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Ionization clamping in ultrafast optical breakdown of transparent solids
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We formulate a multiphysics model describing the nonlinear propagation of a femtosecond, near-
infrared, tightly focused laser pulse in a wide-band dielectric. The application of our model to the case of
bulk sapphire shows that even under extreme excitation conditions, ionization is rigidly clamped at about
one tenth of the electron density in the upper valence band. The earlier estimate of approximately 10-TPa
pressure that could be attainable through the internal excitation of transparent dielectrics by tightly focused
ultrafast laser beams is shown to be off by 2 orders of magnitude. We outline the potential routes towards
overcoming the clamping limit. The computed distribution of the absorbed electromagnetic energy, com-
bined with the appropriate equation of state, can be further used as an input to a hydrodynamics code to
simulate the dynamics of the void formation inside the bulk of the solid.
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I. INTRODUCTION

In the past two decades, applications of ultrashort-pulse
lasers to material modification, both on material surfaces
and inside the bulk, have transitioned from an active field
of research to the wide array of mature technologies with
the most notable examples being various forms of pre-
cision micromachining, multiphoton lithography, and eye
surgery [1]. The unique way that intense, ultrashort laser
pulses interact with matter results in clean modifications
with minimal collateral damage. Internal modifications of
transparent dielectrics by ultrashort laser pulses, which
is the technological domain most relevant to the present
work, have found applications in diverse areas such as
stealth dicing, writing optical waveguides, microfluidics,
and three-dimensional (3D) optical data storage [2]. One
of the outstanding challenges in this vast technological
space is to achieve extreme, far beyond the diffraction
limit, localization of material modifications for applica-
tions in photonics and medicine [3]. The ability to optimize
and control the dimensions and morphology of laser-
induced modifications hinges on the quantitative under-
standing of the underlying physics and chemistry that
involve an intricate interplay of multiple linear and non-
linear phenomena occurring on a vast range of temporal
and spatial scales. Our investigation focuses on the first
stage of the ultrashort-pulse laser-matter interaction, under
extremely tight focusing of the laser beam into the bulk of
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a transparent material: the propagation of the pulse through
the interaction volume and deposition of the optical energy
into it. The deposited electromagnetic energy creates ini-
tial conditions for the formation of the shock wave and
the hydrodynamical expansion of the microscopic internal
void, which can be simulated by an appropriate hydrody-
namics code.

When a single femtosecond laser pulse with the energy
exceeding a certain threshold (typically on the order
of 100 nJ) is tightly focused below the surface of a
transparent solid, rapid deposition of the electromagnetic
energy in the material drives a microexplosion, resulting
in the production of a microscopic void [4]. These voids
have been demonstrated in various kinds of transparent
solids—crystals, glasses, and plastics [5], as well as on
semiconductor-dielectric interfaces [6]. The generation of
extended cylindrical voids inside transparent solids using
the excitation with ultrafast Bessel beams has also been
reported [7–9].

Microexplosion voids are surrounded by shells of den-
sified matter that can contain exotic elemental phases
[10,11]. The mechanism of formation of the superdense
materials in the confined microexplosions, put forth in
Refs. [11,12], involves a complete ionization of electrons
in the upper valence band of the dielectric, followed by the
local thermalization of the conduction-band electrons with
the ions, and the subsequent kinetic separation of different
elements in the expanding solid-density plasma, according
to their ionic masses. It has been argued that the tran-
sient pressure attainable inside the microexplosion exceeds
10 TPa [13], which is of the same order as the pressure
inside cores of large planets and is comparable to the
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peak transient pressures that can be realized through laser-
driven shocks at the national-scale laser facilities [14].

Computing the distribution of energy deposited by the
laser field into the material, under the conditions of the
laser-driven microexplosion experiments, is challenging.
The early treatments [11,12] were based on the assump-
tion that tight linear focusing of the laser beam dominates
over the rest of the beam-shaping mechanisms, essentially
assuming linear propagation of the laser pulse through the
interaction volume. As we will show below, such a treat-
ment leads to the gross overestimation of the major physi-
cal quantities—the peak laser fluence, plasma density, and
temperature, and, as a result, the maximum attainable pres-
sure. Quantifying the limiting values of these quantities
is useful both from the basic-physics standpoint and for
applications, as these limits affect the maximum size of the
internally generated voids and the nature and amounts of
the superdense material phases that can be produced.

The proper account for the complex spatiotemporal
dynamics of the laser pulse on its highly nonlinear prop-
agation through the interaction volume necessitates the
use of the vectorial Maxwell propagator, initiated by the
nonparaxial input field and coupled with a comprehen-
sive material response model accounting for ionization
and plasma dynamics. Envelope, paraxial, or unidirec-
tional treatments are not adequate for this problem. Pre-
viously reported computational investigations using vec-
torial Maxwell propagator for the optical field limited the
tightness of focusing by considering values of the numeri-
cal aperture (NA) in the range 0.3–0.8 and/or limited the
input laser fluence, so that the density of the deposited
electromagnetic energy was insufficient for the generation
of an internal void [15–17]. Another simplification used
previously was based on the reduction of the dimension-
ality of the problem to two [18,19]. In the case of the
excitation with a Bessel beam, the approximate transla-
tional invariance of the problem allows one to limit the
computational domain along the propagation direction by
one optical phase period [20]. None of those treatments is
suitable for the quantitative description of the laser-beam
propagation under the conditions of the representative
experiments [13].

The use of the 3D Maxwell propagator, which is essen-
tial to the problem we consider, is very computation-
ally expensive. Formulating the accompanying material
response model that is both adequate and computationally
feasible faces principal challenges. The treatments based
on the kinetic equation for the conduction-band electrons
[21] or those involving multiple energy levels in the con-
duction band [22] would render the propagation model
computationally prohibitive at the spatial scales of inter-
est. Only a concise model involving rate equations for the
averaged quantities describing the conduction-band elec-
trons and, possibly, holes, can be practical. Since a high
degree of ionization on the order of 10% or higher is

expected, using constant values for the material parameters
that depend on the density of the valence-band electrons,
such as linear and nonlinear susceptibilities of the crystal
host, as well as the energy band gap, may be no longer
justified. Ideally, those quantities should be parameter-
ized to account for the significant depletion of the valence
band, but such a parametrization would necessarily involve
questionable assumptions, compromising the quantitative
validity of the results. We address this principal hurdle by
varying the uncertain parameters, that enter our material
model, in a large range and showing that our conclusions
are largely insensitive to those vast parameter variations.

Our results show that the degree of ionization in sap-
phire, the representative material used in the confined
microexplosion experiments, is limited to about 10% of
electrons in the upper valence band and achieving com-
plete ionization, i.e., promoting all valence-band electrons
to the conduction band using a multicycle, near-infrared
laser pulse, is not possible. Based on our results, we con-
clude that the earlier estimate of the approximately 10-TPa
transient pressure that could be attainable inside a confined
microexplosion [13] is off by about 2 orders of magni-
tude. We suggest potential routes towards overcoming this
limitation.

II. MULTIPHYSICS MODEL FOR THE
LASER-MATERIAL INTERACTION

Our consideration focuses on the microexplosions in
sapphire, although the treatment can be straightforwardly
applied to any wide-band dielectric by the appropriate
modification of the material parameters. We assume that
the electrons that are available for the transfer to the con-
duction band via strong field and collisional ionization are
all electrons that initially occupy the upper valence band of
sapphire, i.e., four 2p electrons per oxygen atom and three
3p electrons per aluminum atom, with the total of 18 elec-
trons per an Al2O3 “molecule,” corresponding to the upper
valence-band electron density N0 = 4.2 × 1029 m−3. Note
that vastly different values for the density of valence-band
electrons available for optical ionization in sapphire had
been used in the literature, ranging from one electron per
Al2O3 “molecule” to the complete electron population of
the upper valence band, which is the value we use here.

The velocity of an individual conduction-band electron
is a vectorial sum of its collective (drift) and random com-
ponents. The drift velocity �vD determines the macroscopic
electron current that drives the optical field, while the ran-
dom component is related to the electron temperature. The
latter is a well-defined quantity due to the very fast (sig-
nificantly subcycle) thermalization of the electron system
by the electron-electron collisions. The velocity distribu-
tion of the conduction-band electrons is approximately
Maxwellian, with its center of mass shifted by the time-
dependent drift velocity of the conduction-band electrons
that collectively quiver in the optical field.

064035-2



IONIZATION CLAMPING IN ULTRAFAST BREAKDOWN. . . PHYS. REV. APPLIED 20, 064035 (2023)

To account for the depletion of the upper valence band,
the strong field and avalanche ionization rates are scaled by
the depletion factor (1 − Ne/N0), where Ne is the time- and
position-dependent density of the conduction-band elec-
trons. We further assume that the linear and third-order
susceptibilities of the sapphire host are entirely due to
the electrons in the upper valence band and that both
susceptibilities are linearly proportional to the depletion
factor. Both linear and nonlinear dielectric responses of
the host are assumed to be instantaneous and dispersion-
less. Weak birefringence of sapphire is negligible on the
spatial scale of the problem we consider. Recombination
is neglected as it occurs on the multipicosecond or longer
time scale [9,23]. The formation of the self-trapped exci-
tons [24] is negligible in sapphire, but it can be straightfor-
wardly accounted for in the materials where that effect is
appreciable, e.g., in fused silica [25].

The system of equations comprising our model reads

∂(ε �E)

∂t
=

�∇ × �H
ε0

− 1
ε0

( �J e + �J PI + �J Kerr),

∂ �H
∂t

= −
�∇ × �E
μ0

,

∂ �J e

∂t
= −νe �J e + e2Ne

m∗
e

(�E + μ0�vD × �H)

− �∇ · ( �J e ⊗ �vD
) − e

m∗
e

�∇Pe,

∂Ne

∂t
=

(
1 − Ne

N0

)
(wPI + wAI) − �∇ · (Ne�vD) + Da�Ne,

∂Ee

∂t
= ( �J e + �J PI) · �E − �∇ · [(Ee + Pe) �vD]

+ �∇ ·
(
κe �∇Te

)
, (1)

where �E and �H are electric and magnetic fields, and the
SI units and the standard notation for the basic constants
are used throughout. The linear dielectric response of the
valence-band electrons is described by the dynamic sus-
ceptibility ε, while the contributions from the plasma,
ionization, and Kerr effect are accounted for through the
corresponding currents in the equation for the E field.
Explicitly,

ε = 1 + (n2
0 − 1)(1 − Ne/N0), (2)

�J e = eNe�vD, (3)

�J PI = wPIIp
�E

|�E|2
(
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)
, (4)

�J Kerr = 4n2
0n2,0ε

3/2
0

3
√

μ0

∂

∂t

[(
1 − Ne

N0

)
�E(�E · �E)

]
, (5)

where, for the unperturbed sapphire, the linear refrac-
tive index n0 = 1.76 and the nonlinear Kerr index n2,0 =
3 × 10−20 m2/W [26]. Te is the electron temperature (the
measure of energy associated with the random motion of
the conduction-band electrons), and Ip = 9.9 eV is the
ionization potential, a constant value in our model. m∗

e
is the effective mass of the conduction-band electrons,
with the value of about 0.4 me, where me is the free-
electron mass [27]. νe(Ne, Te) is the effective collision rate
of the conduction-band electrons with massive particles,
that facilitate electron heating by the laser field; different
types of collisions dominate over different ranges of elec-
tron density and temperature, as detailed in Appendix A 1.
The contribution to the macroscopic current by holes is
neglected, since they are about 10 times heavier and, corre-
spondingly, less mobile than the conduction-band electrons
[27]. The last term in the rate equation for �J e is due to the
divergence of the electron pressure Pe = NekBTe. Assum-
ing the adiabatic equation of state with the adiabaticity
constant γ = 5/3 for the electron gas, it is evaluated as
�∇Pe = (5/3) kBTe �∇Ne [28].

Electrons in the conduction band are generated via
Keldysh photoionization and avalanche ionization mech-
anisms, at the rates wPI and wAI, respectively; these rates
are detailed in Appendices A 2 and A 3. The photoion-
ization rate is evaluated at the fixed, center frequency of
the incident laser pulse. The avalanche ionization rate is
derived by averaging the rate for a single impactor elec-
tron over the velocity distribution of the conduction-band
electrons [29]. That velocity distribution is assumed to be
Maxwellian with its center of mass shifted by the drift
velocity of the collective motion of the conduction-band
electrons, which is directly related to the macroscopic cur-
rent (see Appendix A 3 for details). In this formulation, the
impact ionization continues after the passage of the laser
pulse, through the utilization of the hot electrons left in
its wake. By energy conservation, that after-burn ioniza-
tion process does not affect the distribution of the total
deposited energy.

The hydrodynamic terms in the last three equations in
Eq. (1) account, in the standard way, for the convection,
diffusion, which we assume to be ambipolar, and ther-
mal transport in the conduction-band electron system. The
ambipolar diffusion coefficient, under the conditions of the
electron temperature and mobility being much higher than
the corresponding values for the ions, is given by Da =
μikBTe/e, where μi = eDi/kBTi [28], and Di = κ0/ρC0 =
1.13 × 10−5 m2/s are the ionic mobility and the thermal
diffusivity for sapphire at Ti = 300 K (the temperature
of the cold lattice), respectively. In the above expres-
sions, C0 = 780 J/(kg K) is the heat capacity [30], κ0 =
35 W/(m K) is the thermal conductivity [31], and ρ =
3, 980 kg/m3 is the density of sapphire, also all at room
temperature. The electron thermal conductivity is defined
as κe = 2k2

BμeNeTe/e, where the electron mobility μe =
3 × 10−5 m2/(V s) [32].
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We point out that a significant uncertainty of the trans-
port constants, used here, exists, and that those values are
dynamic, i.e., depend on the level of excitation. However,
as our simulations show, among all hydrodynamic terms,
only the electron diffusion has a non-negligible effect on
the laser-energy deposition, and its contribution is limited
to approximately 20% of the total. Thus, the uncertainty
in the transport constants does not significantly affect our
conclusions.

The instantaneous volumetric density of energy stored
in the electron subsystem is composed of the thermal, drift,
and ionization components:

Ee =
(

3
2

kBTe + m∗
ev

2
D

2
+ Ip

)
Ne. (6)

In our simulations, the current values of Ee, �J e, and Ne,
computed by integrating Eqs. (1), are used to determine the
value of Te from Eq. (6). Te is then used to update the ion-
ization and transport constants. Our goal is to compute the
distribution of the deposited energy, Eq. (6), immediately
after the passage of the laser pulse through the interaction
volume, at which point the drift contribution to the energy
vanishes, as the conduction-band electrons are no longer
driven by the optical field.

In order to implement the significantly nonparaxial
focusing of the incident laser beam in the finite-difference
time-domain (FDTD) solver for the system of Eq. (1),
the boundary conditions representing the electromagnetic
field source at the entrance boundary of the computational
domain need to be set appropriately and self-consistently
with the Maxwell equations. For large values of the numer-
ical aperture (NA � 0.3), the paraxial approximation, in
which only two components of the incident field (e.g., Ex
and Hy) on the entrance boundary are specified, fails, as
discussed in Refs. [19,33]. All three components of both
�E and �H field vectors need to be specified such that the
fields satisfy the Gauss law (i.e., have zero divergence).
The proper way to set the boundary conditions for the
field vectors consistently with the experimental realization
is through the exact solution of the linear propagation of
the incident field that is focused by a high-NA focusing
optic, e.g., a parabolic mirror. Such a solution has been
formulated by Stratton and Chu in the form of diffrac-
tion integrals [34]. For the case when the focal length of
the focusing optic is much larger than the wavelength,
those integrals can be written in a concise form referred
to as the Ignatovsky representation. In our formulation
of the boundary conditions, we follow Peatross et al.
[35]. The explicit formulas are given in Appendix B, for
completeness.

Our simulation computes the distributions of electric
and magnetic fields inside and around the interaction vol-
ume. Fluence cannot be correctly defined for a nonparaxial
field. Nevertheless, to express our results in the units of

that familiar quantity, we introduce the fluence through
its generic definition, strictly valid only for plane waves:
F ≡ ∫

cn0ε0|�E|2 dt, where �E is the instantaneous E field
(not the field envelope, thus there is no factor of 1/2 in the
definition) and n0 = 1.76 is the refractive index of unper-
turbed sapphire. The integration is over the time interval
covering the optical pulse.

The numerical scheme for solving the system of the 3D
Maxwell equations with the linear and nonlinear source
terms, comprising our model, is based on the FDTD
method commonly used for solving linear Maxwell equa-
tions [36,37] and a fixed-point iteration algorithm for
evaluating the source terms [38]. The details of the numer-
ical scheme and the computational aspects are discussed in
Appendix C.

The conceptual weakness of our model, just like many
of the other models based on the rate equations for the
material response to a strong optical field, is in the generic
treatments of the strong-field and avalanche-ionization
mechanisms, as well as of the electron heating. The rates
of those complex processes are expressed in terms of
basic constants, with the valence-band electron density,
the upper edge of the energy band gap, and the effective
electron mass being the only material parameters used. To
address this principal hurdle, we have independently var-
ied the uncertain quantities that enter our model in large
ranges of up to one order of magnitude up and down
from their baseline values collected from the literature. The
details of this analysis are given in Appendix D. Those
results show that vast variations of the ionization and colli-
sion rates result in only moderate changes of the maximum
value of the deposited energy density and its spatial distri-
bution. Plasma shielding, which is the mechanism limiting
ionization, is robust and essentially independent of the
specifics of the wide-band dielectric that is excited by the
tightly focused, near-infrared laser pulse.

III. ESTIMATION OF TEMPERATURE AND
PRESSURE OF SAPPHIRE IN THE WDM STATE

Immediately after the electromagnetic energy is
deposited into the conduction-band electron system by the
laser pulse, the sample is left in the nonequilibrium state
comprised of hot electrons and cold crystal lattice, still
maintaining its spatial periodicity. The hot electron gas has
pressure pe = NekBTe. It can be high, but it is not the “oper-
ative” pressure driving extreme phase transformations, as
the system exists in this nonequilibrium state for a short
period of time, significantly before the void starts to open.
Within ten to one hundred picoseconds after the passage
of the laser pulse, the electron energy is transferred to
the sapphire host, and the local thermal equilibrium (LTE)
state is reached, where the electrons and the host are at the
same, position-dependent, temperature, and the host is no
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longer spatially periodic. The system is in the warm dense-
matter (WDM) state, characterized by the LTE temperature
and extreme pressure, which drives the transformations
to the superdense material phases observed experimen-
tally [10]. The electrons-to-lattice energy transfer involves
various interaction channels. The details of this process
can be complex but they are not relevant for the pur-
poses of estimating the peak temperature and pressure of
sapphire in the WDM state, as long as the LTE state is
reached before the microexplosion void starts to open,
which is the assumption we follow. To estimate the peak
temperature of the WDM sapphire, we use the SESAME
isotherms [39,40] that quantify the internal energy of sap-
phire, estimated as Ee(t = 600 fs) and converted to MJ/kg,
at its solid, unperturbed density of ρ = 3980 kg/m3. Then,
using thus found value of the peak LTE temperature, we
use the other form of the SESAME equation of state for
sapphire, also graphed in [39,40], to find the pressure of
sapphire at that temperature, and, again, at its solid, unper-
turbed density. This is the “operative” pressure behind the
extreme phase transformations. It can be used as an input to
the hydrodynamic codes that simulate the dynamics of the
formation of the microvoid on the hundreds of picoseconds
to the nanoseconds time scales [41].

For example, the peak deposited volumetric energy of
300 nJ/µm3 deposited in the solid-density sapphire, cor-
responds to the energy density, per unit mass, of about 75
MJ/kg. From the SESAME isotherms obtained from the
equation of state no. 7411 [39,40], we find that the temper-
ature of the WDM sapphire, corresponding to that value
of deposited energy, is about 3.5 × 104 K (isotherm M).
The pressure, corresponding to that temperature, also at the
solid density, is estimated at 250 GPa.

IV. RESULTS AND DISCUSSION

Figure 1 summarizes the simulation results for the rep-
resentative experimental realization of the laser-driven
microexplosion in sapphire [13]. The excitation condi-
tions are specified in the figure caption. The distribution
of the optical fluence, as defined above through the com-
puted electric field, for the case of linear propagation (i.e.,
with all terms accounting for ionization and the nonlin-
ear response dropped from the equations) is shown in (a),
while the corresponding distribution for the nonlinear case
is shown in (b). According to these simulations, ionization
and the effects associated with it reduce the peak fluence by
about one order of magnitude relative to the case of linear
propagation. The distributions of the density and temper-
ature of the conduction-band electrons left in the wake of
the laser pulse, shown in (c) and (d), respectively, reveal
the formation of an asymmetric plasma structure with the
maximum values reached approximately in the center of
the focal volume. The maximum value of the free-carrier
density is about 4 × 1028 m−3, which is by one order of
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FIG. 1. XZ slices of the spatial distributions of (a) laser flu-
ence, defined in the text, for the laser pulse propagating linearly,
(b) the same for the nonlinear propagation, (c) density, and (d)
temperature of the conduction-band electrons at 300 fs after the
the passage of the peak of the laser pulse through the position of
the linear focus. The incident laser pulse with the center wave-
length of 800 nm has the FWHM duration of 150 fs and energy
of 100 nJ; the effective NA of the focusing optic is 1.35. The
incident laser pulse is linearly polarized along the X axis and
propagates along the Z axis.

magnitude lower than the total electron density in the upper
valence band of sapphire. The peak thermal energy per
one conduction-band electron at the focus is about 15 eV,
which is 1.5 times the value of the band gap.

Increasing the incident pulse energy does not lead to
the appreciable enhancement of either the peak density or
the peak temperature of the plasma, as demonstrated by
the simulation results shown in Fig. 2. Here, we used the
input pulse energies 4 and 10 times the value used in the
case shown in Fig. 1, while keeping the focusing condi-
tions unchanged. The difference between these cases and
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pulse energies of (a),(c) 400 nJ and (b),(d) 1 µJ. The other con-
ditions are the same as those in Fig. 1. Additional plasma balls
are formed before and after the focus, while the peak electron
density and temperature remain rigidly clamped.
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the one with the lower input pulse energy is that the impen-
etrable plasma skin layer in the middle of the focal volume
is formed earlier in the pulse. The energy left in the trail-
ing edge forms additional plasma balls before and after the
focus. We point out that the rotational asymmetry of the
distributions, shown in Figs. 1 and 2, around the Z axis is
nonvanishing but insignificant.

It is instructive to trace the dynamics of the laser pulse
on its propagation through the interaction volume for dif-
ferent values of the input pulse energy. In Figs. 3 and 4, we
show the snapshots of the instantaneous electric field dis-
tributions for the input pulse energies of 100 nJ and 1 µJ,
respectively, at different moments of time. In both cases,
the field flows around the overcritical plasma ball formed
in the middle of the focal volume, without penetrating it
and without enhancing the peak intensity above the value
of about 2 × 1018 W/m2 (corresponding to the peak elec-
tric field of approximately 30 V/nm). In the case of the
higher input pulse energy, the trailing edge of the pulse
flows around the center of the focal volume and creates
additional intense field concentrations before and after the
focus.

The ionization clamping effect sets a limit on the vol-
umetric density of energy deposited into the medium
by the laser field. From the simulations, the peak
free-electron density immediately after the passage of
the laser pulse through the interaction zone is 4 ×
1028 m−3, while the peak value of the electron tem-
perature is about 15 eV. The gap contribution to the
deposited energy accounts for additional approximately
10 eV per one conduction-band electron. The total peak

Z (μm)
–3 30–2 2–1 1

Z (μm)
–3 30–2 2–1 1

Z (μm)
–3 30–2 2–1 1

Z (μm)
–3 30–2 2–1 1

3

–3

0

–2

2

–1

1

X 
(μ

m
)

3

–3

0

–2

2

–1

1

X 
(μ

m
)

3

–3

0

–2

2

–1

1

X 
(μ

m
)

3

–3

0

–2

2

–1

1

X 
(μ

m
)

0

5

15

20

15

6

0

12

0

2

6

8

0

5

10

25
(a) (b)

(c) (d)

4

12

15

20

10

25

, / , /

, / , /

10

8

4
2

10

FIG. 4. Instantaneous electric field distributions: (a) at 120 fs
before the pulse peak reaching the focus, (b) at 60 fs before the
pulse peak reaching the focus, (c) with the pulse peak at the
focus, and (d) at 60 fs after the pulse peak passing through the
focus. The energy of the incident laser pulse is 1 µJ. The focus-
ing conditions and other parameters are the same as those used
in Fig. 1.

density of energy deposited into the medium is Emax
e =[

(3/2) kBTe + Ip
]

Ne ≈ 235 nJ/µm3.
Within few picoseconds after the excitation, the

conduction-band electrons thermalize with the sapphire
host. The system reaches the warm dense-matter (WDM)
state before the void starts to open [12], i.e., while the
density of the material throughout the interaction volume
remains at its value for the unperturbed sapphire. Based
on the SESAME equations of state for the energy and
pressure of sapphire under extreme conditions [39,40], the
value of the peak density of absorbed energy corresponds
to the maximum temperature and pressure of the WDM
sapphire of approximately 3 × 104 K and approximately
200 GPa, respectively. The peak temperature is by one
order of magnitude and the peak pressure—by 2 orders of
magnitude lower than the corresponding values purported
in Ref. [13]. Note that the peak estimated pressure is about
one half of Young’s modulus of the unperturbed sapphire
(400 GPa), yet it is sufficiently high for producing an inter-
nal void within the crystal and causing extreme material
phase transformations.

V. ROBUSTNESS OF THE RESULTS AGAINST
VARIATIONS OF MATERIAL PARAMETERS

We have thoroughly checked the robustness of our
results against the potential uncertainty of the ioniza-
tion and electron heating rates. These checks, detailed in
Appendix D, are summarized in Table I. All values shown
are the maxima over the interaction volume. A FWHM
150-fs pulse with the center wavelength of 800 nm and
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TABLE I. Summary of the simulation results with varying values of the system parameters.

Material parameters Fluence, J/cm2 Ne, 1028 m−3 Te, eV Energy density, nJ/µm3 Peak WDM pressure, GPa

Nominal values (×1) 15 4.5 15 235 200
0.1 × wPI 20 6 12.5 275 225
10 × wPI 15 3 22 205 175
0.1 × wAI 24 1.5 65 260 225
10 × wAI 12 8 9 300 250
νe = 1015 s−1 15 2.5 31 225 200
νe = 5 × 1015 s−1 12 3 17 170 150
τrec = 1 ps 15 3 24 220 200
τrec(Ne) 15 1.5 60 240 200

pulse energy of 100 nJ, focused into the bulk of sapphire
with the effective NA = 1.35, is used in all cases. The var-
ied parameter, a single one in each simulation, is specified
in the leftmost column.

The top row summarizes the results obtained using the
nominal parameter values and neglecting electron recom-
bination. Note that the deviations of the peak electron
density and temperature from their values, obtained with
the nominal parameters, are typically in opposition to each
other, so that the corresponding variations of the peak
deposited energy density and the peak pressure of sapphire
in the WDM state are fractionally lower than the variations
of either density or temperature.

In summary, over the entire range of parameter vari-
ations that we considered, the maximum density of
deposited energy and the peak pressure of sapphire in
the WDM state are limited to 300 nJ/µm3 and 250 GPa,
respectively.

VI. POTENTIAL ROUTES TOWARDS
OVERCOMING THE IONIZATION CLAMPING

LIMIT

In principle, ionization clamping and the temperature
and pressure limitations resulting from it can be benefi-
cial for certain applications, as they make the composition
of the materials, synthesized inside the microexplosion
voids, to some degree, immune to the fluctuations of the
laser-pulse energy and duration. However, for exploring
more and more extreme nonequilibrium high-pressure and
temperature interaction regimes, devising strategies for
overcoming the clamping limit may be of interest. Here,
we briefly outline the potential approaches that may be
worthwhile investigating in that regard.

Due to the scaling of the critical plasma density with
wavelength, the excitation with UV and deep-UV laser
pulses (that have to remain within the linear transparency
window of the host dielectric) may push the clamped
values higher, making a complete ionization of all valence-
band electrons achievable. An example of the excitation
of sapphire with the femtosecond laser pulse at the 400-
nm carrier wavelength is discussed in Appendix F. The

peak conduction-band electron density and temperature are
predictably higher than the corresponding values obtained
with the excitation at the 800-nm wavelength. However,
the peak pressure of the WDM sapphire is still about 2
orders of magnitude lower than the approximately 10 TPa
value purported in Ref. [13].

Other potential routes towards overcoming the clamp-
ing limits may be through the application of single-cycle
laser pulses, the use of spatiotemporal or polarization
beam shaping, e.g., via simultaneous spatial and temporal
focusing (SSTF) [42,43] and tight focusing of beams with
polarization singularity. Another option to explore is the
application of up-chirped laser pulses, in which case the
higher-frequency trailing edge of the pulse could penetrate
the plasma with the density above critical for the lead-
ing, lower-frequency pulse front. Finally, the application
of a burst of multiple ultrashort pulses, with a picosecond-
to-nanosecond-scale temporal separation between the indi-
vidual pulses within the burst, can create favorable hydro-
dynamic conditions for a larger void to form as a result
of the interaction. The practicality and limitations of the
above approaches remain to be investigated.

VII. CONCLUSIONS

In conclusion, we have applied a fully vectorial, 3D
Maxwell propagator, initiated by the nonparaxial input
optical field, to compute the energy deposition by a fem-
tosecond, near-infrared laser pulse in bulk sapphire under
very tight focusing conditions. Plasma shielding in the
interaction volume rigidly clamps the density and tem-
perature of the conduction-band electrons and limits the
peak pressure in the WDM state of sapphire to about 200
GPa, about 2 orders of magnitude lower than the esti-
mate reported previously, yet sufficiently high to drive
extreme phase transformations. Our model produces quan-
titatively consistent distributions of the deposited energy
under large variations of ionization and electron-heating
rates and can guide future experimental investigations of
extreme phase transformations on the table top. We have
suggested the potential routes towards overcoming the
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ionization clamping limits in the confined microexplosion
experiments.
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APPENDIX A: FORMULATIONS FOR THE
ELECTRON COLLISION AND IONIZATION

RATES

1. Electron collisions

In the Drude model, collisions of the conduction-band
electrons with heavier species mediate the net absorption
of the electromagnetic energy by the electrons. Quantita-
tive description of the relevant collision processes in real
solids is a complex and often untraceable problem, and
its treatments differ significantly across the published lit-
erature. In a crystal excited by an ultrashort laser pulse,
the ions remain nearly frozen during the excitation. The
conduction-band electrons move freely in the nearly peri-
odic potential of the ions and, at least at the relatively
low electron density and temperature, do not directly inter-
act with the individual ions constituting the crystal lattice.
What the electrons interact with are other electrons, lat-
tice defects and impurities, the deviations from the lattice
periodicity (i.e., phonons), and holes. We assume that the
crystal is defect- and impurity-free. The electron-electron
collisions are responsible for the rapid thermalization of
the electron system, but they do not contribute to the elec-
tron heating, since they do not change the total momentum
of the colliding electrons. Thus, the two collision processes
that are relevant for the heating of the electron system in
our model, at the low-to-moderate level of excitation, are
the collisions with the phonons and with the holes.

Sapphire has three acoustic and 27 optical phonon
modes [44]. A comprehensive description of the electron-
phonon collisions that accounts for both phonon types has
been recently published in Ref. [45], where the contribu-
tions to the total electron-phonon collision rate by different
phonon modes have been computed using the electron den-
sity of states in the conduction band of sapphire [46]. The
result for the total collision rate varies between approxi-
mately 1 × 1014 s−1 and approximately 5 × 1014 s−1 over
the range of electron energies from few tens of meV
to 5 eV, where the electron-hole and electron-ion colli-
sions start to dominate. Accordingly, for the combined
electron-phonon collision rate we adopt the average value
of 3 × 1014 s−1, independently of the electron energy.

Using constant electron-phonon collision rate is common
in numerical treatments of ultrafast ablation of dielectrics
[47,48].

Holes in sapphire are about 10 times heavier than
conduction-band electrons [27,49], thus the electron-hole
collisions do contribute to the heating of the conduction-
band electrons by the optical field. The rate of the electron-
hole collisions, as a function of the electron temperature,
is given by νe−h = (

πε0/2e2
) √

3/m∗
e(kBTe)

3/2 [50]. This
expression is valid if the effective hole mass is much larger
than the effective electron mass, which is the case for
the photoexcited sapphire [27]. The above expression for
the electron-hole collision rate does not depend on the
nature of the charged particles and does not account for
the effects of the Coulomb long-distance interaction. The
latter becomes relevant for dense plasmas Ne � 1027 m−3,
but there the electron-ion collisions start to dominate, as
we discuss next.

It has been argued that for hot-electron plasma with
the temperature exceeding the Fermi temperature TF =
(1/kB) �2(3π2Ne)

2/3/2m∗
e , where Ne is the electron den-

sity, the electron-lattice interaction reduces to the Coulomb
scattering of the conduction-band electrons on the individ-
ual ions constituting the lattice [51]. The validity of such
a treatment is questionable, but we will follow it, keeping
in mind that the resulting total collision rate will be var-
ied and our simulation results will be shown to be weakly
dependent on those variations.

The explicit dependence of the electron-ion collision
rate that we use is as follows [52]:
νei(Ne, Te)= (4/3)

√
2π

[
e4Ne ln (�)/

(
ε2

0
√

m∗
e(kBTe)

3/2
)]

,
where ln (�) = (1/2) ln

[
1 + (bmax/bmin)

2] is the Coulomb
logarithm, bmax = √

kBTe/m∗
e/ max

[
ω0, ωpl

]
and bmin =

max
[(

e2/kBTe
)

,
(
�/

√
m∗

ekBTe
)]

are the maximum and

minimum collision parameters, and ωpl =
√

e2Ne/
(
ε0m∗

e

)

is the electron plasma frequency.
The upper limit for the electron-lattice collision rate for

dense and hot conduction-band electron gas is set by the
shortest possible electron mean-free path within the lat-
tice. It is on the order of the average distance between the
neighboring ions, which is related to the average atomic
number density of sapphire. This limit is referred to as the
natural limit. In the average sense, neglecting the com-
plex structure of the elementary crystal cell, this limit is
approximately given by νmax(|ve|) = |ve| 3

√
4πNi,0/3 [51–

53], where |ve| =
√

v2
D + 3kBTe/m∗

e is the average velocity
of the electrons, which includes the drift and thermal
components, and Ni,0 = 1.2 × 1029 m−3 is the total ionic
number density (aluminum and oxygen ions) of sapphire.
Note that Ni,0 is different from N0, the density of the
valence-band electrons.

In the implementation of the above model for collisions,
the rates of the three collision types that are accounted
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for (electron-phonon, electron-hole, and electron-ion) are
computed according to the formulas detailed above for
the entire range of the electron density and temperature.
The effective collision rate is then calculated as a sum
of those three collision rates, which is the approxima-
tion commonly referred to as Matthiessen’s rule [54]. The
result of this computation ends up to be approximately 3 ×
1014 s−1 at the low level of excitation, where the electron-
phonon scattering dominates, increases with the electron
temperature ∝ T3/2

e up to approximately 1015s−1 due to the
contribution of the electron-hole collisions in the dilute
electron plasma, where that process dominates, and then
increases with increasing the electron density ∝ Ne/Te

3/2

due to the electron-ion collisions in the dense, near-critical,
or overcritical plasma. For a high level of excitation, the
electron collision rate is capped at the above-mentioned
natural limit, which depends on the local average electron
velocity and is approximately 2.4 × 1016 s−1 for 10-eV
electrons.

2. Keldysh photoionization rate

Keldysh photoionization rate is computed using the
following formula [55]:

wPI
(|�E|, ω0, Ip

)

= 4ω0

9π

(
ω0m∗

e

�γ1

)3/2

Q(γ , x)

× exp
[
−π × Int(x + 1)

K(γ1) − M (γ1)

M (γ2)

]
, (A1)

where ω0 is the carrier frequency of the optical field,
K and M are the complete elliptic integrals of the first
and second kind, respectively, γ1 = γ /

√
1 + γ 2, γ2 =

1/
√

1 + γ 2, γ = ω0
√

m∗
e Ip/(e|�E|) is the Keldysh param-

eter, Ip is the ionization potential (the lower edge of the
band gap, a constant value in our model), |�E| is the abso-
lute value of the instantaneous electric field, and x =
2IpM (γ2)/ (π�ω0γ1). The Q integral is defined as follows:

Q(γ , x) =
√

π/ (2K(γ2))

∞∑

n=0

[

exp
(
−πn

K(γ1) − M (γ1)

M (γ2)

)

×D+

(

π

√
Int(x + 1) − x + n

2K(γ2)M (γ2)

)]

,

where D+(x) = e−x2 ∫ x
0 et2dt is the Dawson function. The

data for the photoionization rate wPI
(|�E|) as a function of

the absolute value of the E field and at the fixed value of
the electronic band gap, Ip = 9.9 eV, are pretabulated and
used in the propagation code.

Note that in the current implementation of the model,
the Keldysh photoionization rate is computed using the

instantaneous value of the E field. This is common in the
FDTD Maxwell solver-based treatments of ultrafast laser-
matter interactions [15,56]. More refined treatment is, in
principle, possible through the application of the Yudin-
Ivanov formula [57], but it would require implementing
cycle averaging for the E field, which is numerically bur-
densome. As we will show below, large variations of the
overall prefactor in the rate formula (A1) do not signifi-
cantly affect our results, thus computing the Keldysh rate
using the instantaneous E field is justified for our purposes.

3. Avalanche ionization rate

The velocity of an individual conduction-band electron
is a vectorial sum of the time- and position-dependent
drift velocity �vd, which determines the local macroscopic
current, and, also vectorial, thermal velocity �vth of that
particular electron. Due to the significantly subcycle ther-
malization by the electron-electron collisions, the latter has
a random direction and the magnitude distributed accord-
ing to the Maxwell distribution with the local temperature
Te. The avalanche ionization rate wAI is computed by
averaging the Keldysh impact ionization rate for a single
impactor electron [58] over the Maxwell distribution of the
thermal velocity component of the conduction-band elec-
trons. This formalism has been introduced for the case of
negligible drift velocity of the conduction-band electrons
in Ref. [29] and generalized to the case where the drift
velocity is not negligible in Ref. [20]. In the situations
we consider, the maximum (over the interaction volume)
kinetic energies corresponding to the drift and thermal
velocity components are of the same order (approximately
10 eV).

In the spherical coordinate system with the polar axis
directed along �vd and θ being the angle between �vd and the
variable thermal electron velocity �vth, the explicit expres-
sion for the avalanche ionization rate, averaged over the
electron velocity distribution, is as follows:

wAI = 2π

∫ ∞

0
v2

th × dvth

∫ π

0
sin θ × dθ × �

(
W − Ip

)

× α0

(
W − Ip

Ip

)2 (
m∗

e

3πkBTe

)3/2

exp
(

− m∗
ev

2
th

3kBTe

)
,

(A2)

where W ≡ m∗
ev

2/2 = m∗
e

(
v2

d
2 + v2

th
2 + vdvth cos θ

)
is the

electron kinetic energy, composed of the drift and ther-
mal velocity contributions and dependent on the angle
between the drift and thermal velocities, and α0 =
(e2/4πε0)

2m∗
e/n4

0�
3. �

(
W − Ip

)
is the � function, equal

to zero for W < Ip and equal to one for W ≥ Ip . The inte-
gral is solved numerically, and the results for the avalanche
rate wAI(| �vd|2, Te) are pretabulated, for a fixed electronic
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band gap Ip = 9.9 eV, and used in the computation of the
Maxwell propagator.

The formula (A2) reduces to the avalanche ionization
rate derived by Peñano et al. in Ref. [29] for the case of
negligible drift velocity |�vd| � √

3kBTe/m∗
e . Formula (A2)

is different from the result derived in Ref. [20] for the case
when the electron drift velocity is non-negligible, but pro-
duces the same order-of-magnitude values of the avalanche
ionization rate.

APPENDIX B: NONPARAXIAL BOUNDARY
CONDITIONS FOR THE FIELD PROPAGATOR

To set the boundary conditions for the FDTD Maxwell
propagator, we place an auxiliary, linear medium between
an ideal (aberration-free), high-NA focusing optic and the
sample. Without loss of generality, the auxiliary medium
is assumed to be birefringence-free, with its refractive
index n0 matching that of the unperturbed sapphire sample.
The Ignatovsky representation for the real-valued Carte-
sian components of the electric �E(x, y, z) and magnetic
�H(x, y, z) field vectors of a monochromatic, arbitrarily
tightly focused, linearly propagating field everywhere in
space can be expressed as real parts of the following
complex quantities [35]:

Ẽx = A (I0 + I2 cos 2γ ) ,

Ẽy = AI2 sin 2γ ,

Ẽz = −iAI1 cos γ ,

H̃x =
√

ε0

μ0
AI2 sin 2γ ,

H̃y =
√

ε0

μ0
A (I0 − I2 cos 2γ ) ,

H̃z = −i
√

ε0

μ0
AI1 sin γ ,

(B1)

where I0, I1, and I2 are the integrals detailed below,
A = −ikf exp (ikf ), f is the focal length of the focus-
ing optic in the medium, k = 2πn0/λ0 is the wave vec-
tor in the medium with the index of refraction n0, and
λ0 is the optical wavelength in vacuum. (See the note
below on the treatment of the few-cycle pulses with the
optical bandwidth comparable to their center frequency.)
The trigonometric functions in Eq. (B1) are related to
the Cartesian coordinates (x, y, z) as follows: cos 2γ =
(x2 − y2)/r2, sin 2γ = 2xy/r2, cos γ = x/r, and sin γ =
y/r; r2 = x2 + y2. The origin of the Cartesian coordinate
system is set at the geometrical focus of the focusing optic,
with the z axis pointing along the beam axis. The incoming
E field is polarized along the x axis. We assume a per-
fect refractive-index matching between the focusing optic
and the sample, thus the Fresnel loss and aberrations upon

crossing the entrance boundary of the sample are absent.
This situation represents an experiment with perfect index
matching between an aberration-free focusing objective
and the sample.

For an axially symmetric, Gaussian input beam, which is
the case we consider, I1, I2, and I3 in Eq. (B1) are explicitly
given by the following integrals over a single variable θ :

I0 =
∫ π

0
Eenv(ρ

′) sin θ M (θ) J0(kr sin θ) dθ ,

I1 = 2
∫ π

0
Eenv(ρ

′) sin θ
√

ξ(θ) M (θ) J1(kr sin θ) dθ ,

I2 =
∫ π

0
Eenv(ρ

′) sin θ ξ(θ) M (θ) J2(kr sin θ) dθ ,

(B2)

where Eenv(ρ
′) = E0 exp

[−(ρ ′/w0)
2
]

is the transverse
electric field distribution of the linearly polarized Gaussian
beam incident on the focusing optic, w0 is its half width
at the 1/e2 intensity level, ρ ′(θ) = 2f

√
ξ(θ), M (θ) =

exp (ikz cos θ), ξ(θ) = (1 − cos θ)/(1 + cos θ), and Jn are
the Bessel functions of the first kind of order n. E0 is the
normalization factor depending on the input pulse energy
and duration.

The above expressions are strictly valid for a monochro-
matic field. We assume that the incident laser pulse has
multiple optical cycles, and its spectral width in the fre-
quency domain is much smaller than its center frequency
ω0. Then, the value of the k vector in the above expressions
is approximately constant, and the temporal dependence of
the field factors off from its spatial dependence. In time
domain, we assume an incident Gaussian pulse with a com-
plex amplitude ∝ exp

[−iω0t − (t/τ)2], where τ is one
half of the pulse duration at the 1/e2 intensity level.

For a few-cycle optical pulse with the spectral width
comparable to its center frequency, the above formulation
is valid for the individual temporal Fourier components
of the pulse. In that case, the boundary condition for the
nonlinear Maxwell propagator will have to be set by per-
forming integration of the above expressions (B1) over the
spectrum of the pulse incident on the focusing optic.

The three real-valued components of the electric field
vector in the focal plane of the focusing optic are shown in
Fig. 5 for the case of linear focusing with NA = 1.35. Note
that the longitudinal component Ez of the E field vector
near the focus is comparable to Ex, its component along
the polarization direction of the incident laser beam.

To set up the simulation for the nonlinear propagation of
the tightly focused laser beam through the interaction vol-
ume, the boundary conditions for the nonlinear Maxwell
propagator are set, using formulas (B1), (B2), some dis-
tance before the focal plane, where the nonlinear response
of the medium is about to become non-negligible. If the
paraxial boundary conditions were used to initiate the
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FIG. 5. Components of the electric field vector at the focal
plane of a parabolic mirror, computed according to Eqs. (B1),
(B2) and normalized to the maximum absolute value of the E
field at the focus. The input laser beam at the wavelength of 800
nm is focused into a linear medium with the index of refraction
of 1.76. The effective NA of the focusing optic is 1.35.

propagator, only the Ex and Hy components of the inci-
dent field at the entrance to the computational domain
would be specified, leading to erroneous results for the
field computed by the propagator.

The significance of using the nonparaxial boundary con-
ditions in the nonlinear simulations with large values of
NA is illustrated by the data shown in Fig. 6. The spa-
tial distributions of the optical fluence and electron density
immediately after the passage of the laser pulse through the
focal volume are qualitatively different in the data obtained
using incorrect, paraxial boundary conditions, that specify
only the Ex and Hy components of the source field at the
input boundary of the computational domain, and those
obtained using correct, nonparaxial boundary conditions
detailed above.

Interestingly, the clamped peak values of the fluence
and electron density are essentially the same for the sim-
ulations using paraxial and nonparaxial boundary condi-
tions. This is because the origin of the clamping is in the
shielding of the field on its way towards the focus by
the generated plasma. The nature of this limiting mecha-
nism is independent of the specific way the input field is
initialized.
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Sec. II and the Appendices.

APPENDIX C: NUMERICAL INTEGRATION
SCHEME AND COMPUTATIONAL ASPECTS

In the FDTD Maxwell propagator, the real-valued elec-
tric and magnetic fields are defined on the interleaved
square grids shifted with respect to each other by one half
of one sampling interval in all three spatial dimensions.
At the boundaries of the computational domain, the con-
volutional perfect matched layers (CPMLs) [59], with the
thickness of 15 computational cells, are set up in order to
eliminate the nonphysical boundary reflections. The aux-
iliary differential equation (ADE) technique is used to
compute the transient optical properties—the real-valued
dielectric permittivity and the polarization, ionization, and
Kerr currents [60].

A fixed spatial sampling step � = 10 nm is used in all
three spatial dimensions (x, y, z), in all simulations with the
excitation at the carrier wavelength of 800 nm. The chosen
resolution is sufficient to properly sample the generated
plasma skin layers and the evanescent fields. The cor-
responding temporal step δt = �/2c ≈ 16.7 attoseconds
is chosen to satisfy the Courant-Friedrichs-Lewy condi-
tion for the stability of the FDTD scheme. The optical
cycle is well resolved with about 160 sampling points per
cycle. The computational domain is 6-µm-wide in all three
spatial dimensions, sampled over 600 × 600 × 600 spatial
points. The nonlinear propagator runs over a 600 fs—long
time interval, sampled over 36 000 time steps. The peak of
the incident 150-fs (FWHM) laser pulse is set to reach the
boundary of the computational domain at 300 fs.

In total, 11 equations are solved: six for the components
of the electric and magnetic fields, three for the compo-
nents of the average (drift) electron velocity, which defines
the electron current density, and two equations for the
electron density and temperature. Additional equations are
solved to evaluate the CPMLs.

For the case of a shorter carrier wavelength (400 nm), a
spatial step � = 5 nm is used, while for the excitation at a
longer carrier wavelength of 1500 nm, we use � = 20 nm.
Those two cases are considered in Appendix F.

At each time step, the algorithm updates the compo-
nents of the magnetic field, solves the nonlinear equations
for the components of the electric field, then uses the
computed fields to update the electron current density,
number density, and energy density by solving the electron
plasma fluid equations complementing Maxwell equations
in Eq. (1). The propagator is sourced by adding the incom-
ing nonparaxial input field, computed according to the
procedure detailed in Appendix B, to the field computed
by the nonlinear propagator at the entrance boundary to
the computational domain.

The algorithm is implemented on the graphics process-
ing units (GPUs) card using 10 Gb of the GPU mem-
ory, allowing for the 60× acceleration relative to the
computation with a single processor. The completion of a
single simulation takes about 12 h of computing time.
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APPENDIX D: IMPACT OF THE UNCERTAINTY
OF THE MODEL PARAMETERS ON THE

SIMULATION RESULTS

As we pointed out earlier, various material parameters
that we use in our model are not precisely known and/or
dynamic, i.e., depend on the level of material excitation.
Here we show that the main conclusions based on our sim-
ulations, namely the computed values of the peak density
of the deposited electromagnetic energy and the peak tran-
sient pressure in the microexplosion, are not qualitatively
dependent on those, potentially uncertain and dynamic,
material parameters. To that end, we systematically varied
those parameters, one-by-one, by up to one order of mag-
nitude up and down from their nominal values, collected
from various literature sources. The peak volumetric den-
sity of energy deposited by the laser field in the material
was found to be limited to approximately 300 nJ/µm3 over
the entire range of parameter variations that we considered.
The corresponding maximum transient pressure attainable
in the microexplosion is limited to approximately 250 GPa,
which is higher than the value obtained with the nominal
parameter values but still lower than the value reported in
Ref. [13] (Pmax = 13.4 TPa) by about 2 orders of magni-
tude. The peak values of the various quantities computed
using our model are summarized in Table I.

1. Variation of the Keldysh photoionization rate

In our simulations, the instantaneous Keldysh photoion-
ization rate wPI is calculated according to Appendix A 2,
using fixed values for the electron band gap of sap-
phire Ip = 9.9 eV and for the effective electron mass

m∗
e = 0.4 me. The Keldysh formulation uses the two

parabolic band approximation of the complex electronic
structure of the solid, sapphire in this case. The simula-
tion results obtained using artificially reduced (0.1 × wPI)
and increased (10 × wPI) strong-field ionization rates are
shown in Fig. 7 and summarized in the Table I. Such
vast variations of the ionization rate result in the mod-
est changes (approximately 10%) of the peak pressure of
sapphire in the WDM state.

2. Variation of the avalanche ionization rate

Avalanche ionization multiplies the seed conduction-
band electrons produced by Keldysh photo-ionization. In
our model, we compute the rate for avalanche ioniza-
tion by averaging the single-electron rate over the shifted
Maxwell distribution for the conduction-band electrons, as
detailed in Appendix A 3. This formulation may be overly
simplified, as the only material-specific parameters in the
expression (A2) for the avalanche rate are the reduced elec-
tron mass m∗

e the ionization potential Ip , and the refractive
index n0 of the unperturbed sapphire. As with the case
of the Keldysh photo-ionization rate, we test the depen-
dence of our results on large variations of the pre-factor
α0 in (A2). The results of those tests are shown in Fig. 8
and summarized in Table I. Although the changes of the
peak electron density and temperature resulting from the
variations of parameter α0 are both not insignificant (yet
not qualitative), those variations are in opposition to each
other, and the resulting change in the peak absorbed energy
density is within 30% at the most, for the case of the
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FIG. 7. Spatial distributions of (a)–(c) the optical fluence and (d)–(f) the conduction-band electron density for different values of the
Keldysh photoionization rate: (a),(d) wPI, the nominal value computed according to Eq. (A1), (b),(e) 0.1 × wPI, and (c),(f) 10 × wPI.
The rest of the material parameters are at their nominal values. The input laser field is the same as that used in Fig. 1.
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avalanche rate of ten times its nominal value. The corre-
sponding change of the peak transient pressure of sapphire
in the WDM state is ∼50 GPa.

3. Variation of the electron collision frequency

The electron collision frequency νe is a parameter that
determines the transient optical properties of a photoex-
cited solid. As detailed in Appendix A 1, in our model, νe
has contributions from the electron-phonon, electron-hole,
and electron-ion collisions, with different contributions
dominating over the rest, depending on the level of ioniza-
tion and plasma heating. This formulation involves various
assumptions that may not be strictly or even qualitatively
valid for high values of the conduction-band electron den-
sity and temperature. Here we show that this uncertainty
does not qualitatively affect our main conclusions about
clamping of the deposited energy density and the corre-
sponding peak transient pressure in the microexplosion.
To validate our conclusions, we perform our simulations
using two different constant values of νe of 1015 s−1 and
5 × 1015 s−1. These values are representative of what
have been previously used in the literature on the Drude
response in photoexcited solids [53,61,62]. The results of
these tests, summarized in Fig. 9 and in Table I, show that
neither the peak fluence in the interaction zone nor the
peak density of the deposited electromagnetic energy devi-
ate significantly from their baseline values obtained with
the comprehensive (dynamic) treatment of the electron
collisions detailed in Appendix A 1.

We point out that the computed parameters of the dense
electron plasma are consistent with the experimental data

on the optical skin depth and reflectivity in the ultrafast
surface ablation of sapphire [23,48,63].

4. Accounting for electron recombination

Electrons excited into the conduction band of a solid
can recombine with the accompanying holes. Recombina-
tion in photoexcited solids is commonly parametrized by
the characteristic recombination time τrec and quantified,
both in fitting the experimental data and in modeling, by
a linear decay term dNe/dt ∝ −Ne/τrec. The description of
recombination, which is a complex, multichannel process,
in terms of a single constant parameter τrec is certainly an
approximation. However, for the purposes of our numeri-
cal study, which aims to simulate the photoexcitation phase
of the laser-material interaction, covering few hundreds of
femtoseconds at the longest, the electron-hole recombina-
tion can be safely neglected, as in sapphire it occurs on
a much longer time scale. Indeed, the experimental data
on the transient surface reflectivity of photoexcited sap-
phire indicate that the conduction-band electron plasma
decays on the time scales in the range from several to sev-
eral hundreds of picoseconds [23,48], i.e., 1 to 3 orders
of magnitude longer than the total simulation time win-
dow we consider. Recombination times on the order of 100
ps are commonly used in numerical simulations of surface
ablation of sapphire [32].

Differently from the simple treatment with the linear
recombination term mentioned above, certain authors treat
the electron-hole recombination in photoexcited solids as
a three-body process, so that the characteristic recombi-
nation time has an inverse quadratic dependence on the
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FIG. 9. Spatial distributions of (a)–(c) the optical fluence and (d)–(f) the conduction-band electron density for different values of
the electron collision rate: (a),(d) the nominal, dynamic νe(Ne, Te), as detailed in Appendix A 1, (b),(e) νe = 1015 s−1, and (c),(f)
νe = 5 × 1015 s−1. The rest of the material parameters are at their nominal values. The input laser field is the same as that used in
Fig. 1.

density of the conduction-band electrons: τrec ∝ Ne
−2. This

is analogous to the formulations used to describe plasma
kinetics in gases and, intuitively, it makes sense, since the
presence of both an electron and a hole is needed for the
conduction-band electron to relax into the valence band,
and the local densities of electrons and holes are very close.
Based on not entirely transparent arguments, in Ref. [12],
the characteristic recombination time τrec is set to 1 fs at the
point of complete ionization, i.e., at Ne ≈ 4 × 1029 m−3.
In such a formulation, the inverse quadratic dependence of
τrec on the electron density dictates the recombination time
to be on the order of 25 fs for Ne ≈ 8 × 1028 m−3, which is
the highest concentration of the conduction-band electrons
that we find over the entire range of the parameter space
we consider.

In this subsection, we show that the recombination of
the conduction-band electrons in our simulations can be,
indeed, ignored. We test the effect of including two differ-
ent recombination terms in the rate equations: a linear term
with the constant characteristic decay time τrec = 1 ps,
which is on the shorter end of the range from the pub-
lished literature, and the term, quadratic in the density of
the conduction-band electrons, such that the characteris-
tic recombination time is 1 fs at the point of complete
ionization of the valence band. As evident from the data
shown in Fig. 10 and summarized in Table I, while the
maximum fluence over the interaction region is essen-
tially identical in the cases of simulations with and without
either of the recombination terms, both treatments result
in the sizable changes of the peak electron density and
temperature. However, those changes are well within one

order of magnitude. As with the other parameter variations,
the changes of the peak electron density and temperature
are in opposition to each other, so that the change of the
peak deposited energy density, containing contributions
from both density and temperature, is even more moder-
ate than those of either contribution. For the case of the
density-dependent treatment of recombination following
[12], ionization stops well before the complete depletion
of the valence band is reached. Consequently, the rate of
recombination never becomes close to the rate of ioniza-
tion, and the ionization equilibrium scenario, put forth in
Ref. [12], is never realized.

APPENDIX E: RELATIVE ROLES OF DIFFERENT
PHYSICAL PHENOMENA INCLUDED IN THE

MODEL

Ionization and the resulting plasma absorption and
refraction are the major physical effects that govern the
deposition of the electromagnetic energy in the medium.
In addition to the plasma effects, there are various other
linear and nonlinear phenomena that are accounted for
in our model. It is instructive to examine and quantify
the relative significance of those effects. To that end, we
have performed simulations with various effects excluded
from the model and compared the results with those
obtained using the complete model. The results for the
two effects contributing in the most significant way are
shown in Fig. 11. What is shown are the (X , Y) slices
of the distributions of the deposited energy, defined as
Ee = [

(3/2)kBTe + Ip
]

Ne(t = 600 fs) and computed using
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FIG. 10. Spatial distributions of (a)–(c) the optical fluence and (d)–(f) the conduction-band electron density: (a),(d) neglecting
electron recombination, (b),(e) with linear recombination with the characteristic recombination time τrec = 1 ps, and (c),(f) with a
quadratic dependence of the recombination rate on the electron density, such that τrec = 1 fs at the point of complete ionization of the
upper valence band of sapphire. The rest of the material parameters are at their nominal values. The input laser field is the same as that
used in Fig. 1.

the complete model, and of the differences between the
complete solution and the solutions obtained with the elec-
tron diffusion and the Kerr effects excluded. We point out
that the values shown in (b) and (c) cannot be considered
as the isolated contributions to the deposited energy by the
specific effects in a strict sense, as those contributions are
intrinsically coupled. However, the data shown in Fig. 11
allow for a semiquantitative ranking of different phenom-
ena by their significance in the overall physical picture of
the nonlinear pulse propagation and energy deposition.

Dropping the Kerr effect from the model results in the
reduction of the energy deposition in the center of the focal
volume by about 20% and in its increase, by about the same
amount, in the approximately 1-µm-wide, approximately
100-nm-thick shell surrounding the focal volume. The
inclusion of the electron diffusion reduces the deposited

energy density in the center of the focal volume by about
20%, while slightly increasing the energy density on the
periphery of the interaction volume, through the outflow
of the hot electrons from the center to the periphery. The
contributions of the convective term and of the magnetic
component of the Lorentz force are minor, accounting
for approximately 0.15% and approximately 0.02% differ-
ences relative to the simulation result using the complete
model, respectively.

APPENDIX F: SIMULATIONS WITH THE
EXCITATION LASER PULSES AT DIFFERENT

CARRIER WAVELENGTHS

Plasma refraction depends on λ0, the center wavelength
of the laser pulse, through the ∝ λ−2

0 scaling of the critical
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FIG. 12. Spatial distributions of (a)–(c) the optical fluence and (d)–(f) the conduction-band electron density for different center
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plasma density. Therefore, it is expected that using a
shorter-wavelength driver could shift the ionization clamp-
ing limits, intrinsic to the excitation in the NIR, to higher
levels. To quantify the dependence of the peak deposited
energy and the resulting peak pressure of sapphire in the
WDM state on the carrier wavelength of the laser pulse,
we have performed simulations for the laser pulses with
spectra centered at 400- and 1500-nm wavelengths. As
for the case of the 800-nm pulse, the FWHM pulse dura-
tion is 150 fs, and the laser beam is focused into the bulk
sapphire with the effective numerical aperture NA = 1.35.
The dimensions of the simulation volume are scaled with
the wavelength of the driver. The spatial and temporal res-
olutions in the propagator code are adjusted accordingly,
as specified in Appendix C. The input energy for the case
of the 400 nm pulse is 100 nJ, which is the same as that
for the excitation at 800 nm, and is increased to 200 nJ for
the 1500 nm excitation, to compensate for the significantly
lower photo-ionization rate at that wavelength.

The results of these simulations are shown in Fig. 12.
The peak electron density and temperature, generated by
the 400-nm laser pulse, are 6 × 1028 m−3 and approxi-
mately 20 eV, respectively. As expected, both values are
higher than those obtained with the NIR pulse at the
800-nm wavelength. However, the peak electron density
remains well below the total electron density in the upper
valence band of sapphire. The corresponding peak tran-
sient pressure of the WDM sapphire is estimated at 300
GPa, still significantly short of the multi-TPa levels pur-
ported in Ref. [13]. In principle, the clamping limits can

be pushed further up by using a driver pulse with an
even shorter center wavelength. For sapphire, the excita-
tion scaling with wavelength will be limited by the onset
of strong linear absorption at around 200 nm.

The degree of excitation with the 1500-nm driver pulse
is predictably lower than what is achieved with the exci-
tation in the NIR and UV: the peak electron density and
temperature are 2 × 1028 m−3 and approximately 12 eV,
respectively. The peak transient pressure of the WDM
sapphire is approximately 125 GPa.
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