 500 kHz and νS = 1 MHz, respectively. Neither of
these values fit the Rayleigh criterion, which might explain
the significant defocusing of the wave when the design
frequency of the wrapped lens differs from the driving
frequency of the transducer.

D. Targeting accuracy metrics

Figure 5 represents the means and standard deviations
of the metrics on three different skulls, for the three fre-
quencies. The detailed results for each skull are available
in Table SI in the Supplemental Material [46]. The −6 dB
volume [Fig. 5(a)] shows that both the wrapped lenses and
unwrapped lenses work at the design frequency of the lens,
since the sizes of the focal spots behind the skull are sim-
ilar to the size of the reference focal spot. This is true
for each of the three skulls tested, as assessed by the low
standard deviations for both lenses. As could be already
seen qualitatively from the intensity maps in Secs. III B
and III C, Fig. 5(a) confirms that the unwrapped lenses
are able to restore a tight focusing at each of the three
frequencies.

The intensity maps displayed in Sec. III C might sug-
gest that correcting for skull aberrations is not always
necessary at low frequencies. Nonetheless, Fig. 5(a) dis-
proves this hypothesis by highlighting a higher standard
deviation across the uncorrected cases. At 500 kHz, the
standard deviation corresponds to 105% and 7% of the ref-
erence value without correction and with the unwrapped
lens, respectively (see Table SI in the Supplemental Mate-
rial [46]).
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(a)

(b)

(c)

D. Targeting accuracy metrics

FIG. 5. Mean and standard deviation of the metrics obtained
from the measurements made on three skulls. (a) −6 dB volume
in cubic millimeters computed from the 3D field reconstructions.
(b) Normalized overlapping −6 dB volume computed from the
3D field reconstructions. (c) Maximum intensity in the recon-
structed volume normalized by the maximum intensity in water.
For (b),(c) the result in water with no skull is not shown since it
is equal to 100% by definition of the metrics.

The overlapping −6 dB volume plot [Fig. 5(b)] and the
maximum intensity measured behind the skull [Fig. 5(c)]
confirm the broadband aspect of the aberration correction
of the unwrapped acoustic lens.

The maximum intensity for the wrapped lens is lower,
even at its design frequency [Fig. 5(c)], with an aver-
age 49% relative drop compared to the unwrapped lens
(see Table SI in the Supplemental Material [46]). This
demonstrates that even when focusing the wave at a single
frequency, unwrapping the phase can significantly improve
the intensity at the focus. We attribute this phenomenon to
refraction at the thickness jump in the wrapped lenses.

The significant standard deviations of the maxi-
mum intensity retrieved behind the skulls shown in
Fig. 5(c), even when correcting for aberrations with phase

unwrapped lenses, are hypothesized to be because each
skull is intrinsically more or less attenuating due to its
thickness and internal geometry. In addition, a decrease of
the maximum retrieved intensity as the frequency increases
is in line with the increase of the attenuation of the skull
bone with the frequency [4,50].

IV. DISCUSSION AND CONCLUSIONS

This work demonstrates the advantage of phase unwrap-
ping for the design of multifrequency acoustic lenses.

Phase unwrapping is shown to both improve the per-
formance of single-frequency lenses and enable multifre-
quency lenses in homogenous lateral beam steering sim-
ulations and in transcranial focusing experiments. This is
because the phase received on the surface of a transducer
is not always contained in a 2π interval after propagation
of the wave from its initial target.

The presence of thickness jumps on the surface of
the lens depends on many parameters, among which is
the geometry of the transducer. If the transducer is not
spherical, as is the case in many transcranial lens stud-
ies [15,51,52], the phase shifts to focus the wave will
inevitably span an interval larger than 2π . In the case of
a spherical transducer, the aperture plays a role in the pres-
ence of phase jumps, since a larger transducer aperture will
include a larger section of the skull and a larger span of
the phase required to refocus the wave [33,39,41,53–57].
The geometry of the section of the skull through which
the wave propagates will also play a role, since a skull
section of quasiuniform thickness will require little cor-
rection compared with a more undulating skull [58]. For
simple cases, e.g., considering a small-aperture spherical
transducer focusing through a slightly aberrating medium
at a low frequency, the phase maps might be entirely con-
tained in a 2π interval. In such cases, limiting the number
of residual phase jumps may be done by simply adjusting
the phase reference.

According to Eq. (2), unwrapped phase masks can be
obtained from times of flight. As such, it could be possible
to use ray-tracing simulations to obtain the phase masks in
a more computationally efficient way [41,59].

A limitation of phase unwrapped lenses is that, provided
that the unwrapped phase span is an interval larger than 2π ,
the resulting lens will be thicker than the one that could be
obtained by wrapping the phase, according to Eq. (1).

Owing to their broadband properties, unwrapped acous-
tic lenses could be used to adjust the frequency with a fixed
setup for transcranial biomedical applications such as deep
brain ultrasound stimulation [32,60–63] or high-intensity
focused ultrasound therapies [64,65]. Broadband acoustic
lenses could also help increase the data transfer rate of
spatially selective airborne ultrasound transmission with a
limited number of sources [66–68].
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Since the skull bone has a high impedance compared
with that of water, it could be possible to couple such
acoustic lenses with metamaterials aimed at enhancing
the transmission efficacy of ultrasound through biological
layers [69].
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