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Astronomical kinetic inductance detectors (KIDs), similar to quantum information devices, experience
performance-limiting noise from materials. In particular, 1/ (frequency) noise arises from two-level
system defects (TLSs) in the circuit dielectrics and material interfaces and can be a dominant noise mecha-
nism. Here, we present a dual-resonator KID (DuRKID), which is designed for improved noise-equivalent
power relative to standard 1/f-noise-limited KIDs. In this study we present the DuRKID schematic, a fab-
ricated example, our first measurement results, a theoretical model including 1// noise, and a system-noise
model containing additional noise sources. The circuit consists of two superconducting resonators sharing
an electrical capacitance bridge of four capacitors, each of which hosts TLSs. The device is intended to
operate using hybridization of the modes, which causes TLSs to either couple to one mode or the other,
depending upon which capacitor they reside in. In contrast, the signal will affect a resonator inductance
and, due to mode hybridization, this causes correlated frequency changes in both modes. Therefore, one
can better distinguish the photon signal from the TLS frequency noise. To achieve hybridization, a TiN
inductor is current biased to allow tuning of one bare-resonator mode into degeneracy with the other.
Measurements show that the resonator modes hybridize as expected. The inter-resonator coupling and
unintentional coupling of the two resonators to transmission lines are also characterized in measurements.
A quantum information-science model allows device-parameter extraction from experimental data and a
1/f noise analysis with uncorrelated noise. A system-noise analysis of the DuRKID, with comparisons to
standard KIDs, is performed with generation-recombination noise and amplifier noise. The study reveals

that the DuRKID can exhibit a large performance advantage over TLS-limited KID detectors.
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L. INTRODUCTION

Kinetic inductance detectors (KIDs) [1-4] for astron-
omy contain resonators that experience noise that is similar
to the noise in qubits for quantum information processing
(QIP) [5-9]. For KID-based millimeter and submillimeter-
wave astronomical imaging systems [10—12], the signal
band of interest contains frequency noise that appears as a
strong 1/f -like noise spectrum. To achieve the underlying
device sensitivity, scan strategies and signal modulation
techniques must be implemented to mitigate the influence
of noise on the final observational data products [13—15].
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More generally speaking, if unaddressed in such applica-
tions, the presence of residual low-frequency variations
introduces correlated noise that can lead to increased effec-
tive noise levels and systematic artifacts that include image
striping and amplitude calibration errors. While significant
progress has been made over the past two decades in reduc-
ing low-frequency noise in KIDs, developing sensitive
detectors with lower noise remains the primary techni-
cal challenge for many current and future astrophysical
observatories [16—18].

The performance in KIDs and qubits is sometimes lim-
ited by the same defect type, i.e., a defect commonly
named the two-level system (TLS), which resides in
dielectrics and at material interfaces within the device.
KIDs are perturbed in resonance frequency by the illu-
minating photon signal [1]; however, TLSs meanwhile
induce 1/f frequency noise, which causes difficulties in
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signal detection [3]. Similarly, in QIP, the qubit transition
experiences frequency noise from TLSs [5,19]. This noise
necessitates recalibration of pulse-driven qubit logic gates
[20,21]. Recent studies of TLS noise mechanisms for KIDs
and qubits have shown the importance of a more in-depth
understanding of TLSs [5,19,21-23]. Two recent theories
explain that the interaction between TLSs is responsible
for 1/f frequency noise, whereby low-frequency ther-
mally fluctuating TLSs influence high-frequency (near-
resonance) TLSs [24,25], which in turn interact with the
high-frequency superconducting mode [26,27]. Tradition-
ally, the influence of TLSs in KIDs and qubits is minimized
through material choices [28—32] and geometry optimiza-
tion [4]. While increasing the measurement power lowers
the frequency noise from TLSs, it also generates quasi-
particles. This leads to the obfuscation of the KID photon
signal, because the signal is itself caused by quasiparticles
(via illumination of the detector) [33].

Recognizing that practical limitations to frequency noise
in KIDs remain, we propose to tackle the problem dif-
ferently. Here, we describe a detector circuit that can
allow one to distinguish photon signal from TLS frequency
noise. The circuit uses two resonators coupled with an elec-
trical capacitance bridge and is named a dual-resonator
KID (DuRKID). The design allows a shift of an induc-
tor value through a bias current. When operating as a full
detector, we imagine this inductor would also shift induc-
tance from illumination, similar to a standard KID. In
the DuRKID, the inductance shift causes correlated fre-
quency shifts of both resonator modes. However, in the
same device, the TLSs will cause uncorrelated frequency
shifts in the resonator modes because high-frequency TLS
noise will appear independently in two groups of capaci-
tors. We use established circuit quantum electrodynamics
(cQED) analysis to model the circuit, which includes TLSs
as a noise source. In Sec. II, we present the DuRKID
circuit schematic and fabrication details. Data from the
device, including frequency tuning and hybridization, are
also shown in this section. In Sec. III, an analysis of
the DuRKID is described, with representative TLSs. The
analysis is used to extract the dielectric loss and various
coupling factors from resonator data. Section IV describes
a system-noise analysis of a DuRKID in comparison to a
standard KID. We conclude in Sec. V.

I1. DEVICE DESIGN, METHOD OF NOISE
DISTINCTION, AND MEASUREMENT

TLSs shift the resonator frequency, as does the photon
signal, in standard KIDs. The former effectively causes a
change in the frequency-dependent dielectric constant and
the latter causes an increase in the kinetic inductance of a
superconductor [34]. We propose the DuRKID, a device
with two specially coupled resonator modes, in contrast to
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FIG. 1. (a),(b) Resonators with two modes (an extra mode rel-
ative to a standard MKID). If the modes are far detuned (in
frequency), the modes are effectively decoupled from each other
and also experience different TLS noise environments. (a) The
standard-coupled resonator circuit. When the two modes are
hybridized, TLS noise from both capacitors will equally influ-
ence the two resonator modes: E,(¢) = E,(¢) and E, () = —E,(?).
(b) A circuit schematic of the dual-resonator KID (DuRKID).
An electrical bridge of nominally equal capacitances (C,—Cjy)
defines the mode, as described below. Spatial resonator modes
A and B, with voltage components V4 and Vp, are hybridized
for equal L4 and Lg by stray coupling. For the hybridized mode
where V4 (f) and Vp(f) are in phase, the electric field in capacitors
1 and 3 adds £ « (a + b) but in capacitors 2 and 4 the electric
fields are out of phase and cancel E_ o (@ — b). For the other
hybridized mode, the location of constructive and destructive
interference is swapped. The interference of the electric fields
gives selective sensitivity of the modes to a TLS, depending on
which capacitor hosts the TLS. In this schematic, a dc-bias cur-
rent applied to port 3 may tune inductance Lp. (c) An optical
image of the fabricated DuRKID. The materials include Si sub-
strate (black), Al (yellow), TiN (dark red), and a silicon nitride
dielectric (obscured).

standard KIDs, to improve the noise sensitivity that is ham-
pered by TLS-induced frequency shifts. In the DuRKID,
we find that noise from TLSs should be qualitatively dif-
ferent from the signal such that the two are distinguishable
and the effective signal sensitivity is improved.

We begin with a discussion of a standard-coupled res-
onator pair, where LC resonators are nominally of the
same frequency (degenerate) without coupling. This ref-
erence case is shown in Fig. 1(a), where the resonators are
inductively coupled through stray mutual inductance M.
Alternatively, they could be coupled through a capacitor
for the same effect. In the schematic, each bare (uncoupled)
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resonance mode frequency, f.4 and f; p, is created by an
individual inductor, L4 and Lg, respectively. Without res-
onator coupling, a given TLS in the capacitor of each
resonator will couple solely to the field of that resonator
and the resonators will act as two separate KIDs. For
each mode, one TLS causes a dispersion (frequency shift):
Af. = (g/2m))?/(fiLs — fies), Where frig is the TLS fre-
quency and g is the coupling between the TLS and the
resonator mode. In contrast, when the resonators are set to
the same bare frequency of the real device, the coupling
will hybridize the modes and standard weakly coupled
TLS in a capacitor will interact with both modes through
the same coupling term g, hence causing correlated noise
in the modes. TLSs between the mode frequencies may be
especially troublesome. Their frequency drift may cause a
correlated drift in both modes. However, illumination of
the intended inductor will also cause a correlated change
in the frequencies. Thus, in a standard-coupled resonator
pair hybridized modes will exhibit some correlated TLS
noise that is not distinguishable from the signal.

In this work, we study the DuRKID as an alternative
KID. To differentiate the TLS noise from the signal, the
DuRKID uses an electrical bridge for coupling between
two resonator modes [see Fig. 1(b)], which adds a method
to distinguish between the illumination signal and the TLS-
induced frequency fluctuation noise. As in the standard-
coupled resonator circuit, we have two bare (uncoupled)
resonance modes, A and B, each comprised of an individ-
ual inductor, L, or Lg, respectively, but the capacitance
bridge of the DuRKID provides four capacitors shared as
an electrical bridge by the resonators. The capacitors are
nominally equal such that both modes access the same
nominal capacitance. The coupling according to the figure
shows that mode A is intentionally coupled to the trans-
mission line with ports 1 and 2. Similarly, mode B is
intentionally coupled to the transmission line with ports 3
and 4. However, when hybridized, each mode is coupled
to both transmission lines. To create degeneracy between
these bare modes, Lp can be increased using increased dc-
bias current bias. For example, by using current injection
into port 3, we can decrease the higher mode frequency
of the device shown in Fig. 1(b) because the dc-bias
current enters inductance Lg. In this work, we have not
illuminated the device but the tunable inductor has an anal-
ogous function, because an increase in illumination could
in principle increase the kinetic inductance of the same
inductor. Due to this intended future functionality, we con-
sider in theoretical analysis that this inductor is changed by
illumination.

As mentioned above, the bridge-coupled resonator pair
acts differently than a standard-coupled resonator pair. A
TLS in a bridge of the capacitor is equally shared by both
modes before hybridization. However, once hybridized,
one E-field mode amplitude is zero in two of the four
capacitors. Likewise, the amplitude becomes zero in the

other two capacitors for the other hybridized mode. Thus,
a given TLS will only frequency shift (disperse) one of the
hybridized modes in a bridge-coupled resonator. In con-
trast, a change in the frequency from illuminating photons
will cause a correlated shift to both modes such that the
signal is qualitatively different than TLS noise and thus
the signal might be straightforwardly separated from this
noise.

A. Fabrication and measurement

We have chosen a lumped-element capacitor C for our
device design. Related to inductance L and capacitor C,
lumped-element KIDs were proposed years ago for ter-
ahertz KIDs, partially because the lumped L design was
found to provide a good method for collecting the cre-
ated quasiparticles relative to a design that would have
quasiparticles distributed throughout a cavity-length res-
onator [35]. Furthermore, a lumped-element L design has
recently been used for millimeter-wave astronomy [36].
Our fabricated design serves as a proof of concept, uti-
lizing SiN, parallel-plate capacitors, which are compact
compared to capacitors that utilize the substrate or silicon-
on-insulator- (SOI) based dielectric. While lower-noise
capacitors could be used in the future, our fabricated
design merely demonstrates one approach.

Many DuRKIDs are fabricated together on a high-
resistivity (> 20 k2 cm) silicon wafer. A single fabricated
DuRKID is shown in Fig. 1(c). There are three DuRKIDs
per chip and the physical layout of a chip is shown in
Fig. 2(a). Note that the center DuRKID is device 2 and
that its orientation matches that of Figs. 1(b) and 1(c).
Devices 1 and 3 are rotated by 180° relative to device 2
and they are biased in parallel, unlike device 2. The base
superconducting layer is an Al/TiN bilayer, consisting of
250-nm-thick Al on top of 15-nm-thick TiN. The bilayer
is patterned followed by the removal of the Al to leave the
TiN bare in certain locations to provide kinetic inductances
L4, Lig, and Lic as part of the total inductances Ly, Lg,
and L, respectively. The dielectric layer in the capacitor
bridge is a high-density silicon nitride (SiN,) film with
a nominal thickness of 275 nm, deposited using PECVD
[37]. Via holes in the dielectric are made using SF¢ reac-
tive ion etching. A 250-nm sputtered Al film forms the
counter electrode of the capacitor bridge. After patterning
the counter electrode, excess SiN, is removed from most
of the sample, which allows access to bonding pads on the
base layer.

The devices are cooled down to 20 mK in a dilution
refrigerator. The transmission data, |S,;| and |Ss3/, for all
three devices are shown in Fig. 2(b) when [, = 0. The
devices are intentionally designed with differing detunings
between the two resonator modes at zero bias current, /5.
The tunable resonance at zero dc bias was planned at a
higher frequency than the nontunable resonance and this
feature has been realized in all three devices. The unbiased
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FIG. 2. (a) The device layout of three devices on a chip, with

two feed lines for each device. One resonator of each device is
tunable, using the nonlinear inductance L. The LC resonances
are mainly defined by a 0.6-nH inductor and trilayer capaci-
tors with C = 3.14 pF, containing a 275-nm-thick silicon nitride
dielectric film. (b) The measured transmission |Sy;| and |Ss3| for
devices 1,2, and 3 at [, = 0.

detuning between two modes for each dual resonator, i.e.,
for devices 1-3, is measured at §; = 9 MHz, §, = 97 MHz
and 83 = 128 MHz, respectively. As intended, the dc bias
allows all three devices to reach degeneracy with the bias
current and for device 3 the tuning required for degen-
eracy (approximately 128 MHz) is large but is enabled
by a large kinetic inductance change from the nominal
inductance per square of 56 pH. The fractional frequency
tuning §f,./f, = 3.5% is approximately an order of mag-
nitude higher than achieved with a magnetic-field tuned
coplanar-waveguide resonator [38].

Device 2 transmission data |Sy3| are shown in two differ-
ent plots in Figs. 3(a) and 3(b), where Fig. 3(a) shows the
resonance spectra in curves at different bias currents and
Fig. 3(b) clearly shows the resonance frequency as a func-
tion of the bias current. The applied bias current shifts the
higher mode toward the lower resonance and the tunable
resonator disappears at a bias [ ma,x = 210 pA, indicat-
ing a change to the normal state, likely at the wiring vias.
Although most of the geometric inductor length within
each resonator is provided by Al, the kinetic inductance
Liy and Lip comprise approximately 85% of the total
inductance L, and Lg. At temperatures much lower than
the superconducting critical temperature 7., the nonlin-
ear response of L; to I, can be expanded as Li(ly) =
Li(0)(1 + (Iy/I')? + - - -), where I’ sets the scale of non-
linearity. By considering up to quadratic order in Li(/),
we extract I’ = 789 A from a fit to Lz (See Fig. 9 in
Appendix A).
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FIG. 3. The data on device 2. The transmission spectra, |Ss3],
of a tunable resonator with an applied bias current up to 210 A,
measured at 20 mK. (a) Each color represents one |Ss3(f )| trace
at a separate dc bias. The frequency of the resonator B, as shown
by Ss3, shifts down from 3.635 GHz to 3.52 GHz, i.e., by 120
MHz, when the minimum bias is applied for full hybridization.
(b) A Sy3(f,1p) plot that shows the resonance frequency as a
function of the bias over the applied current range /. (c) The
measured transmission |Sy3| of device B versus the frequency fz
and bias current /, near degeneracy shows an avoided crossing
due to hybridization with the fixed mode at f; = 3.533 GHz.
From the analysis, a coupling of Q45/27 = 5.1 MHz has been
obtained.

The |S43| at different 7, [given in Fig. 3(c)] shows an
avoided crossing due to hybridization with the 4 mode.
The operation of the device is intended for full hybridiza-
tion, which occurs at [, &~ 202 A in this device. From
this bias current, one can simultaneously measure the two
resonances using two fixed-frequency sources. These are
the tones that are necessary for operating the DuRKID as
intended.

We have also measured the cross-coupling from the
input port of one transmission line to the output port of
the other, S4; and S,3. The transmission |Sy;| for degen-
erate hybridized modes is on the order of —10 dB (not
shown), indicating some internal loss in the resonators
but also good coupling of the resonators to their intended
transmission lines.

The capacitors of the bridge are carefully designed
in layout to be equal. As a result, the mutual induc-
tance is likely the dominant stray coupling mechanism.
We note that the splitting from mode coupling must be
larger than other line widths for the device to operate as
intended. To further analyze the data quantitatively, we
have fitted the transmission data, S,; and S43, to the two-
resonator model, where the fitting procedure is explained
in Appendix A. From Fig. 3(c), we have obtained the
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inter-resonator coupling of 2,45/27 = 5.1 MHz. This cou-
pling agrees, within a factor of 2, with the simulated value.
We then use this as a fixed parameter in the device model
for a later part of the fitting procedure. We fit both stan-
dard transmission data, S>; and S43, at the same time for
the start of the fitting procedure. From this, we extract
the internal Q factor of 2750 and 3100 for resonators A
and B, respectively. When viewed as a material loss tan-
gent, tand = 1/Q; = (3.4 £0.2) x 10~* and the value of
this loss matches our expectation for the recipe of PECVD
SiN, that we have used. This loss tangent is lower than
that of AlO, barriers in large-area Josephson junctions
by approximately an order of magnitude [21,37]. In other
work, SOI is used for higher-Q-factor resonators [39,40].
This dielectric type is advantageous for KIDs due to its low
loss characteristics, resulting in low noise from TLSs.

We have observed unintended leakage (crosstalk)
between the two different feed lines at |Sj4| ~ 10~*. This
small value was measured with the resonators detuned and
it corresponds to the stray coupling at the frequency of
either the 4 or B resonator mode. From this, we have
extracted the couplings of the resonators to the unintended
feed lines as k. = kpe ~ 20 kHz, where we define «;, in
Sec. III (for details, also see Appendix B). The leakage
will generally produce a negligible change to measure-
ments using two feed lines. However, the two hybridized
modes can also be read out with one feed line for the sake
of simplicity.

It is worth noting that the DuRKID can be multiplexed.
One advantage of standard KIDs is that they can be read
out at different frequencies using frequency-division multi-
plexing using one feed line. This multiplexing has enabled
approximately 1000-pixel KID arrays [18]. However, in
the present DuRKID design, a dc-bias current must also
be applied and it is presently applied through a radio-
frequency feed line. To achieve the intended biasing for
an approximately 1000-pixel DuRKID array, one can use
32 bias lines that are separate from the feed lines, to
bias a column of DuRKIDs using a parallel circuit. The
microwave measurement of the full array can then occur
in 32 measurements in time from one feed line, where each
one uses biases set for one row of DuRKIDs.

II1. cQED MODEL OF TWO RESONATORS
COUPLED TO THE SAME TLS

A. Theoretical model

For a theoretical model of the DuRKID, we use a stan-
dard quantum information-science method (cf. Ref. [41]).
Figure 4(a) shows the system diagram for the model, which
has two resonator modes. Per the layout, we describe each
resonator mode with its own two-port transmission line.
Both modes are coupled to a TLS noise source. Only one
TLS and its coupling are shown but the model generally
has many TLSs with different couplings to one hybridized

resonator mode and the hybridized mode is generally cre-
ated from inter-resonator mode coupling 245. k4 and «p
are the coupling rates of resonators 4 and B, respectively,
to their intended two-port transmission line. The coupling
rates of the resonators to the other (unintended) transmis-
sion lines are represented by k4, and kg,, respectively. In
this analysis, we focus on TLSs that are far enough from
resonance to not be saturated by the drive field. A coupled
TLS pair could cause different qualitative noise spectra (cf.
Ref. [19]) but the method of protection is qualitative, such
that the interaction of the pair within a capacitor should
not matter. Generally, we consider that the resonators are
coupled to the ith TLS with a resonance coupling constant
of g;. We represent TLSs with a spin operator o}, using
the analogy between TLS theory and a two-state system
(with pseudospin-1/2). The Hamiltonian for the system
interacting with two transmission lines then has the form

N M
Hsys = ha)AaTa + ﬁwBbTb + Z SiO'l-Z + Z 8]‘0']-2
i1 J=1

+ hQ2(bTa+d'b)

N
—ihy g (o @+ b)+ o (@ +bY)

i=1

M
—ihY g™ (0 (@a—b)+o; (@ —b). (1)
j=1

This is similar to the one-cavity Jaynes-Cummings model
[42—44], except that ours includes two modes (with oper-
ators a and b) with many TLSs (with raising and lowering
operators o, and o; ). The ith TLS has the energy of

& = horrs;/2 = ‘/Aiz + A(Z),i, where Ag and A are the

tunneling energy and the asymmetry energy in the double-
well potential model. The TLS resonance coupling to
the resonator field is g; = Ag;/(€:)p; cos0;\/w/2€.€0hV,
where p; is the magnitude of the dipole moment, 6; is the
angle between p; and the applied electric field E, V' is the
dielectric volume, and ¢, is the relative permittivity [45].
Although a given TLS in a capacitor is equally shared
by both modes before hybridization, after hybridization
the two-mode fields become £, o<(a + b) and E_ox(a — b),
which are zero in certain capacitors as mentioned above. It
becomes zero in two of the capacitors for one hybridized
mode and similarly zero in the other two capacitors of the
other hybridized mode. We find that this approximation
is valid even for a TLS throughout the eigenmode width.
For the two modes, we thus effectively have only the cou-
pling to N TLSs (group #n) in capacitor pair C; and C3, and
M TLSs (group m) in pair C, and C4. Using a standard
theoretical procedure [46] for the resonators 4 and B inter-
acting with the input and output fields as the heat bath, the
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FIG. 4. (a) The theoretical model for the DuRKID, including two resonators, four ports (fully shown), and TLSs (only one TLS
shown). In this simulation, the coupling parameters are /27 = kg/27 =2 MHz, yr.s/27 =2 MHz, 245/27r =5 MHz, and
g/2m = 1 MHz. Resonator 4 is intentionally coupled to the transmission line of ports 1 and 2, and resonator B to ports 3 and 4. (b)(f)
The transmission analysis for (1 — 2 or 3 — 4) with Z,, Zz — 0 (zero impedance between transmission line halves). The arrows (red
or blue) show the resonator mode frequency (solid curve, transmission minima) change due to the TLS, relative to the mode frequency
without the TLS (dashed curve, transmission minima). (b),(c) The single-photon transmission spectrum for two different devices with
the same parameters, (w4/2m = wp/27 = 3.533 GHz) with a single degenerate TLS (wys = w4 = wg). (b) Standard-coupled res-
onators that are hybridized. Note that the frequency shift (dispersion) occurs equally (correlated) in both modes (blue relative to black
minima, also see the blue arrows). (¢) DuRKID in intended (hybridized) mode with a TLS. Here, the TLS leaves one of the modes
undispersed. (d) DuRKID with a large drive (classical field) amplitude of # = 50 photons and a TLS frequency of wrrs/27w = 3.540
GHz. Here, the dispersion is present, related to (c), and the TLS is symmetry protected from saturation. Undispersed modes occur in
DuRKID due to the absence of fields in certain capacitors according to the symmetry of the hybridized modes [see Fig. 1(b)]. (e) The
spectra for the bridge-type resonator device in the presence of an added signal to one inductor [in contrast to other subfigures that use
additional TLS(s)]. Here, the hybridization of the modes changes as seen in different resonator transmission amplitudes. The resonator
frequency modes shift downward together (as correlated modes), in contrast to the case of a single-TLS perturbation [(c) or (d)]. (f)
Spectra with two TLSs, where there is one from each group (where each mainly influences only one of the resonator modes). This
case is used in Sec. III B, for analysis with two TLS noise sources. A TLS in each TLS group disperses each hybridized mode but it
is distinguishable from the (correlated-mode) signal. In this special case, there is no change of mode hybridization due to the way in
which the TLSs oppositely disperse (shift) the resonator modes.

Heisenberg equations of motion can be written as follows: where aj (2)in, b3,4).n and ai ).out, b3,4)0ut are the input
and output fields. Assuming a coherent-state approxi-
mation for photons in resonators 4 and B coupled to
the input and output fields, the transmissions S,; and

Sy3 are given by (az, ut>/(a1,in) and (b4, ut)/<b3,in), respec-
+ Vi (@) + Vi (azin) + Vi (b3n) tively. The boundar; conditions thato relate the input

+ m(b . in)_ Vikakgs (b) — Jkaxks (b), (2) and output fields to photon annihilation in each res-
’ onator, ai,2)out = /kK4a — a,1),in + /kpcb and b3 4) ot =

£ (a) = —iw (a) z—% ([a, Hyys]) — (ka+ya-+ka) (@)

i (b) = —iw (b) = _F ([b;Hsys]> — (kg + VB + kpe) (b) VKb — bs3)in + /K4xa, are used in the analysis [46]. We
dt h assume that only one input field a; i, (i.e., azin = b4jn =
+ M(b3,in> + «/5(174,111) + JK—&(al’in) bsin = 0) is present for Sy, and b3, (i.e., azin = bajn =

a1 = 0) for S43. The details of this theoretical analysis

+ VKBx <a2,in) — KKy (@) — /Kkpeka (@), (3)  are described in Appendix B.
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We next confine ourselves to degenerate modes wy =
wp = w, and, for simplicity, m-group TLSs (which belong
to the capacitor pair associated with M TLSs of group
m). We can see from the Hamiltonian that for positive
$248, the M TLSs are interacting with the lower-frequency
mode. We also reduce the calculation to equal coupling and
photon decay rates in each resonator, k4 = kg = Ky, Y4 =

J

—i(w — W) + K+ ¥

¥ = ¥y, and assume that each resonator is decoupled from
the other transmission line, k4 = kg, = 0. In the low-
temperature and low-drive power limit (k37 < hw and
nph < 1), the resonator will be asymptotically close to the
ground state and we find the transmission amplitude of this
four-port system to be given by

S=81=1—«

—(0 — W) + (6 + ¥)? — (iszAB D D L

where
M tanh(522)g?

/ 2kpT
W, =w, — E

i

w — wTLs + i% ’

For completeness, we provide in Appendix B the transmis-
sion for TLSs interacting with the high-frequency mode
[Eq. (B15)] and that of the standard-coupled resonator pair
[Eq. (B20)], as well as the cross-transmission from port 3
to port 2 (S23), and from port 1 to port 4 (Sy4;), with nonzero
K4y and kg [Egs. (B14) and (B15)].

B. Theoretical results

In order to investigate the effect of TLS noise on the
two resonator modes, we use the analytical results derived
from Eq. (4) for both transmission lines in the limit of
a weakly coupled TLS where g « §245. The system that
we consider is shown in Fig. 4(a). Figures 4(b) and 4(c)
show the spectra of transmission |S,;| for a TLS with
the uncoupled modes in the standard-coupled design and
the DuRKID, respectively. As shown, a given TLS in the
DuRKID generally only shifts one of the two hybridized
modes [see Fig. 4(c)], as expected. This is true even for
a TLS that is detuned from the coupled modes (related
to hybridized mode symmetries). In contrast, a TLS in
either capacitor in the standard degenerate design will cou-
ple with equal strength to the two modes and cause a
frequency shift to both [see Fig. 4(b)]. The difference is
evident from the TLS-resonator interaction term in Eq. (1),
which differs from the standard-coupled resonators (see
Eq. (B20) in Appendix B). Thus the DuRKID has single-
mode noise for a single TLS, whereas a standard-coupled
TLS has correlated-mode noise (for more data on the off-
resonance TLS case, see Appendix B). We also consider
the case of a strong readout tone from port 1 or port 3
(see also Appendix A). In Fig. 4(d), the transmission spec-
tra are shown in the presence of a strong pump drive with
Hy = ih/ic;A(t)a’, where (ayjn (1)) = A(f) and (a2, (1)) =
(b3in () = (b4jn()) = 0. As shown, a given TLS in the

)

tanh(522 )gl.2

2
; ¥ - Zi(Kr + yr)(a) - a);)
—i(w—wy g)+ T2LS

(

bridge-capacitor design, even in the presence of the strong
pump drive, only shifts one of the two hybridized modes.
Figure 4(e) shows the simulated signal on both resonance
modes in the bridge-resonator design viewed from trans-
mission spectra 1 — 2 (with Z4,Zg — 0). Specifically,
the solid line shows the transmission with a signal that
increases Lg, as expected for a KID. We see, relative to
the unperturbed transmission (dashed line), that the trans-
mission spectra have a shift in both resonance modes to a
lower frequency, as expected from earlier arguments. In
addition, the relative sizes of the observed transmission
notches are changed due to the way in which the modes are
changed qualitatively—one mode is more A-like; the other
mode is more B-like. In summary, one DuRKID mode will
experience frequency shifts from one set of capacitors [m-
group TLSs in Eq. (4)] that will shift a single mode; this is
distinguishable from two correlated modes caused by the
signal.

Figure 4(f) shows the transmission spectra of the
DuRKID in the presence of two TLSs, one from each
group (a capacitor pair). Next, this arrangement with two
TLSs is used to calculate the cross-spectral density with
TLSs and the two noise sources. For this, we simulate
the TLS-induced frequency noise of two resonator modes
split by €245, with bare resonance frequencies of wy/27 =
3.533 GHz. The frequency noise spectral density S, , (f)
is simulated with one TLS from each TLS group (m or n),
by setting a 1/f noise spectrum on each.

In Fig. 5(a), we show the simulated frequency-noise
spectral density for resonators 4 and B. TLS frequency
fluctuations in turn create fluctuations in the resonator
modes, according to their effective couplings. The TLS
with higher energy is coupled to the higher resonator
mode, while the lower-energy TLS is coupled to the lower
mode. These conditions create uncorrelated 1/ frequency
noise in the resonator modes (see Appendix B). Im[S>;]
versus Re[S,;] is shown in Figs. 5(b) and 5(c) without a
TLSs coupled (g = 0, red line) and with two TLSs cou-
pled (dark gray line). In this section, we are analyzing two
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FIG. 5. The noise analysis for 1/f'“ ~ 1/f TLS noise, using time-domain simulations for two variable-frequency TLSs. (a) The
fractional-frequency noise spectral density Ss,/, for the two resonator modes. The solid line is fitted to 4/[f /(1 Hz)] + B, where we
define 4 as the 1/f noise density and B as the white-noise density. (b) The complex transmission, Im[S,;] versus Re[Sy;], for the
DuRKID with two TLSs (black line), where there is one TLS from the m and n groups, which, according to the design, implies that
each TLS couples to only one mode. The red dashed line is shown for the transmission without TLSs (this has been numerically
obtained with zero TLS coupling, which is equivalent). The black solid and red dashed lines can be compared to the transmission
magnitude versus the frequency [see Fig. 4(f)], where there are four minima in the case of coupled TLSs, and where two large minima
show the DuRKID resonances. Accumulated points from the transmission time-domain simulation at two fixed input frequencies are
shown as black points in two dashed boxes. The two sets of accumulated points are further apart in / = Im[S;;] than naively expected
from the O = Re[S;;] minima on the transmission curve. This is because the input frequencies for TLS noise analysis are chosen
at the resonance frequencies without coupled TLS, which have increased difference in frequency as well as increased difference in
I = Im[S,,] relative to the case with coupled TLSs. (c) An enlarged view of the transmission points accumulated in time for fixed
input frequencies (black points). The transmission for various frequencies is shown as a gray line. Upper panel: the /) quadrature is
defined as the tangent of the transmission versus the frequency on the first mode. Lower panel: the I, quadrature is defined as the
tangent of the transmission versus the frequency on the second mode. The TLS noise in the resonator modes is uncorrelated due to
separated noise sources, unlike the single-mode frequency-quadrature signal from a standard KID.

TLSs from two separate capacitor groups. The noise is fur-
ther modeled in Sec. IV using external noise sources that
will be present in a system, and the addition of internal
noise from stray capacitance.

IV. SYSTEM-NOISE ANALYSIS

Next, we compare the expected noise from the DuRKID
readout with that of a standard KID. In our earlier discus-
sion, we have mainly analyzed the TLS noise in terms of
frequency change (and frequency quadrature in transmis-
sion). However, a standard KID partially mitigates TLS
noise by also measuring the dissipation quadrature. Thus,
this analysis is important for a fair comparison.

Our model starts by specifying a dissipation-to-
frequency responsivity (a responsivity ratio) from quasi-
particles created in the illuminated inductor. Figure 6
shows this responsivity ratio calculated from the Mattis-
Bardeen formula as a function of the operating temperature
relative to the superconducting transition temperature and
of the resonance frequency relative to the superconduct-
ing gap frequency. For some applications, e.g., NASA’s
EXCLAIM mission [47], the reduced temperature and

frequency operating point corresponds to a relatively large
responsivity ratio and a single-mode KID can mitigate
TLS noise fairly well. The implementation uses thin-film
aluminum MKIDs operating at 168 mK and 3.5 GHz.
Furthermore, in the EXCLAIM mission, (7/T¢,f /feap) =

5 —fif =005
gap
—fIf__=0.03
— gap
=02 I o = 0.02
()] =,
- — = 0.01
3 —flf__=0.005
<8 2
o 0.1 I o = 0.003
° —ff__=0.002
gap
—fif __=0.001
0 gap
0 0.1 0.2 0.3 [—gap = 0-0005

FIG. 6. The responsivity ratio between the dissipation and fre-
quency readout channels for a KID, as a function of the reduced
operating temperature and readout frequency. The noise analysis
in this section is calculated using a responsivity ratio of 0.03.
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(0.13,0.035), which results in a responsivity ratio of
0ZQ(;p1 /dlog(Ly) ~ 0.3 in the KID. Here, log(Ly) is the nat-
ural logarithm of the kinetic inductance and Qg is the
internal quality factor from quasiparticles. For other cir-
cumstances, one may employ larger capacitors and also
a lower resonance frequency, such as a thin aluminum
resonator operating at 200 mK and 0.5 GHz, which has
(T/Te.f /faap) = (0.15,0.005), giving a responsivity ratio
of approximately 0.095. In our noise analysis, we have
chosen the responsivity ratio of 0.03 as a realistic exper-
imental condition that creates 1/f -noise limitations.

Similar to previous studies [48—50], our noise model
describes the noise-equivalent power (NEP). Besides
TLS-induced 1/f noise, the model includes generation-
recombination (G-R) noise from quasiparticle fluctua-
tions in the superconducting inductors [51] and readout-
amplifier noise. The signal frequency response of the
detector is assumed to roll off with a time constant equal
to the quasiparticle lifetime 74,. Capacitance fluctuations
are used to describe TLS induced 1/f noise in this model;
these fluctuations are created by the TLS noise and they
also provide sufficient detail for the purpose at hand. For
the DuRKID, we have used a circuit model to evaluate
the responsivity of the in-phase (real part) and quadrature
(imaginary part) of Ss3 to changes in each capacitor in the
circuit, as well as to changes in the inductance and dis-
sipation (in accordance with the responsivity ratio) from
illumination.

The model of the DuRKID for the noise analysis of this
section is shown in Fig. 7(a). For a realistic model, we
have added capacitance Cs, which was not shown earlier,
in Fig. 1(b). This represents the stray capacitance in our
circuit, as it is not present in an ideal capacitance bridge.
TLSs in this capacitance will appear on the resonance
mode B (before hybridization) such that Cs introduces
noise on both modes when hybridized: nominally the (C|,
C3) mode and the (C,, C4) mode are affected when the
detector is perturbed by Cs. The stray-capacitance and
relative-capacitance changes from the TLS in the analysis
are estimated from the fabricated circuit geometry shown
in Fig. 2(a).

To compute the NEP, we have used the method in
Sec. I1IB of Ref. [52], which describes the theory of opti-
mal linear filtering to maximize the signal-to-noise ratio
for a detector with a vector output x. In the case of a
DuRKID, the detector system has a four-component vec-
tor output comprised of, e.g., the real and imaginary parts
of S43 probed at the two microwave resonance frequencies
[similar to the transmission shown in Fig. 5(c)]. The first
step of the NEP calculation involves evaluating the cross-
spectral density matrix Sy between the components of the
signal vector x using the assumed noise sources and the
responsivity of the signal to changes in circuit parameters.
One such responsivity matrix, M, is shown in Fig. 7(b),
where the first row represents the components from an

dlwl del dla)z dQ(J)Z
dInlg| 3470| 8527| 72.09| 25.08

dInCy|-6.435| -2.117| 40.50| 50.48

dInCy| 59.16| 52.13]-0.6525|-5.383

dInC;|-6.412| -2.157| 4047| 50.49

dInC,| 59.18| 52.09|-0.6871|-5.369

dInCs[0.3387/ 0.9958 0.8137(0.3315

N

FIG. 7. (a) The circuit schematic for DuRKID. This schematic
includes stray capacitance Cs, which is outside of the intended
capacitive electrical bridge. (b) The responsivity matrix M. This
is the derivative of the vector composed of the four DuRKID
measurement channels (/-Q components of S43 at the two res-
onance frequencies) with respect to the fractional change of
six detector parameters. The detector parameters with fluctua-
tions are the inductance Ly (with a dissipative response direction
dictated by the responsivity ratio) and five capacitances C,—Cs
(related to TLS-induced noise). The size of the changes is mod-
eled using the device parameters, including the measured quality
factors.

illumination signal, which we describe, for brevity, as
being optical. In the remaining five rows, we represent
the components from the TLS-induced capacitance noise.
The cross-spectral density matrix is Sx = MTDM + S,
where D(w) is a diagonal matrix with the spectral density
for fluctuations in each of the six internal circuit parame-
ters and Syg is the white noise from the microwave readout
amplifier.

The remaining steps in the NEP calculation are as fol-
lows: (i) compute the inverse of the cross-spectral density
matrix S;1, (ii) compute the vector signal expected from
a unit impulsive change in the optical power Xz (),
(iii)) compute the signal-to-noise ratio spectral density
o(w) = x;rigS; lxsig, and finally (iv) obtain the NEP from
the square root of the reciprocal of the signal-to-noise ratio
spectral density.

Figure 8 shows the resulting NEP versus signal fre-
quency for four example cases: (i) DuRKID readout using
two-probe tones to monitor both modes of the dual res-
onator, (ii) DuRKID readout using only a single probe
tone, (iii) single-mode KID readout using both its fre-
quency and dissipation response channels, and (iv) single-
mode KID readout using only its frequency channel.
As discussed above, we have chose to model the case of
a dissipation-to-frequency responsivity ratio of 0.03. This
illustrative example analysis uses a ratio of HEMT white-
noise power to generation-recombination (G-R) noise
power at zero frequency of 0.2, a ratio of TLS noise power
at wgp = 1/74, to G-R noise power at zero frequency of
0.5, and a ratio of TLS fractional capacitance noise in Cs at
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FIG. 8. The noise-equivalent power (NEP) relative to the

generation-recombination (G-R) noise level for four cases: a two-
tone DuRKID readout (as intended), a single-tone DuRKID read-
out, and a standard KID readout with the frequency quadrature
readout, and a KID readout using both the frequency and dissi-
pation quadrature (see the text for parameters). The horizontal
axis shows the signal frequency multiplied by the quasiparti-
cle lifetime 7g,. Note that the DuRKID read out with two tones
(blue trace) performs substantially better in this case than the
standard KID with two quadratures (green line), over a range of
frequencies below the inverse quasiparticle lifetime.

2 times larger than that in the designed capacitors (C1—Cj).
Additionally, the frequency dependence of the TLS noise
is taken to be an ideal 1/f exponent. The NEP shown in
the figure is normalized to (divided by) the G-R noise at
zero frequency.

The single-tone readout of the DuRKID shows the NEP
degrading without limit as the signal frequency approaches
zero (purple line). This limiting behavior occurs because
when only two components (i.e., the in-phase and quadra-
ture (/-Q) response from the single probe tone) are mea-
sured, there exists a linear combination of TLS capacitance
fluctuations in Cs, C, (or Cy4), and C; (or C3) that looks
similar to a response from quasiparticle generation caused
by weak optical illumination of the inductor (with frac-
tional inductance change accompanied by the assumed 3%
smaller change in 1/Q due to quasiparticle dissipation). In
contrast, when four components are measured (i.e., the /
and Q components from f_ and f;), then the signal vec-
tor for a quasiparticle response to inductor illumination
is not contained within the vector space of outputs in
response to all possible changes in Cs, C; (or Cy), and
Cy (or C3). In other words, if only a single-tone readout
is used from the double resonator DuRKID circuit, then
there is not enough information measured to distinguish an
optical response from some possible combinations of TLS
fluctuations in the various capacitors in the circuit. Also,
we find that Cs TLS fluctuations are not needed to spoil
the single-tone readout of a DuRKID. Symmetry breaking

in the circuit with a single-tone readout can give a nonzero
response at f_ to C; and Cs fluctuations and f; to C, and
C4 fluctuations, which can also spoil the information of a
DuRKID and its related ability to overcome TLS noise.

However, when a two-tone readout is used in a
DURKID (blue line), one can best distinguish an optical
response from any possible TLS fluctuation. This contrasts
with a standard single-resonator KID, where a single-tone
1-Q readout does suffice to give an optical-response-signal
vector that is outside the (one-dimensional) vector space
of fluctuations in the readout. In a standard KID detector,
the frequency-only quadrature measurement is generally
worse (red line) than the one-tone DuRKID readout (pur-
ple line) due to less information about the signal, resulting
in higher 1/f noise. In fact, the one-tone DURKID read-
out has an advantage in this comparison for frequencies
T < 1071, because the DuRKID distinguishes signal
from 1/f noise due to new information of the signal rela-
tive to capacitance noise in this frequency regime. When
the dissipation quadrature is added to the standard KID
readout (green line), TLS noise is partially avoided and it
performs within a factor of 2 of the intended DuRKID in
NEP at the lowest frequencies. The most striking regime
for improvement for the DuRKID is an intermediate fre-
quency range from 107> < oTgp < 10~!. This behavior is
related to the low influence from noise in Cs from the
DuRKID (blue line) relative to a standard KID, which can
only mitigate 1/f noise above some noise level (green
line). In an intermediate frequency regime, which of course
depends on the model parameters, one can expect the
DuRKID to perform as an improved alternative to the
standard KID.

A. System-noise discussion

The NEP generally depends on the optical (absorber)
power [53] and the readout power. Empirically, TLS-
induced phase noise is proportional to the inverse root
of the measurement power [3]. However, the generation-
recombination noise will also increase with the optical
power. To allow a close comparison between a standard
KID and a DuRKID, the DuRKID could be read out at
approximately twice the total readout power relative to a
standard KID such that the stored energy per inductor is
equal in the KIDs. Furthermore, the reference KID should
also use the same capacitor volume as the DuRKID. In
this case, there will be a ~/2 decrease in the rms volt-
age in the DURKID relative to the KID. This will slightly
increase the TLS 1/f noise for one measurement chan-
nel of the DuRKID relative to the KID. However, there
is a potential order-of-magnitude decrease in NEP in the
DuRKID. While the DuRKID performance can be sub-
stantially better than that of the standard KID, the TLS
noise difference is not precisely known, because there can
be some decrease in noise from saturation of the TLSs by
the adjacent readout tone.
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Due to the power dependences of NEP, the DuRKID
seems most likely to make an impact on low-illumination-
power IR KIDs. One such KID is a mid-IR KID designed
for NASA’s GEP mission [53]. Another example is an
IR KID detector that might be designed to reach the
power sensitivity permitted by the Origins Space Tele-
scope (OST), 10720 W//Hz [54].

The generation-recombination noise in the inductor of
a KID relates to the breaking of Cooper pairs, which is a
quasiparticle noise term [55]. Quasiparticle noise is quan-
titatively different in QIP hardware than KID hardware
for two reasons. First, substantial kinetic inductance is
rarely used in film-based inductors in QIP because there
is a desire to remove all quasiparticles, since they will
induce loss in accord with the two-fluid model and result
in quantum information loss via relaxation. Secondly, a
low-density of quasiparticles is needed for stable frequen-
cies in qubits and resonators of QIPs, while high kinetic
inductance in films [56] is required for a substantial illu-
mination response in KIDs, despite the significant level of
quasiparticle generation-recombination noise.

V. CONCLUSIONS

We have proposed a new KID detector design named
DuRKID, which includes an electrical bridge and two res-
onance modes. The DuRKID has been fabricated with two
feed lines, where each is primarily coupled to one of the
resonance modes when the modes are not hybridized. Mea-
surements of the fabricated device have revealed that the
frequency tuning of one mode allows the hybridization of
the modes, as required for the intended operation. In the
DuRKID, the TLS noise in the two modes is caused by
different TLSs and capacitors such that the noise from the
groups of TLSs is qualitatively different.

From transmission measurements on the DuRKID, we
have found that the coupling between the modes is larger
than the coupling of a TLS to a resonator mode. Further-
more, to achieve degeneracy we have merely needed to
tune a resonator with an applied dc-bias current, where the
largest tuning is approximately 120 MHz. To show that a
specific TLS is coupled to only one of the fully hybridized
modes, we have applied the input-output theory, a for-
malism from quantum information science, to analyze the
DuRKID. This model has included four ports coupled to
two resonators, with one representative TLS of each capac-
itor group in the bridge, and has allowed a model of TLS
noise in the DuRKID. The model also allowed us to extract
the capacitor loss tangents, inter-resonator coupling, and
the intended and unintended couplings to transmission
lines from data.

From our model of 1/f noise in the DURKID, we have
found that the TLS noise gives a lack of correlation in
the two hybridized modes over time, as expected. This
represents a potentially useful capability in a KID-type

detector. Additionally, we have also modeled the system
NEP of our DuRKID with a comparison to a standard KID
using the expected noise sources and all of the possible
readout channels. The DuRKID generally gives additional
information, and thus lower NEP, relative to a standard
KID. Moreover, the analysis shows that there can be a
multidecade-wide frequency band that exhibits noise that
is over an order of magnitude lower for a DuRKID relative
to a standard KID. In the future, we plan to measure the
NEP of a DuRKID as a function of the frequency.
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APPENDIX A: NONLINEARITY OF THE KINETIC
INDUCTANCE AND THE FITTING PROCEDURE

1. Nonlinearity of the kinetic inductance

As described in the main text, the inductance of the LC
resonators is made tunable with dc bias. We have mea-
sured the nonlinearity explicitly in device 2 at millikelvin
temperature with a direct applied bias current (note that
devices 1 and 3 share a single dc-input current in parallel).
The relationship has previously been given for inductance
as a quadratic function of the bias current but here we
describe the nonlinear inductance. The width of the TiN
inductor is 5 mm. Figure 9(a) shows the frequency of the
resonator as a function of the square of the bias current.
The fractional resonance frequency shift can be written in
terms of the current or the inductance as

S, I} 8L

£ o2 2L

(AT)

We have fitted to a quadratic model as a function of the
bias current /, as shown in Fig. 9(a) and from this we
have extracted I’ = 789 wA. In Fig. 9(b), we show the
same type of fit, except that we use the inductance as the
independent variable rather than the frequency.

2. The fitting procedure

In order to fit the measured complex transmission data,
S71, S43, and S3;, we use Egs. (B14), (B15), and (B16).
Although general formulas can be made to fit directly for
the many parameters simultaneously, such multiparameter
fitting problems can be extremely sensitive to the initial
values, due to the local optimization of the parameters and
different amounts of noise in different data sets. Fitting a
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FIG. 9. The dependence of the (a) frequency and (b) kinetic inductance on /.

small subset of the data leads to under-determined con-
straints and inaccuracies due to covariances. To resolve
this issue, we utilize an iterative procedure through which
our fitting problem, with ten parameters, is broken down
into several independent fitting problems with carefully
chosen fixed parameters. Each fit contains only a few (two
or three) parameters at a time. First, we extract the cross-
coupling $2,p from the data of Fig. 3(c). We have previ-
ously performed resonator fittings from transmission data
(e.g., Sz1) using the diameter-correction method (DCM)
(for a single resonator) [57]. This technique uses a least-
squares Monte Carlo (LSM) method to find the minimum
error, x2. To fit both S»; and S43, we have developed a fit-
ting sequence using a sequence of different LSM fittings
in a multistep procedure. We start by using LSM fitting
primarily with S; data, using the device model given in
Eq. (B14), except that an extra multiplicative factor e is
applied to the right-hand side of Eq. (B14) to account for
the transmission-line length. Initial guesses must be placed
for all variables, including w4, wg, k4, K5, V4, VB> Kax, and
kpy . Within the LSM fitting, a Monte Carlo guess is made
in the form x = x(ef® for each fit parameter, where xq is
the previous (initial) guess for the fit parameter x, ¢ is a
randomly generated number between —1 and 1, and & is
a parameter smaller than one, which determines the MC
guess domain.

However, to optimize S,; in the first fit, we use two
different values of & for the different parameters. For
parameters associated with resonator B, we use fast iter-
ations, e.g., we use & = 0.1 for wy, k4, V4, Kax, and 6y
to optimize it quickly. Meanwhile, for parameters asso-
ciated with resonator 4, we use slow iterations, e.g., we
use £ = 107> for wp, kg, ¥, Kpx, and 43, to leave the
parameters with only slight changes. After this step, the
updated values are used to fit Ss3 following the same
procedure, with the difference that this time the variation
of the resonator-A4 parameters is quickly optimized and the
resonator-B parameters are mainly left unchanged. Next,
the Sy3 fit parameters are determined, such that S, could be
fitted, and this completes one cycle of our procedure. The
previous two steps are repeated in sequence: e.g., by using

the fitting results from Sp; (Ss43), we then fit S43 (S>2;1). The
fitting cycles are then repeated iteratively many times until
convergence is obtained. The standard resonator coupling
to the intended transmission line is Q4% = w4 p/2k 4 5. The
internal loss from one resonator is often desired, which is
0; = w/y in our devices, where the resonator loss 1/Q; is
due to the sole dielectric in each resonator. Since we have
a dual-transmission-line setup, it is useful to define the
apparent internal quality factor for each resonator, Qf ;gp =
w48/ (Y4 + 2Ky px), Which not only depends on the inter-
nal loss rate of the resonator to its internal loss y,; but
also the coupling loss to the unintended transmission line
2k 4x,Bx, respectively. Figures 7(a) and 7(b) show an exam-
ple of such a fit to two resonance line shapes for resonators
A and B, which are coupled to transmission lines 1-2 and
3—4, respectively, for —140 dB power at the device. The
extracted fitting parameters from S,; and S43 are used as
initial guesses to fit the cross transmission from port 1 to
port 4, S4;.

APPENDIX B: DERIVATION OF THE
TRANSMISSION FOR TWO RESONANCES
INTERACTING WITH TLS

1. LC resonator pair with an internal electrical bridge
of capacitors

The system that we consider in Fig. 1(a) consists of two
resonators and TLSs, described by the Hamiltonian Hy,
[Eq. (2)]. It is coupled to two transmission lines that are
accessible at their ends via four ports. The system has
resonator modes a and b. According to the standard the-
ory of input and output for quantum dissipative systems
[41], the transmission lines can be modeled as a heat bath.
Additionally, the couplings can be specified between trans-
mission lines and the intended couplings, x4 and kg, as well
as the unintended couplings, x4, and kp,. The Heisenberg
equation of motion for the bare-resonator modes in terms
of the system and output fields [c.f. Egs. (2) and (3)] can
be written as
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FIG. 10. The transmission data in the absence of bias for (a) resonator 4 and (b) resonator B. The red curves show the fit of the
data to the model. The fit yields w4 = 3.5357 GHz, y4 = 0.88 MHz, k4 = 0.9 MHz, 4, = 20 kHz, and wz = 3.6335 GHz, y5 = 0.77
MHz, k3 = 1.01 MHz, kg, = 19.7 kHz, Q! = 2741, 0% = 3026 and Q7 = 1930, O = 1800. (c) The crosstalk coupling (unintended
coupling) between ports 1 and 4 of device 2 in the absence of bias. The fitting data give 20.3 kHz of cross-coupling between ports 1
and 4, with w4 = 3.534 GHz, y4, = 0.91 MHz, x4 = 0.97 MHz, «4 = 20.3 kHz, and wp = 3.6335 GHz, yg = 0.77 MHz, kg = 1.01
MHz, g, = 19.5 kHz. The agreement between the data and four-port model confirms the appropriateness of the fitting method and
the many parameter models.

d% (@) = —iw (a) = —% ([a, Heys]) + rea (@) — ica (a1 .0u) = v/a (@2.0m)
Kotx (D3.0ut) — v/otx (baout) — Va (@) + Kux (@) + /kaky (B) + /iaxkp (b) (B1)
and
d

— (b) = —iw (b) = ‘% ([b, Hays]) + 15 (b) — /&5 (B3.0ut) — /5 {ba.ou
Koy (@1.0ut) — v/KBx (@2,0u) — VB () + Kpx (B) + /Ky (@) + /Kpeka (a) . (B2)

We write the equation of motion for the operator o;~ of the ith TLS using the Bloch equations approximation for relaxation
and decoherence,

d
Et (ai_) = —iw <O’l»_> = —iwTLS,i (ai_) —

VT;S’Z (Ui_) +2g (afa) +2g <<7fb), (B3)
where the TLS decoherence rate is yris; = k1; + 2k2;, in which typically k1 ; = 4, A2 ;coth (hw/2kpT) and ky; ~ A,T2.
The rates k; ; and k, ; describe the TLS i relaxation and phase decoherence rates assoc1ated with TLS-photon and TLS-TLS
interactions, respectively, and A, and 4, are material-related constants [58]. In the low-temperature and low-drive-power
limit (kzT < he and np, < 1), the resonator will be asymptotically close to the ground state. This suggests that we can
replace the spin operator (of) in Eq. (B3) with the ground-state value —1/2. With these assumptions, we obtain a closed
system of linear equations that can be solved for the TLS operators:

2g({a) + (b)) {o7)

- VILSS °
i(wrLs; — ©) + 752

(o) =

(B4)

For thermally excited TLSs, one can use a mean-field approach, replacing the operator (af > in Eq. (B3) with its thermo-
dynamic average value, i.e., (af th) = —1/(2) tanh(hw/2kT). This approach is consistent with previous analysis of sound
and microwave absorption by TLSs [59,60]. The average value of (aiz ) at a higher photon regime is calculated in Sec. B 3.
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FIG. 11. (a) The simulated transmission magnitude |S,,| (with Zz — 0) for a single TLS off resonance coupled to the a + b field in
the bridge design. The TLS frequency of wys = 3.52 GHz is used here and the rest of the parameters are the same as before. Note that
dispersion is not caused at the neighboring frequency mode but at the mode that has the proper coupling for the TLSs capacitor. (b)
The impact of a single TLS on resonance coupled to the @ + b field on both hybridized modes. (c) The impact of nonzero unintended
coupling of each resonator to the other transmission line, k4, = x5, = 20 kHz for the data presented in (a).

To proceed, we now substitute the solution for (af) [Eq. (B4)] into Egs. (2)+4) and obtain the solution for resonator
modes a and b:

Luy (@) + Lap+ (b) = Jia(avin) + ki azin) + /Kax (b3n) + /Kax (Dain) » (B5)
Ly {a) + Lup— (b) = — k4 (a1.0u) — VK (@2.00) — v/Kax (D3.0ut) — v/Kax (Daout) s (B6)
Lp+ (b) + Lap+ (a) = /x5 (b3,n) + /K5 (bajn) + /kax (@1n) + /Kpx (a2n) (B7)
Lg,— (b) + Lyp— (a) = —/kp (b3 .0ut) — /K5 (Daout) — v/Kbx (@1,.0u) — /Kbx (@2,00) (B8)
where

N 2

Lis = —io+iws+yatistics— Y - G I, (BY)
= ors; — ) + =5
Lups = iQup % /Kakps £ /s — 3 - 2sg; — (B10)
— (o1 — o) + =5+

. - 2sg}

Lps = —iow + i+ yp tkptkp — ) L (B11)

= i(oTsi — ) + =

To study one coherent input, we then set (az,m> = (b4,in> = (b3,1n> = 0 to calculate S»; and <a2,in) = (b4,in) = (al,in) =0to
calculate S43. The solution for resonator modes a and b takes the form

\/@ _ LAB[[;;/ KBx
(@) = ————"— (a1in) (B12)
L _ ABA+
A+

Lp+

and

Lyp +/Bx
Lyp4+ VK4~

L+

(al,in) - Lo Lo L1243,+ (al,in)~ (B13)

Lp+
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Using the boundary conditions, aj ()ocut = +/kK4a — @2,(1)in + /Kb and b3 @y our = /KD — b4 3).in + /Kaxa, and
Eqgs. (B10) and (B11), we obtain Sy = (a2,0u)/(@1in)> Sa3 = (a.out)/(b3,in)> and Sa1 = (b4 ou)/(a1in) as

K4
Syy=1-— PR (B14)
. 252
IQAB*Z?; —ly,
. N 25g? —i(w-oly )+ S
(@ —wy) + K4+ Y4 Zi=1 A . s ' v 25¢2
_z(w—a)TLS)+T —i(0—wp)+Kkg+yYB—) iy 4 V—fLS
—i(o-ol o)+
Kp
S43 =1- > 2 > (BIS)
2g¢
Q=0 | ———7x
: N 25g? ( ~ \ ile—oq o+ 7o
i(w—wp)+kp+ys— i ‘ ]_ s ' N 25¢?
_z(a)—wTLS>+ ) —l(a)—a)A)+KA+)/A—Zi:1 W
and
_ /KaxLaB 4 /KaxKBx
S Veks  Lagy (L /K5Ks — Lag 1 \/KBKs;) 4 VHaxka 7 (B16)
41 = - b > .
Lp.+ Ly (LpsLas — LAB,+) Ly, — Hpy
o+ Lp+

Reducing the calculation to equal coupling and photon decay rates for each resonator, k4 = k3 = &, and Y4 = Y5 = ¥,
and assuming no (cross-)coupling to the unintended transmission line, k4, = kp, = 0, the transmission properties of this
four-port system coupling to a single TLS through the a + b field [where the plus sign is taken from Eq. (B4)] is

—i(w —w)) + K-+ ¥

Sp=81=1-xy TR , (B17)
tan T;Tg

2
_(w - w;)z + (Kr + Vr)z - (iQAB - ) - 2i(Kr + yr)(w - a);)

—i(w—wrLs)+ T3S
where
2

_ g
w— wrs +1 —yTzLS

/
W, = W,

Figure 11 shows additional transmission curves taken from Eq. (B17), which can be compared to Fig. 4(f). Similarly,
coupling to a single TLS through the a — b field can be obtained.

2. Standard-coupled two-resonator

Considering the standard-coupled two-resonator with a Hamiltonian of
Hyys = hwga'a + hapb™s + h245(bTa + a'b) + errso” (B18)
—ihg4(ofa+o;a") —ihgs(ofb+ oz b), (B19)
and assuming that g, = gg = g, we obtain

_i(w - (,();) + Ky + Vr
_(a) - w;)Z + (Kr + yr)2 + 9,243 - 2i(Kr + Vr)(a) - w;) ‘

Siz=81=1—-xy (B20)

3. Coherent drive in the Hamiltonian (treatment of the many-photon case)

We consider the case of incoming coherent radiation from the left-hand side of the transmission line, i.e., port 1 or 3.
The presence of such coherent drive is accounted for by an effective Hamiltonian

H = Hgs+ Hy, (B21)

where the drive appears as a term Hy = ihJa’ + H.c.andJ = /T% A(f), and T'% , = k4. This form is derived by assuming

ext

that (al,in(t)) = A(¢) and (az’in (t)) = (b3’in(l)) = <b4,m(t)) = 0. The interaction of a single TLS with the resonators can be
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described by the Jaynes-Cummings Hamiltonian in a frame rotating at the pump frequency w,:

@, — wrLs)
T —
2
+ h&245(b'a + a'b) — ihg(o ™ (a" + b") — ot (a + b)) + ik (@' — a). (B22)

H = o, — wi)a'a+ Mw, — wp)b'b +

The corresponding dissipation can be described by the Lindblad master equation [61]:

d r
7/; = —ih[Hgys, p] + T4 (i + 1) Do (0) + 7¢Doz(p) + T ypnwD,+(0) + TeDa(p) + T2 Dy(p), (B23)

where the occupation number of the TLS is ng, = 1/(e"/*T — 1), the damping of resonators 4 and B in the absence of
TLSs is T'%, = k4 and I'?, = k3, the TLS dephasing rate is Iy, its rate at zero temperature I' |4, and Dy(p) = ApAT —

ext ext

1/2(4TAp + pATA4). Using (4) = Tr (4p) and (d/df) (4) = Tr (A(d/df)p), we can compute the Maxwell-Bloch equations,

d r
_ (—i(wp — w0) — 7) (@) + g4 (o) +, (B24)
d (b re
- (—i(wp —op) - 7) (b) + 2 (@), (B25)
d
L) — (it — o) T (0) + g lacz) + g5 (bos), (B26)
d (o, _
f; ) = —2g, ((a*a) + (aGT)) —2g ((bTG )+ (b0+>) —T'1 ({02) — (02)wm) > (B27)

where we define I', = (I' )4 /2)(1 + 2n4) + Ty, 't = T4 (1 + 2ny), and (0.)y, = —1/(1 + 2ngy) = —tanh (hw/2kpT).
To transform this system [Eqgs. (B24)—(B27)] into a closed set of equations, we neglect the correlations and factorize
the products (ao,) = (a) (o), (a*az> = (aT) (07), {(bo,) = (b) {(0,), and (bTO’Z) = (bT) (0,). We first determine the solution
for the cavity field, (a) and (b), using the approximations (a) = o + da(H)e " @r=! (b) = B+ §B(e " »=) (5) =
00 + 8o (He '@ =1L and (0,) = 0., where Sa(f), 88(t), and 8o (¢) are slowly varying complex functions [61]. The
equations for the stationary components are as follows:

Fa
0= (—i(a)p —wy) — %) o+ g.o0 —iQpB +J, (B28)
Fb
0= (-i(a)p —wp) — %Xt) B + g»00 — i, (B29)
0 = (—i(wp — wrLs) — I)og + guao=o + gpPo-0, (B30)
0= —2g,(a"0y + aoy) — 2g5(B 00 + Boy) — T'1 (020 — (02)w) - (B31)

Grouping terms by terms related to & and B, one finds that

oo = .gaaazO +gb,3020 . (B32)
i(w, —owrLs) + 1"z
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The solution for the outfield is obtained from the boundary conditions aj 2)out = +/I'exi@ — @2,(1).in by inserting the
assumed form of the input field (al,m(t)) = A(?). From Eq. (B29) and by replacing oy from Eq. (B32), we have

r’ 2p€a0020 + gb€h P00
0=(—-i(w, — —th) 4 2ea = —iQupa, B33
(<o, == T2 ) p4 B LT g, B33)
r 8686020 680z
0=(—i(w, —awp) — = 4 - )ﬂ+_ — iQupa (B34
( v 2 i(w, — wrLs) + 1"z i(w, —wrLs) + 1" a» )

r’ 2 a0L0:
8b8b0:0 > -7 T (B35)

— | —i(w, — wp) — = + =
< @ 2 i(w, —wrLs) + T2

2 i(a)p — a)TLs) + FZ
Iy 8685020 258400
( Hp = o) 2 * i(w, —wrLs) + 12 p i(wp — wrLs) + 12 Phoas )& (B36)

Finally, we obtain

8bh8a0z( 7
———=boaZ0 ___ 4 ;O
i(wp —wrL8)+1 + 18248

B = o (B37)

b
r
] ext | __ 8800
(—z(a)p — wp) 2 i(wp —wTLs)+F2>

To proceed to the output fields, we next substitute the solution for g from Eq. (B37) into Eq. (B28):

a

. r 8484020 . 8a&h0=0
0=|—i(w, —w,) — ==X 4 - )ot—i—(—lQ + +J, B38
< (@ ) 2 i(wp — wtLs) + 12 a» i(w, —wrLs) + "2 P (B38)

a

. r 8a&a0=0 . 8a&h020
i(w, — w,) + -2 — - )(x—i—(lQ — - B=J, B39
( (e ) 2 i(w, — wrLs) + 172 # i(w, — wrLs) + 172 (B39)

¢ 8a&a0=0
i(w, — wg) + —= — - o
< v ¢ 2 i(wp — wrLs) + 172

8b8a00 ;
- + lQAB
i o - 3T
<ZQAB : 8a8b0z0 ) i(wp wTLS)b 2 a=J, (B40)
i(w, — wrs) + 1 i(w ) Cext 8b&h0z0
p — Wb 2 i(wp —wTLs)+T2

(iQ 5 — ——Sagb0x0 ) (iQAB __ 2agK0:0 )

. I 020 i(wp—wrL8) 12 i(wp—o1Ls) T2
(l(wp —w) + = — - Ea8a0z + ? p ? o= \/Eal,in.
2 i(wp, — wrLs) + 12 —i(w, — wp) — e g
P b 2 i(wp—wrLs)+T2

(B41)
The solution for the resonator « field is

\% ngt
o = Aa1,in- (B42)

2
‘o 8agho0
('QAB (wp —wrLg)+1) )

b
r
iy —wn)— —&Xt 1 8h8HO20
i(wp —wp)— =5 +i(wp—wTLs)+F2>

i(wp —wrL8)+T2

(1op e+ 5o — oo ) 4 |

Using this result, one can find transmission and reflection using the boundary condition a;ou = /I'é@ — @1n. The
transmission, Sy; = @y out/a1,in, can be written as
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S$o=1-

Fll
ext , (B43)

8a8aTz0

2
i 848050
(IQAB fwp —o1Ls) 4T )

<i(a)p —w,) + % -

where

i(wp — b
i(wp wTLS)+r2) iy —ap)— Ext . 8b=HOZ0
PTOH)T T T Hap ~wrL9)HT)

020 = (O'z)th |:1 -

(wrLs — @p) + T3(1 + 71 /ny)

2_
L3n/ns } , (B44)

71 = |A(#)|? is the mean photon number in the cavity, and n; ! = 4g?/ "I, the number of photons required to saturate the

TLS transition.

4. Correlation amplitude

TLS (1/f) frequency noise causes noise in resonator
transmission (e.g., S»1), where the transmission changes in
phase and amplitude. The noise is mainly seen in a partic-
ular direction in /-Q space as fluctuations in [Re(S>; (fo4)),
Im(S$21(fo4))] and [Re(S21(fo)), Im(S21(fop))], which are
tangent to the complex transmission plot, where we use
Eq. (B14) to define the quadratures [Q), )] and [Q}, 1]
shown in Fig. 5(c). As in a standard KID, the fluctuation
quadrature is thus a frequency noise. However, now we
have two input frequencies and two TLS noise sources.

1.01 T .
'8 1.00F o
2 m
rar}
£ |® 0T erews
g— 099} E) .
© , ] /Aand n-group TLS L
8 / * /5 and m-group TLS /
S // /A and m-group TLS //
@© #% |/ and n-group TLS
qL) o/, and IE
’6 0.05F
o ° CIA and QE
° ; :
o Y © 0o, Oy O
Bl -a--~~0-"4 & "W. i R SO0 0
107" 10°
Frequency

FIG. 12. The correlation amplitude C, between the noise
quantities: 1/f -noise TLS frequencies and resonator transmis-
sion quadratures (14, Q4, I3, and Qp). The 1/f noise sources from
m-group TLSs and n-group TLSs are not correlated, as there is no
significant TLS-TLS coupling mechanism. There is near-perfect
noise correlation between /4 and n-group TLSs and between I
and m-group TLSs. There is no significant normalized correlation
between resonator quadratures /, and Iz because the noise fluctu-
ations occur as an m- or n-group TLS source on a corresponding
resonator quadrature /4 or /. This implies that noise is not signif-
icantly correlated through the resonator-resonator coupling. Q4
and Qp have slightly larger normalized correlation amplitudes
but this is of no consequence because these quadratures have
small noise powers.

The TLSs induce noise in the resonators, where /; and I in
Fig. 5(c) are defined to be tangent to the transmission ver-
sus frequency plot near the probe frequencies [fy, fz]. In
Fig. 9, we show the correlation amplitude (the normalized
cross-spectral density),

Sy
v

NG

(B45)

between different quadratures and TLS groups. Here, x
and y are the different possible aforementioned TLS- and
quadrature-noise types. S, is the cross-spectral density
between x and y, and S and S\ are the autospectral den-
sity of x and y, respectively. The result plotted in Fig. 9
shows that the 1/f noise on each mode and its own TLS
fluctuations are highly correlated but the noise induced on
the measurement quadratures of the two resonator modes
is uncorrelated.
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