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The synthetic gauge field, projectively enriching the algebraic structure of spatial symmetries, has
become a hotspot in topological physics recently. The intrinsic orbital degrees of freedom, playing a
fundamental role in solid-state materials and offering an alternative platform, have not yet been stud-
ied extensively in classical wave systems, such as acoustic systems. Here we propose orbital-dependent
gauge fields by utilizing the intrinsic degenerate p orbitals in a square lattice of coupled acoustic cavities.
To realize the orbital-related synthetic gauge fields, an acoustic disk-shaped resonator hosting degener-
ate p orbitals is designed, where the signs of transverse and longitudinal hoppings can be simultaneously
tailored on demand by tuning the geometries of coupling waveguides in the dimer units. We then show
two different types of orbital-dependent topological insulators resting with the orbital-dependent gauge
fields via the tight-binding method and full-wave simulation. Moreover, an orbital-dependent semimetal
phase is revealed in the square lattice with a varied dimerization pattern. Our findings reveal the existence
of abundant physical phenomena as the cavity orbitals and gauge fields meet with the topology, initial-
izing the framework for orbital-related topological physics and opening up opportunities for potential

multifunctional acoustic applications, such as sound sensing and trapping.
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I. INTRODUCTION

Synthetic gauge fields (SGFs) possess the characteristics
to make neutral particles act as if they go through an exter-
nal field, which also play a crucial role in wave physics.
In previous works, the SGFs were generated by virtue
of some external modulations [1,2] or judicious geome-
try design [3,4]. Plenty of fascinating effects and related
applications have been realized by utilizing SGFs, such as
the anomalous light guiding [5,6], negative wave refraction
[7], spectrum controls [8] and dispersionless engineering
[9]. SGFs were also proposed and reported in the synthetic
dimensions [10,11]. Nonetheless, SGFs provide an avenue
for realizing topological insulators (TIs) in photonics [12]
and acoustics [13]. For instance, the topologically pro-
tected one-way photonic edge states were generated by a
gauge potential induced via the phase modulation [12], and
an acoustic Floquet TI was illustrated by SGFs based on a
slow on-site rotating modulation scheme [13]. As = gauge
flux exists per each plaquette, the acoustic quadrupole TIs
[14,15] and the photonic Aharonov-Bohm effect can thus
be realized [16,17].

Recently, SGFs have been discovered to play a role
in topological band physics at a more fundamental level,
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which alter the algebraic structure of space-group sym-
metries and enable the inherent projective representation
[18-22]. For instance, in the absence of SGFs, two prim-
itive translation symmetries in the rectangular lattice are
supposed to commute with each other, while they alter
to be noncommutative with the 7 flux induced by SGFs.
By means of the projective symmetry algebra, a plethora
of alternative topological phases and insulators have been
illustrated, such as the Brillouin-Klein bottle insulators
[23], Mobius insulators [24], as well as the spinless
Kramers-Majorana modes [20].

The intrinsic orbitals, which play a role in correlated
electronic systems [25] and solid-state materials [26], have
yielded plenty of peculiar topological phases involving the
orbital superfluidity [27] and topological semimetals [28].
More recently, related researches on orbitals have been
expanded to the realms of photonics [29,30] and electron-
ics [31,32]. For instance, the optically induced magnetic
topological edge states were visualized in the zigzag-chain
of dielectric resonant structures [29]. Besides, lasing via
a topologically protected edge mode has been illustrated
in a one-dimensional zigzag lattice [30]. The p-orbital
band manipulations and Dirac cones were also realized
in the electronic Lieb lattice [31] and honeycomb lattice
[32] via the scanning tunneling microscopes, respectively.
Recently, a unique type of photonic quadrupole topo-
logical insulator was reported by leveraging both s and
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p orbital-type modes to generate the synthetic magnetic
flux threading the lattice [33], and this mechanism was
furtherly employed to illustrate the Mobius topological
insulators and the Weyl-like semimetals [34,35]. Though
the orbital degrees of freedom were witnessed to offer a
powerful avenue in exploring the topological physics in
various realms. Utilizing the intrinsic degenerate orbitals
to design orbital-dependent SGFs as well as hybrid band
topologies are left uncharted in acoustic systems.

In this work, we propose a composite acoustic square
lattice supporting degenerate p orbitals, giving rise to the
hybridization of a two-dimensional (2D) Su-Schrieffer-
Heeger (SSH) lattice with zero flux per plaquette and a
Mobius TI with synthetic 7 flux per plaquette. Resting
with the tight-binding model (TBM), we systematically
derive the Hamiltonians involving the orbital interac-
tions among different lattice sites. To realize the orbital-
dependent gauge fields in acoustic systems, we design
on-site disk-shaped acoustic cavities hosting degenerate
p orbitals and form the effective orbital-coupling mech-
anism, where the coupling signs can be tailored by the
connection styles of linking waveguides in a dimer unit.
Then we analyze the characteristics of energy bands in
the model with/without applying coupling dimerization
by TBM and full-wave simulation (FWS), which are in
good agreement. By harnessing a strip supercell model,
two types of hybrid orbital edge states are directly visu-
alized. We thus confirm the orbital-dependent Mobius TI
by the frequency responses and excitation field distribu-
tions in simulations. Furthermore, the orbital-dependent
semimetal phase and flat-band feature in the square lattice
are shown by an alternative dimerization coupling pat-
tern. Our work provides a fundamental understanding of
the interplay between acoustic orbital modes and synthetic
gauge fields, shedding light on orbital-related topological
physics and programmable acoustic devices.

II. ORBITAL-DEPENDENT GAUGE FIELD

We start with the schematics for two individual square
lattices whose sites host different orbitals as displayed in
Figs. 1(a) and 1(b). Clearly, the coupling patterns per pla-
quette of them are discriminative. Specifically, each site
in Fig. 1(a) is equipped with p, orbital. A dimerization of
o-type coupling between the adjacent sites exists in the
x direction, as denoted by the dashed blue lines (negative

coupling) with the couplings %, < t;, < 0. Identical -
type coupling #,, exists in the y direction, as denoted by
the solid black lines with ¢, > 0. The consequent syn-
thetic flux is zero. In contrast, p, orbital occupies each
site in Fig. 1(b) and there exist the dimerization of -
type couplings with reversed signs marked by the dashed
(solid) black lines denoting negative (positive) couplings
in x direction and the same o -type couplings ¢, in y direc-
tion, giving rise to a 7 flux per plaquette. On the basis of
this feature, a composite square lattice comprising both the
information in the lattices of Figs. 1(a) and 1(b) can be
constructed, showing the orbital-dependent property. The
Hamiltonian for the constructed composite square lattice
based on the TBM reads as
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in which a;(&), bi(by), ¢i(é;), and dy(dj) stand for the o-
type (w-type) annihilation operators at four sites A4, B,
C, and D within a primitive cell as shown in Fig. 1(a),
respectively, with the site position at /. The subscript i
in a;; denotes the projection direction along the primitive
lattice vectors ¢; (i=1, 2). t15(t2s) and t,(¢,;) corre-
spond to the intracell (intercell) o -type and 7 -type hopping
amplitudes in x direction, respectively, while the hop-
ping amplitudes for intra- and intercell are equal in y
direction. As the Fourier transformation is used for all
real-space operators and the eight-component spinors are
considered, we derive the Hamiltonian in the momentum
space
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with k= (k,, k,). In Eq. (2) e; and o, are the unit vectors
orthogonal to each other (t, < t1, <0, 0 < t1; < tor).
The equivalent Hamiltonian formed by the ingredient of
p, orbital in the lattice that carries 7 flux per plaquette can
be expressed as

H =t,(1+ COSky)Fl + Ho sinkyFZ
— (tix + iz cOsSk) I3 — oy sink, [y, (3)

where I =00 Q71, =001, [3=01Q 1, [4=
07 ® 13. 0; and 7; represent the Pauli matrices acting on
the x and y sublattices, respectively. As the & flux exists,
Eq. (3) does not respect the primitive translation symmetry

L,=00® (egy (1)> By employing a gauge transforma-

tion G = 03 ® 19 to L,, we can obtain the projective trans-
lation £, = GL, and [L,,H;] = 0. Besides, the system
also respects the chiral symmetry S = o3 ® 13. The effec-
tive Hamiltonian formed by the ingredient of p, orbital can
thus be acquired as

Hy =t1;(1 +cosk,) I + t1 sink, I
+ (tla + 5 COS kx)FS + 6o sin kxFG: (4)

where I'5s = 01 ® 19, and I = 03 ® 9. Figure 1(c) shows
the corresponding acoustic models for two types of dimer
units. On the left of Fig. 1(c), the black dots in the sketch
represent the sites hosting both p, and p, orbitals. The
solid aqua line indicates the composite couplings for p
orbitals, where the coupling signs are negative for o-
type hopping and positive for w-type hopping. To realize
these demanding properties in the acoustic model, the disk-
shaped resonators allowing for orthogonal degenerate p
orbitals are designed, and a V-style waveguide linking the
resonators, as shown in the subfigure next to the sketch,
satisfies the reverse-sign coupling for the two orbitals in
the dimer unit. Similarly, the sketch and acoustic model
for the dimer unit with X-style negative couplings for both
o-type and m-type hopping are shown at the right panel
of Fig. 1(c). To elucidate the coupling process and inter-
action mechanism, we choose the dimer unit cell with
V-style coupling waveguides as an example to simulate
its four eigenmodes, viz., the o bonding, = bonding, =
antibonding, and ¢ antibonding, respectively, with increas-
ing frequencies, as displayed in Fig. 1(d). Here, the o-type
and m-type bondings correspond to two different types of
coupling. Specifically, o bonding describes the coupling
between the cavity sites with orbital orientation parallel to
the bonding direction, while = bonding describes the hop-
ping for orbital orientation perpendicular to the bonding
direction. By analyzing the frequencies of eigenmodes, we
can find that the couplings for o -type bonding and m-type
bonding are negative and positive, respectively. A similar

"L | eee
OO |0,0,6,
OIOIO  ®®®,

<@
@-

yT - - R yt D000
“"lo( ) eeety, (=) — 11,(+) X =) oo (=) =)

c d
(©) (L
=] o
=] =]
=] o
° ° S z e
% -
o o
¢ ¢ g : -
2 :
‘0 3
R o
FIG. 1. Orbital-dependent square lattices without or with syn-

thetic 7 flux per plaquette. (a),(b) Tight-binding lattices for
orthogonal degenerate p orbitals with different synthetic fluxes.
The lattice in (a) denotes a 2D SSH model with synthetic zero
flux per plaquette by p, orbital, and the one in (b) shows the
Mobius TI with synthetic 7 flux per plaquette by p,, orbital. The
dashed (solid) lines denote the negative (positive) hoppings. The
blue (black) color represents the type of o () hopping. The
thinness and thickness of lines indicate the amplitudes of cou-
plings. (c) The schematic acoustic models for hopping tunability
in the dimer unit. Left: the aqua line denotes the reversed signs
for transverse hopping (7, positive) and longitudinal hopping (o,
negative). The realizable acoustic model is constructed by two
disk-shaped cavities connected by the V-style waveguides. Right:
the olive line denotes the same sign (negative) for two types of
hoppings. The acoustic model is constructed by two disk-shaped
cavities connected by the X-style waveguides. (d) The eigenfields
for the model with the V-style waveguide couplings.

process can be operated to the dimer unit with X-style cou-
pling linkages, where the couplings for o -type bonding and
m-type bonding are both negative and have the same value.

Based on the degenerate p orbitals and coupling man-
ners in the dimer cavities, the orbital-dependent gauge field
for sound can be realized on demand in the designed square
lattice, which can simultaneously have the characteristics
of lattices in Figs. 1(a) and 1(b) via different orbital exci-
tations. Therefore, we can realize a hybrid 2D SSH model
with zero flux and the Mobius TI with synthetic 7 flux per
plaquette in the same model.

II1. ACOUSTIC IMPLEMENTATION

Here, we show the construction of realizable primitive
cell model and discuss the band structures calculated by
the TBM and FWS. Figure 2(a) displays a square-lattice
model whose coupling strengths are the same (|¢,| = |t2]).
The disk-shaped square resonator with rigid walls is filled
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with air, with the thickness #=10 mm and side length
d=40 mm. As shown in Fig. 2(a), the widths of V-
style and X-style coupling waveguides are, respectively,
d;=2.23 mm and d; = 2.18 mm, and the involving angle is
61=43°. The lattice constant is @ = 106 mm. In our case,
the coupling strength can be engineered by manipulating
the widths and angles of linking waveguides. Note that
there exists a hidden hopping condition between degen-
erate p orbitals, viz., t1;/thx = t1s/t2s, Which must be
satisfied when we design the V-style and X-style coupling
waveguides. The band structures are shown in Fig. 2(b).
Obviously, the band structures obtained by the TBM (solid
line) match well with the ones simulated by the finite-
element solver (circles). To be specific, the bulk bands
corresponding to the p,-orbital modes, as marked by the
blue circles, are twofold degenerate over the entire Bril-
louin zone, where a fourfold Dirac point emerges as the
result of the formation of 7 flux. The remaining orange-
circle bands are the product of p,-orbital modes. Since a
coupling dimerization is introduced to the square lattice
in x direction, as shown in Fig. 2(c), the band struc-
tures are changed with the degeneracy point lifted with
an opened band gap, as shown in Fig. 2(d). In our cal-
culation, the widths and involving angles of V-style and
X-style intercell coupling waveguides are d; =4.46 mm,
d4=4.27 mm, and 0, =45°, 65 =44.8°, respectively. The
vanishing of degeneracy can be explained by the broken
primitive translation symmetry of L,.

Next, we investigate the projected band structures and
the related characteristics of two-strip supercell models

without and with the staggered dimerization couplings by
using TBM and FWS. Figures 3(a) and 3(b) show the
band structures for the strip model where all the coupling
strengths are identical, with an open boundary condition in
x direction but a periodic boundary condition in y direc-
tion. In Figs. 3(a) and 3(b), the black-color bands are
featured with p,, orbital, which has a fourfold degenerate
Dirac point protected by the projective translation sym-
metry and time-reversal symmetry. The other gray bands
are featured with p, orbital. Clearly, the results obtained
by TBM agree with the ones from FWS. As the dimeriza-
tion couplings are introduced along the x axis, the Dirac
point is lifted as the primitive translation symmetry L,
is broken and a band gap emerges, which is shown in
Fig. 3(c). In the band gap, two entangled and twisted edge
bands (orange lines) are apparently observed, which are
named by Edge_I modes. The Edge_I modes are p,,-orbital
modes, which are detached from the bulk modes as shown
in Fig. 3(c), which stands for a single band that forms
a Mobius twist protected by both the translation symme-
try £, and sublattice symmetry S. Besides the Edge_I
modes, the emerged blue bands in the band gap are the
edge states belonging to the other type, which are named
by Edge_II modes and are yielded by the role of p, orbital.
In Fig. 3(d), the simulated projective band structures are
in good agreement with the theoretical ones in Fig. 3(c).
Note that there exists a weak shift of edge-state bands
due to the presence of inevitable long-range and intermode
couplings, which changes the symmetries of our acous-
tic model. In Fig. 3(d), the two Mobius edge-state bands

a (b) FIG. 2. The primitive-cell models
(@ » = 0 44 — Theory ) Slmulatlon and band structures. (a) A primitive cell
d 1 gy with identical coupling strengths for the
" d M ] N intracell and intercell hoppings. (b) The
> > @ band structures of the model in (a). The
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FIG. 3.

y

The projected band structures and the Mobius edge states. (a),(b) Theoretical and simulated projected band structures for a

strip supercell under the open boundary condition in x direction and the periodic boundary condition in y direction, where the coupling
strengths are the same (||| = |£;]). The bands denoted by the black lines correspond to p, -orbital modes featured with a fourfold Dirac
degeneracy. The bands denoted by the gray lines are the p,-orbital modes. (c¢),(d) Theoretical and simulated projected band structures
for a supercell under the same boundary conditions in (a),(b), where the coupling strengths are different (|| < |£,]). In the band gap,
the pair of twofold edge bands (the orange curves, Edge_I) features a Mdbius twist, while the paired blue-color bands correspond to the
edge modes (Edge_II) for the 2D SSH model. Here the color scale of Edge_I indicates the phase of eigenvalues ¢+ for the projective
translation operator. (e),(f) The eigenfields for different frequencies at k, =0 for Edge_I and Edge_lII, respectively, which are marked

by the color-encoded stars in (d).

with opposite group velocities are separately locked to the
two eigenvalues ¢+ of the translational operator £,, which
features a 4 periodicity. The simulated eigenfield distri-
butions of Edge_I (Md&bius) and Edge_II (2D SSH) for the
strip model with coupling dimerization are, respectively,
displayed in Figs. 3(e) and 3(f), which illustrate obvious
oriented p-orbital features.

Next, we implement simulations to analyze the
responses and show the features of orbital-dependent
Mobius TI. Figure 4(a) exhibits an as-constructed finite-
size FWS model, which comprises 12 x 12 resonators.
Owing to the orientations of p-orbital modes, specific
types of sources are demanded to well excite the edge and
bulk states. Here we utilize an orbital source formed by
two out-of-phase sound signals to excite the Mobius edge
modes and bulk modes, which are separately marked by
the colored stars and circles in pairs as shown in Fig. 4(a).
The captured response spectra at the edge (orange region)
and in the bulk (black region) are shown in the left panel
of Fig. 4(b). Evidently, there exist two peaks for the bulk
modes, corresponding to the two separated black bands

in Fig. 3(d). There also emerges one prominent peak for
the edge modes, which corresponds to the Mdbius-twisted
band in the gap shown in Fig. 3(d).

By rotating the orbital sources in Fig. 4(a) by 90°, we
will obtain another type of edge modes, viz., Edge_II
modes, as the consequence of p,-orbital excitation, as
shown in the right panel of Fig. 4(b), where the edge and
bulk spectra match well with the results in Fig. 3(d). We
also present the pressure-field distributions for the Edge_I
(Mobius) and the Edge_IT (2D SSH) modes in Figs. 4(c)
and 4(d), which feature the hallmarks of p orbitals.

We further show the variations under the situation where
a supercell is periodical in the x direction but finite in the
y direction in Fig. 5, in contrast to the case in Fig. 3. Fig-
ures 5(a) and 5(b), respectively, present the corresponding
projective band structures via the TBM and FWS, match-
ing well with each other. The blue and black curves are the
bulk bands yielded by the p, - and p,-orbital modes, respec-
tively. As expected, the two edge bands aroused by the p
orbitals both vanish in the band gaps. To identify this, we
show the transmission spectra in Figs. 5(c) and 5(d), where
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FIG. 4. Acoustic implementation of a 2D M&bius insulator. (a) A finite-size 12 x 12 model. In the resonators with the colored stars
and circles marked in pairs, the out-of-phase speakers are located for exciting the edge and bulk modes. The paired microphones are
utilized to detect the acoustic responses of the edge (bulk) modes. (b) The response spectra for the orbital-dependent edge states. Left:
the excitation spectra for the Edge_I (Mobius) states and the corresponding bulk states with orbital sources marked in (a). Right: the
excitation spectra for Edge_II (2D SSH) states and the associated bulk states. (c),(d) The pressure-field distributions for the Edge_I
and Edge_II states, respectively.

the orbital sources are located at the resonator marked by =~ middle resonator. Obviously, in Fig. 5(c), there exist two
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FIG. 6. Semimetal phase in the orbital acoustic lattice. (a) Schematics of a primitive cell. (b),(c) Projected energy bands obtained
by TBM and FWS, respectively. The emerging edge modes (red lines) link the projections of Fermi points. The bulk bands from p,
orbitals are represented by blue curves. The flat bands (orange lines) in the band gap and the black bulk bands are the results from p,

orbital.

the orbital sources rotated by 90°, two separated peaks
emerge in the spectrum as shown in Fig. 5(d), matching
well with the scenario of the bulk spectrum in the right
panel of Fig. 4(b).

IV. ORBITAL SEMIMETAL PHASE

In this section, we illustrate an orbital semimetal phase
by an alternative dimerization coupling in the acoustic
square lattice. Figure 6(a) shows the schematic diagram
(top) and the realistic acoustic cavity-tube model (bottom)
of the primitive cell. The structural parameters of the cav-
ity and coupling tubes are the same with the ones used in
Fig. 2(c). Using TBM, we calculate the projective disper-
sions via a supercell when the boundary condition in the y
direction is periodical and in the x direction is open, which
is displayed in Fig. 6(b). Clearly, the edge bands denoted
by the red lines that connect the projections of Fermi points
are directly visualized. The emerged orange flat bands as
well as the black bulk bands arise from the p, orbital. In
contrast, we carry out FWS on an acoustic supercell model.
The simulated result is presented in Fig. 6(c), which repro-
duces well the theoretical result in Fig. 6(b). The shifts of
edge bands and flat bands in Fig. 6(c) occur due to the pres-
ence of inevitable long-range and intermode couplings that
weakly impact the symmetries of the acoustic model.

V. CONCLUSIONS

In summary, we have investigated the orbital-dependent
gauge fields in acoustic lattices. We find that by means
of acoustic cavities that support degenerate p orbitals and
manipulation of the related orbital couplings, we can read-
ily realize the 2D SSH model with zero flux and the
Mobius topological insulator with synthetic 7 flux per pla-
quette under different orbital excitations. The hybrid SSH

edge modes and Mobius edge modes induced by differ-
ent orbitals are unambiguously visualized by TBM and
FWS. The orbital-dependent Mdbius topological insula-
tor is demonstrated by frequency responses and excitation
field distributions, where the orbital sources are utilized.
Furthermore, we identify the orbital-selective semimetal
phase as well as the orbital-dependent flat band in the bulk
bands of the acoustic square lattice. The essential inter-
play between acoustic degenerate (or hybrid) orbitals and
synthetic gauge fields opens a door for the exploration of
orbital-related topological physics and shows potentials for
the acoustic applications, such as trapping and sensing.
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APPENDIX A: ROBUSTNESS OF THE MOBIUS
EDGE STATES

Here we show that the Mobius edge states are robust
against perturbations. To identify this, we utilize a super-
cell that is periodical in y direction and finite in x direction
and introduce perturbations on the couplings and on-site
eigenfrequencies. With the theory and analyses discussed
above, the projective translational symmetry £, and the
sublattice symmetry S synergistically protect the Mbius
edge states. We first display the scenario where both L,
and S are preserved. Specifically, we introduce variations
to the intra- and intercell couplings in y direction at the
edge, for which the calculated dispersions are shown in
Fig. 7(a). The topological edge bands are very stable in the
band gap and manifest the Mdbius characteristics. How-
ever, when we break £, by only adding intracell coupling,
a gap will emerge in the Mdbius edge bands, as displayed
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Robustness of the Mébius edge states. The band structures under the variations of the projective translational symmetry L,

and the sublattice symmetry S. (a) The case when both £, and S are preserved. (b) The case when L, is broken and S is preserved.
(c) The case when L, is preserved and S is broken. (d) The case when both £, and S are broken.

in Fig. 7(b). Moreover, in the scenario where L, is pre-
served but S is broken by adding some perturbations to
the on-site energy (or eigenfrequencies), the Mobius edge
bands are shifted, as illustrated in Fig. 7(c). When both £,
and S are broken, a gap will emerge in the shifted M6bius
edge bands, as shown in Fig. 7(d). Thus, from the results in
Fig. 7, we find that the Mdbius edge states are very robust
against the perturbations with both £,, and S preserved.

APPENDIX B: A PROPOSAL FOR THE
EXPERIMENTAL REALIZATION

The finite-size resonator sample can be fabricated by the
three-dimensional (3D) printing technique, which has been
widely utilized in the realization of acoustic topological
insulators [4,15,21]. To facilitate the sound excitation and
detection, four small holes can be perforated on the top
of each disk-shaped resonator according to the polariza-
tion of the degenerate orthogonal orbitals, and the holes
should be sealed when not in use. For the generation of
orbital sound, a pair of speakers connected with the signal

generator are set as the out-of-phase source at the positions
marked by the color-coded stars (circles) in Fig. 4(a). For
the detection, we can utilize a microphone to measure both
the amplitude and phase responses, with the other one in
the same resonator as phase reference, which are shown by
the sketched microphones in Fig. 4(a). The captured sound
signals, which are recorded and processed by a network
analyzer, can be furtherly utilized to map out the response
spectra as well as the pressure-field distributions.
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