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Large-chiral-number corner modes in Z-class higher-order topolectrical circuits
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Topological corner states are exotic topological boundary states bounded to zero-dimensional geometry
even when the dimension of bulk systems is larger than one. So far, all previous realizations of higher-
order topological insulators (HOTI) phases are hallmarked by Z, topological invariants and therefore
have only one corner state at each corner. Here, we report an experimental demonstration of Z-class
HOTI phases in electrical circuits, characterized by multipole chiral numbers N, hosting large-number
corner modes at each corner. By measuring the impedance spectra and distributions, we clearly observe
that the multipole corner modes in Z-class HOTI phases feature scalable mode areas. Moreover, we find
that the local density of states (LDOS) at each corner is maximally distributed at N corner unit cells,
differing conspicuously from the Z,-class case, where the LDOS only dominates over one corner unit cell,
allowing us to probe the topological number N and reveal the corresponding fractional corner charges. Our
results extend the observation of HOTIs from the Z, class to the Z class and the coexistence of spatially
overlapping large numbers of corner modes that may enable exotic topological devices that require high-

degeneracy boundary states.

DOI: 10.1103/PhysRevApplied.20.064042

L. INTRODUCTION

Bulk-boundary correspondence, as one of the most
important physical properties of topological materials,
links the bulk topological invariant to the number of
boundary states at a certain open boundary [1,2]. For Z-
class topological phases, the topological invariant is no
longer limited to unity and can be a larger number, conse-
quently generating large numbers of topological boundary
states [1,2]. Besides the fundamental interest, multipole
topological boundary states can significantly improve the
channel capacities and coupling efficiencies, having great
practical value in enabling functional topological pho-
tonic, acoustic, and mechanical devices [3—10]. Therefore,
the realization of such an unusual topological phase is
highly desirable but very hard. Until recently, topological
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insulator phases with larger Chern numbers [11-14] have
been experimentally reported in photonic crystals [15] and
solid materials [16].

The recent discovery of HOTI phases has further
expanded the concept of topological phases [17-20]. One
appealing feature associated with such a phase is the exis-
tence of lower-dimensional topological boundary states;
e.g., topological corner states of zero dimension. Topo-
logical corner states have recently attracted great interest
in many platforms [21,22], such as photonics [23-32],
phononics [33—47], and electrical circuits [48—62]. They
have also motivated numerous important applications and
studies, ranging from topological cavities and lasers [63,
64] to nonlinear [65—68] and quantum optics [69,70]. The
latest finding is that HOTIs are not limited to the Z, class,
which can be further promoted to the Z class [71]. As illus-
trated in Figs. 1(a) and 1(b), distinct from Z;-class HOTI
phases, Z-class HOTI phases are classified by multipole
chiral numbers (MCNs) N, featuring N corner modes at
each corner [71]. However, it is quite a challenge to realize
long-range couplings in photonic and phononic topological
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platforms, thus hindering the experimental demonstration
of such unconventional phases.

In this work, we report on the experimental realization
and detection of Z-class HOTI phases using topolectrical
circuits. Going beyond previous experiments on Z,-class
HOTI phase, the experimental implementation of Z-class
HOTI phases [71] can provide more insights into HOTI
phases, such as observing multipole corner modes at each
corner, demonstrating HOTI phases protected by a Z-class
topological invariant instead of the Z,-class, and filling
the gap of the HOTI phase in the AIII class. In the past
few years, electrical circuits have been demonstrated to
be a powerful platform in implementing topological lat-
tice models and exploring topological phases [48,72—74],
including lattice geometry [60,75—77], higher dimensions
[55,78,79], long-range couplings [59,61], gauge fields
[80,81], and nonlinear [82,83] and non-Hermitian terms
[84-86]. In addition to topological band structures and
boundary states, this system also allows us to investigate
the dynamics [87—89], the topological temporal pump [90],
and nonlinear [91] and non-Hermitian physics [92].

To realize Z-class HOTI phases, we need to design
and fabricate a circuit lattice with long-range couplings.
Based on calculating multipole chiral numbers N and
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FIG. 1.

circuit admittance spectra, we show that our constructed
long-range circuits support four distinct nontrivial Z-class
HOTI phases identified by N = 1,2, 3,4 and host N cor-
ner modes at each corner. Experimentally, the measured
zero-energy corner-mode resonances and density distribu-
tions agree well with the simulated results, demonstrating
the emergence of Z-class HOTI phases in the circuits. We
have also explored the mode areas of the corner modes in
Z-~class HOTI phases. It turns out that, distinct from Z;-
class HOTI phases, the mode area in the Z-class HOTI
phase scales up with the value of the MCN. Therefore,
the corner modes in Z-class HOTI phases feature scalable
mode areas that could enable novel applications in design-
ing topological corner lasers. Moreover, we implement
LDOS measurements in our topolectrical circuit experi-
ments, which provides a direct way to detect the multipole
chiral number V, i.e., the Z-class topological invariants
established in real space for classifying Z-class HOTI
phases [71], thus making different Z-class HOTI phases
experimentally distinguishable. Furthermore, we find that
LDOS measurements also allow us to gain more insights
into the fractional corner charges in Z-class HOTI phases.
Different from Z,-class HOTI phases that have a single %
fractional charge at each corner, our experimental results

0
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(a) The Z,-class HOTI phases, characterized by quantized quadrupole moments, featuring one corner mode at each corner.

(b) The Z-class HOTI phases, protected by multipole chiral numbers, hosting multipole corner modes at each corner. (¢) A diagram
of the tight-binding lattice model with nontrival multipole chiral numbers N, where J;, J,, Jix, Jox, J1y, and J,y represent different
hopping strengths and the dashed lines represent hopping terms with negative sign. (d) The circuit diagram for implementing the long-
range-coupling lattice model hosting Z-class HOTI phases. The gray square lists the specific circuit elements and the corresponding
lattice parameters. () An experimentally realized circuit for a unit cell on a printed circuit board. (f) The topological phase diagram in

terms of the MCN's in the parameter space of J;; and J,, for J,; = Jy1,J)2

= sz, and J2 = —0.5.]1.
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show that Z-class HOTI phases have N such fractional
charges neatly distributed in each corner.

II. Z-CLASS HIGHER-ORDER TOPOLECTRICAL
CIRCUITS

In Fig. 1(d), we design an electrical circuit to demon-
strate its power in building long-range couplings, which
is crucial and valuable for realizing and exploring vari-
ous complex topological phases. The response of a cir-
cuit at frequency w is given by Kirchhoff’s law [, =
> pJan(@) Vi (w), where I, is the input current flowing out

J

of node a, Vy(w) is the voltage of the circuit node b,
and J,(w) is the element of the circuit Laplacian. At the
resonant frequency, the circuit Laplacian functions as the
analogue of the lattice-model Hamiltonian, with the circuit
nodes being the lattice sites.

The tight-binding lattice model that we implement in
this work by using electrical circuits is shown in Fig. 1(c).
The total Hamiltonian constitutes two parts, described by
H = Hgpy + Hire, where Hpgy and Hpgre are, respec-
tively, the Benalcazar-Bernevig-Hughes— (BBH) model
Hamiltonian and the dimerized long-range-couplings
Hamiltonian, written as

HBBH = Jl Z (_a:;,’ncm,n + djn,nam,n + bjn,ndm,n + C,:,’nbm,n + hC)

m,n

E + T
+ J2 (_am’ncmfl,n - Cm,nam%»l,n + dzl,nam,rH»l + ajn,ndm,nfl
m,n

+ bjy,’nderl,n + djn,nbmfl,n + cl,nbm,nfl + bjn’ncm,nJrl)a

HLRC = Z Z (Jx + (_l)nax) (_ajn,ncm—Z,n - Cjn,nam+2,n + bi1,ndm+2,n + djn,nbm—Z,n)

meeven n

(M

+Y 03 (B + (=178, (@, udmn2 + dy yamnsz + € w2 + bl yCmni2)

m neeven

+Jxl Z Z (_a:;,ncmfln - Cjn,nam+2,n + b,Ty,’ndm+2,n + djn’nbmfln)

meodd n

+Jyl Z Z (ajn,ndm,n—Z + dz1,nam,n+2 + C,Tn’nbm,n—z + b:n,ncm,n+2) 5

m neodd

where the unit-cell position is labeled as (m,n), J; and
J, are the dimerized nearest-neighbor couplings, Jy(,) =
e1p) +J2p2))/2, and 8.y = (Jrap2) — Jripny)/2, with
Je1 (Jy1) and J» (J,2) being the dimerized long-range
couplings along the even x (y) direction. The long-range
couplings in our work are chosen between next-nearest-
neighbor unit cells but can easily be generalized to be
much longer.

Specifically, as shown in Fig. 1(d), each unit cell con-
tains four nodes labeled by a-d. The positive and negative
couplings are, respectively, implemented by inductors and
capacitors, as shown in Fig. 1(e) for its realization on a
printed circuit board. Based on the Z-class HOTI model
[71], we further find that as the long-range intracell cou-
plings are designed to feature dimerized configurations in
the even rows and columns, the corresponding circuit has
much richer topological phase transitions, as presented in
Fig. 1(9).

The long-range couplings in Fig. 1(d) are designed in a
chiral-symmetry fashion. Thus, the circuit lattice naturally

(

inherits chiral symmetry and its Z-class higher-order bulk
topology is characterized by the MCN [71], which is a real-
space topological invariant, defined as

1 — 4 = ps
N = S —Trlog(Q,, 0., )
Tl

where Q;‘y*B are the multipole moment operators projected
into the sublattice spaces. By numerically calculating the
MCN, the topological phase diagram associated with the
implemented lattice-model Hamiltonian in Fig. 1(c) is pre-
sented in Fig. 1(f). The result shows that the presence
of long-range couplings could drive the circuit into four
distinct nontrivial Z-class HOTI phases, as indicated by
N =1,2,3,4. There are two different topological phase
transitions in this system, as labeled in Fig. 1(f) in the
phase boundaries, accompanied, respectively, by the bulk
and edge band-gap closings. In particular, implementing
the Z-class HOTI phase N =3 in our model does not
require complicated diagonal long-range couplings [71].
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Moreover, for the nontrivial cases N > 1, the correspond-
ing system features the trivial quadrupole moment g =
0. However, as shown below, they indeed host large-
number topological corner modes, satisfying bulk-corner
correspondences.

To demonstrate the emergence of multipole corner
modes in the circuits, in Figs. 2(a)-2(d) we simulate the
eigenvalues of the circuit Laplacians varying with the driv-
ing frequency, for circuits featuring different MCNs. The
grounding conditions (see Sec. II in the Supplemental
Material [93]) are taken into account in the simulations so
that all diagonal terms in the circuit Laplacian vanish at
the resonant frequencies. As manifested, the correspond-
ing spectra respect chiral symmetry at the resonant fre-
quencies fy = 876 kHz for N = 1,2,4 and f; = 1591 kHz
for N = 3. By sorting them out in Figs. 2(e)-2(h), we
can see that the circuit Laplacians support large num-
bers of gapped zero modes, with their specific numbers
given by 4N, determined by the MCNs. Figures 2(i)-2(1)
plot the corresponding distributions in the circuit lattices
for these zero modes, which maximum distribute at cor-
ner sites, indicating that they are corner modes, together
with Figs. 2(e)-2(h) confirming the Z-class higher-order
bulk-corner correspondences. Compared to Z,-class HOTI

phases, the corner modes in the Z-class HOTI phases have
much larger mode areas and richer distribution features.
For example, Figs. 2(i-2(1) show that as N increases from
1 to 4, the corner-mode area could increase from 1 unit
cell to roughly 16 unit cells, which may can motivate novel
applications in designing topological corner-mode lasers.

III. OBSERVING LARGE-NUMBER CORNER
MODES WITH SCALABLE MODE AREAS

We experimentally fabricate four nontrivial Z-class
higher-order topolectrical circuits, corresponding to N =
1,2,3,4, respectively. Their featured higher-order topo-
logical features, i.e., the zero-energy corner-mode reso-
nances and density distributions (as predicted in Fig. 2), are
detected by measuring the impedance Z, between the node
a and the ground, which is related to the eigenvalues and
eigenvectors of the circuit Laplacian, j, and v,, respec-
tively, via Z, =), |1p,,,a|2 /j». This relationship enables,
when the circuit is excited at the resonant frequency, that
the impedances at the corner nodes should be extremely
large compared to the impedances at the bulk and edge
nodes, as in the corner nodes zero-energy corner modes
have been excited mostly, which leads to the fact that
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FIG. 2. The large-number corner modes that emerge in circuit Laplacian spectra. (a)~d) Simulated admittance spectra as a function
of the driving frequency for different MCNs: (a),(e) N = 4; (b),(f) N = 3; (c),(g) N = 2; (d),(h) N = 1. At the resonant frequencies
(gray solid lines), the spectra respect chiral symmetry (red dashed lines) and host large-number (4N) zero modes that correspond
to corner modes, as manifested by sorting them out in (e)}~(h). (i)«(1) The simulated distributions of the zero-energy corner modes,
revealing that the corner modes in Z-class HOTI phases have extended mode areas.
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FIG. 3. The observation of large-number corner modes featuring scalable mode areas. The (a)+d) simulated and (e)—(h) measured

impedances between the corner, edge, and bulk circuit nodes and the ground via scanning the driving frequency in different Z-class
higher-order topological circuits: (a),(e) N = 1; (b),(f) N = 2; (¢),(g) N = 3; (d),(h) N = 4. Both results clearly verify that the corner-
mode resonances occur at the resonant frequencies (black dashed lines). (i)«1) The measured impedance distributions for the corner
modes, demonstrating that the mode areas in the Z-class HOTI phases scale up with the MCNs.

|¥,.q|* is maximal and j, is near zero at corners. Figures
3(a)-3(d) verify this feature for four different MCNs based
on simulating the measurements using the LTspice simula-
tion software. As expected, the highest peaks in the simu-
lated corner impedances occur at the resonant frequencies
and the small peaks in the edge impedances reflect that the
distribution of the corner modes extends to edge nodes in
the Z-class HOTI phases with larger MCNs. The exper-
imentally measured corner, edge, and bulk impedances
are presented in Figs. 3(e)—(h), respectively, for different
MCNs, and agree very well with the simulation results.
In circuit systems, the broadening around the resonant fre-
quency is due to the parasitic resistance of the inductors.
In practical experiments, the inductor resistances increase
with the driven frequency of the circuit. Then, there exists
a considerable broadening in the N = 3 phase, which has
a larger resonant frequency. The distributions of the corner
modes in the circuits are probed by measuring the all-node
impedances at the resonant frequencies. As displayed in
Figs. 3(i)-3(1), as the topological invariant N increases
from 1 to 4, the corner-mode areas will extend to the edge

and bulk nodes, scaling up with the MCNss, in accordance
with the theoretical simulations in Figs. 2(i)}-2(1).

IV. PROBING MCNs AND REVEALING
FRACTIONAL CORNER CHARGES

To unambiguously distinguish the different Z-class
HOTI phases, it is highly desirable to have the capabil-
ity to detect the MCN values. The simplest way is to
count the numbers of corner modes that equal the MCNs
according to bulk-corner correspondence. However, the
corner modes are degenerate in the admittance spectra and
cannot be extracted. We now show that such topological
numbers can be probed by LDOS measurements. Note
that the use of LDOS measurements to probe fractional
charges has recently attracted great interest in photonic and
acoustic systems [94-99]. For circuit systems, the LDOS
(mode density) at each circuit node—e.g., the circuit node
a—is measured via the real part of the impedance Z,,
ie., p(f ,a) = 2f Re[Z,] (see Sec. IV in the Supplemen-
tal Material [93]). In Fig. 4, we exemplify the Z-class
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Spatial maps of simulated and measured LDOSs for N = 1 and N = 4 integrating over (a),(b),(e),(f) the lower band and

(¢),(d),(g),(h) an in-gap spectral range covering all corner modes: (a),(e) simulated; (b),(f) measured; (c) four corner modes, simulated;
(d) four corner modes, measured; (g) 16 corner modes, simulated; (h) 16 corner modes, measured. Each circuit node is represented as a
circle with a radius proportional to the LDOS. Each number gives the LDOS in the corresponding unit cell. The topological invariants
N and fractional corner charges are, respectively, detected and manifested by the LDOSs in the shaded corner unit cells.

topological phases N = 1 and N = 4. To extract the MCNss
from the LDOS, the LDOS for each unit cell has been
integrated over the lower band [Figs. 4(a), 4(b), 4(e), and
4(f)] and an in-gap spectral range taking into account
all corner modes [Figs. 4(c), 4(d), 4(g), and 4(h)]. As
shown, the experimentally measured data agree well with
the theoretically simulated results.

According to the bulk-corner correspondence, the value
of the MCN is equal to the number of corner modes at
each corner. The number of corner modes can be mea-
sured by summing the in-gap LDOSs over all unit cells.
Consequently, there exists a direct relationship between the
MCN and the in-gap LDOS, N = Y, pF*" /4, where r is the
unit-cell index. Unfortunately, due to experimental imper-
fections (see Sec. V in the Supplemental Material [93]),
we are unable to precisely measure the value of the in-gap
LDOS and thus we cannot extract the value of the MCN
using the above relationship. However, we still can infer
the MCN from the number of unit cells with a maximally
distributed LDOS, which evidences the numbers of cor-
ner modes. Specifically, such unit cells are referred to as
corner-localized unit cells (marked by shaded backgrounds
in Fig. 4). For the in-gap LDOS, contributed solely by
the corner modes, each bulk unit cell features almost zero
value and only the corner LDOS dominates, in accordance
with the theoretical expectation. As the corner modes have

weights in the edge and bulk nodes, the in-gap LDOS p&™

in the shaded corner unit cells is closing to but not equal
to 1 but the numbers of such corner-localized unit cells
can still manifest the numbers of corner modes, i.e., the
value of the MCN. Given the obvious difference between
the LDOS in the corner-localized unit cells and the rest of
the unit cells, such an indicator is a robust observable for
experimental detection.

The value of the MCN can also be inferred from the
lower-band LDOS. From Figs. 4(a), 4(b), 4(e), and 4(f), we
see that the measured lower-band LDOS in each bulk unit
cell is approximately p = 2, which conforms to the expec-
tation at half filling (the lower band is twofold degenerate).
In contrast, the lower-band LDOSs pEa“d in the shaded
corner unit cells are no longer 2, due to the in-gap cor-
ner modes that are occupying them. More specifically, for
N =4, at each corner there are 4 corner unit cells within
which the LDOS is closing to 1.5, while for N = 1 there is
only one such unit cell. Similarly to the case in the lower-
band LDOSs, the numbers of corner-localized unit cells
in the in-gap LDOSs also reflect the numbers of corner
modes, i.e., the MCN. Moreover, we can observe that the
difference between the bulk and corner lower-band LDOSs
is due to the presence of the corner mode at the corner
unit cell. With this feature, the corner-mode charge can
be inferred as 1/2, agreeing with the results reported in
two recent acoustic experiments [97,99]. For the Z-class

topological phases N = 4, we also find that there are four %
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fractional corner charges distributed at each corner, which
is distinct from the Z,-class topological phases hosting one
such fractional corner charge.

V. CONCLUSIONS

In summary, we have experimentally realized Z-class
HOTI phases in electrical circuits. Distinct from the inten-
sively studied Z,-class HOTI phase, the recently theo-
retically established Z-class HOTI phases [71] are pro-
tected by Z-class topological invariant and feature mul-
tipole corner modes at each corner. By fabricating long-
range-coupling topolectrical circuits and measuring the
impedances in all circuit nodes, we have realized four dis-
tinct Z-class HOTI phases characterized by MCNs with
N =1,2,3,4, we have detected the corresponding zero-
energy corner-mode resonances, and we have revealed
that the corner modes in Z-class HOTI phases have much
larger mode areas, scaling up with the MCN N. Addi-
tionally, based on LDOS measurements, we have further
probed the values of N, making the different Z-class
HOTI phases experimentally distinguishable. With the
same LDOS data, we have also found that there are N frac-
tional corner charges %, distributed in an orderly manner
at each corner. As shown, our experiment has not only
demonstrated the theoretically predicted Z-class HOTI
phases [71] but also provided a method to detect the topo-
logically invariant MCN and reveal the fractional charges
associated with the multipole corner modes. Therefore,
our work will hopefully promote further theoretical and
experimental studies on HOTI phases.

The realization of large topological numbers and multi-
pole corner modes in one corner structure will have several
important consequences. First, a higher-order topologi-
cal pump [100,101] has recently been achieved based on
Z, HOTI phases. However, with our observed Z, HOTI
phases, four corner states at each corner feature degener-
ate evolution and may lead to a non-Abelian topological
pump [102]. Second, the creation of a disclination structure
from our lattice can trap large-number degenerate topolog-
ical disclination states at the disclination core, thus going
beyond previous Z topological disclination states [103—
105]. Third, when gain and loss are introduced into our
circuits [84,85,92], one can study P7 -symmetry phase
transitions [106,107] in our circuit lattices. Due to the
four corner states at each corner, the non-Hermitian HOTI
phase diagram might be more diverse than its Z,-class
counterpart. Finally, the large-number corner modes with
scalable mode areas may hold promise for enabling exotic
topological lasers [63,64].
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