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We establish fundamental bounds on subwavelength resolution for the radar ranging problem, “super-
radar.” Information-theoretical metrics are applied to probe the resolution limits for the case of both
direct electric field measurement and photon-counting measurements. To establish fundamental limits,
we begin with the simplest case of range resolution of two point targets from a metrology perspec-
tive. These information-based metrics establish fundamental bounds on both the minimal discrimination
distance of two targets and the precision on the separation of two subwavelength resolved targets. For
the minimal separation distance, both the direct field method and photon counting method show that
the discriminability vanishes quadratically as the target separation goes to zero, and is proportional to
the variance of the second derivative of the electromagnetic field profile. Nevertheless, robust subwave-
length estimation is possible. Several different band-limited function classes are introduced to optimize
discrimination. We discuss the application of maximum likelihood estimation to improve the range preci-
sion with optimal performance. The general theory of multiparameter estimation is analyzed, and a simple
example of estimating both the separation and relative strength of the two point reflectors is presented.

DOI: 10.1103/PhysRevApplied.20.064046

I. INTRODUCTION

Radar and lidar are powerful remote sensing techniques
used in a wide array of applications, such as archaeology,
utilities, navigation, topographical mapping, distance and
velocity detection, civilian air traffic control, and tracking
and detection of satellites and spacecraft [1–8]. Range res-
olution in radar [6,9,10] or lidar [11–13] is the smallest
measurable distance between two objects within the same
angular direction. Range resolution is vital in target charac-
terization and imaging. For decades, disambiguation of the
two objects was determined solely by temporally resolving
the pulses which reflected from each of the objects; see,
for example, [6,14]. When the range resolution distance
dr obeys the inequality dr ≥ cτ/2, where c is the speed
of light, τ is the pulse width and 2 comes from the round
trip of the pulse [9,10,15], the two objects are considered
resolved.

Recently, the authors showed that the coherent interfer-
ence created from the pulses reflecting from the objects
could be used to greatly improve upon existing definitions
of range resolution [16]. When two identical, but slightly
shifted in time, radar or coherent lidar pulses are summed,
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they create a new composite pulse. The novel interfer-
ence technique employed by the authors relied on a self-
referential signal that compared the resulting interference
feature in a region of steep gradients with a zero gradient
portion of the signal. Single parameter estimation allowed
for precise determination of small relative shifts between
two component pulses achieving far superior resolution
than the inverse bandwidth can achieve.

The critical insight is to use an amplitude-based resolu-
tion paradigm together with parameter estimation, rather
than a temporally resolved paradigm. The self-referencing
nature of the estimation using only relative amplitudes
within the returning pulse, rather than absolute ampli-
tude, permits us to distinguish target properties from loss.
We assume here that the character of the pulse shape
is preserved by the intermediate medium. In general, a
frequency-dependent index of refraction will cause pulse
distortion that will need to be accounted for in real-
istic applications. However, in establishing fundamental
bounds, we focus on the simplest case of an undistorted
pulse shape.

We note that this work is fundamentally different than
parameter estimation applied to incoherent imaging. The
latter permits the estimation of the distance between two
point sources better than the Rayleigh criterion using mode
sorting of spatial optical modes (see, for example, [17–
20]), which can be extended to multiparameter estimation

2331-7019/23/20(6)/064046(12) 064046-1 © 2023 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.20.064046&domain=pdf&date_stamp=2023-12-27
http://dx.doi.org/10.1103/PhysRevApplied.20.064046


ANDREW N. JORDAN and JOHN C. HOWELL PHYS. REV. APPLIED 20, 064046 (2023)

[21,22]. We detail why these two methods are completely
different. First, in the imaging case, the method is con-
strained to solving the problem for a given point-spread
function of the imaging system. For our case, we can use
arbitrary input pulses. We expect that this freedom will
be instrumental in scattering reconstruction for complex
objects. Second, the point sources in the imaging problem
are usually incoherent. Our system is fully coherent, allow-
ing for interference between the returning waves from the
various scatterers. Third, imaging superresolution relies on
spatial mode decomposition where our method uses the
direct measurement of the full waveform for radio wave
or photon detection arrival times.

In the previous work [16], we used a balanced self-
referencing estimation method to compare ratios of differ-
ences of the measured function at different space (or time)
points to define a signal that was used to infer the distance
between the two objects. While the basic features of the
super-radar functions were outlined and demonstrated in
our previous paper, only minimal discussion of noise was
presented. Here we more formally address fundamental
range resolution bounds using information-theoretical met-
rics. We give treatments of direct measurement of electric
fields of pulses of electromagnetic radiation, which is most
suitable for radar applications, as well as in the photon-
counting case, which is especially useful for coherent lidar.
An important concept for the noise models we describe is
the Fisher information of the separation parameter. This
information metric sets a bound on the smallest variance
of the parameter for large data sets over all estimators in
the large data set limit, which sets the fundamental bound
of our method. We also find that the overlap between wave-
forms of different separations as well as the QFI are useful
and give additional insight into the parameter estimation.
We discuss different estimators, including maximum like-
lihood as well as Bayesian estimation methods. We end
with a discussion of the generalization to multiparameter
estimation, which will be critical to making this tech-
nique useful in realistic applications. We stress that this
work employs Fisher information techniques to address
fundamental range resolution (i.e., resolving two objects)
limits and not ranging accuracy limits (i.e., determining the
distance to a target) as has been done by others [23–25].

The paper is organized as follows. In Sec. II we intro-
duce the basic concepts of the remote sensing range res-
olution task. In Sec. III we consider direct electric field
detection, as appropriate for radio or microwave frequency
electromagnetic radiation and radar applications. There
we compute the Fisher information of the target distance,
which sets the best-case precision of range resolution, rel-
ative to the returning signal amplitude to detector noise
ratio. In Sec. IV we consider a photon-counting detector
as appropriate for optical frequencies and lidar applica-
tions, and consider three different information-theoretical
metrics: a wave overlap metric to distinguish different

values of the unknown parameter; the classical Fisher
information for spatially (or temporally) resolved photon
detection; and the QFI metric, where the measured basis
is optimized to extract maximal information about the
parameter. In Sec. V we discuss different kinds of wave-
forms that are able to resolve subwavelength structure
using this technique. We discuss band-limited pulses, a
line-segment triangle wave, and frequency combs. Gener-
alizations to multiparameter estimation, as derived in Sec.
VI, and a two-parameter example are discussed consisting
of range resolution and relative reflection strength. Section
VII concludes.

II. RANGE RESOLUTION IN REMOTE SENSING

We consider the simplest case of two equal-amplitude
point scatterers of electromagnetic radiation, and our task
is to determine the minimal discrimination distance of the
two targets and the precision on the range between them,
focusing on subwavelength range resolution. We introduce
a simple one- dimensional model, where the electric field
has a spatial envelope of the form f (x) which is sent out,
and a return wave of the form

fl(x) = 1
2
(f (x − l/2) + f (x + l/2)), (1)

is detected. For simplicity, we have chosen to set the origin
halfway between the two scattering centers. Here l is the
distance between the two scatterers that we wish to esti-
mate. In a remote sensing context, the amplitude of the
returning pulse is typically attenuated from the outgoing
intensity by many orders of magnitude, so the absolute
amplitude of the pulse is assumed to be unrelated to the
target properties, and cannot not be used in the estimation
task. Consequently, we must consider the normalized state
[Eq. (1)] and consider either the amplitude of the return-
ing field relative to the detector noise, or the number of
detected photons as the metrological resource. In the sec-
tions below we assume the function f is analytic and norm-
alized. We are most interested in the case where the func-
tion is band-limited, having an upper frequency cutoff �,
and when the range resolution parameter l < 2π/�, break-
ing the long-standing tradeoff between target resolution
and wave carrier frequency. We note that we have set the
velocity of the pulse inside the medium equal to unity.

III. FIELD DETECTION

In this section we focus on the detection of the electric
field of the radiation via the use of amplifiers. We con-
sider primarily radio frequencies in this section for radar
applications. In this frequency range, direct detection of
the field is possible via amplification of the detected elec-
tromagnetic signals, leading to noise added to the signal
waveform that is related to the effective amplifier temper-
ature. Here we consider a model to determine the ultimate
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limits of the precision on the distance between two scatter-
ing centers. Let the detected signal from the amplifier be
s(t), and we time-discretize in units of the time resolution
of the detector �t. We convert to an effective distance x to
connect to the above discussion via the propagation speed
of the wave and add a noise term arising from the amplifier,

si = Nl fl(xi) + σξ(xi), (2)

where the signal has been rescaled so that the overlap sig-
nal is normalized with the normalization factor Nl, which
is l-dependent. Since the noise power of the amplified
signal is known from the detector properties, the total
signal can be scaled appropriately to normalize it. The nor-
malization condition yields the following expression for
Nl:

N 2
l = 2

1 + ∫ ∞
−∞ dx f (x + l/2)f (x − l/2)

. (3)

Clearly Nl → 1 as l → 0 because we choose f (x) to be
normalized. The detected signal si contains σ which is
the noise strength, �x which is the converted discretized
space unit (using the wave speed) and ξ(xi) which is a unit
strength, white noise random variable with correlation

〈ξ(xi)ξ(xj )〉 = δij . (4)

In a remote detection setup, the returning signal strength
is unknown, so we keep the signal normalized, and thus
the noise level σ of the detector will also be rescaled
depending on the signal strength.

We can pen a probability model for the above signal-
plus-noise point of view as

P({si}|l) =
∏

i

1√
2πσ 2

exp
(

− (si − Nl fl(xi))
2

2σ 2

)

, (5)

where Pl({si}|l) is the probability density of the sequence
of signal data points si, given the value of the parameter l.
The Fisher information [26] about the parameter l in the
above distribution is defined as

I(l) =
∏

i

∫ ∞

−∞

(
∂ ln Pl(si)

∂l

)2

Pl(si)dsi

= −
∏

i

∫ ∞

−∞

(
∂2 ln Pl(si)

∂l2

)

Pl(si)dsi. (6)

Here Pl(si) is the probability of a single data point given a
fixed l. The inverse Fisher information bounds the variance
of any unbiased estimator l̂ of the parameter l, for large data

sets

Var[l̂] ≥ M
I(l)

, (7)

where M is the number of repetitions of the measure-
ment, the Cramér-Rao bound [27]. The Fisher information
formalism has been widely applied to bound estimation
precision in coherent optics; see, for example, [28].

For the super-radar ranging problem, the logarithm of
the distribution turns the product into a sum, so the result-
ing field-detection Fisher information for M = 1 is given
by

If = 1
σ 2

∑

i

(
∂(Nl fl(xi))

∂l

)2

. (8)

In white noise models, the total noise power grows
as

∫
dx1dx2〈�s(x1)�s(x1)〉 = ∫

dxσ 2 = σ 2X = σ 2�xN ,
where N is the number of data points. Thus, we can
account for making the time bins (converted here to space
bins) wider by defining the noise density 
2 = σ 2�x, so
we can turn the sum into an integral to approximate the
Fisher information as

If ≈ 1

2

∫
dx

(
∂(Nl fl(x))

∂l

)2

. (9)

This result can be further simplified for the range resolu-
tion problem as


2If = −(∂l lnNl)
2 + N 2

l

16

∫
dx( f ′(x + l/2)

− f ′(x − l/2))2. (10)

The small l behavior can be found by expanding all terms
to leading order in l. The zeroth- and first-order terms
vanish, leaving the quadratic approximation near l = 0,


2If ≈ l2

16

(∫
dx f ′′(x)2 −

(∫
dx f ′(x)2

)2
)

+ O(l3).

(11)

Here we assume well-defined first and second derivatives
of the function f (x), as well as square integrability.

As we will explore later on in the paper, let us define the
f -dependent quantity in the large parentheses as var[d2]f ,
a measure of the variance of the second derivative of f ,
which is a measure of the variation of the function f
over its range in space (or time). If we define δ[d2]f =√

var[d2]f as its standard deviation, then we can bound
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the relative error δl/l of the range resolution l in the deep
subwavelength limit from (7) as

δl
l

≥ 4
√
Ml2δ[d2]f

. (12)

This is a main result of this paper. We note that when
δ[d2]f is comparable to �2, the band limit of the pulse,
implying l2δ[d2]f < 1, then by having many data sets
with good signal-to-noise ratio (i.e.,

√
M/
 
 1), rel-

ative errors less than 1 are easily achieved. Compared
with the traditional criterion for range-resolved targets,
where l must be larger than the pulse width, our bound
inequality (12) can beat this criterion by many orders of
magnitude.

A. Estimators

We can implement several different estimators. We
first consider maximum likelihood estimation (or MaxLike
for short). We define the log-likelihood function L(l) as
the natural logarithm of the probability of obtaining the
sequence {si} of measurement outcomes given the value
of the unknown parameter is l. MaxLike is defined as
assigning an estimator l̂ml such that

l̂ml = argmax[L(l)]. (13)

Here argmax is the value taken at the maximization of the
log-likelihood function. For our problem [Eq. (5)] the log-
likelihood function is given by

L = −
∑

j

(sj − Nl fl(xj ))
2

2σ 2 + const. (14)

If there are M repetitions of the measurement for each x
value then the data is indexed as s(k)

j , where k ranges from
1 to M , and the sum in L is over both j and k. The MaxLike
condition given the data set {s(k)

j }, for the estimated value
of l, is given by the condition

∂l

∑

j ,k

s(k)
j Nl fl(xj ) = 0, (15)

where we used the fact that the function is normalized at
this signal-to-noise level. The above simple result is very
appealing: in practice, one can define two vectors u, v of
size N with elements consisting of the measured data for
the first vector uj = sj , and the second is a series of trial
vectors defined by elements vj = Nl fl(xj ) for a variety of
different values of l. The first vector can carry out the sum
the data uj → ∑M

k=1 s(k)
j for different values of M to gain

improved accuracy. Accuracy is improved because the sig-
nal grows as M but the noise only grows as

√
M . The dot

product between the two vectors u · v is then plotted versus
the different trial values of l. When the dot product reaches
its maximum, that is the MaxLike estimated value for l.

There is an intuitive reason why the above procedure
is optimal. Let us recall the starting point of this analysis,
Eq. (2). Let lt be the true value of l that is sampled with the
data, and let l be the trial value that will be scanned. We
can write the function to be maximized as

∑

j

sjNl fl(xj ) ≈
∫

dx[Nlt flt(x) + ξ(x)]Nl fl(x). (16)

When integrating over the random variable, that term tends
to be zero, while the first term is simply the overlap
between two normalized vectors,

〈 flt |fl〉 = NltNl

∫
dxflt(x)fl(x), (17)

where we introduced Dirac notation for the inner product
of the two normalized waves. The overlap can be at most 1
when the value l = lt, which is where the maximum value
is reached. Any other value of l must necessarily lead to
an overlap less than 1. From this point of view, we see
that even if the rescaling is not perfectly normalized, the
log-likelihood function will still be maximized at the true
value of l.

Indeed, we can go further and approximate the log-
likelihood function, Eq. (14), in the vicinity of the true
value of l by writing Nl fl(x) ≈ Nlt flt(x) + ∂l(Nl fl(x))(l −
lt) and taking an average over the fluctuations to find

L ≈ const − M
2
2

∫
dx(∂lNlt flt(x))

2(l − lt)2. (18)

Therefore, the uncertainty of the MaxLike method is set by
the width of the log-likelihood curve in the large data limit,

〈L(l)〉 = const − (l − lt)2

2σ 2
ml

, (19)

where the statistical uncertainty on l is given by σml,
which is Gaussian in the large data limit by the central
limit theorem. The variance is given by the inverse Fisher
information,

σ 2
ml = 1

MIf (l)
. (20)

Without averaging, the log-likelihood is given for a single
realization of the data processing as

L(l) = const − (l − l̂ml)
2

2σ 2
ml,1

, (21)

where σ 2
ml,1 is the M = 1 variance. The statistic l̂ml can

be found by fitting data to a parabola, and further averag-
ing over M repetitions to improve precision. If l̂ml,j is the
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MaxLike estimator for the j th trial of the M repetitions,
then the variance (1/M )

∑
j (l̂ml,j − 〈l̂ml〉)2 is given by

Var[l̂ml] = Var[l̂ml,1]
M

≥ 1
MIf ,1

, (22)

where If ,1 is the one-trial Fisher information. We assume
each trial is independent of the others. Formal proofs of
the results above may be found in the statistics literature
[26,29,30] and arise from the central limit theorem.

Another estimation technique is Bayesian estimation. In
this method a probability distribution is given to l that
quantifies our degree of belief about the value of l. The
prior distribution is defined as P0(l). The likelihood is the
probability distribution of the data, given an assumed (and
fixed) value of l. We now use Bayes’ theorem to find the
probability of the value l, given a set of data taken from the
above model,

P(l|{sj }) = P({sj }|l)P0(l)
P({sj }) , (23)

where P({sj }) = ∫
dlP({sj }|l)P0(l). The new probability

distribution P(l|{sj }) is the posterior distribution for l,
given the data collected. If the posterior distribution is
maximized, then we see the Bayesian estimator can be
shifted away from the MaxLike estimator based on prior
knowledge. However, if a uniform prior is chosen, then
the maximum of the distribution coincides with the Max-
Like estimator. A more refined Bayesian estimator is given
by the average of l in the posterior distribution, and the
variance of the estimator can be computed as the variance
of l in the posterior distribution. This procedure is gener-
ally more resource intensive because an entire distribution
needs to be calculated for each value of l. While a uniform
prior is common and leads to the MaxLike estimator, it
may be advantageous to choose the Jeffreys prior because
the Fisher information vanishes at l = 0,

P0(l) =
√

If (l)
n

, n =
∫

dl
√

If (l). (24)

For this choice, P0(l) vanishes linearly near the origin as
P0(l) ∼ (l/4)δ(d2), where δ(d2) is the standard deviation
of the second derivative.

IV. PHOTON DETECTION

In this section we consider the complementary problem
of using direct photon detection of radiation returning from
a target. This analysis is suitable for lidar applications. The
photons are assumed to be time-resolved and tagged with
their arrival time ti. In the analysis below, we convert this
to a position label xi with the wave speed. We will con-
sider three different estimation approaches to determine

the range parameter l: an inner product metric (overlap
criterion); the Fisher information of the time-resolved pho-
todetected events; and, finally, the QFI, which optimizes
over all possible choices of measurement basis.

A. Overlap metric: state distinguishability

The ability to distinguish the original waveform (with
l = 0) from a returned signal with nonzero l can be quan-
tified with the overlap of the two waveforms. Perfect
distinguishability is obtained when the overlap is zero, but
statistical discrimination for the hypothesis testing is possi-
ble when the overlap is less than 1; see, for example, [31].
Let us define the overlap between the return signal and the
outgoing signal (here we assume both are normalized, with
Nl being the normalization of |fl〉) as

〈 f |fl〉 = Nl

∫ ∞

−∞
dxf (x)∗fl(x) (25)

= Nl

∫ ∞

−∞
dxf (x − l/4)f (x + l/4). (26)

Here we symmetrized and combined the two terms, taking
f real for simplicity. We note that this overlap is a special
case of Eq. (17), focusing on the case where the task is
to disseminate the separation distance of l from the null
hypothesis that there is no separation.

We can expand in powers of l (assuming a differentiable
function) and integrate by parts to find that while both the
normalization and the overlap integral have an order l2

term in the product that cancel out, leaving an order l4 term
as the leading- order behavior,

Nl = 1 + l2

8

∫ ∞

−∞
f ′2dx + l4

32

(
3
4

(∫ ∞

−∞
f ′2dx

)2

− 1
3

∫ ∞

−∞
dxf (4)f

)

+ . . . , (27)

while
∫ ∞

−∞
dxf

(

x − l
4

)

f
(

x + l
4

)

= 1 − l2

8

∫ ∞

−∞
f ′2dx + l4

384

∫ ∞

−∞
dxf (4)f + . . . , (28)

so the combined expansion is given by

〈f |fl〉 = 1 − l4

128

(∫ ∞

−∞
dxf (4)f −

(∫ ∞

−∞
f ′2dx

)2
)

+ . . . . (29)
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Thus, in order to maximize distinguishability, we should
minimize the above expression. This is clearly in the spe-
cial case where l is small on the scale of the features
of f (x).

B. Fisher information for position measurements

We now investigate the Fisher information metric. We
assume the system is measured in a time-resolved manner,
which we convert to a position basis via the wave speed.
The Fisher information about the parameter l for photon
detection is defined for probability distributions pl(x) as

Ip =
∫ ∞

−∞

(
∂ ln pl(x)

∂l

)2

pl(x)dx (30)

= −
∫ ∞

−∞

(
∂2 ln pl(x)

∂l2

)

pl(x)dx. (31)

We can simplify this formula if we consider the square of
the photon state as our probability distribution

pl(x) = N 2
l |fl(x)|2. (32)

Here we have renormalized the distribution with a prefac-
tor Nl, such that the distribution pl(x) is normalized for all
l.

An important aspect of the radar ranging problem is that,
in remote sensing, the amount of radiation received from
the target is typically many orders of magnitude reduced
in intensity. Therefore, the total Fisher information is the
normalized probability of return times the total number
of photons in the return signal. Inserting this formula for
the radar ranging problem, we find the result Ip = I1 + I2,
where

I1 = N 2
l

4

∫ ∞

−∞
dx

(
f ′(x − l/2)2 + f ′(x + l/2)2)

= N 2
l

2

∫ ∞

−∞
dxf ′(x)2, (33)

in which the prime denotes an x derivative and in the
second equality we shifted the integration variable, and

I2 = − ∂2

∂l2
lnN 2

l . (34)

We observe that the only l-dependence in the Fisher infor-
mation occurs in the normalization of the function. Despite
the different-looking expressions for the photon-detection
Fisher information Ip of Eqs. (33) and (34) and the field
Fisher information [Eq. (10)], they are in fact equivalent
up to a factor of 4, that is, 4
2If = Ip .

The leading-order behavior for small l is given by
expanding both I1 and I2 to second order in l to find

I2 = −1
2

∫ ∞

−∞
dxf ′2 + l2

2

(

−3
4

(∫ ∞

−∞
dxf ′2

)2

+ 1
2

∫ ∞

−∞
dxf (4)f

)

+ O(l4), (35)

where the (4) indicates the fourth-order derivative with
respect to x, and

I1 = 1
2

∫ ∞

−∞
dxf ′2 + l2

8

(∫ ∞

−∞
dxf ′2

)2

+ O(l4). (36)

Putting these results together to find the total Fisher infor-
mation, we see that the zeroth order in l term vanishes,
leaving only the second-order term, Itot = I1 + I2,

Itot ≈ l2

4

(∫ ∞

−∞
dxf (4)f −

(∫ ∞

−∞
dxf ′2

)2
)

, (37)

with a fourth-order correction in l. Thus, at l = 0, there is
no Fisher information to be had, and we need to go to the
second-order term in l for small l. We notice that the result
to this order can be expressed in terms of the variance of an
operator Ô = −d2/dx2 in the state f . Indeed, we will see
this more explicitly in the next subsection.

C. Quantum Fisher information metric

We now investigate the quantum Fisher information
(QFI) metric. The QFI permits the further optimization of
the parameter over all possible choices of measurement
basis [32,33]. The QFI about the parameter l is defined for
pure states as

F = 4(〈∂l fl|∂lfl〉 − |〈∂l fl|fl〉|2). (38)

The QFI metric gives a lower bound for the variance of any
unbiased estimator l̃ of the parameter l,

Var[l̃] ≥ M
F

, (39)

where M is the number of measurements taken, which
we consider to be the number of detected photons. Thus,
we wish to maximize the information acquired about the
parameter l in order to minimize the statistical uncertainty.

From a quantum-mechanical perspective, we can write
the radar ranging state fl(x) as

|fl〉 = Nl(e−ilp̂/2| f 〉 + eilp̂/2| f 〉)/2, (40)

where p̂ = −i∂x is the momentum operator, so its
exponential shifts the original state f by an amount ±l/2.
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Here we normalized the state from the start. Thus, the
shifted state can therefore be written as

| fl〉 = Nl cos(lp̂/2)| f 〉. (41)

The normalization can be found explicitly:

N 2
l = 1

〈 f | cos2(lp̂/2)| f 〉 . (42)

We note that the l-derivative is given by

|∂l fl〉 = − p̂
2

sin(lp̂/2)| f 〉 + N ′
l cos(lp̂/2)| f 〉. (43)

Inserting these results into the expression for the QFI, we
find the second term in Eq. (38) is zero, while the first may
be written as

F = 4

(
〈 f |Â2| f 〉〈f |B̂2|f 〉 − 〈 f |ÂB̂| f 〉2

〈 f |B̂2| f 〉2

)

, (44)

where we define the operators

Â = p̂
2

sin(lp̂/2), B̂ = cos(lp̂/2). (45)

This is a general result for the radar ranging problem
with two equal-weight point scatterers. We note that by
the Cauchy-Schwarz inequality for operators, the QFI F
must be positive. This statement can be proved by consid-
ering the expectation value of the square of the operator
〈f |B̂2|f 〉Â − 〈f |ÂB̂|f 〉B̂, in the state |f 〉, which must be
positive.

We now focus on the special case where l is small com-
pared to the typical inverse momentum component of f , to
obtain the leading-order expression in l:

F = l2

4
Var

[
p̂2]

f + O(l4), (46)

where we defined the variance of the operator in the state
f as Var[·]f . We see immediately that in the position basis,
we recover our previous result for the classical Fisher
information, as is expected.

The variance can be calculated most easily in momen-
tum space (k) to find

Var
[
p̂2]

f =
∫ ∞

−∞
dk|f̃ (k)|2k4 −

(∫ ∞

−∞
dk|f̃ (k)|2k2

)2

,

(47)

where f̃ is the Fourier transform of f .

V. SUBWAVELENGTH RESOLVING STATES

We now explore different states that could maximize the
Fisher information.

A. Sinc derivatives

We first consider the class of band-limited functions

gn(x) = Nn
dn

dxn sinc(k0x), (48)

where Nn is the normalization of the function and k0
is the band limit we consider. We consider n even. In
this case, the functions are even, so we can write the
overlap as a convolution gn � gn(−l/2). Using the convo-
lution theorem, we can write the Fourier transform on the
variable l/2 as

∫ ∞

∞
d(l/2)〈g|gn〉eikl/2 = |g̃n(k)|2, (49)

where g̃n(k) is the Fourier transform. In this case, the
Fourier transform of the nth derivative of the sinc function
is quite simple:

g̃n(k) = (ik)n Box[k − k0], (50)

where the Box function is 1 for −k0 < k < k0 and 0
elsewhere.

We can calculate the variance [Eq. (47)] for the class of
function gn discussed above. We find

〈p̂2〉 = 2n + 1
2n + 3

k2
0, 〈p̂4〉 = 2n + 1

2n + 5
k4

0. (51)

Thus, the variance of p̂2 is given by

Var[p̂2] = k4
0

4(2n + 1)

(2n + 5)(2n + 3)2 . (52)

However, the Fisher information about l vanishes in the
large n limit, so these functions are not helpful despite
being band-limited.

B. Frequency combs

We consider now delta-function peaks in the frequency
space. The simplest such combination is a monochromatic
tone. We consider the case often encountered in metrology
of

|f̃ (k)|2 = [δ(k − k0) + δ(k + k0)]/2. (53)

This function gives a monochromatic tone with frequency
k0, say sin(k0x). Unfortunately, while this function has
good variance of p̂2, it has exactly zero variance of p̂4, so
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there is no information about the l parameter. This fact is
clear from working in the original position (or time) space,
where Eq. (1) is given by

[sin(k0(x − l/2)) + sin(k0(x + l/2))]/2

= sin(k0x) cos(k0l/2), (54)

so after normalization of the function, there is no l infor-
mation for any value of l.

However, it is not difficult to create a variance of p̂2: we
add in a dc offset at k = 0, so that all are equally weighted,

|f̃ (k)|2 = [δ(k − k0) + δ(k) + δ(k + k0)]/3. (55)

Then the variance is given by

Var[p̂2] = 2k4
0

9
. (56)

More generally, we can consider a set of discrete frequen-
cies kj , with weights c2

j , resulting in

〈p̂2〉 =
∑

j

k2
j c2

j , 〈p̂4〉 =
∑

j

k4
j c2

j . (57)

For the case of a comb of N regularly spaced frequencies
kj = jk0 of weights c2

j , we have

|f̃ (k)|2 =
N∑

j =−N

c2
j δ(k − jk0). (58)

If we take the 2N + 1 states to have the same weight
1/(2N + 1), then we find the result

Var[p̂2] = k4
0N (N + 1)(4N 2 + 4N − 3)

45
≈ 4k4

max

45
, (59)

where we denoted the highest frequency appearing as
kmax = Nk0.

C. Bandlimited pulse

We follow our earlier article [16] and consider our inter-
ference class function to be a product of two functions,
f (x) = cm(x)fn(x), where cm is the “canvas” function, and
fn is an approximation of the function we are interested in
creating a band-limited version of [34]. Beyond setting the
band limits, the canvas function also enforces square inte-
grability of f (x) if chosen to decay sufficiently faster than
the divergence of the polynomial fn(x), so we restrict to the
case m > n. We use the �-band-limited canvas functions

cm(x) = sinc
(

�x
m

)m

(60)

where m governs the power of decay. The Fourier trans-
form of cm(x) is strictly zero above frequency �. The
polynomial fn(x) is defined as

fn(x) =
n−1∑

k=0

akxk, (61)

where the ak are chosen to be the Taylor coefficients of
the desired function f up to order n − 1. We use the
polynomial function

fn(x) = 8x − 14.3984x3 + 4.77612x5 − 0.82315x7, (62)

along with the c10(x) canvas function with scaled dimen-
sionless bandwidth � = 2π . A new method of creating
band-limited functions that closely approximate a desired
function in a finite region was recently introduced [35].
The function f (x) has steep regions as well as flat regions

–3 –2 –1 1 2 3
x

–0.6

–0.4

–0.2

0.2

0.4

0.6

g

–3 –2 –1 1 2 3
x

–0.6

–0.4

–0.2

0.2

0.4

0.6

f

FIG. 1. Two waveforms for super range resolution. The function f is band-limited (see text), while the function g(x) (left) is a
line-segment “triangle” function that mimics it with segments of either steep slope or zero slope. The triangle function is chosen so
that it has equal slopes and equal intervals. Both functions are normalized and the slope of the triangle function g chosen to match the
slope of the band-limited function f at x = 0.
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to easily distinguish reflector range from loss, as shown
in the right panel of Fig. 1 (we set the wave speed to 1).
A line segment function (“triangle function”) that captures
the main features is shown in the left panel. Both functions
are normalized and the slope of the triangle function is
matched to the slope of the band-limited function at x = 0.

In Ref. [16] we used the estimator

S = Acmax − Acmin

Almax − Almin
, (63)

where Acmax and Acmin are respectively the maximum and
minimum amplitude of the function in the steep center
region, and Almax and Almin are respectively the maximum
and minimum of the flat lobes of Fig. 1. This estimator
has many nice features, including its simplicity as well as
resemblance to balanced detection [36]. It is also linear
in the parameter for much of the subwavelength- resolved
region. Nevertheless, the MaxLike estimator in Sec. III A
is provably optimal. This is because the MaxLike estima-
tor incorporates the sensitivity of changes of the function
across the entire function. Nevertheless, the MaxLike esti-
mator is nonlinear, and the simpler estimator above may be
more practical. Nevertheless, we can quantify the advan-
tages in precision the MaxLike estimator can provide.
Furthermore, given a known model or range of models,
MaxLike can be generalized to cases where the simplify-
ing assumptions of our two- point scattering model break
down.

The function f (x) is used to compute the range resolu-
tion Fisher information in the field-detection case (which
is proportional to the Fisher information in the photon-
counting case, Ip = 4
2If ). The scaled Fisher information

2If is plotted in Fig. 2 as a function of r = l�/2π . It van-
ishes as l → 0 and behaves quadratically. The quadratic
approximation, Eq. (11), is also plotted as Iquad, calculating

Itot
Iquad

0.2 0.4 0.6 0.8 1.0
r

0.2

0.4

0.6

0.8

1.0

1.2

I Σ2

FIG. 2. Fisher information times noise strength is plotted ver-
sus target separation, in units of 2π/�, in the case of field
detection. The entire parameter range shown is traditionally
considered subresolved. The quadratic approximation Iquad is
compared with the exact result If = Itot.

Triangle

Band-limited

Quartic approximation

0.2 0.4 0.6 0.8 1.0
l

0.75

0.80

0.85

0.90

0.95

1.00

f fl

FIG. 3. The inner product between the original function and
its reflected version [Eq. (25)] is plotted as a function of range
separation l, in units of 2π/�. The overlap decays slowly as the
fourth power of the separation [Eq. (29)], with the exact calcula-
tion shown in blue dots and the quartic approximation shown in
black dashes. The triangle function overlap, with matched deriva-
tive at the origin, is plotted in solid red. The triangle overlap
decays more quickly, indicating better resolvability, owing to its
sharp cusps.

only the variance of the second derivative of the function
f (x), showing excellent agreement for small values of l that
are subresolved.

The triangle function is nonanalytic, so a Fisher infor-
mation analysis is not suitable. Nevertheless, we can com-
pute the overlap metric in this case, and compare it to the
band-limited function’s behavior. The plot of the overlap
metric [Eq. (25)] is shown as a function of the l parameter
in Fig. 3 as a solid red curve. Compared to the band-limited
function discussed in this section (plotted in dotted blue),
its nonanalytic behavior leads to greater resolvability. This
is because as soon as there is any separation, the inter-
fered function cuts the top off the triangle, leading to flat
regions. The drawback of this function is that it is no longer
band-limited, and indeed contains high- frequency content
[16]. In practice the cusp of the triangle will be slightly
smoothed.

VI. MULTIPARAMETER ESTIMATION

In the sections above we focused on single-parameter
estimation to set fundamental bounds on this technique.
However, the real power behind super-radar will be to
engage in many-parameter estimation for a variety of real-
world sensing tasks. Therefore, we give a brief treatment
here of the fundamental limits of multiparameter estima-
tion, even if simpler estimation techniques are ultimately
more practical.

We define a collection of parameters θ1, θ2, . . . , θp that
we wish to estimate. We focus on the field-detection mea-
surements here, so the detected signal is s(xi) = N
θ f
θ (xi),
plus detector noise, where the p parameters are encoded
with a p-dimensional vector 
θ . The statistical model is
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then given by Eq. (5), where we replace the target range
separation l with 
θ , the set of parameters imprinted on
the scattered wave from the collection of targets, which
can now be quite general. We define the single- repetition
Fisher information matrix Ijk to be

Ijk = −
∫ ∏

i

dsiP(si|
θ)
∂2 ln P(si|
θ)

∂θj ∂θk
. (64)

This matrix sets a bound on the covariance matrix of the
parameters, cov[θj θk] = 〈θj θk〉 − 〈θj 〉〈θk〉, given by

cov[θj θk] ≥ (I−1)jk, (65)

that generalizes the Cramér-Rao bound. Here I−1 is the
matrix inverse of the Fisher information matrix. An expres-
sion for the Fisher information matrix can be derived as a
generalization to Eq. (9). We find

Ijk = 1

2

∫
dx

∂(N
θ f
θ (x))
∂θj

∂(N
θ f
θ (x))
∂θk

,

=
N 2


θ

2

∫
dx

∂f
θ (x)
∂θj

∂f
θ (x)
∂θk

− 1

2N 2


θ

∂N
θ
∂θj

∂N
θ
∂θk

, (66)

where we assume f is analytic, bounded, and square inte-
grable. For M repetitions of the measurement, a factor
of M appears as a prefactor to the Fisher information
matrix. We note that optimal estimators saturating the
matrix Cramér-Rao bound [Eq. (65)] are more difficult
to find in the multiparameter case and may not exist in
general.

A. Unequal weight reflectors

As a simple example of multiparameter estimation, we
consider a slight generalization of the above two- point
scatterer model, where the weights of the two reflections
are unequal. In this case, the reflected function, Eq. (1),
becomes

fl,p(x) = pf (x − l/2) + (1 − p)f (x + l/2), (67)

where p ∈ [0, 1] is the relative weight of the two reflec-
tors. In this case, the Fisher information matrix is 2 × 2,
where 
θ = (l, p). The function normalization Nl,p depends
on both parameters in general. Defining the matrix Mjk =∫

dx∂θj f
θ (x)∂θk f
θ (x) that appears in Eq. (66) for conve-
nience, we find the matrix elements of M to be

Mll =
∫

dx
(

∂fl,p
∂l

)2

, (68)

where

∂fl,p
∂l

= 1
2

[−pf ′(x − l/2) + (1 − p)f ′(x + l/2)
]

. (69)

The (p , p)th element is

Mpp =
∫

dx
(

∂fl,p
∂p

)2

=
∫

dx(f (x − l/2) − f (x + l/2))2.

(70)

For small l, we have the approximation Mpp ≈ l2
∫

dx
f ′(x)2. The off-diagonal (l, p)th matrix element is
given by

Mlp =
∫

dx
∂fl,p
∂l

∂fl,p
∂p

= (p − 1/2)

∫
dxf (x + l/2)f ′(x − l/2). (71)

The other off-diagonal matrix element Mpl = Mlp by the
equality of the mixed partial derivatives. We notice the dis-
crete symmetry p → 1 − p , l → −l both in the model and
in the Fisher information matrix.

We focus on the most interesting case of deep subwave-
length range resolution estimation, where we expand in l
to leading order. We find the results

Mll ≈
(

1
2

− p
)2 ∫

dxf ′(x)2 +
(

l
4

)2 ∫
dxf ′′(x)2,

Mpp ≈ l2
∫

dxf ′(x)2,

Mlp ≈
(

p − 1
2

)

l
∫

dxf ′(x)2.

(72)

We notice that if the reflectors are unbalanced, the first
term in Mll can be much larger than the second term,
because the integral of the squared second derivative can
be much smaller than the integral of the squared first
derivative, because we have taken l to be much smaller
than the characteristic size of the pulse. Thus, the case
we have primarily focused on of perfectly balanced reflec-
tors is the most challenging case for estimating range
resolution. Adopting the unbalanced case, we find the con-
tribution from the normalization is of subleading order, and
can approximate


2I ≈
∫

dxf ′(x)2

(( 1
2 − p

)2 (
p − 1

2

)
l(

p − 1
2

)
l l2

)

, (73)

where the basis choice is 
θ = (l, p). Thus, the estima-
tion uncertainties are dependent on each other. Indeed,
in this special limit, we observe that the Fisher informa-
tion matrix has a zero eigenvalue, indicating the model is
singular in this limit. In hindsight, it is clear where the sin-
gularity comes from: the zero eigenvalue originates from
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expanding our returning pulse Eq. (67) to leading order in
l, p , flp(x) ≈ f (x) + (1/2 − p)lf ′(x). We see the product
of parameters (1/2 − p)l appears at this order, indicating
it is not possible to estimate each independently. We can
break the singularity by keeping the order l2 in the (l, l)th
term of the Fisher information matrix,


2Ill ≈
(

1
2

− p
)2 ∫

dxf ′(x)2 +
(

l
4

)2 ∫
dxf ′′(x)2

− l2(p2 − p)2
(∫

dxf ′(x)2
)2

, (74)

which reproduces Eq. (11) when p = 1/2.

VII. CONCLUSIONS

We have explored the fundamental limits of remote
sensing range resolution that is subwavelength, “super-
radar.” By applying the formal methods of parameter
estimation as applied to known waveforms reflected off
two point targets with equal amplitude reflections (for
simplicity), we quantified the smallest resolvable distance
between the two targets and bounded the precision of range
resolution as a function of separation. We found general
expressions for the Fisher information, which bounds the
variance of the parameter of interest. As the separation of
the targets goes to zero, the information vanishes quadrati-
cally with a prefactor proportional to the variance of the
second derivative, evaluated in the waveform. We dis-
cussed different estimation methods, including Bayesian
estimation and the optimal (nonlinear) maximum likeli-
hood estimator, as well as a simpler balanced detection-
type estimation method, which is linear for sufficiently
large separation. We also considered photon detection and
derived both Fisher information for space-resolved (or
time-resolved) detection as well as the QFI, optimized to
any measurement basis. We find similar results there to the
field detection: the information also vanishes quadratically
as separation decreases, and the results are equivalent up
to a constant of proportionality. Nevertheless, these meth-
ods beat the traditional range resolution limits by orders
of magnitude. We explored different bandlimited wave-
forms that can be implemented in super-radar, optimizing
the variance of the second derivative that will be continued
in future work. We also discussed multiparameter estima-
tion, and set fundamental bounds on that task as well. In
future work, we will implement these optimal estimators
experimentally and demonstrate improved range resolution
precision.
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