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The 2-qubit controlled-PHASE Rydberg-blockade (RB) gate via off-resonant modulated driving (ORMD)
has been making significant progress recently. In pursuit of higher fidelity, faster operation, and better
robustness, a major upgrade is needed with regard to suppression of high-frequency components in the
modulation. A systematic method has been established here for this purpose, quintessentially to filter out
the relatively higher-frequency components embedded in the basis functions that generate the modulation
wave forms. Meanwhile, the 2-qubit- and multiqubit-gate conditions need to be fulfilled after filtering.
It turns out that appropriate entangling-gate-protocol wave forms can be successfully obtained via this
method, with the help of numerical procedures. Moreover, it can be further enhanced with adaptations to
finite RB strength, as well as the dual-pulse technique to overcome residual thermal motion of qubit atoms.
Besides theoretical derivations, we also thoroughly investigate the representative modulation patterns,

demonstrating the versatility of ORMD in the RB gate.
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The cold-atom qubit platform [1-3] has been attracting
increasing attention ever since recognition of the impor-
tance of the dipole-dipole interaction [4,5] and the suc-
cessful experimental demonstration of Rydberg-blockade
(RB) gates [6,7]. While the scale of qubit arrays [8—14] and
single-qubit gate fidelity [15—18] are constantly advancing,
enhancing the fidelity of the 2-qubit entangling gate [7,19]
is one of the most pressing tasks in this field [20-22].
Recently, the advantages of the off-resonant modulated
driving (ORMD) gate have been shown [23,24], where
modulation in the atom-light interaction is deemed essen-
tial for this special family of controlled-PHASE (CPHASE)
gates and in particular the controlled-Z (Cz) gate. It can
be designed for the 1- and 2-photon ground-Rydberg
transitions or even more complicated driving mecha-
nisms [23,25], with possible extensions to ensemble qubits
[26]. Along with impressive progress in the single-site
addressing capability [11] and the highly coherent ground-
Rydberg transition [20,21,27-30], experimental demon-
strations of this category of 2-qubit gates [24,31] show
clear improvement of fidelity and vast opportunities for
further study.

A core feature of ORMD protocols is that the qubit-
atom wave function begins and finishes at the same state,
which acquires a nontrivial conditional phase shift after
the time evolution. The modulation style generally consists
of amplitude modulation (AM) and frequency modulation
(FM) [23]. AM plays a vital role, as an analytical pulse
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that starts and ends at zero intensity is usually preferable to
avoid the adverse effects associated with the abrupt edges
of constant-amplitude square pulses [21,25,32]. FM can be
introduced as phase modulation on driving lasers or by tun-
ing the energy of the Rydberg state via external electric,
magnetic, or even microwave fields.

Given the challenge of realizing Cz-gate fidelity =
0.999 experimentally, this work aims at suppression of
high-frequency (HF) components in the AM and FM wave
forms, in order to upgrade the ORMD gate to the next
level. It offers several advantages, both experimental and
theoretical. Especially, it can avoid the distortion in the HF
spectrum that occurs in electro-optical modulation instru-
ments and help to alleviate some delicate nonadiabatic
effects in the time evolution of atomic wave functions
caused by the higher-order frequency components of driv-
ing fields, which may be difficult to reveal faithfully
in numerical simulations. Meanwhile, it will hopefully
become indispensable as part of future work on fast RB
CZ gates with gate times much less than 100 ns. It may
also help to maintain the quality of the dark-state driving
mechanism that usually takes place in ORMD protocols.
Therefore, we anticipate that the proposed method may
bring about a considerable increase in the gate fidelity
compared to previous approaches.

We first establish the routine of suppressing HF com-
ponents of ORMD-gate wave forms in the abstract sense.
Next, we demonstrate how to deploy this upgrade with
1- and 2-photon ground-Rydberg transitions. Furthermore,
we work on adaptation to certain imperfections that
often adversely influence experiments, including finite RB

© 2023 American Physical Society


https://orcid.org/0000-0002-7546-4817
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.20.L061002&domain=pdf&date_stamp=2023-12-14
http://dx.doi.org/10.1103/PhysRevApplied.20.L061002

YUAN SUN

PHYS. REV. APPLIED 20, L061002 (2023)

strength and Doppler-induced dephasing caused by resid-
ual thermal motion of cold atoms. The gate fidelity here is
always evaluated by the standard method [33-36].

For compatibility with numerical calculations and con-
cise representation, a wave form w of ORMD-gate pro-
tocols can be expressed in terms of linear superposition
of a complete basis {g,} for L? functions on the given
finite time interval of gate operations: w =Y o a,gy
with coefficients «,. Theoretically, it provides a tool to
retrieve all possible solutions, while in practice wave forms
with truncation in the expansion are sought for that can
lead to high-fidelity performance. The choice of basis, such
as Bernstein polynomials or Fourier series, is certainly
not unique. Our major upgrade focuses on wave forms
with suppressed HF components, where we assume that
the HF-suppression rule is represented by an operator Sy .
Suppose that Sy has the linearity property, i.e., for two
wave forms wy and w, Sy (0w + aowy) = a1.Sr (wr) +
a8y (w2), Yy, € R. In particular, it includes the elim-
ination of all higher-order frequency components above
a certain prescribed cutoff value. It is then straightfor-
ward to observe that Sy (w) =Y 02 Sr(gy), i.e., in prin-
ciple the frequency-suppressing operation of interest is
equivalent to constructing wave forms via basis functions
with necessary adjustments in the frequency domain. In
other words, suppression of HF components embedded
in the wave form can be translated as the corresponding
suppression operations on the basis functions. From the
viewpoint of completeness in designing the ORMD gate,
the HF suppression method introduced here is equivalent
to truncation and linearly limiting coefficients in Fourier
series—principles that are applicable to AM as well as FM
wave forms:

v 0.1273  0.2079 0.1310 0.0682
vy 0.1806 0.1793 0.0282  —0.0085
v3 | 102242 0.0892 —0.0416 —0.0191
ve | ~ 102566 —0.0210 —0.0386 —0.0025
Vs 0.2766 —0.1085 0.0039 0.0028
Vg 0.2833 —0.1416 0.0272 0.0009
sinx
sin 37rx
sinSmx |’
sin 77 x
Uy 0.1710 0.2316 0.1158
U 0.2382 0.1568 —0.0013 sin 7 x
uz | = [0.2887 0.0220 —0.0408 | x | sin3mwx
Uy 0.3199 —-0.0986 —0.0081 sin S x
Us 0.3305 —0.1463 0.0173

(M

The frequency-adjusted version of the Bernstein polyno-
mials seems an appropriate choice for this concept. A

Bernstein polynomial b(x) is first extended as an odd func-
tion on [—1, 1] and subsequently expanded into a Fourier
series. We choose Sy here to neglect all higher-order
terms above a threshold. For succinctness, only two sets
of frequency-adjusted functions {u; (x)}, {v; (x)} defined on
x € [0,1] will be employed for symmetric wave forms.
The detailed form is shown in Eq. (1), with four signif-
icant digits after the decimal point. u; (x) corresponds to
u; (x) = (bj 10(x) + b1o—;,10(x)) and v;(x) corresponds to
V; (x) = (bj,12(x) + b1o—j,12(x)), where b, ,(x) represents
the vth Bernstein polynomial of degree » for x € [0, 1].
We denote the qubit register states as |0), |1), the Ryd-
berg state as |r), and the singly excited Rydberg state
as |7 = (Jrl) + |17)/v/2, assuming that the qubit atoms
receive homogeneous driving. There exist the 1-body pro-
cess of |01) <> |0r), [10) <> |r0) and the 2-body process of
[11) <> |7). Without loss of generality [37], for 1-photon
transitions, the 1-body process can be described as

1 1
Ha /T = 5Q1r0){10] + 7€110){01] + Hec,
+ Ay|r0) (O] + A1[0r)(0r], (2)

with Rabi frequency 2;(¢f) and detuning A,(f). Mean-
while, the 2-body process with the idealized RB effect can
be described as

Hyp/h = %wmm FHe + MPE. G)

According to the abstract principles of designing
OMRD protocols, Cz-gate wave forms can be numer-
ically computed with respect to interactions governed
by H,; and Hgp. In particular, they are first con-
structed via Bernstein polynomials, which then serve
as the starting point of optimization procedures to
acquire frequency-adjusted versions. Figure 1 shows typ-
ical results with idealized RB, where the frequency-
adjusted wave forms are ;(x)/27 = 9.71u;(x) +
13.55u(x) + 0.10u3(x) 4+ 26.29u4(x) + 8.89u5(x) MHz,
Ay (x)/2mr = 5.358 4+ 5497 cos 2nx MHz for Fig. 1(a)
and 1 (x) /27 = 42.20u; (x) — 24.93u; (x) — 25.00u3(x) —
42.00u4(x) + 111.85us(x) MHz, A /2w = 3.448 MHz for
Fig. 1(b). We use x =¢/7, and pulse time 7, = 250 ns
throughout. As a comparison, the original Bernstein-
polynomial wave forms are Q(x)/2mw = 11.58%;(x) +
11.28a;(x) + 0.03i3(x) + 25.6564(x) + 9.57115(x)MHz,
A1(x)/2mr = 4.894 +4.927cos2rx MHz for Fig. 1(a)
and Q;(x) /27 = 37.724; (x) — 19.04i1, (x) — 28.00i3 (x) —
34.34i14(x) + 103.4825(x) MHz, A /27 = 3.162 MHz for
Fig. 1(b).

On the other hand, for typical 2-photon transitions
[21,24,25], the 1-body process can be formulated as
Ha/h=,/2]10)(e0] 4 Q5/2|e0) (r0| + €2,,/2|01)(0e]| +
Qs/210e)(0r| + H.c. + Ale0){e0| + §[70)(#0] + A|Oe)
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FIG. 1. cz-gate wave forms for 1-photon transition: (a) AM

and FM; (b) AM. The calculated gate errors of the frequency-
adjusted wave forms are less than 107,

(Oe| + §|07)(0r| with 1-photon detuning A and 2-photon
detuning &, while the 2-body process of |11) with ide-
alized RB can be formulated as Hyp = Qp/ﬁlll)(él +
Qs/2le) (7| + Qp/2|7f)(1~€| + H.c. + Ale){e| + 8|7 {F] +
(A +8)|R)(R|, with [&) = (le]) +|1€))/v/2, IR) = (Ire) +
ler)/v/2.

It turns out that HF-suppressing Cz-gate wave forms
can also be successfully generated for 2-photon tran-
sitions pertinent to H; and Hg, and in fact accom-
modating several variations of modulation style [25].
Figure 2 shows sample results: the frequency-adjusted
wave forms are €2, (x) /2w = 270.84u; (x) — 25.68us(x) —
88.66u3(x) — 21.08uy(x) 4+ 1021.0us(x) MHz, §(x) /2w =
—0.577 4+ 0.101 cos 2rx MHz for Fig. 2(a) and 2, (x)/27
= 260.85u;(x) — 11.51uy(x) — 79.85u3(x) + 0.0us(x) +
992.41us(x) MHz,8/2m = —0.636 MHz for Fig. 2(b),
while the wave forms on the basis of the original
Bernstein polynomials are €,(x)/2m = 271.04i(x) —
13.3911; (x) —78.90i13 (x) —86.3 7114 (x) + 1073. 115 (x) MHz,
3(x)/2r = 0.078 + 1.054cos2nx MHz for Fig. 2(a)
and ,(x)/2m = 193.65i1 (x) + 85.17i1>(x) + 0.0u3(x) +
291.5314(x) 4+ 649.10us(x) MHz,§/2n = — 0.569 MHz
for Fig. 2(b), both with Qg/27 = 350 MHz, A /27 =
5000 MHz.

Sometimes the peak power of driving lasers faces harsh
practical constraints and reducing the maximum values
of Rabi-frequency amplitudes becomes a priority. Fortu-
nately, ORMD gates are capable of fulfilling this require-
ment without loss of fidelity or compromises of robust-
ness and the design process can function properly with
an imposed upper limit of the Rabi-frequency amplitude.
Moreover, it is possible to apply the systematic method
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FIG. 2. cz-gate wave forms for 2-photon transition: (a) AM
and FM; (b) AM. The calculated gate errors of the frequency-
adjusted version are smaller than 10™%.

as discussed above to suppress HF components in such
wave forms. For instance, wave forms expressed by Bern-
stein polynomials b, , with an imposed upper limit can be
approximated by linear superposition of b, ,,, higher degree
m > n, which can then be devolved to the HF suppression
process. Nevertheless, as laser technology is advancing
rapidly nowadays, it is worth noting that reduction of laser
power is part of the more integrated strategy for better
gate performance of ORMD protocols rather than a stan-
dalone requirement. The same method also applies if the
FM amplitude needs restrictions.

Figure 3 presents some typical wave forms conforming
to these concepts, where the frequency-adjusted versions
are  Qp(x)/27 = 16.41v(x) — 0.49v,(x) + 4.06v3(x) +
22.38v4(x) + 29.25v5(x) — 2.37ve(x) MHz, A (x)/2m =
4.772 + 4.660 cos 2rx MHz for Fig. 3(a), ©,(x)/27 =
203.25v1(x) — 5.91vy(x) — 0.96v3(x) + 1199.83v4(x) +
156.87vs5(x) 4+ 0.0vs(x) MHz, 8(x) /27 = — 0.741 — 0.079
cos 2rx MHz for Fig. 3(b), and €2, (x)/27 = 200.45v; (x)
—4.29vy(x) + 3.14v3(x) + 1196.44v4(x) 4+ 157.56vs5(x) +
0.0vg(x) MHz, §/27 = —0.709 MHz for Fig. 3(c) with
Qs/2m =350 MHz, A /27 = 5000 MHz. For compari-
son, the wave forms based on the original Bern-
stein polynomials with imposed limits are 2;(x)/27 =
min(12.5, 23.97i; (x) + 0.38i,(x) —4.9713(x) + 25.65114
(x) + 38.30u5(x)) MHz, A (x)/27 = 4.427 + 5.247 cos
27rx MHz for Fig. 3(a), 2, /(x)2m = min(350, 240.141; (x)
+ 91.231,(x) + 39.23115(x) + 265.97i14(x) + 1360.171is
(x)) MHz, §(x) /27 = —0.688 — 0.081 cos 2rx MHz for
Fig. 3(b), and €,(x)/27 = min(350,249.89;(x) +
81.13u(x) — 2.12u3(x) + 290.90i14(x) + 1441.724i5(x))
MHz,§/27 = —0.661 MHz for Fig. 3(c), also with
Qg/2m =350 MHz and A /27 = 5000 MHz.
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FIG. 3. cz-gate wave forms with an imposed limit on the

maximum values of Rabi-frequency amplitudes: (a) 1-photon
transition; (b) 2-photon transition with both AM and FM; (c) 2-
photon transition with only AM. The calculated gate errors of the
frequency-adjusted version are smaller than 10~4.

The residual thermal motion of the qubit atoms can
cause Doppler-induced dephasing [11,21] in 2-qubit gate
interactions. Within the framework of ORMD-gate pro-
tocols, this type of deviation from the ideal situation
usually leads to a first-order effect in phase and a second-
order effect in population and if two identical pulses are
applied consecutively but in completely opposite direc-
tions, their first-order effect in the phase cancels out,
which brings about the dual-pulse technique [23,25]. For-
tunately, HF suppression is compatible with the dual-
pulse technique and hence the underlying physics does
not involve any need for HF components. Figure 4
shows representative results, where the frequency-adjusted
wave forms are ;(x)/27 = 8.3%9v;(x) — 0.12v,(x) —
10.0v3(x) + 49.24v4(x) + 29.25vs5(x) + 0.0ve(x)MHz,
A1/2mr =11.446 MHz for Fig. 4(a) and 2,(x)/2n =
118.41u1 (x) + 52.34u5(x) — 99.12u3(x) + 195.13u4(x) +
602.87us(x) MHz, 8/2nr = —0.867 MHz with Qg/2m =
350 MHz, A /2w = 5000 MHz for Fig. 4(b). As a com-
parison, the wave forms based on the original Bern-
stein polynomials are €(x)/27 = min(20,5.90i, (x) —
4.6, (x) + 19.5813(x) + 2.36114(x) + 61.84i15(x)) MHz,
Ay1/2m = 11.792 MHz for Figure 4(a) and 2,(x)/27 =
131.37i1 (x) + 47.90i1, (x) — 68.48113(x) + 202.10i4(x) +
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FIG. 4. cz-gate dual-pulse technique wave forms: (a) 1-photon

transition; (b) 2-photon transition. The calculated gate errors of
the frequency-adjusted version are smaller than 10~*.

577.2915(x) MHz, §/2m = —0.762 MHz for Figure 4(b),
also with Qg/2m = 350 MHz and A /2w = 5000 MHz.

The fundamental structure of the Rydberg dipole-dipole
interaction is far more complicated than the idealized RB
effect [1,38-42], and ORMD with Rydberg-interaction-
strength adaptation (RISA) has been devised to deal
with finite RB strength [25]. According to the single-
channel Forster resonance model [43] of |rr) < |gqq’) with
the coupling strength as B and the small energy-penalty
term as 8, for |gq’), the additional Hamiltonian term can
be expressed by Hy = 1/(v/2)Q|rr) (7| + Blgq') (rr| +
H.c. + 2A(Irr)(rrl + 199) (9q')) + 414"} (qq'| for single-
photon transition’s Hyp and Hyp = \/EQS/2|1~{) (rr| +
Blrr){qq'| + H.c. + 28(|rr) (rr| + 19q'){qq']) + 84199 ) (qq'|
for the 2-photon transition H,,. These extra complexities
can be harmonically incorporated into the design process
even if many more states are involved.

ORMD with RISA can perform particularly well with
the frequency-adjusted versions. HF suppression produces
extra benefits, possibly including a better quality of dark-
state mechanism, fewer nonadiabatic effects [44,45], and
less population leakage (see, e.g., Fig. 5). This helps to
clarify the previously theoretically elusive point of whether
a very large B is required for the RB CZ gate to reach high
fidelity. For a relatively smaller value of B, non-negligible
population is inevitably transferred to the 2-body doubly
excited Rydberg states, which also receive a dressing on

the order of | /B2 +82/2, but ORMD with RISA can take

most of the moved population back via appropriate wave
forms.

Following these procedures, it is certainly possi-
ble to work toward wave forms consisting of even
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FIG. 5. Frequency-adjusted cz ORMD wave forms with

RISA, with calculated gate errors < 1074, §, = 0 for all three
cases here.

lower-frequency modulation in Rabi-frequency amplitude
and detuning terms (see, e.g., Fig. 6). One may try to obtain
a solution with the lowest possible frequency components
in special cases but considering the finite strengths of the
RB effect, suppressing scattering or leakage and many
other theoretical and technical difficulties, an optimal
choice does not seem to be determined by the frequency
properties alone. Nevertheless, we note that unphysical
numerical results with a Rabi-frequency amplitude some-
what smaller than 0 need to be neglected.

In conclusion, the design of the ORMD RB gate
has been upgraded with suppression of HF components
embedded in the wave forms. The results reveal that
ORMD-gate protocols can function satisfactorily without
the involvement of relatively higher-frequency compo-
nents. A rich variety of ORMD wave forms with sup-
pression of HF components can be derived for 1- and
2-photon ground-Rydberg transitions, including consid-
erations for limiting peak laser intensity, the dual-pulse
technique, finite RB strength, etc. This concept can also be
extended to construct 2-qubit CPHASE gates with an arbi-
trarily designated phase and multiqubit gates, such as the
3-qubit Toffoli gate. Furthermore, it can also be helpful for
other types of gate protocols or even other physical qubit

—— g, single-pulse cz —-— A, single-pulse cz

Q,, dual-pulse cz A1, dual-pulse cz
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% 104 %
2 s <
9 =]
£ 54 3
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FIG. 6. Wave forms with AM of only one frequency ele-

ment, the single-pulse wave form is €;/27 = 16.62sin7wx
MHz, A /27 = 4.749 + 3.652cos2nx — 2.677 cos4nx MHz
and the dual-pulse wave form is ;/27 =9.41sinmx
MHz, A, /27w = 6.609 + 6.641 cos2mx + 0.476 cos4mrx MHz.
The calculated gate errors are smaller than 1074,

platforms, including many interesting previously proposed
RB-gate schemes [42,43,46—52]. This work will hopefully
offer a tool for further experimental efforts in pursuit of
high-fidelity and fast 2-qubit gates in the cold-atom qubit
platform.
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