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Entanglement and quantum steering in a hybrid quadpartite system
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We consider a quadpartite hybrid system that incorporates a microwave cavity, a yttrium-iron-garnet
(YIG) magnetic sphere resonator, a mechanical resonator, and an LC electrical resonator. The entan-
glement and the quantum steering properties of this quadpartite system are thoroughly investigated by
considering practical parameters. The microwave cavity mode is directly coupled to the magnon, mechan-
ical, and electrical modes via Kittel magnetostatics, radiation pressure, and adjustable capacitance of the
LC configuration, respectively. We demonstrate tripartite entanglement among different modes, including
indirectly coupled modes (such as magnon entanglement with mechanical and LC electrical modes) for
operating temperatures up to 2 K. Furthermore, we observe the presence of asymmetric one-way steer-
ing, revealing that the mechanical oscillator and the LC resonant modes can steer the indirectly coupled
magnon mode (yet in one direction while steering is not possible in the backward direction). The inte-
gration of the four interacting modes provides a variety of controlling degrees of freedom and makes
the proposed quadpartite system an attractive approach for a wide range of applications, including data
processing and communication, sensing, and quantum technologies.
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I. INTRODUCTION

Developments in quantum physics have progressed over
the past several decades from the conceptual description
of microscopic events to advanced practical applications
[1]. Quantum information concepts have contributed to
these advances [2] like quantum sensing [3,4], secure
quantum communications [5,6], quantum entanglement,
quantum teleportation [7–13] and foundations of quantum
mechanics [14,15]. Current technological advances allow
observing and testing the manipulation (and control) of
quantum systems. These include photons, atoms and ions
[16,17], mesoscopic superconducting and nanomechanical
and optomechanical systems [18–21].

Recently, yttrium-iron-garnet (YIG) spheres (containing
cavities with magnon modes) have emerged as one of the
most popular candidates for the study of quantum phe-
nomena [22–27]. Such a system exploits the Kittle mode,
which is strongly coupled to microwave (MW) fields and
offers a distinctive way of studying a strong coherent cou-
pling regime, which is very arduous to address otherwise
[28–31]. A system consisting of a YIG sphere and magnon
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mode incorporated with a microwave cavity is reported
by Li and co-workers in Ref. [32]. They showed phonon,
magnon, and photon-mode entanglement in both bipartite
and tripartite. The reported entanglement survives up to
200 mK. In Ref. [28,29], a double microwave cavity sys-
tem with magnon coupling was considered and a strategy
to illustrate asymmetric quantum steering, nonlocality, and
enhanced entanglement between different biparties (that
persists up to 250 mK) was demonstrated.

Optoelectromechanical devices operate in the gigahertz
(GHz) regime. However, functioning such devices in the
megahertz range would be very beneficial. A mechani-
cally movable membrane that is capacitively coupled to
a LC resonator was proposed to generate and manipu-
late quantum entanglement using optoelectromechanical
devices in the megahertz regime [32–35]. Due to the low
associated noise, such optoelectromechanical devices have
wide applications ranging from signal detection in astron-
omy [36] to nuclear magnetic resonance imaging (NMRI)
[37]. Over the past decade, there has been considerable
progress in preparing quantum correlations in optoelec-
tromechanical systems [38]. For example, Cai et al. pre-
sented an experimentally feasible scheme to entangle two
microwave cavity modes via optomechanical modulation.
Furthermore, Zhong et al. proposed a scheme for the
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realization of entangling microwave and optical modes
coupled electro-optomechanical system [39]. Similarly,
Tesfy et al. investigated the entanglements’ generation
of an optoelectromechanical system and found that the
optical, mechanical, and microwave modes can be simul-
taneously entangled to one another [40]. In a more recent
study, Li and Groblacher presented a scheme for the exis-
tence of steady-state entanglement between a mechanical
and an LC resonators [32]. They found that entanglement
between a low-frequency LC resonator and a mechanical
resonator can be generated by having a suitable microwave
drive. In another interesting paper, Correa and collabora-
tors proposed an efficient hybrid scheme for a capacitively
coupled optoelectromechanical system with a two-level
atomic ensemble [41]. They found that not only maxi-
mum entanglement can be achieved between the two-level
atomic ensemble and the mechanical oscillator, but also
the entanglement presents a certain robustness against the
thermal bath. Furthermore, Zhou and collaborators have
proposed an electric circuit model for microwave optome-
chanics [42]. Their scheme is based on an RLC parallel
circuit that model the mechanical oscillator as a mov-
able capacitor. In this way, they are able to propose a
generic microwave electromechanical model analog to the
standard optomechanical system.

In the present study, we propose a scheme to gener-
ate bi(tripartite) entanglements and quantum steering in
a hybrid system that combines microwave cavity, YIG
spheres, mechanical resonator, and LC resonator that are
all correlated (directly or indirectly) by radiation pressure,
magnetostrictive interaction, and adjustable capacitance.
The main motivation of the present study is to provide an
additional degree of freedom by incorporating a magnon
mode that enjoys low thermal noise and high-frequency
operation to reduce the impact of thermal fluctuations
and improve performance. Also, such a modality enables
coupling and information transfer between different phys-
ical systems with high fidelity. Owing to the fact that a
bias voltage can induce strong coupling between a reso-
nant LC circuit and a mechanical resonator, we consider
the frequency of the LC resonator in the radio frequency
domain and close to the mechanical resonator frequency
[43,44]. These considered configurations offer interest-
ing features because the conversion of radiofrequency-
microwave (rf-MW) signals to microwave signals can be
utilized to detect weak rf-MW signals with high sensi-
tivity [44]. In addition, such systems could reduce the
noise sources for low-frequency signals. These possible
applications could be, for example, in medical imaging,
navigation, radio astronomy, and quantum communica-
tions. Needless to say, it is possible to seize the benefit
of particular features of each subsystem in such a quad-
partite setup. Our results demonstrate the entanglement of
the four different bipartitions. We also observe the one-way
quantum steering between bipartitions. In addition, we also

presented tripartite entanglement by employing minimum
residual cotangle. It is worth mentioning that entanglement
in the present case shows enhanced robustness against
environmental temperature.

The paper is organized as follows. In Sec. II, the Hamil-
tonian of the system is presented. In Sec. III, we derive the
dynamical equations of the system by employing the stan-
dard quantum Langevin approach. The entanglement mea-
surement of the described system is illustrated in Sec. IV.
Numerical simulations and results are discussed in Sec. V.
The significance of the proposed model is elaborated in
Sec. VI. Finally, we present the concluding remarks in
Sec. VII.

II. HAMILTONIAN OF THE SYSTEM

The proposed system comprises a microwave cavity
coupled with a mechanical oscillator, an LC circuit, and a
YIG sphere as depicted in Fig. 1. An experimental real-
ization of an appropriate mechanical oscillator could be
a metal-coated nanomembrane, which is simultaneously
coupled to a cavity via radiation pressure force and capaci-
tively coupled to an LC resonator [43,44]. The capacitance
of the LC circuit can easily be changed when the mem-
brane oscillates under radiation pressure force. In addition,
the magnons are considered to be quasiparticles, which
can be understood as a collective excitation of a number
of spins in a ferrimagnet. The frequency of the magnon
is flexible and can be modulated via ωm = γ0B, where γ0
is the gyromagnetic ratio and B is the external magnetic
field. In addition, we also assume the membrane frequency
is much less than magnon frequency. This condition is
necessary to form dispersive phonon-magnon interaction
[45,46]. Such a quadripartite system is described by the
following Hamiltonian (� = 1):

(a)

(b)

FIG. 1. (a) Schematic diagram of the proposed hybrid quad-
partite system. The system consists of a microwave cavity that is
simultaneously coupled to a magnon mode (via magnetostrictive
interaction), a mechanical oscillator (via radiation pressure), and
an LC circuit (via an adjustable capacitance). (b) The equivalent
mode-coupling model.
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H = H◦ + HI + Hd, (1)

where

H◦ = ωaa†a + ωmm†m + �m

2
(
x2 + p2) + ωLC

2
(
q2 + φ2),

HI = gm
(
am† + a†m

) − G◦a†ax + g◦xq2,

Hd = −q◦
�

qV + iε(a†e−i(ω◦t+�) − aei(ω◦t+�)),

where a(a†) and m(m†) are the annihilation (creation)
operator of the cavity mode with frequency ωa and the
magnon mode with frequency ωm, respectively. Here, p
and x are the momentum and position quadratures of the
mechanical mode. Furthermore, φ and q are the flux and
charge quadratures of the LC resonator with frequency
ωlc = 1/

√
LC. In the interaction Hamiltonian gm repre-

sents the optomagnonical coupling between the cavity and
magnon mode. The one-photon optomechanical coupling
is given by

G0 = ωa

L

√
�

m�m
, (2)

where ωa (L) is the frequency (length) of the cavity and �m
(m) is the frequency (mass) of the mechanical oscillator.
The quantized LC circuit can be formed by an inductor L, a
capacitor C, and a resistance R. The magnetic flux operator
φ and charge on capacitor q obey the standard commuta-
tion relation [q, φ] = i. The membrane itself acts as a plate
of the capacitor and therefore the capacitance of the capac-
itor depends on the mechanical resonator position. Hence,
the electromechanical coupling is given by [41]

g◦ = qsq2
0

�

dC−1

dx
|xs , (3)

where q0 = √
�/LωLC (qs) represents the zero-point fluc-

tuation (stationary mean charge) of the capacitor charge,
and xs is the membrane equilibrium position. Furthermore,
the MW cavity is also driven by a field with phase �

and amplitude ε = √
κa℘/�ω0, where ω0 (κa) is frequency

(cavity leakage) while ℘ denotes the power of external
driving field.

The Hamiltonian of the system, in the rotating-wave
approximation at the drive frequency ω0, can be written as

H = 
0a†a + 
mm†m + �m

2
(
x2 + p2) + ωLC

2
(
q2 + φ2)

+ gm
(
am† + a†m

) − G◦a†ax + g◦xq2

− q◦
�

qV + iε(a†e−i� − aei�), (4)

where 
0 = ωc − ω0 and 
m = ωm − ω0.

III. QUANTUM DYNAMICS

The governing quantum Langevin equations (QLEs) of
the considered system can be given by

ȧ = − (i
◦ + κa) a − igmm + iG◦xa

+ εe−i� +
√

2κaain (t) ,

ṁ = − (i
m + κm) m − igma +
√

2κmmin (t) ,

ẋ = �mp ,

ṗ = −�mx − γ p + G◦a†a − g◦q2 + ξ ,

q̇ = ωLCφ,

φ̇ = ωLCq − γLCφ − 2g◦xq + q◦
�

V. (5)

Here, κa(κm) and γ (γLC = 2R/L) are the decay rate of
the cavity mode (magnon mode) and the damping rate of
mechanical resonator (LC circuit). Furthermore, ξ and min

(ain) are the vibrational mode and input noise operator for
the magnon mode (cavity mode), respectively. The expec-
tation value of these noise operators are zero. In addition,
they obey the correlation relations [47] given by

〈
ain(t)ain†(t′)

〉 = [na(ωa) + 1]δ(t − t′),
〈
ain†(t)ain(t′)

〉 = na(ωa)δ(t − t′),
〈
min(t)min†(t′)

〉 = [nm(ωm) + 1]δ(t − t′),
〈
min†(t)min(t′)

〉 = nm(ωm)δ(t − t′).

(6)

nj (ωj ) = [e�ωj /kBT − 1]−1 (j = a, m), where kB (T) is
the Boltzmann constant (temperature). Furthermore, the
Brownian noise satisfies the relation:

〈
ξ(t)ξ(t′)

〉 + 〈
ξ(t′)ξ(t)

〉
/2 = γm[2nm(�m) + 1]δ(t − t′).

To linearize QLEs, large LC circuit charge and cavity
mode amplitude are considered, i.e., qs, |〈c〉| � 1. Con-
sequently, the QLEs can be linearized by writing o =
os + δo (os = 〈o〉 = a, m, x, p , q, φ), where os is the aver-
age value and δo is the fluctuation. It can be shown that the
operators’ average values are given by

as = εe−i� − igmms

i
a + κa
= εe−i�

i
a + κa + λ
,

ms = −igmas

i
m + κm
,

ps = φs = 0,

xs = 1
�m

(
G◦ |a|2 − g◦q2

s

)
,

qs = 1
ωLC

(q◦
�

V
)

,

(7)

054062-3



SOHAIL, QASYMEH, and ELEUCH PHYS. REV. APPLIED 20, 054062 (2023)

where 
a = 
0 − G0x is the modified normalized cav-
ity detuning, λ = g2

m/(i
m + κm), and ωLC = ωL + 2g◦xs
is the resonance frequency of the LC circuit containing
the frequency shift induced by the electromechanical inter-
action. In addition, the time dependency of the external
bias voltage can be written as V(t) = V + δV(t), where V
is the dc bias voltage and δV(t) is the Johnson-Nyquist
voltage fluctuation [48,49]. Here, δV(t) also represents the
flux input noise and satisfies the Johnson-Nyquist noise
correlation, reading

〈
δV(t)δV(t′)

〉 =
[

4kBTR + γLC

(
�

q0

)]
δ(t − t′), (8)

where R = γLC/(2)L. Consequently, if we use the Marko-
vian approximation, for a large quality factor QLC, the
above correlation function can be written as

1
2

〈
δV(t′)δV(t)+ δV(t)δV(t′)

〉
� R�ωLC[2nLC + 1]δ(t − t′),

(9)

where nLC = [exp(�ωLC/kBT) − 1]−1 represents the ther-
mal excitation number in the LC circuit.

The steady-state field amplitude as is generally a com-
plex quantity. However, in the real experimental scenario,
we can have the choice to tune the driving field phase �.
Hence, we can consider as to be real and positive by taking
a proper driving field phase �. This assumption yields

as = ε
[(

κa + |λ|2 κm
)2 + (


a − |λ|2 
m
)2

]−1/2
. (10)

The real value of as indicates that the microwave photon in
the cavity is coherently oscillating at a single frequency.
Furthermore, this simplifies the analysis of the system
because it means that the microwave photon and the
mechanical oscillations are fully synchronized. To investi-
gate the influence of the quantum fluctuations, considering
a strong driving scenario, we can safely neglect the non-
linear cross-fluctuation terms (such as δaδx and δa†δa)
and obtain a linearized set for the QLEs (describing the
evolution of the fluctuations operators), given by

δȧ = − (i
a + κa) δa−igmδm+iG◦asδx+
√

2κaδain (t) ,

δṁ = − (i
m + κm) δm − igmδa +
√

2κmδmin (t) ,

δẋ = �mδp ,

δṗ = −�mδx − γ δp + G◦as
(
δa + δa†) − 2g◦qsδq + ξ ,

δq̇ = ωLCδφ,

δφ̇ = −ωLCδq − γLCδφ − 2g◦qsδx + q◦
�

δV.

(11)

The above set of QLEs can be used to describe the quadra-
ture fluctuations (δXa, δYa, δXm, δYm, δx(t), δp(t), δq(t),

δφ(t)), where δXm = 1/
√

2(δm − δm†), δYm = 1/
√

2i
(δm − δm†), δXa = 1/

√
2(δa − δa†), δY = 1/

√
2i(δa −

δa†). Consequently, the quadrature QLEs set can be given
in a matrix form, as in the following:

Ċ(t) = ZC(t) + N (t), (12)

where

Z =
(Zam ZG
ZG ZmLC

)
,

Each matrix is a 4 × 4, given by

Zam =

⎛

⎜
⎝

−κa 
a 0 gm
−
a −κa −gm 0

0 gm −κm 
m
−gm 0 −
m −κm

⎞

⎟
⎠ ,

ZmLC =

⎛

⎜
⎝

0 �m 0 0
−�m −γ −Gq 0

0 0 0 ωLC
−Gq 0 −ωLC −γLC

⎞

⎟
⎠ ,

and

ZG =

⎛

⎜
⎝

0 0 0 0
Ga 0 0 0
0 0 0 0
0 0 0 0

⎞

⎟
⎠ ,

C(t) = [δXa, δYa, δXm, δYm, δx(t), δp(t), δq(t), δφ(t)]T,

N (t) =
[√

2κaX in
a (t) ,

√
2κaYin

a (t) ,
√

2κmX in
m (t) ,

√
2κmYin

m (t) , 0, ξ(t), 0, δv
]T

.

Here, δv = q0/(�)δV, and C(t) and N (t) are the fluctu-
ation and input noise vectors, respectively. The effective
optomechanical and electromechanical coupling rates are
given by Ga = √

2G0|as| and Gq = 2g0qs, respectively.

IV. ENTANGLEMENT MEASUREMENT

A. Bipartite entanglement

Our next step is to investigate the quantum correlation
between various bipartitions at a steady state. The fore-
most task is to check the stability of the system, which
occurs when the system reaches its steady state and shows
entanglement only if the the eigenvalues (real parts) of the
matrix Z are negative [50]. Here, we achieved the stabil-
ity conditions by employing the Routh-Hurwitz criterion
[50]. The stability of the system is fully assured and will
be discussed in the upcoming analysis. At steady state, the
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covariance matrix (CM) � satisfies the Lyapunov equation
[51,52], yielding

Z� + �ZT = −D, (13)

where D = Diag[κa, κa, κm, κm, 0, γm (2nm + 1) , 0, γLC
(2nLC + 1)]. The covariance matrix � can be represented
as

� =

⎛

⎜⎜⎜
⎝

�a �a.m �a.mo �a.LC

�T
a.m �m �m.mo �m.LC

�T
a.mo �T

m.mo �mo �mo.LC

�T
a.LC �T

m.LC �T
mo.LC �LC

⎞

⎟⎟⎟
⎠

. (14)

Here, �β(β) and �α.β(α, β) are 2 × 2 matrices represent-
ing the local properties and the intermodel correlation of
the cavity, magnon, mechanical and electrical modes, for
β = a, m, mo, LC, respectively. Furthermore, each element
of the covariance matrix can be extracted through the
following expression:

�ij (t) = 1
2

〈Ci(t′)Cj (t) + Cj (t)Ci(t′)
〉

(i, j = 1, 2, . . . , 8).

(15)

The bipartition degree of entanglement can be quantified
by calculating the logarithmic negativity [51,53–56]:

EN = max[0, − ln 2η−], (16)

where

η− = 2− 1
2

[
∑

[�] −
√∑

[�]2 − 4 det �

] 1
2

, (17)

and

∑
[�] = det �a + det �b − 2 det �c. (18)

Here, �n (n = a, b, c) is 2 × 2 block matrices. In addition,∑
[�] and det � being the two symplectic invariants of the

reduced covariance matrix for any two modes. Further-
more, the original covariance matrix �, which is of the
order of 8 × 8, can be dimensioned to a submatrix Vin of
4 × 4 order of the two modes of interest, given by

Vin =
[Vuu Vuv

VT
uv Vvv

]
. (19)

The diagonal entries of Vin represent the reduced states of
modes u and v.

B. EPR steering

One distinct property of EPR steering of two inter-
acting parties from entanglement is that EPR steering
exhibits asymmetrical characteristics. The quantum steer-
ability for two interacting modes in different directions can
be expressed as [57,58]

ζα|β = max{0,S(2Vuu) − S(2Vin)}, (20)

ζβ|α = max{0,S(2Vvv) − S(2Vin)}. (21)

Here, Vin is given in Eq. (21), and the Rényi-2 entropy is
given by

S(ν) = 2−1 ln[det(ν)]. (22)

In Eqs. (22) and (23), ζα|β (and ζβ|α) represents the steer-
ing in the direction from mode α to mode β (and from
mode β to mode α). Hence, ζα|β > 0 (ζβ|α > 0) implies
that the mode α (β) can steer the mode β (α) by Gaus-
sian measurement. Now we outline some conditions for
quantum steering between the α and β modes: (i) ζα|β > 0
and ζβ|α > 0 implies two-way steering, (ii) ζα|β > 0 and
ζβ|α = 0 (or ζα|β = 0 and ζβ|α > 0) implies to one-way
steering and finally (iii) ζα|β = ζβ|α = 0 corresponds to
no-way steering.

C. Tripartite entanglement

Tripartite entanglement among three parties is measured
by the minimal residual contangle, defined as [56,59]

Rmin
τ ≡ min[Rp|mb

τ ,Rm|pb
τ ,Rb|pm

τ ], (23)

where Ru|vx
τ ≡ Cu|vx − Cu|v − Cu|x ≥ 0 (x, u, v = a, m, b,

φ) is the monogamy of quantum entanglement. This prop-
erty ensures the invariance of the tripartite entanglement
under all three permutations and hence represents a gen-
uine three-way property among the three Gaussian modes
[56,59,60]. Here, Cl|m can be well computed as the squared
logarithmic negativity (i.e., Cl|m = E2

l|m) representing the
contangle of subsystems of l and m. For a tripartite sce-
nario, we can compute the one-mode-vs-two-modes loga-
rithmic negativity by redefining η− [Eq. (16)] as

η− = min eig | ⊕3
j =1 (−σy)Ṽj |, (24)

where Ṽj = Pi|jkV6Pi|jk (i �= j �= k) with V6 being the 6 ×
6 CM of the three modes of interest. Furthermore, P1|23 =
σz ⊕ 1 ⊕ 1, P2|13 = 1 ⊕ σz ⊕ 1 and P3|12 = 1 ⊕ 1 ⊕ σz,
are partial transposition matrices at the level of the CM
V6. Here, σy = [0, −i; i, 0] and σz = [1, 0; 0, −1]. Further-
more, the symbol ⊕ expand the dimension of the matrices
to (m + p) × (n + q) of two matrices A with m × n and B
with p × q dimension.
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V. RESULTS AND DISCUSSIONS

In this section, we discuss our numerical simulation
findings for bipartite (tripartite) entanglement and quantum
steering. The considered simulation parameters are con-
sistent with the values reported in Refs. [43,44,46] (see
Table I). These parameters are experimentally realizable
making our system feasible with present-day technology.
We consider four possible bipartitions, namely, (a) Em-m

N ,
(b) Em-mo

N , (c) Em-LC
N and (d) Emo-LC

N denoting the magnon-
cavity, magnon-mechanical, magnon-LC, and mechanical-
LC entanglements, respectively. Moreover, it is significant
to indicate that Em-m

N and Emo-LC
N represent the directly cou-

pled modes while Em-mo
N and Em-LC

N represent the indirectly
coupled modes. In order to sufficiently cool the electri-
cal mode and generate entanglement, the system requires
strong coupling (i.e., Gq > κa). Hence, we consider the
electromechanical coupling satisfying Gq � 3κa. In addi-
tion, the frequency of the LC circuit can easily be tuned
around the mechanical frequency of the membrane (i.e.,
ωLC ≈ �m). Furthermore, the LC and the mechanical oscil-
lators still show some thermal excitation because of their
very low frequencies. Thus, the thermally excited mechan-
ical mode should be cooled (de-excite) enough to generate
entanglement in a quadpartite system. This can be achieved
when a red-detuned external laser is used to drive the cav-
ity, and thus, the mechanical mode is cooled adequately.
The electrical mode in this way is also cooled thanks to the
strong mechanical-LC coupling. The LC and the mechan-
ical oscillator modes cooling are essential to obtain the
desired entanglement. We note that the optimal detun-
ings −
m � 
a � �m adopted here in the quadpartite
system are analogs to those discussed in [12] to generate
entanglement in a tripartite magnomechanical system.

The stability of the system can be addressed by the
Routh-Herwtiz criterion, imposing that the real part of all
eigenvalues of the matrix Z must be negative [50]. In
other words, the stability condition restricts the system’s

TABLE I. The simulation parameters used in our calcula-
tions (taken from recent reported experiments). All values are
normalized with respect to �m frequency.

Parameters Symbol Value

Mechanical frequency �m 2π × 10 MHz
LC circuit frequency ωLC 2π × 10 MHz
Cavity decay rates κa 2π × 1 MHz
Magnon decay rates κm 2π × 0.5 MHz
Mechanical damping rate γm 10−5�m
LC circuit damping rate γLC � γm
Magnon-cavity couplings gm 2π × 3.2 MHz
Effective electromechanical

coupling
Gq � 3κa

Temperature T 15 mK
Mass of mechanical resonator m 5 g

(a) (b)

FIG. 2. The real part of the maximum eigenvalues of the drift
matrix versus (a) the coupling rates Gq and Ga (b) the detunings

a/�m and ωLC/�m.

parameters to specific values where the system remains
stable. Therefore, the foremost task is to check the regime
for the parameters where stability occurs. In this regard, we
initiate our numerical analysis first by verifying the eigen-
values of the matrix Z (i.e., |Z − λZI| = 0) and ensuring
satisfying the stability conditions. In Fig. 2(a) and 2(b),
our numerical calculations show the contour plot of the
maximum of the real part of the eigenvalues of the drift
matrix Z versus Ga/�m and Gq/�m, and ωLC/�m and

a/�m, respectively. We can see that the system is stable
for specific parameter ranges. We use this map to select
the parameter values that satisfy the stability conditions
for all calculations throughout our numerical simulations
presented in this work.

In Fig. 3(a), we present the four possible bipartitions
versus 
m, while 
a = �m. It is shown that Em-mo

N ceases
to exist while the rest of the bipartition exhibits entangle-
ment at 
m = −�m. It is noteworthy that the two distant
parties, i.e., Em-LC

N , show maximum entanglement exactly
at 
m = −�m. However, Em-mo

N is ascendant, showing
almost similar comportment as in Ref. [61]. It is also
remarkable for a wide range of magnon detunings and
has a maximum value for 
m/�m = −0.65. On the other
hand, the Emo-LC

N is prominent for values of magnon detun-
ing where Em-m

N , Em-mo
N and Em-LC

N are small. Indeed, the
Emo-LC

N is revoked in a short interval −0.75 ≤ 
m/�m ≤
−0.45 even at T = 10 mK. Furthermore, Em-m

N , Em-mo
N , and

Em-LC
N become almost equal when Emo-LC

N = 0 and 
m =
−0.75�m. Figures 3(b)–3(e) are the contour plots rep-
resenting the four bipartitions for a range of cavity and
magnon detunings, suggesting that we can achieve opti-
mal entanglement of these bipartitions at different magnon
and cavity detunings. We can easily conclude that the
entanglement between different bipartitions can be (by
design) redistributed through controlling the magnon and
the cavity detunings.

Figure 4 displays the entanglement of the four bipar-
titions as a function of the effective coupling strengths
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(a)

(b)

(d)

(c)

(e)

FIG. 3. (a) Entanglement of different bipartitions as a function
of 
m/�m for 
a/�m = 1. Contour plot of bipartite entangle-
ments (b) Em-m

N , (c) Em-mo
N , (d) Em-LC

N , (e) Emo-LC
N as a function of


m/�m and 
a/�m. See Table I for other parameters.

Ga and Gq. Here, the resonant case of 
a = ωLC = �m
is considered. The magnon detuning 
m = −1.3�m is
chosen as all four bipartitions show entanglement at this
value. It is clear from Figs. 4(a) and 4(b) that the opti-
mal value of Em-m

N (Em-mo
N ) takes place for values around

(a) (b)

(c) (d)

FIG. 4. Contour plot of bipartite entanglement as a function of
the effective couplings Ga/κa and Gq/κa. (a) Em-m

N , (b) Em-mo
N , (c)

Em-LC
N , (d) Emo-LC

N . Here, the resonance case 
a = ωLC = �m is
considered and 
m = −1.3�m. See Table I for the parameters.

Ga = 7κa (Ga = 6κa) as well as for Gq ≤ 3κa, indicating
strong (weak) dependence of Em-m

N and Em-mo
N on Ga (Gq).

On the other hand, the optimal entanglements Em-LC
N and

Emo-LC
N are limited to certain ranges of Gq and Ga, as can be

inferred from Figs. 4(c) and 4(d). For entanglement Em-LC
N

(Emo-LC
N ), it can be seen from Figs. 4(c) and 4(d) that the

optimal values are achieved for 3κ ≤ Ga ≤ 5κ and 5κ ≤
Gq ≤ 7κ (2κ ≤ Ga ≤ 3κ and 4κ ≤ Gq ≤ 6κ). The effec-
tive coupling strengths and the degree of entanglement
can be tuned by varying experimentally feasible parame-
ters. For example, the effective optomechanical coupling
Ga can be changed by controlling the external laser pump
field amplitude ε, while Gq can be tuned by adjusting
the applied dc bias voltage Vdc. Physically, the drive of
LC circuit modifies the optomechanical nonlinearity and
hence can alter the chaotic threshold and lifetime of a
capacitively coupled electromechanical system. Therefore,
the inclusion of the LC circuit allows additional control
to avoid the noise sources between the control field and
the signal. In this way, we infer that the present system
provides an alternative avenue for the manipulation of
entanglement and steering.

From Fig. 5(a), it can be seen that the optimal entangle-
ment of Em-m

N arises over a specific frequency range, that
is 0.7�m ≤ ωLC ≤ �m and 0.8�m ≥ 
a ≥ 1.2�m. Simi-
larly, the Em-mo

N optimal entanglement takes place when

a ≥ 1.3�m and ωLC ≤ 0.7�m as shown in Fig. 5(b). It
is also clear that Em-mo

N vanishes for 
a = �m. There-
fore, we can infer that the proper choice of ωLC and 
a
leads to the optimal entanglement of different bipartitions.
Conversely, as can be seen from Figs. 5(c) and 5(d), the
optimal entanglement Em-LC

N (Emo-LC
N ) is obtained for 
a =

�m and ωLC � 0.8�m (
a = ωLC � �m), verifying that
low effective temperatures and strong interactions between

(a) (b)

(c) (d)

FIG. 5. Contour plot of bipartite entanglement (a) Em-m
N (b)

Em-mo
N (c) Em-LC

N (d) Emo-LC
N as a function of ωLC/�m and 
a/�m.

Here, 
m/�m = −1. See Table I for other parameters.
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FIG. 6. The bipartite entanglements against temperature. (a)
The optimal bipartite entanglements for an optimized 
m detun-
ings. (b) The bipartite entanglements under the condition of

m/�m = −1. See Table I for the parameters.

the electrical and the mechanical modes are a prerequisite
for exhibiting their entanglement. We thus conclude that
the present system offers an alternative platform to electri-
cally control microwave signals through the entanglement
process.

The robustness of the generated entanglements versus
temperature is investigated in Fig. 6. In Fig. 6(a), the opti-
mal entanglements of different bipartite subsystems (with
optimized 
m values) are presented. On the other hand, the
entanglements are recalculated in Fig. 6(b) while consider-
ing 
m = −�m. It can be seen that entanglements show
contrasting behaviour for different tuning. For instance,
while Em-LC

N (blue circle line) ceases to exist around 1 K
in Fig. 6(a), it rapidly drops off as temperature increases
(surviving only up to 0.7 K) in Fig. 6(b). Conversely, while
Em-m

N (yellow square line) is being the second highest peak
in Fig. 6(a) and preserving up to 1 K, it is more robust
against environmental temperature in Fig. 6(b) and sur-
vives up to about 2 K (which is very much higher than
the previous findings [12,28,29]). Lastly, Emo-LC

N (gray star
line) decreases monotonically in both cases while surviv-
ing only up to 250 and 200 mK in Figs. 6(a) and 6(b),
respectively.

To investigate the impact of the magnon decay rate on
the robustness of bipartite entanglements, we illustrate the
optimal entanglements of various bipartition subsystems
for different magnon detuning values in Figs. 7(a)–7(d). It
can be seen that the two curves with larger magnon decay
rates have a similar tendency, that is, the entanglement
Em-m

N and Em-mo
N decrease with the increase of the tempera-

ture and there is a maximal entanglement at T = 0, which
means that larger magnon decay rate possess stronger abil-
ity to resist decoherence of the thermal environment. In
contrast, Em-m

N decreases with the increase of the magnon
decay rate. However, Emo-LC

N remains unaffected by the
rise of the magnon decay rate. Furthermore, it can also
be shown from Fig. 7(e) that the entanglement Emo-LC

N

0.0 0.5 1.0 1.5
T (K)

0.00

0.05

0.10
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0.20

E Nm
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0 1 2 3
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o
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0.2

0.3

0.4

E Nm
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C
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LC
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(c) (d)
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mo-LCEN

m-c

EN
m-LC EN

m-mo (e)

FIG. 7. (a),(d) Bipartite entanglements against temperature
for the different choice of magnon detuning with κm = 0.1κa
(blue-circle line), κm = 0.5κa (orange-square line) and κm = κa
(yellow-plus line). (e) All bipartite entanglements against κm/κa
for a fixed value of temperature. See Table I for the rest of the
parameters.

can be transferred to Em-m
N and Em-mo

N for 0 ≤ κm/κa ≤ 0.5.
Thus, the magnon decay rate can also be used as an addi-
tional parameter to transfer and control entanglement in
this quadpartite system.

In addition to our thorough analysis of bipartite entan-
glement for different subsystems, we also explore the
asymmetric steering effect. In Figs. 8(a) and 8(b), we dis-
play the asymmetric one-way steering ζm|mo and ζmo|m.
Furthermore, in Figs. 8(c) and 8(d), the asymmetric one-
way steering ζm|LC and ζLC|m are presented considering

m = −�m. It is clear from Fig. 8, that the two indi-
rect coupled modes (the mechanical and LC circuit modes)
can steer the magnon mode. Yet, the magnon mode is not
able to steer (backwardly) the mechanical and the LC cir-
cuit modes. The maximum steering ζmo|m takes place when
0.6 ≥ ωLC/�m ≥ 1.4 and 0.8 ≥ 
a/�m ≥ 1.3, as shown
in Fig. 8(b). However, ζm|mo = 0 for the reversed direc-
tion. Similarly, it can be clearly seen that the steering effect
ζlc|m takes place around 
a/�m = 1 for the ωLC/�m ∈
[0.5 −→ 1.5] LC circuit frequency range. However, the
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(a) (b) (c) (d)

FIG. 8. The steerings (a) ζm|mo, (b) ζmo|m, (c) ζm|LC, and (d)
ζLC|m densities versus 
a/�m and ωLC/�m. In subplots (a) and
(b), 
m � −0.4�m. In subplot (c) and (d), 
m = −0.9�m. See
Table I for the parameters.

maximum steering can be observed when ωLC < �m (i.e.,
ωLC = 0.6�m). These observations are explained by not-
ing that steerable states are always entangled yet entangled
states are not necessarily steerable [62]. In other words,
to achieve Gaussian steering, a higher degree of quantum
correlations between the two modes is necessary compared
to what is required for entanglement. For instance, since
the magnon mode is strongly correlated with the mechani-
cal and the LC oscillators mode, steering effect is taking
place. However, steering effect is not observed in other
modes parties as they are weakly correlated. Furthermore,
comparing Figs. 5(b) and 5(d) with Figs. 8(b) and 8(d), it
is clear that the mechanical and the LC modes are entan-
gled with the magnon mode; albeit they show steerability
in one direction, which indicates the asymmetry nature of
quantum correlations (one-way steering). In this regards,
we note that the one-side device-independent quantum
key distribution (QKD) is provided by one-way quantum
steering, which has been experimentally realized [63,64].

Next, we study the tripartite entanglement among differ-
ent parties. In Fig. 9(a), we show tripartite entanglement
among the cavity, the magnon, and the mechanical modes,
i.e., Rmin

m-c-mo. Figure 9(b) presents the tripartite entan-
glement among the cavity, the mechanical, and the LC

(a) (b)

FIG. 9. Tripartite entanglements (in terms of the minimum
residual contangle Rmin

τ ) versus 
m/�m. The entanglement
Rmin

m-c-mo in (a) is among the cavity-magnon-mechanical modes
when 
m/�m = −0.7. The entanglement Rmin

c-mo-LC in (b) is
among the cavity-mechanical-LC with ωLC/�m = 1. See Table I
for the parameters.

modes, i.e., Rmin
c-mo-LC. It can be observed from Fig. 9(a)

that the tripartite entanglement Rmin
m-c-mo is maximized at


a = �m, which can be explained due to the strong bipar-
tite entanglement between the magnon and the mechanical
modes [as can be seen from Fig. 3(d)]. However, the
Rmin

c-mo-Lc is almost 10 times smaller than Rmin
m-c-mo. Further-

more, we observe the transfer of the tripartite entanglement
from Rmin

m-c-mo to Rmin
c-mo-LC over the interval 0.4 ≤ 
a/�m ≤

0.6, and from Rmin
c-mo-LC to Rmin

m-c-mo over the interval 0.6 ≤

a/�m ≤ 1.

VI. SIGNIFICANCE OF THE PROPOSED MODEL

In this section, we aim to explore the advantages of inte-
grating current hybrid systems into modern technological
applications. Despite significant scientific advancements in
operational speed and miniaturization, modern electronic
equipment experiences inevitable rises in power consump-
tion and Joule heating. Overcoming these constraints has
sparked the search for alternative, charge-neutral infor-
mation carriers. Consequently, a promising method for
information encoding emerged: spin waves. As magnons
(the quanta of spin waves) are not linked to the electron’s
translational motion, the risk of information loss is sig-
nificantly reduced. Harnessing the phase and amplitude of
magnons proves highly advantageous for signal transmis-
sion in magnon-assisted electro-optomechanical systems
[65]. Recent studies have highlighted the potential of
driving magnon-based devices using electric-field-induced
methods to enhance efficiency, speed, and functionality
in existing electronic devices [66,67]. Moreover, the low-
frequency noise of magnons can aid in reducing quantum
noise [68], thereby improving sensitivity, which is crucial
for some applications such as gravitational-wave detection
and producing EPR entangled sources [69].

In addition, the Coulomb modulation via adjustable
capacitance in the present quadpartite system offers addi-
tional control capability. For instance, a recent experi-
mental study by Calabrese et al. [70] demonstrated that
Coulomb modulation becomes the dominant contribution
to the total driving force for high-order mechanical modes.
Such a system paves the way towards realizing coher-
ent THz to optical transducers, enabling the development
of fundamental optomechanical systems within the THz
frequency range (0.1–10 THz). However, to date, the
exploitation of Coulomb modulation in magnon-assisted
electro-optomechanical systems is yet to be realized.

The amalgamation of low-loss information carriers,
such as magnons, along with Coulomb modulation through
electrical components and radiation pressure, is poised
to forge another path in quantum information process-
ing. Our obtained results in the present scheme not only
pave the way for the next generation of devices but also
offer enhanced control through Coulomb modulation. Con-
sequently, we assert that our scheme has the potential
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for applications in quantum information processing using
readily available technology [1,71–73].

VII. CONCLUSIONS

We have demonstrated an effective and straightforward
approach to observe (bi)tripartite entanglement and quan-
tum steering in a quadparty system that encompasses a
microwave cavity that is simultaneously coupled to a
magnon, a mechanical oscillator, and an LC oscillator
mode. Each bipartition considered here has its own distinc-
tiveness, which enriches the system dynamics and offers an
extra degree of freedom. Our results reveal the necessary
conditions to obtain entangled states for different asso-
ciated subsystems. We have demonstrated that indirectly
coupled modes exhibit optimal entanglement for properly
chosen parameters. Moreover, we show that the entan-
glement of the indirectly coupled modes is still present
for relatively high temperatures (up to 2 K). Further-
more, we have characterized the tripartite entanglement
among different subsystems. One further noteworthy result
demonstrates the existence of asymmetric one-way steer-
ing in which the mechanical and the LC resonators steer
the magnon mode yet in one direction (i.e., the steering
fails to exist in the opposite direction). We note here that a
one-sided device-independent quantum key distribution is
an example of a potential application that crucially needs
the use of one-way steering.

All numerical data that support the findings in this study
is available within the article.
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