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Many recent papers report on the interest in spin waves for applications. This paper revisits propagating-
spin-wave spectroscopy when using inductive transceivers connected to a vector network analyzer. The
spin-wave conduit can be made of a nonreciprocal material. The formalism offers a simple and direct
method to understand, design, and optimize devices harnessing propagating spin waves, including when
a unidirectional energy flow is desired. The concept of the mismatch of helicity between the spin wave
and the magnetic field radiated by antennas is first clarified. Owing to the form of the susceptibility tensor
reflecting the precession ellipticity, there exist specific orientations of the wave vector for which a perfect
helicity mismatch is reached. The spin waves with this orientation and this direction of wave vector are
“dark” in the sense that they do not couple with the inductive antenna. This leads to single-sided wave-
vector generation, which should not be confused with a unidirectional emission of energy. A method
to calculate the antenna-to-antenna transmission parameter is then provided. Analytical approximations
are then applied on situations that illustrate the respective role of the direction of the spin-wave wave
vector versus that of the group velocity. The often-encountered cases of spin waves possessing either a
V-shaped or a flat dispersion relation are revisited. These reciprocal dispersion relations lead to amplitude
nonreciprocity because of the helicity mismatch phenomenon. Conversely, for spin waves with a line-
shaped dispersion relation, an unforeseen quasi-unidirectional emission of spin waves occurs, which is of
interest for applications. This situation can be obtained when using the acoustic spin waves of synthetic
antiferromagnets when the wave vector is close to parallel to the applied field. We finally show that this
configuration can be harnessed to design reconfigurable frequency filters.
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I. INTRODUCTION

Spin waves are the resonant low-energy disturbances of
the ferromagnetic order. First implemented 20 years ago
[1] in the frequency domain, propagating-spin-wave spec-
troscopy is now a widely used technique [2] either as a
research tool to access fundamental properties like the spin
polarization in metals [3] and the spin-wave band struc-
ture [4], or for various practical applications [5] including
novel computing schemes [6–8] or signal filtering [9]. Spin
waves can be generated or amplified as soon as a torque is
applied to the magnetization: spin-orbit torques [10], mag-
netoelastic torques [11], etc. Since the excitation of spin
waves by Zeeman torques and the detection of spin waves
by classical induction using simple inductive antennas is
the reference method to which other schemes are most
often compared [12], it is of utmost importance to describe
this process exactly with a transparent formalism.

*thibaut.devolder@u-psud.fr

Unfortunately the published descriptions of inductive
propagating spectroscopy are incomplete. Some studies
focus on the emission [13,14] of spin waves in spe-
cific materials [15]. Some others use models customized
for a specific configuration [16–18]. The studies some-
times disregard one component of the exciting field [19]
and/or of the spin-wave stray field [20]. Finally, they often
make strong assumptions on the material properties [21]
to get physically sound formulas of very relevant practi-
cal interest [7,19,22] but of limited validity because their
prediction accuracy is difficult to anticipate. Besides, these
models cannot be applied to systems in which the spin
waves exhibit a strong nonreciprocity, such as the dipo-
larly coupled bilayers [9] or the synthetic antiferromagnets
[23–27].

A notable exception is the recent work of Weiss et al.
[28] in which a comprehensive self-consistent theory is
developed, including almost all the physical phenomena
present in a propagating-spin-wave spectroscopy experi-
ment. While this theory may be regarded as complete, it
relies on a heavy mathematical formalism, which hinders
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the physical understanding. Besides, the model must be
implemented numerically, which prevents one from solv-
ing inverse problems. The available hierarchy of models is
de facto not adequate to fully answer basic questions such
as these: How does one design a transceiver that generates
spin waves with positive wave vectors only? Or how does
one design a system that generates spin waves carrying
energy in a unique direction?

In this work, we substantially upgrade the previous ver-
sions of a formalism [4,21] to provide a comprehensive but
still simple and efficient method to model and understand
inductive devices harnessing propagating spin waves. We
provide physically transparent formulas at the cost of
minor approximations. This formalism enables one to dis-
cern the unique possibilities offered by systems whose
spin waves have a linear dispersion relation: the possibil-
ity for a unidirectional flow of the spin-wave energy, and
to additionally tailor its frequency response for frequency
filtering.

This paper is organized as follows. Section II revisits an
apparently simple problem: the magnetic field generated
by a single-wire antenna and how it excites magnetization
precession. A reciprocal-space analysis leads to a proper
definition of the concept of helicity match or mismatch. We
then analyze the stray field emitted by a spin-wave texture
and how it couples to a wire antenna used as an induc-
tive detector. We evidence that some spin waves do not
emit stray field on one side of the film, such that induc-
tive detection is rigorously blind to these “dark” modes
(Sec. III). We then combine emission, propagation, and
detection to issue the formalism enabling the calculation
of antenna-to-antenna transmission coefficients (Sec. IV).

In the second part of the paper, we apply this for-
malism to paradigmatic situations. Section V shows the
results for spin waves possessing a line-shaped disper-
sion relation and a diagonal susceptibility tensor. Section
VI reports a useful lemma that is required to account for
other dispersion relations. Section VII considers V-shaped
dispersion relations, still with a diagonal susceptibility
tensor. Then Sec. VIII accounts for the full susceptibil-
ity tensor; Sec. IX identifies to what extent this modifies
the antenna-to-antenna transmission for all the previously
considered dispersion relations. Finally, Secs. X and XI
discuss the results and propose how to combine the single-
sided wave-vector emission together with the unidirec-
tional energy flow, in order to design novel frequency
filters. The appendixes gather calculation details as well
as the specific case of a flat-shaped dispersion relation.

II. THE EXCITATION PROBLEM

Let us first revisit the apparently simple problem of
how the magnetic field generated by a single-wire antenna
excites the magnetization of a film underneath.
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FIG. 1. (a) Cross-section view of the geometry assumed for a
propagating-spin-wave spectroscopy experiment, with the defini-
tions of the main geometrical parameters. (b) Top view with the
orientation of the static field �Hx,dc and the spin-wave wave vector
�k with mutual orientation ϕ = {�k, �Hx,dc}.

A. Antenna field in real space

We consider a single-wire antenna whose geometry
is described in Fig. 1(a). It features a rectangular cross
section with a width w along the �u axis and a thickness
p along the �z axis, placed at a spacing s above the mid-
plane of the magnetic film. In the following, we use the
{u, v, z} coordinates when referring to the antennas, which
will couple to spin waves of wave vectors k oriented in
the direction u. The system is assumed invariant (and infi-
nite) in the v direction. We will use the {x, y, z} coordinates
when dealing with magnetization dynamics, with x being
the direction of the static applied field �Hx,dc. We define
the angle ϕ between the spin-wave wave vector �k and the
applied field �Hx,dc [see Fig. 1(b)]. The antenna carries an rf
current I rf.

Before calculating the spatial profile of the magnetic
field generated by the antenna, it is worth exploiting the
symmetries of our geometry. Indeed, in all situations in
which (i) the magnetostatic problem is invariant in the
third direction (here invariant along �v = �ez × �u) and (ii)
the sources of the magnetic field, i.e., the electrical cur-
rents and the magnetic moments, are all in the half plane
below or above (in the sense of the z coordinate) the con-
sidered position (u, z) of interest, the two components of
the antenna field are mutually linked [29] by a Hilbert
transformation with respect to the variable u:

H rf
z (u, z) = −HT {H rf

u (u)} sgn(z),
H rf

u (u, z) = HT {H rf
z (u)} sgn(z). (1)

Here “sgn” is the signum function and HT {f (�)} denotes
the Hilbert transform of the function f of variable �. In our
case, the sources of the magnetic field (i.e., the antenna) are
above the positions of interest where the field is evaluated.
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One thus takes sgn(z) < 0 when considering a position
{u, z} within the magnetic film.

A classical integration of the Biot-Savart law pro-
vides the in-plane field H rf

u (u, z) and the out-of-plane field
H rf

z (u, z) that the antenna generates [30]. Examples of the
field profiles are reported in Fig. 2(a). The expressions for
the two field components are heavy and therefore placed
in Appendix A [see Eqs. (A1) to (A4)]. For a didactic pur-
pose, we first use the limit of these fields in the case of
an ultrathin antenna (p → 0+) carrying the same total cur-
rent. In that limit the two components of the antenna field
simplify to [31]

μ0H rf
u (u, z, p → 0)

= �

[
tan−1

(
w − 2u

2z

)
+ tan−1

(
w + 2u

2z

)]
(2)

and

μ0H rf
z (u, z, p → 0) = �

2
ln

(
(u − 1

2 w)2 + z2

(u + 1
2 w)2 + z2

)
, (3)

where � = (1/(2π))(μ0I rf/w) is a scaling factor that has
the dimension of a flux density (in teslas). Equations (2)
and (3) can be checked [32] to comply with Eq. (1).
The Hilbert transformations in Eq. (1) mean that the two
components of the antenna field have correlated spatial
variations. Their spectra in the reciprocal-space direction
k are thus also intimately related.

B. Antenna fields in reciprocal space

We use the unitary Fourier transform convention
adapted for propagating waves: for any function f , we
define its spatial inverse Fourier transform as

f̃ (k, t) = 1√
2π

∫ ∞

−∞
F(u, t)ei[ωt−ku] du.

We use the tilde ˜ over a character to indicate that a
quantity has a complex value. Using the properties of the
Fourier transforms of two functions linked by a Hilbert
transformation [Eq. (1)], we find that the inverse Fourier
transforms h̃rf

u (k) = F{H rf
u (u)} and h̃rf

z (k) = F{H rf
z (u)} of

the two components of the antenna field obey, for any
antenna thickness,

h̃rf
z (k) = i sgn(kz) hrf

u (k),
hrf

u (k) = −i sgn(kz) h̃rf
z (k).

(4)

Note that Eq. (4) was also derived in Refs. [13,14] and
the importance of the k-odd character of h̃rf

z (k) was high-
lighted.

We emphasize that Eq. (4) means that the two compo-
nents of the antenna field have the same power. Neglecting
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FIG. 2. (a) Real-space and (b) reciprocal-space profiles of the
antenna field along a film placed below the antenna (z < 0).
Antenna thickness and width are h = 0.16 µm and w = 1.8 µm,
respectively; antenna above film with two different spacings
s = 0.15 and 0.45 µm; rf current I rf = 1 mA; or equivalently
−13 dBm dc dissipated in an antenna of hypothetical impedance
50 �.

one component of the antenna field would be an error.
Equation (4) also means that, for each wave vector k, the
corresponding antenna field is circularly polarized with
respect to the u direction, with a helicity sign set by the
sign of the product kz. For each k, the spatial pattern of
the k-monochromatic h̃rf

u is exactly the same as that of
the k-monochromatic h̃rf

z but displaced by a distance of
(π/(2|k|)) sgn(kz) in the u direction, as sketched in Fig. 3.

By performing an inverse Fourier transformation on Eq.
(2), we can find the (real-valued) spectrum of the antenna

u
H rf

z (u)
H rf

u (u)
for a single k > 0 for a single k < 0

2π

k

FIG. 3. Spatial profiles of the two components of the rf field of
an antenna when filtered at a single wave vector.
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field in the limit of p → 0:

hrf
u (k, p → 0) = I

2
√

2π
sinc

(
kw
2

)
e−|kz| sgn(z). (5)

The “sinc” in the previous expression indicates that the
hrf

u (u) in real space resembles a rectangular window and
matches with it when p → 0 and z → 0+.

For an antenna of arbitrary thickness p > 0, a simple
integration provides

hrf
u (k, p > 0) = I

2
√

2π
sinc

(
kw
2

)

×
(

1 − e−h|k|

h|k|
)

e−|ks| sgn(z) (6)

where the sgn(z) should be taken as −1 since the antenna is
above the film. Examples of the field profiles in reciprocal
space are reported in Fig. 2(b) for representative spacings
[33].

C. Linear, circular, or elliptical polarization of the
antenna field in the coordinate system of the

magnetization

For each wave vector, Eq. (4) means that the antenna
field is circularly polarized when looked at in the coor-
dinate system {�u, �v, �z} common to the antenna and to the
spin-wave wave vector. It is generally not the case in
the frame of the film’s magnetization, since this frame is
rotated by an angle ϕ (see Fig. 1).

When ϕ = 0◦, we have {�x, �y, �z} = {�u, �v, �z}. In many sit-
uations, magnets respond only to the rf fields that are in
the yz plane transverse to the applied field, where the sole
nonzero component is hrf

z . Such magnets are thus excited
by an rf field that seems linearly polarized along z.

In contrast, when ϕ = 90◦, we have {�x, �y, �z} = {�v, −�u, �z}
and the antenna field circularly polarized in the uz plane
can be described with an opposite circular polarization
in the yz plane. Using Eq. (4), we have that interme-
diate angles ϕ provide elliptically polarized rf fields of
components:

h̃rf
z (k) = ihrf

u (k) sgn(kz),
hrf

x (k) = hrf
u (k) cos(ϕ),

hrf
y (k) = −hrf

u (k) sin(ϕ).
(7)

D. Helicity mismatch to suppress the magnetization
response

The different components of the rf field [Eq. (7)] can
either work together or against each other to generate spin
waves, depending on whether the helicities of the rf field
and of the magnetization precession match or not. Since
the helicity of the antenna field depends on the sign of

k [see Eq. (4)], the degree of matching depends on the
spin-wave propagation direction. This is generally seen as
a difference in the efficiency of the antenna to excite the
±k counterpropagating spin waves [14], leading to some
amplitude nonreciprocity.

To achieve a physically transparent description of
this “helicity mismatch” effect, let us look at the high-
frequency susceptibility tensor ¯̄χ(k) of the total moment
of a magnet system. For a didactic purpose, we temporar-
ily disregard the fact that ¯̄χ(k) and ¯̄χ = ¯̄χ(k = 0) slightly
differ [34]. With an applied field along x, ¯̄χ is generally
finite only in the {y, z} plane. In this plane it reads

¯̄χ = χmax

(
1 −iε
iε ε2

)
, (8)

where χmax ∈ iR− is the value of the χyy term of the sus-
ceptibility at resonance, and ε is the precession ellipticity.

The magnetization response m̃rf(k) = ¯̄χ h̃rf(k) follows
from Eqs. (7) and (8). The response vanishes in the “per-
fect” helicity mismatch (HMM) case. This happens for
specific field directions ϕ, which read simply

sin(ϕHMM) = ε sgn(kz). (9)

For these angles, the antenna field excites only one of the
two directions of the wave vector [35]. These HMM angles
depend on the precession ellipticity ε(k, Hx,dc) only, which
is weakly field- and wave-vector-dependent. This single-
sided wave-vector generation is not to be confused with the
generation of a unidirectional energy flow. This point can
be very important when looking at angular variations in
propagating-spin-wave spectroscopy. We will come back
to this point later.

This form of ¯̄χ , in which [Eq. (8)] the nondiagonal com-
ponents are shifted in phase by ±i (i.e., ±π/2 rad) with
respect to the diagonal elements, occurs in many situa-
tions [15]. It is worth noting that this includes the total
moment of a synthetic antiferromagnet (SAF) at its acous-
tic resonance [27], which is the material system that we
shall harness for the application proposed in Sec. X. In this
case the precession ellipticity is ε = √Hj /

√
Hj + Ms at

low fields, where we have defined the interlayer exchange
field μ0Hj = −2J/(Ms(tmag/2)), with J being the inter-
layer exchange coupling and tmag the total thickness of the
SAF. In numerical applications, we shall take the mate-
rial parameters of a Co40Fe40B20/Ru/Co40Fe40B20 SAF
from Ref. [36], i.e., tmag = 34 nm, J = −1.7 mJ/m2, and
μ0Ms = 1.7 T. This leads to a precession ellipticity ε ≈ 0.3
for the acoustic spin-wave branch, so that the perfect helic-
ity mismatch angles are ϕHMM = 16◦ or 164◦ for k < 0 and
equivalently 163◦ or 343◦ for k > 0.
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III. THE DETECTION PROBLEM

A. From the dynamic magnetization of the spin wave
to its stray fields

1. Formalism

We now consider a spin wave of wave vector k with
dynamical components mu,v,z(u, t) = Re(m̃u,v,zei[ωt−ku]) with
complex amplitudes {m̃u, m̃v = 0, m̃z} (in units of A/m).
From now on, we postulate that the magnetization can be
replaced by its thickness-averaged value. The stray field
will be simpler to express in the frame of the magnetic
film, so that we now take the z′ = 0 plane as the center
of the film of thickness tmag. The stray field created by this
spin wave can be calculated as in Ref. [37].

The m̃u generates a volume density ρ̃(u, z′) = ikm̃ue−iku

of magnetic pseudocharges within the magnetic body,
from which the magnetostatic potential can be deduced by
integration. Taking its gradient, we get that the in-plane
dynamic component m̃u of the magnetization generates a
stray field outside of the film whose in-plane component is

H stray,mu
u (u, z′) = −m̃ue−|kz′|e−iku sinh

(
ktmag

2

)
sgn(k).

(10)

In parallel, the m̃z component of the spin wave generates
a surface density σ̃ (u, z′) = ±δz′∓t/2m̃ze−iku of magnetic
pseudocharges at the top (+) and bottom surfaces (−) of
the magnetic body, from which the corresponding magne-
tostatic potential can be deduced. This gives another source
of in-plane-oriented stray field:

H stray,mz
u (u, z′) = im̃ze−|kz′|e−iku sinh

(
ktmag

2

)
sgn(z′).

(11)

For one spin wave of wave vector k, the total stray field is
the sum of these two contributions:

H stray
u (u, z′) = [im̃z sgn(z′) − m̃u sgn(k)]

× e−|kz′|e−iku sinh
(

ktmag

2

)
. (12)

We will see later that this u-oriented component of the
dynamic stray field is the only one that matters for the
inductive detection by the receiving antenna; it is, how-
ever, instructive to also have a look at the other field
component.

The sources ρ̃ and σ̃ of the stray magnetic field are
now all below the position of interest for detection (the
antenna), such that, for the solitary spin wave of wave vec-
tor k, the spatial profile of the stray field now follows a

modified version of Eq. (4):

H̃ stray
z (u, z′) = −i sgn(kz′) H̃ stray

u (u, z′), (13)

which [38] holds out of the film (i.e., for |z′| ≥ tmag/2) and
for a single spin wave of wave vector k. An example of
the stray field profile associated with a single spin wave
is given in Fig. 4. We emphasize that, owing to the minus
sign in Eq. (12), the amplitude of the stray field on one
side of the film is stronger than that on the other side. This
is particularly important when intending to detect the spin
wave inductively.

2. Single-sided stray field cases versus helicity mismatch

It is interesting to scrutinize when Eqs. (12) and (13)
vanish for one sign of kz′, because this means that the spin
wave emits flux in one half z-space only, either above or
below the film, in a manner similar to the “fridge magnet”
configuration [37] approximated in Halbach linear arrays
of permanent magnets [39]. As is well known, a single-
sided stray field happens every time the two components of
the dynamic magnetization are related by a Hilbert trans-
formation [37], or equivalently when Eq. (13) applies for
all the wave vectors present in the magnetization texture.

Going back to the frame {u, z} that is the one relevant for
the inductive detection, the components of any spin wave
{m̃x, m̃y , m̃z} can be rewritten as m̃u = −m̃y sin ϕ and m̃z.
Equations (12) and (13) can be used to get the dynamical
components of the stray field projected in the plane rele-
vant for inductive detection. These components vanish for
the no-inductive-detection (NID) condition, defined as

sin ϕNID = −i
m̃z

m̃y
sgn(kz′). (14)

For an antenna placed above the magnetic film (z′ > 0 and
z < 0), the conditions of perfect helicity mismatch [Eq.
(9)] for which a spin wave of wave vector k is strictly
not responding to the antenna field, and the condition [Eq.
(14)] for which the same spin wave cannot be detected by
the same antenna, are identical.

This intuitive conclusion can be rephrased in a simple
rule: if an inductive antenna cannot excite a spin wave,
it also cannot detect inductively this spin wave. This rule
is not specific to inductive antennas, and was for instance
also observed for transducers based on nanomagnet res-
onators [40–42].

B. From the stray field of the spin wave to the
electromotive force

We now need to get the electromotive force (emf)
that this stray field induces on the receiving inductive
antenna. For a start, we consider an ultrathin and ultranar-
row antenna (i.e., p , w → 0). Using the Maxwell-Faraday
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equation, which reads �∇ × �E = −(∂ �B/∂t), the time varia-
tion of the spin-wave stray field generates an electric field
whose component in the �v direction is

�Ev(u, z′, p = w = 0) = −iω
∫ ∞

s
H̃ stray

u (u, z′) dz′. (15)

Considering a finite-size antenna requires one to aver-
age this expression over z′ spanning from s to s + p and
over u spanning from −w/2 to w/2. This gives a mutual
inductance that scales with the emf per unit length on the
receiving antenna:

1
iω

∂(emf)
∂v

= sinc(kw/2)[m̃u − im̃z sgn(kz′)]

×
(

1 − e−p|k|

p|k|
)

e−|ks| sinh(ktmag/2)

k
. (16)

In practice, a typical experiment is performed with wave
vectors bounded by the antenna width, i.e., |k| < 2π/w,
on a device whose geometry complies with w 
 s, p , tmag,
such that the second line of Eq. (16) can be reasonably
approximated by tmag/2.

IV. THE TRANSMISSION PROBLEM

A. Contribution of the spin waves to the
antenna-to-antenna scattering matrix

Let us calculate the antenna-to-antenna transmission
parameter as would be measured by a vector network

analyzer (VNA) at an applied frequency ω/(2π). This fre-
quency is a priori distinct from the uniform resonance
frequency ω0. We start by evaluating the response at a
single wave vector k. We express the antenna field at the
emitter [Eqs. (6) and (4)] in the frame of the applied dc
field, i.e., the {x, y, z} frame. For an antenna placed above
the film, this stimulus is h̄hrf

u (k, z) with hrf
u from Eq. (6) and

h̄ = (cos(ϕ), − sin(ϕ), −i sign(k)). (17)

We then evaluate the magnetization response below the
emitter antenna using m̃(k)|u=0 = ¯̄χ · (h̄hrf

u (k)). Note that
the dynamic susceptibility ¯̄χ(ω,k) has to be expressed for the
wave vector and frequency currently under investigation,
and in the {x, y, z} frame of the magnetic field.

This dynamic response is propagated toward the receiv-
ing antenna at the position u = r by a multiplication by the
phase accumulation scalar term,

m̃(k)|u=r = m̃(k)|u=0e−ikr.

Then this dynamic magnetization below the receiving
antenna is reprojected in the {u, v, z} frame of the antenna
to get (m̃u(r), mv(r), m̃z(r)), thus enabling the calculation
of the emf of the receiving antenna. This expression can be
simplified once one notices in Eq. (16) that the emf scales
like the scalar product between the magnetization and h̄∗,
where the star symbol denotes the complex conjugate. The
current-in to emf-out transmission parameter as enabled by
the spin waves between antenna 1 and antenna 2 reads
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S̃21f (ω, r) ∝
∫ +∞

−∞
[h̄∗ · [ ¯̄χ(ω,k) · h̄]] e−ikr (hrf

u (k, z))2 dk,

(18)

where we have omitted the numerical prefactor 2
√

2π

[(1/k) sinh(ktmag/2)] that is essentially independent of k
but is proportional to wtmag, i.e., the volume of the spin-
wave conduit. The subscript label “f ” refers to the inte-
gration over the full spectrum (i.e., k ∈ ]−∞, +∞[ ), as
opposed to the partial responses to be calculated later in
this paper.

The reflection parameter S11f and reverse transmission
parameter S12f can be calculated with the same expression
but with r = 0 and r < 0. Note also that, abusing notation,
we write S21 and S11 for quantities that, strictly speaking,
would not be those measured with a VNA, since the VNA
scattering parameters would also be functions of additional
impedances within the circuit.

B. Transmission in the absence of Gilbert damping

The most trivial situation is the limit of vanishing
Gilbert damping (α → 0) but arbitrary dispersion relation.
In that case, for any applied frequency ω, there are a small
number of resonant spin waves of wave vectors k0, each
with a vanishing linewidth and a diverging susceptibility.

When α → 0 each resonant spin wave contributes to the
susceptibility tensor by a term essentially of the form

(
−i

2π

tmag
δk0 ± 1

tmag

1
k − k0

)(
1 −iε(k0)

iε(k0) ε(k0)
2

)
, (19)

where δ is the Dirac distribution and the ± sign is the sign
of the group velocity at the considered k0.

The contribution of each k0 (i.e., each pole) of the
susceptibility to the antenna-to-antenna transmission coef-
ficient can be calculated from the combination of Eqs. (18)
and (19) and the residue theorem. Overall, we have

S̃21f (ω, r, α → 0) ∝ −i
4π

tmag

∑
resonant k0’s

Xk0e−ik0r(hrf
u (k0))

2,

(20)

where Xk0 are helicity mismatch numerical terms that
depend on the sign of each k0, on ϕ [see Eq. (17)], on
the precession ellipticity, and on the peak susceptibility
value. Note that Eq. (20) is the intuitive formula used in
many places [4,7,19,21,42] when a qualitative understand-
ing is sufficient. It expresses that the frequency dependence
of the phase of S̃21f (ω, r, α → 0) can be used to get the
dispersion relation provided a single mode contributes to
the transmission parameter [4]. In practice, the damping is
finite and Eq. (20) has to be tested against more realistic
calculations.

C. Particular cases where analytical solutions exist

Although we will often integrate Eq. (18) numerically
to get exact results, it is interesting to look at situations
for which S̃21f (ω, r) can be calculated analytically and lead
to physically transparent expressions at the cost of minor
approximations.

These situations happen when the dispersion relation is
line-shaped or broken-linear in the “relevant” wave vec-
tor allowed by the antenna geometry (i.e., typically for
k ∈ [−2π/w, 2π/w]). The analytical calculations require
the different terms of ¯̄χ to be treated one by one to circum-
vent the difficulty associated with the sgn(k) dependence
of the z component of h̄ within Eq. (18). We shall sort these
contributions into two categories.

We will use the superscript yy in S̃yy
21f for transmission

parameters involving a diagonal term of the susceptibility
matrix, leading to an integrand of Eq. (18) that is inde-
pendent of sgn(k). Conversely, the susceptibility terms
in [h̄∗ · [ ¯̄χ(ω,k) · h̄]] that involve the component h̄z exactly
once lead to a sgn(k) dependence of the integrand within
Eq. (18). For these terms, we shall use the superscript 1z
[short for ¯̃hz is involved exactly once].

The interesting situations are as follows (and see Fig. 5):

(a) When the dispersion relation is monotonically linear
across the relevant k spectrum, and when in addition the
magnetization is excited by a diagonal susceptibility term
only (Sec. V). The label “/” in S̃yy

21f (ω, r, /) will be used to
recall the line-shaped nature of the dispersion relation with
a positive slope vg , in contrast to the self-understandable
other cases displayed in Fig. 5: S̃yy

21f (ω, r, \), S̃yy
21f (ω, r, ∨),

and S̃yy
21f (ω, r, −).

(b) When the dispersion relation or the rf field are differ-
ent for the two signs of k so that two partial responses must
be calculated separately (to be referred to as S̃yy

21+ for k > 0
and S̃yy

21− for k < 0, Sec. VI). The lemma of this situation
[Eq. (30)] will be used extensively in the later calculations.

(c) When the dispersion relation is V-shaped and the
magnetization is excited by a diagonal susceptibility term
only [to be referred to as S̃yy

21f (∨), Sec. VII].
(d) When the dispersion relation is flat and the mag-

net is excited by a diagonal susceptibility term only [to be
referred to as S̃yy

21f (−), Appendix B].
(e) Finally, we shall derive the full response, i.e., when

all susceptibility terms are included in the response [to be
referred to as S̃21f , first formally in Sec. VIII then case by
case in Sec. IX and Appendix B 3].

From now on, we define ω0 and �ω0 as the k = 0 (uni-
form) resonance frequency and linewidth at the presently
applied field. At the presently applied frequency ω �= ω0,
there can exist resonant spin waves. Their wave vectors
will be written as k0’s.
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Additional contributions for the 
antidiagonal parts of the susceptibility:

ω(k)

k
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ω(k)

k
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Appendix B.3

Types of dispersion relation

Responses for a diagonal 
susceptibility tensor:

0 −i
i 0

¯̄χ =

S̃1z
21f (ω, r, /) S̃1z

21f (ω, r,∨) S̃1z
21f (ω, r, –)

S̃yy
21f (ω, r, /) S̃yy

21f (ω, r,∨) S̃yy
21f (ω, r, –)

Unidirectional Reciprocal

Reduces 
unidirectionality

Engender amplitude non-reciprocity

Non-propagative

FIG. 5. Top: Types of dispersion relations (blue) for which
illustrative analytical formulas are derived. Middle: Contribu-
tions of diagonal elements of the susceptibility: sections, nota-
tions, equations, and main feature (green). Bottom: Likewise for
the nondiagonal elements of the susceptibility (brown).

V. LINEAR DISPERSION RELATION AND
DIAGONAL SUSCEPTIBILITY:

UNIDIRECTIONAL ENERGY FLOW

In this section, we assume a perfectly linear disper-
sion relation ω(k) = ω0 + vgk with vg �= 0, valid up to the
maximum wave vector compatible with the antenna geom-
etry. In practice, this kind of dispersion relation can arise in
a dipolarly coupled bilayer [9] and in a synthetic antiferro-
magnet [27] near k = 0. In the present section, we assume
that the antenna is ultrathin and that it is in direct contact
with the film (i.e., s = p = 0). We also assume that the
magnet reacts to the rf field by only one of its diagonal sus-
ceptibility terms (e.g., yy); therefore, we use the notation
S̃yy

21f (ω, r, /).
At the applied frequency ω, there is a single resonant

spin wave, whose wave vector is k0 = (ω − ω0)/vg . The
considered susceptibility term can be expanded to first
order in k and written in the form [21]

χ(k) = − i �ω0 χmax

2vg(k − k0 + i/Latt)
, (21)

4 8 12

–1

0

1

Diagonal suscept.

∼
S yy

21f (/)

Modulus
Imaginary part

Real part

Linear dispersion k = 0

Frequency (GHz)

FIG. 6. Frequency dependence of the antenna-to-antenna
transmission parameter S̃yy

21f (ω, r = 8 µm, /) for a diagonal sus-
ceptibility term and a linear dispersion relation [Eq. (22)]. The
uniform resonance is ω0/(2π) = 8 GHz, with vg = 6 km/s and
Latt = 6 µm. The antennas have zero thickness (p = 0) and are
in direct contact with the film (s = 0). The width of the antennas
is w = 1.8 µm.

where Latt = 2vg/�ω0 is the attenuation length [10]. Let
us first consider a positive group velocity, hence Latt > 0.

A. Linear dispersion with a positive group velocity

After some algebra and using Eq. (21), one can rewrite
Eq. (18) in a form containing explicitly propagating (P)
and nonpropagating (L, for local) contributions, as well as
a common Lorentzian-resonant prefactor L(ω):

S̃yy
21f (ω, r, /) =

Lorentzian︷ ︸︸ ︷√
π

2
L(ω)

[
P1(r, ω)︸ ︷︷ ︸

propag.

U(r)︸︷︷︸
unidir.

× − 2L(r) + L(r + w) + L(r − w)︸ ︷︷ ︸
local

]
.

(22)

The frequency spectrum and the distance dependence of
S̃yy

21f (ω, r, /) are plotted in Figs. 6 and 7 for some illus-
trative parameters. The forms of these frequency and
propagation-distance dependences can be understood by
scrutinizing the different contributions within S̃yy

21f (ω, r, /).
The complex-valued prefactor is

L(ω) = χmax

w2

v2
g

(Latt(ω − ω0) − ivg)2 . (23)

This prefactor appears as a resonance centered at ω0 and
decaying with the frequency detuning |ω − ω0| at a rate
set by the linewidth 2vg/Latt. Note that L(ω) is sym-
metric with respect to ω0: the material responds also at
frequencies below its uniform (i.e., k = 0) resonance (see
Fig. 6).
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This prefactor multiplies a first propagating term that
includes a phase rotation and a spatial decay operand:

P1(r, ω) = |Latt|eir(ω−ω0)/vg e−r/Latt . (24)

The phase accumulation eir(ω−ω0)/vg translates into clear
oscillations of the real and imaginary parts of S̃yy

21f (ω, r, /)
as the frequency (hence k) increases; see Fig. 6. They come
with an exponential spatial decay.

This operand P1(r, ω) is multiplied by a unidirectional
term U(r, ω) that reads

U(r, ω) = −4�(r) + 2
[
�(r−w) exp

(
w

Latt
+ iw(ω − ω0)

vg

)

+ �(r+w) exp
(−iw(ω − ω0)

vg
− w

Latt

)]
. (25)

The Heaviside functions �(r), �(r − w), and �(r + w)

indicate that energy is not sent in the direction oppo-
site to the group velocity vg: the term L(ω)P1(r, ω)U(r)
in Eq. (22) is finite only for r > −w (see Fig. 7). The
three Heaviside terms in U(r, ω) indicate that the emis-
sion can be understood as performed by the center of the
antenna (accounted for by the term �(r)), with correction
terms �(r ± w), accounting for the extra loss or under loss
e∓w/Latt due to the differing distances between the position
of interest r and the farthest or closest antenna edges.

Finally, the expression for S̃yy
21f (ω, r, /) includes “local

terms” [free of the propagation-induced dephasing and free
of the propagation-induced loss previously expressed in
Eq. (24)]. They can be written in terms of the function

L(x, ω) = sgn(x)
(

+Latt − x − ixLatt(ω − ω0)

vg

)
. (26)

These terms are local in the sense that their sum vanishes
for |r| > w, as illustrated in Fig. 7 (dotted line). These

0 5 10 15 20 25
–0.1

0

0.1
Diagonal suscept.Linear dispersion

Propagating terms
Local terms

All terms

Propagation distance, r (μm) 

∼
Re(Syy

21f (/))

FIG. 7. Distance dependence of the different contributions to
the real part of the antenna-to-antenna transmission parameter
Re(S̃yy

21f (ω, r, /)) for a linear dispersion relation and a diagonal
susceptibility [Eq. (22)]. The parameters are 2πvg/(ω − ω0) =
4.7 µm, Latt = 6 µm, and vg = 6 km/s. The antenna geometry is
p = s = 0 and w = 1.8 µm. Note the unidirectional character of
the energy flow.

terms can be understood as the self-inductance of the emit-
ter antenna. In practice, they matter only when calculating
the reflection coefficient Syy

11f . Importantly, the local terms
preserve the unidirectional energy flow set by the direction
of the group velocity.

B. Linear dispersion with negative group velocity

If the dispersion is assumed to be linear but with vg <

0, this reverses the sign of k0 and one expects χyy(k, /) =
χyy(−k, \). From Eq. (18) one can then show that

S̃yy
21f (ω, r, \) = S̃yy

21f (ω, −r, /). (27)

This is in line with the intuitive expectation that chang-
ing the sign of the group velocity (i.e., the direction in
which energy propagates) is equivalent to exchanging the
positions of the antenna emitting the power and that col-
lecting the power. When vg < 0, the energy flow is still
unidirectional but now toward the r < w half space.

VI. LEMMA TO EVALUATE THE RESPONSE TO
SINGLE-SIDED WAVE-VECTOR SPACES

A. Splitting the full response into partial integrals

Since the dispersion relations and/or the rf fields are gen-
erally different for positive and negative wave vectors, it
is interesting to split the full transmission response of Eq.
(18) into a sum of two partial responses,

S̃21f = S̃21+ + S̃21−, (28)

each accounting for half of the wave-vector space.
Writing I(ω, k) = [h̄∗ · [ ¯̄χ(ω0+vg ·k) · h̄]](hrf

u (k))2 within the
integrand of Eq. (18), we define the partial responses
as S̃21+(ω, r) = ∫ +∞

0 I(ω, k)e−ikr dk and S̃21−(ω, r) = ∫ 0
−∞

I(ω, k)e−ikr dk. They can be rewritten as

S̃21±(ω, r) =
∫ +∞

−∞
e−ikrI(ω, k)�(±k) dk, (29)

where �(k) is the Heaviside function.

B. Lemma

Using the inverse Fourier transform of the Heaviside
function [43], we get

S̃21±(ω, r) = S̃21f (ω, r) ⊗
(

1
2
δ(r) ∓ i

2πr

)

= 1
2

(
S̃21f (ω, r) ∓ iHT {S̃21f (ω, r)}

)
,

(30)

where δ is the Dirac function, ⊗ indicates the convolu-
tion product, and the Hilbert transform HT applies to the
variable r.
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By construction, the full response S̃21f is the sum of
the partial responses [Eq. (28)]. Interestingly, the lemma
in Eq. (30) indicates that the full response can also be
used to calculate the partial responses S̃21+ and S̃21−.
We will extensively use this trick later to combine full
responses in computable cases (like for a line-shaped dis-
persion), in order to account for transmission responses in
situations where spin waves possess nontrivial dispersion
relations (like any broken-linear dispersion relation as in
the V-shaped cases).

C. Physical meaning of the lemma: Envelope,
modulation and Bedrosian theorem

The lemma in Eq. (30) indicates that, if the k < 0 branch
was missing from the spectrum, the spatial dependence
of S̃21+(ω, r) would be a space-distorted version of the
full response S̃21f (ω, r), the distortion being due to the
existence of the −iHT additional term.

We will see that, in the situations when (ω − ω0)/vg =
k0 
 {1/Latt, 1/w}, the S̃21f (r) spectrum contains a fast
modulation with a spatial period 2π/k0 embedded in a slow
spatial envelope related to the spin-wave decay length Latt
and the antenna efficiency function [see, e.g., Eq. (20)].
The real and imaginary parts of S̃21f (r) are in quadrature
in these representative situations.

The (slow) envelope and the (fast) modulation may have
almost disjoined supports in reciprocal space, such that the
shape of the term HT {S̃21f (r)} can be anticipated using
the Bedrosian theorem. The transform HT {S̃21f (r)} will
be a signal embedded in the same, almost unaltered, (slow)
envelope but the (fast) modulation will be translated in
space by a quadrature displacement of length π/(2k0).
Owing to the properties of the Hilbert transform, the sign
of this displacement will depend on sgn(r).

The distortion induced by the HT terms within the par-
tial integral changes the repartition of the signal between
the two r ∈ R

+ and r ∈ R
− half spaces. This is of pre-

mium importance when analyzing the nonreciprocity of
spin-wave transmission from one antenna to the other and
vice versa. We shall illustrate this point later with several
dedicated examples.

VII. CASE OF V-SHAPED DISPERSION WITH
DIAGONAL SUSCEPTIBILITY

Let us now analyze the case of spin waves possessing a
V-shaped dispersion relation. We still consider p = s = 0
and an excitation by a diagonal susceptibility term only. In
the relevant wave-vector interval, we write ω = ω0 + vg+k
for k > 0 and ω = ω0 + vg−k for k < 0, with vg+ > 0 and
vg− < 0. At ω > ω0, there are now two resonant wave
vectors k0+ > 0 and k0− < 0.

Because of the irregular (nondifferentiable) character of
a V-shaped dispersion relation in k = 0, Eq. (21) describ-
ing the susceptibility is applicable only for ω � ω0 + �ω0
when the spin waves are far above the gap ω0; in the gap,
the spin waves are evanescent. This situation will not be
studied.

A. General case: Nonsymmetric V-shaped dispersion
relation

In the general case when −vg− �= vg+, the full response
can then be expressed as

S̃yy
21f (ω > ω0, r, ∨) = S̃yy

21−(\, vg−) + S̃yy
21+(/, vg+), (31)

where each partial term is now evaluated with its own
group velocity. The partial contributions of the k < 0 and
k > 0 branches can be calculated using the lemma in Eq.
(30):

S̃yy
21f (ω > ω0, ∨) = 1

2

(
S̃yy

21f (\, vg−) + S̃yy
21f (/, vg+)

)

+ i
1
2
HT {S̃yy

21f (\, vg−) − S̃yy
21f (/, vg+)}.

(32)

The second line of the previous expression cannot be made
explicit in a reasonably compact form in the general case.

B. Symmetric V-shaped dispersion relation

However, the situation simplifies when the dispersion
relation is symmetric with vg+ = −vg− = vg > 0 and
when the susceptibility is even in k with ¯̄χ(k) = ¯̄χ(−k).
In this case we define Latt > 0 and have

S̃yy
21f (ω > ω0, r, ∨)

= 1
2

(
S̃yy

21f (ω, r, /, |vg|) + S̃yy
21f (ω, −r, /, |vg|)

)

+ i
1
2
HT {S̃yy

21f (ω, −r, /, vg) − S̃yy
21f (ω, r, /, vg)}.

(33)

1. Perfect reciprocity

Remembering that HT transforms odd functions into
even functions, we can see that

S̃yy
21f (r, ∨) = S̃yy

21f (−r, ∨). (34)

While, for a line-shaped dispersion relation, the energy
was propagating in a half space only, a V-shaped disper-
sion relation leads to a propagation of energy in the whole
space, symmetrically with respect to the antenna center.
(Note that, in this section, we consider a diagonal term
of the susceptibility tensor.) In other words, a VNA-based
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FIG. 8. Transmission parameter versus propagation distance
in the case of a reciprocal, symmetric V-shaped dispersion rela-
tion when only one diagonal term of the susceptibility tensor is
considered [Eq. (33)]. The attenuation length is 6 µm. The two
resonant wave vectors are k0 = ±π rad/µm corresponding to a
spatial period of 2 µm. The antenna width is w = 1.8 µm, with
zero thickness (p = 0) and zero spacing (s = 0).

electrical measurement with gedanken antennas involving
only the diagonal susceptibility terms would show a per-
fectly reciprocal behavior with S̃yy

21f (∨) = S̃yy
12f (∨). This is

illustrated in Fig. 8; the spatial dependence of S̃yy
21f (∨) is

plotted for typical experimental parameters.

2. Analytics

Above ω0 + �ω0, the terms of Eq. (33) can be made
explicit. The “direct” terms [the first term on the right-
hand side of Eq. (33)] are straightforward to understand:
they create the r-even equivalent of Eq. (22); i.e., the bidi-
rectional (r-symmetrized) version of Fig. 7. They comprise
propagating terms and local terms, in a manner similar to
previously. These “direct” terms within S̃yy

21f (ω > ω0, r, ∨)

can be expressed as

1
2

(
S̃yy

21f (ω, r, /, |vg|) + S̃yy
21f (ω, −r, /, |vg|)

)

=

Lorentzian︷ ︸︸ ︷√
π

2
L(ω)

[ propagation terms︷ ︸︸ ︷
P2(r + w, ω)+ P2(r − w, ω)− 2P2(r, ω)

+
(

1 + iLatt(ω − ω0)

vg

)
(|r + w| + |r − w| − 2|r|)

︸ ︷︷ ︸
local terms

]
,

(35)

where the last line contains the local terms that depend on
the positive-definite distances, and where the propagating

terms depend on the function

P2(x, ω) = Latte−|x/Latt|
[
�(x) exp

(−ix(ω − ω0)

|vg|
)

+ �(−x) exp
(

ix(ω − ω0)

|vg|
)]

. (36)

The physical interpretation of Eq. (35) is straightforward:
the local terms represent some autoinductance, and the
propagating terms contain energy emitted by the center of
the antenna and propagating to both its sides with the same
decay length but opposite sense of phase rotation. They are
complemented by other propagating terms for which the
relevant travel distances are incremented or decremented
by w, with the associated propagation loss and dephasing
arising from the increment or decrement of the propagation
distance.

The HT -transformed term [the second term on the
right-hand side of Eq. (33)] admits a very heavy analytical
expression [see Appendix C, Eqs. (C1)–(C3)] for distant
antennas (i.e., for |r| > w) [44]. The application of the
expression is included in Fig. 8).

3. Dependence over propagation distance and frequency

From the Bedrosian theorem combined with the × i
multiplication in the C plane in the second term on the
right-hand side of Eq. (33), one can anticipate that the
“direct” term [first term on the right-hand side of Eq. (33)]
and the Hilbert-transformed “indirect” term (second term
on the right-hand side of that equation) have very simi-
lar shapes, except in the |r| < w region where the signal
is dominated by the local terms (not shown). For |r| > w,
the phases of all terms within Eq. (33) rotate with the
propagation distance and with the frequency at a pace
essentially defined by the phase rotator functions P1(r, ω)

and P2(r, ω). This is, for instance, clear in Fig. 8: the
real and imaginary parts of the transmission signal change
sign every time the propagation distance r is incremented
by a half period, λ/2 = πvg/(ω − ω0), of the spin wave.
Equivalently, they change sign every time the frequency is
incremented by vg/(2r).

Note that, while a mixture of Eqs. (20) and (36) is
routinely used [4,7,19,21,42] to interpret propagating-spin-
wave spectroscopy experiments by simply setting x = r,
we emphasize that it is not always appropriate. Such a
fitting procedure indeed confuses the propagating terms
P2(r − w) and P2(r + w) with P2(r). This is valid as long
as (i) one restricts to situations where |r| 
 w (i.e., distant
antennas) and (ii) one can neglect the contribution of the
nondiagonal terms of the susceptibility tensor.
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VIII. RESPONSE TO THE FULL SUSCEPTIBILITY
TENSOR

So far we have looked at the consequence of the sole
diagonal terms of the susceptibility tensor. This is over:
from now on we take into account the complexity of h̄
that arises from its z component that is ∝ sgn(k) [see Eq.
(17)]. This means that, from now on, helicity mismatch is
included.

A. Accounting for the helicity dependence at emission
and detection

The factor [h̄∗ · [ ¯̄χ(ω,k) · h̄]] within the integrand of Eq.
(18) contains two kinds of terms.

1. Regular susceptibility terms

The diagonal terms involving χxx,yy,zz as well as χxy,yx
(which happen to vanish when the applied field is along
x, as in all the situations studied hereafter) do not depend
on the sign of k. For all these terms, the models with the
yy superscript are applicable provided the proper χmax are
used. The summation of Eq. (28) still holds:

S̃yy
21f (ω, r) = S̃yy

21+(ω, r) + S̃yy
21−(ω, r)

provided yy is replaced by the considered susceptibility
term among {xx, yy, zz, xy, yx}.

2. Nondiagonal susceptibility terms involving h̄z exactly
once

In contrast, the 1z terms involving χyz or χzy (as well
as χxz,xz, which happen to vanish when the applied field is
along x, as in all the situations studied hereafter) involve h̄z
exactly once; they are hence ∝ sgn(k), such that the partial
integrals for the k < 0 and k > 0 branches must be cal-
culated separately using the lemma in Eq. (30). For these
terms, the combination of h̄z ∝ sgn(k) and Eq. (28) results
in

S̃1z
21f (ω, r) = S̃1z

21+(ω, r) − S̃1z
21−(ω, r). (37)

Using the lemma in Eq. (30), we get

S̃1z
21f (ω, r) = −iHT {S̃yy

21f (ω, r)}, (38)

where χmax on the right-hand side of the equation should
be replaced by either χmax

yz or χmax
zy depending on the term

being calculated. Note that χmax
yz and χmax

zy are opposite and
real-valued at the resonance. We will see that in many sit-
uations Eq. (38) admits an analytical solution. Two points
are worth mentioning: they concern the frequency content
and the spatial content of Eq. (38).

(i) The Hilbert transform applies to the space variable
r only. At a propagation distance r0, the frequency depen-
dence of S̃1z

21f (r0) will thus always be the same as S̃yy
21f (r0).

Because of this appearance similarity, they cannot be dis-
tinguished by a frequency scan at a single propagation
distance.

(ii) The spatial content of Eq. (38): once again, if suffi-
ciently far from the resonance, i.e., if |ω − ω0| 
 �ω0, the
Bedrosian theorem and the form of ¯̄χ indicate that the spa-
tial variations of S̃1z

21f (ω, r) versus S̃xx,yy,zz
21f may look like

scaled complex conjugates. We will show later examples
illustrating this point.

B. Full response in the most general case

The full response is the sum involving all terms of ¯̄χ :

S̃21f =
∑

xx,yy,zz,xy,yx

S̃yy
21f +

∑
yz,zy,xz,zx

S̃1z
21f .

We remind the reader that the static field is along the in-
plane direction x.

The simplest case is when the total moment of the mag-
netic system has a longitudinal-only susceptibility (i.e.,
when ¯̄χ reduces to a sole vanishing term, which is χxx).
This is, for instance, the case for the total moment of the
optical mode of an SAF in the scissors state. In this case
the full response reads simply

S̃21f (longitudinal ¯̄χ) = S̃xx
21f , with χmax ∈ iR−, (39)

such that the previous methodology can be used in a
straightforward manner.

A more standard situation is when both diagonal and
nondiagonal susceptibility terms that are transverse to the
field are involved in the dynamics. This is, for instance, the
case for the spin waves of in-plane-magnetized single lay-
ers above saturation, or for the total moment of the acoustic
mode of an SAF. In these cases, we can use Eq. (38) and
gather the terms as follows:

S̃21f (transverse ¯̄χ) =
∑
yy,zz

S̃yy
21f

︸ ︷︷ ︸
χmax ∈ iR−

− iHT
{∑

yz,zy

S̃yy
21f

}

︸ ︷︷ ︸
χmax ∈ R

. (40)

(i) The first brace involves the two susceptibility terms
that are Lorentzian, with a negative imaginary value χmax
at the resonance. They lead to contributions ∝ Syy

21f , where
the proportionality is a real number. These contributions
resemble that of Fig. 6 or that of Fig. 8, depending on the
shape of the dispersion relation.

(ii) The second brace involve susceptibility terms that
have a real value ∓iεχmax at the resonance [see Eq. (8)].
As a result, the real parts of ±Szy,yz

21f thus contribute to the
imaginary part of the signal enclosed in curly brackets, and
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the imaginary parts of ±Syz,zy
21f contribute to the real part of

the signal enclosed in curly brackets.

Beside, this signal is Hilbert-transformed according to the
space variable r and then multiplied by −i. This process
affects the spatial profile of the response, notably because
the HT transforms even functions in odd ones. However,
situations may stay simple when the Bedrosian theorem is
applicable, as detailed in a few examples below.

IX. RESPONSES INCLUDING THE
NONDIAGONAL PARTS OF THE

SUSCEPTIBILITY

A. Line-shaped dispersion: quasi-unidirectional
energy flow

Let us consider the case of S̃21f (ω, r, /), i.e., the total
response including the whole susceptibility tensor for a
dispersion relation that is line-shaped in the range of wave
vectors allowed by the antenna. This situation mimics the
spin waves within, for instance, an SAF in the scissors state
with �k ‖ �H (see Ref. [27]) or within a dipolarly coupled
bilayer [see, for instance, Fig. 4(f) in Ref. [9]]. For a line-
shaped dispersion relation, Eq. (38) can unfortunately not
be simplified and has to be integrated numerically.

An example of a full signal and its contributing terms
S̃yy

21f (/) and S̃1z
21f (/) is given in Fig. 9. The last panel

compares the unidirectional case S̃yy
21f (ω, r, /) obtained for-

merly for a diagonal susceptibility with the total response
including all terms of the susceptibility tensor, a real
antenna, and a representative ellipticity of the precession.

While the Syy
21f (/) term was perfectly unidirectional [i.e.,

strictly vanishing for r ≤ −w; see Fig. 9(a)], the pres-
ence of the 1z terms makes the total response no longer
single-sided; the −iHT terms in Eq. (40) add a signal
that leaks into the r ≤ −w half space. The amplitude of
this leak is tiny except when ω ≈ ω0 where the Bedrosian
theorem is inadequate [45]. The unidirectional emission of
the full signals S̃21f (/) or S̃21f (\) is essentially maintained
despite the −iHT terms. This quasi-unidirectional emis-
sion, already evidenced experimentally in Ref. [27], is of
strong interest for applications.

B. Symmetric V-shaped dispersion: Amplitude
nonreciprocity

Let us see what happens for a symmetric V-shaped dis-
persion relation. This represents, for instance, the case
of the moment of a single-layer film above saturation in
the Damon-Eshbach geometry. This can also represent the
total moment of the acoustic mode of an SAF for k ⊥ Hdc.
For a V-shaped dispersion relation, we have shown that

S̃yy
21f (r, ∨) = S̃yy

21f (−r, ∨).

S̃yy
21f (/)

−iHT
{

S̃yz
21f (/)

}

S̃21f (SAF acou, /)

S̃yy
21f (/)

(a)

(b)

(c)

–10 0 10 20

–0.1

0

0.1

–0.1

0

0.1

–0.1

0

0.1

Full signal

Propagation distance, r (μm)

Im. part Modulus

Real part
Linear dispersion

(a) + (b)

FIG. 9. Comparison of the two categories of terms contribut-
ing the antenna-to-antenna transmission parameter versus prop-
agation distance for a linear dispersion relation [Eq. (40)]. The
parameters are p = s = 0, w = 1.8 µm, ω0 = 5 Grad/s, ω = 13
Grad/s, Latt = 6 µm, and vg = 6 km/s. (a) Appearance of a
diagonal term: S̃yy

21f (/) for χmax = −i i.e., corresponding to χyy .
(b) Appearance of a 1z term: −iHT {S̃yy

21f (/)} for χmax = 1. In
practice the amplitude of this term will be decremented by the
ellipticity factor ε. (c) Sum of (b) and (c) for ε/sin(ϕ) = 0.3,
accounting for the full response of the acoustic spin-wave branch
of an SAF with a linear dispersion relation according to Eq. (40).
The vertical dotted lines are guides to the eye meant to evidence
the evolution of the phase of the signal upon the −iHT {× i}
operation.

This r-even character expresses the fact that the yy terms
lead to transmission signals that are free of amplitude
nonreciprocity.

However, owing to the properties of the Hilbert trans-
form, the terms below the second brace in Eq. (40) will
thus be r-odd:

S̃1z
21f (r, ∨) = −S̃1z

21f (−r, ∨),

so that they add or subtract from the contribution of the
diagonal terms of the susceptibility tensor, depending on
the sign of r.

This leads to a self-evident statement: the r-even contri-
butions S̃yy

21f (r, ∨) and r-odd contributions S̃1z
21f (r, ∨) can

be separated easily in an experimental measurement in the
V situation, by simply calculating S21 + S12 or S21 − S12.
Using {HT }2 = −1 ×, Eq. (38), and Eq. (33), we can
express S̃1z

21f (ω, r, ∨) for |r| ≥ w as

S̃1z
21f (r, ∨) = − i

2

(
S̃yy

21f (−r, /) − S̃yy
21f (r, /)

)

− i
2
HT {S̃yy

21f (r, /) + S̃yy
21f (−r, /)}, (41)
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in which one should pay attention to use the χmax of the
nondiagonal susceptibility term being considered. Only the
first term can be made explicit. The second term of Eq. (41)
must be integrated numerically.

As a last comment, let us mention that, in practice, the
amplitude nonreciprocity is often measured by looking at
the experimental quantity S21/S12(r), which is

S̃21f (ω, r)

S̃21f (ω, −r)
(∨) =

∑
yy termsS̃

yy
21f (r) +∑1z terms S̃1z

21f (r)∑
yy termsS̃

yy
21f (r) −∑1z terms S̃1z

21f (r)
,

(42)

where we have omitted the ∨ labels. This corresponds
to the commonly observed “amplitude nonreciprocity” of
Damon-Eshbach modes [14] arising from helicity match
or mismatch. Note that the terminology “amplitude nonre-
ciprocity” is somewhat improper. Indeed, as soon as the
nondiagonal susceptibility terms contribute to the trans-
mission signal, the experimental quantity S21/S12 is then
neither real nor constant: it is both position-dependent and
frequency-dependent.

X. DISCUSSION

A. Perfect helicity mismatch and its perception in the
spectral response

An intriguing question to understand is why the con-
cept of the angle for perfect helicity mismatch [Eq. (9),
or, equivalently, the angle for no inductive detection, Eq.
(14)] seems to have been missed or ignored so far; this
is intriguing since it is a rather trivial consequence of the
form of the susceptibility tensor [Eq. (8)] and the form of
the rf field of an antenna [Eq. (17)].

The likely reason is that the HMM effect has no perceiv-
able consequence in most of the situations encountered in
previous works, in particular for single-layer films above
saturation. Indeed, in the popular Damon-Eshbach con-
figuration in single layers with or without Dzyaloshinskii
interaction [46,47], one uses field orientations of ϕ =
±π/2 far from the HMM angles, such that the HMM effect
is irrelevant there.

In contrast, the much less studied backward volume con-
figuration of spin waves in single layers corresponds to
ϕ = 0 or π , which is much closer to ϕHMM. For ϕ = 0,
the backward volume spin waves feature a ∧-shaped dis-
persion relation, with an extremely small group velocity
and an almost flat dispersion relation, rendering difficult
propagating-spin-wave spectroscopy experiments [48–50].
For a single-layer film, as soon as the field is slightly tilted
away from the backward volume configuration (in partic-
ular, when ϕ = ϕHMM), the spin waves recover a V-shaped
dispersion relation with a forward character. When mea-
suring S̃21f (r > 0), one looks at the energy transmission
from antenna 1 to antenna 2, hence essentially only due

to the k > 0 spin waves that have a group velocity in the
1 → 2 direction. The main (propagating) part of the sig-
nal is thus provided by the term 1

2 S̃21+(r > 0, v+
g ) in Eq.

(33). For this field orientation, the HMM direction is in the
k < 0 side (or equivalently it is in the ϕHMM + π orienta-
tion): this means that the spin waves that are not excited
because of the perfect helicity mismatch would anyway
not send energy in the direction to which one is sensitive;
the spin waves able to transfer energy between antennas
are not subjected to the HMM effect. It is therefore under-
standable that the concept of perfect helicity mismatch has
been missed in earlier studies.

B. Applicability of the analytical approximations

A second important question is the range of applicability
of the analytical approximations done after Eq. (18). The
main approximation is the linearization of χ(k) [Eq. (21)]
done for nonflat dispersion relations. While in the case
of a line-shaped dispersion (Sec. V) this approximation is
always legitimate, it is not near the singular point ω = ω0
for broken-linear dispersion relations, and in particular for
a V-shaped dispersion relation (Sec. VII). This pathologi-
cal change of slope of ω(k) at k = 0 happens every time
an infinitely extended magnetic system is considered. This
singularity at the dispersion relation k = 0 is not so much
of a problem in practice because real antennas are unable
to generate at strictly k = 0 (see note [33]).

Besides, any real magnetic system has a finite lateral
size L, so that this singularity disappears: the disper-
sion relation becomes regular (differentiable) at k = 0 and
the frequency ω0 changes slightly because of the shape
anisotropy associated with the finite dimension. We can
thus model the |k| < 1/L part of the spectrum within the
flat band model, which yields a substantial response only
within the space very near to the emitter antenna (see
Fig. 12).

If, in contrast, one excites the system at larger k, i.e.,
“far” [51] ferromagnetic resonance (FMR), the k = 0 sin-
gularity of the dispersion relation becomes irrelevant and
we expect a response like that of Fig. 8 made unsym-
metrical by the distortion of Eq. (42). In between these
two frequency domains, an intermediate behavior should
be found, in which the travelling character of the spin
waves gets progressively perceivable in the r dependence
of S̃21f (∨).

C. On the deduction of dispersion relation from
transmission spectra

Propagating-spin-wave spectroscopy (PSWS) is usually
conducted to get information about the dispersion rela-
tion of spin waves or, at least, their group velocities. The
zero-damping limit [Eq. (20)] can be used to qualitatively
interpret PSWS experiments. For a more quantitative anal-
ysis, one typically [7,19,42] adds a propagation loss term
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and uses the ansatz [21]

S̃single mode
21 (k(ω)) ∝ ie−ik|r|e−|r|/Latt(hrf

u (k))2. (43)

We emphasize that it is not always appropriate. First,
because generally several families of spin waves coexist
in the spin-wave conduit so that the phase of the transmis-
sion coefficient at a given frequency is influenced by more
than one single k value. This first problem can sometimes
be circumvented if an appropriate group-velocity-selective
method is used to isolate the contribution of a family of
spin waves [4]. However, the use of Eq. (43) confuses
the propagating terms P2(r − w) and P2(r + w) with P2(r)
in Eq. (36), which is only valid when |r| 
 w (i.e., dis-
tant antennas). Besides, the use of Eq. (43) is equivalent
to neglecting the contribution of the nondiagonal terms of
the susceptibility tensor, such that the part of the spectrum
influenced by the vicinity of k = 0 is not modeled cor-
rectly. As a reminder, care should be taken when using Eq.
(43) to quantitatively model entire transmission spectra.

As a result, the recording of solely frequency-resolved
transmission spectra is generally not sufficient to deduce
the dispersion relation. When trying to get ω(k) from
an experimental spectrum, one faces an additional diffi-
culty: the phase −ikr in PSWS data is known only modulo
2π . A starting point along the dispersion relation is thus
needed to deduce the whole dispersion relation. One gen-
erally uses the value of ω(k = 0) which—in contrast to
common thinking—cannot be extracted from the PSWS
data alone. Indeed, the frequency-resolved transmission
spectra have qualitatively similar shapes (envelope and
oscillations therein) for V-shaped and line-shaped disper-
sion relations [52] but the frequency ω(k = 0) can be at
various positions within the envelope, depending on the
type of dispersion relation and the shape of the antenna
(single-wire as in Fig. 1, U-shaped as in [7], etc.).

For instance, the ω(k = 0) frequency is �ω0 �= 0 above
the onset of the envelope for a V-shaped dispersion relation
(devices with a single-wire antenna harnessing Damon-
Eshbach magnetostatic spin waves [19] or forward volume
spin waves). The ω(k = 0) frequency is �ω0 �= 0 below
the roll-off of the envelope for devices with a single-wire
antenna and ∧-shaped dispersion relation (backward vol-
ume spin waves). It is the middle of the envelope for
devices with a single-wire antenna and line-shaped dis-
persion relation (Fig. 6). In all other cases (more complex
form of dispersion relation and/or antenna emitting a spec-
trum that is not maximal at k = 0), the ω(k = 0) frequency
can be anywhere within (or without) the envelope and
therefore cannot be identified from knowledge of a PSWS
spectrum alone. For good practice, the ω(k = 0) frequency
ought to be measured separately, optimally by classical
FMR.

XI. ONE-WAY FILTERS THAT ARE TUNABLE
BETWEEN LOW-PASS, ALL-PASS, AND

HIGH-PASS

When using spin waves for signal or information pro-
cessing in nanodevices, the main engineering issue is the
overall energy efficiency. Solutions have been developed
to focus the spin-wave energy [53,54] at a particular posi-
tion. Solutions have also been found to compensate for
the propagation loss of spin-wave energy [55]. However,
the bottleneck remains the low power efficiency at trans-
duction back and forth from the electrical domain to the
spin-wave domain: a gain between one and two orders of
magnitude is required. Ensuring a unidirectional energy
flow of the spin-wave energy is a step in the right direc-
tion because this avoids wasting half of the energy that the
spin waves would be otherwise radiating in the unwanted
direction.

A. Combining single-sided k emission with
unidirectional energy flow

Besides, the unidirectional energy flow can be combined
with the single-sided k emission to design one-way recon-
figurable frequency filters. Let us illustrate this assuming
the quasi-line-shaped dispersion relation of an SAF with
�k ‖ �Hx,dc, which offers sgn(v+

g ) ≈ sgn(v−
g ), the two being,

for instance, negative to ensure a unidirectional energy
flow from antenna 2 to antenna 1 [see the example of
Fig. 10(a)]. Indeed, in this situation, the transmission
S̃21f (r > 0) above ω0 is due to the k < 0 branch, while
the transmission below ω0 is due to the k > 0 branch.
The sum of the two partial contributions leads to a trans-
mission spectrum that extends symmetrically around the
uniform resonance ω0, as was the case in Fig. 6. We can
name this behavior “all-pass,” and it can be obtained for
the total moment of the acoustic SW mode of an SAF with
�k ‖ �Hx, i.e., ϕ = 0, as demonstrated experimentally in Ref.
[27].

For the acoustic mode of an SAF, slightly turning the
applied field from ϕ = 0 to ϕ = ϕHMM maintains [27]
the property sgn(v+

g ) = sgn(v−
g ): the dispersion relation

is broken-linear but still monotonic across k = 0. Since
v+

g �= v−
g , none of the analytical limits described above

apply, and a numerical integration of Eq. (18) must be
performed. For this new field orientation ϕHMM, the per-
fect helicity mismatch cancels the contribution from the
k < 0 branch, such that the transmission is almost entirely
suppressed above ω0. This “low-pass” filtering can be
changed to “high-pass” filtering by rotating the dc field in
the opposite direction. Examples of these “all-pass,” “low-
pass,” and “high-pass” behaviors are shown in Fig. 10.
Note that the frequency filtering is obtained while main-
taining a unidirectional energy transfer, similar to that of
Fig. 9.
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FIG. 10. Illustration of the combination of single-sided k emis-
sion and unidirectional energy flow. (a) Linearized dispersion
relation of the acoustic mode of a synthetic antiferromagnet for
a wave vector parallel to the applied field (ϕ = 0), according to
Ref. [27]. The material parameters are from Ref. [36] with α =
0.001 and μ0Hx = 50 mT. (b)–(d) Numerical evaluations [Eq.
(18)] of the partial responses S12+ and S12− and the full response
S12f for an antenna geometry with r = 3 µm, w = 0.8 µm, and
p = s = 0. In panel (b), the dc field is oriented at ϕ = 0, such that
only hrf

z contributes. In panel (c), the dc field is tilted by −16◦ to
achieve perfect helicity mismatch for the k < 0 branches, thereby
achieving a “high-pass” behavior. The field rotation is opposite
in panel (d). The dispersion relations for panels (c) and (d) are
qualitatively similar to that for panel (a) and they are taken from
Ref. [27].

B. Alternative materials for reconfigurable filtering

The previous proposition—one-way filters that are tun-
able between low-pass, all-pass, and high-pass—relies on
two ingredients: a monotonic dispersion relation so that
the frequencies of the k < 0 spin waves and k > 0 spin
waves differ, and the ellipticity of the inductive response
of the total moment of the magnetic system. While the

second ingredient is fairly easy to obtain, the first one has
so far been demonstrated only at low k values in bilayers
[9] and in SAFs [27]. Since it relies on the layer-to-layer
dipolar interaction, monotonic dispersion relations should
occur in many more magnetic systems that can be pre-
pared in states that are analogues of the antiparallel state
or of a scissors state. This task of searching for systems
that can host unidirectional spin waves exceeds the scope
of our present study. However, it would be interesting to
investigate several systems in particular. This includes, for
instance, bilayers in which the two layers are exchanged-
biased in opposite directions. This includes also anti-
ferromagnetically coupled multilayers (“multi-SAFs”), as
well as simple multilayers that would comprise layers
that possess a contrast of coercivity and/or anisotropy so
that the multilayer can be prepared in nontrivial magnetic
configurations.

XII. CONCLUSIONS

This paper extends the formalism of spectroscopy of
propagating spin waves when using inductive antennas
connected to a vector network analyzer. The problem is
supposed to be invariant in the plane transverse to the
spin-wave wave vector.

The paper first revisits an apparently simple problem:
the magnetic field generated by a single-wire antenna
and how it excites the magnetization precession. From a
reciprocal-space analysis of the antenna field, we describe
the phenomenon of helicity match or mismatch between
the dynamic magnetization of a spin wave and the mag-
netic field radiated by the antenna. From the form of the
susceptibility tensor reflecting the precession ellipticity,
we identify specific orientations of the wave vector for
which a perfect helicity mismatch is reached, such that the
antenna cannot excite this spin wave, while it can for the
opposite wave vector—this single-sided wave-vector gen-
eration is not to be confused with a unidirectional emission
of energy.

We then analyze the stray field emanating from a spin
wave, and how this stray field couples to an antenna used
as an inductive detector. It appears that spin waves of prop-
erly chosen helicity do not emit any stray field on one
side of the film. Inductive detection of these spin waves
is impossible. These spin waves are also the ones lead-
ing to perfect helicity mismatch. In simple terms, if an
antenna cannot excite a given spin wave, it cannot detect it
inductively: they do not couple and are dark to each other.

In the second part of the paper, we combine emission,
propagation, and detection of spin waves to issue a formal-
ism to calculate the antenna-to-antenna transmission. This
formalism is applied to situations that lead to physically
transparent analytical expressions. These expressions clar-
ify the distinct roles of the direction of the wave vector of
the spin waves, and of the direction of their group velocity.
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Three canonical situations are examined: when spin
waves have a flat dispersion relation, a V-shaped disper-
sion relation, and finally a line-shaped dispersion relation.
In the first case (vanishing group velocity), the spin waves
radiate energy in a slightly nonreciprocal manner but in
an only evanescent way. In contrast, for the very often
encountered situation of a V-shaped dispersion relation,
the emission of spin waves is bidirectional and comes
with some nonreciprocity. This nonreciprocity is mainly of
amplitude type, but varies with frequency and propagation
distance.

For spin waves with a line-shaped dispersion relation
in the range of wave vectors allowed by the antenna
geometry, the spin waves transport power in a quasi-
unidirectional manner. This happens for the acoustic spin
waves of synthetic antiferromagnets when the spin-wave
wave vector is close to parallel to the applied field. This
situation is of interest for applications, and can be used
to design filters that can be reconfigured to be low-pass,
high-pass, or all-pass. The present formalism offers a
simple and direct method to understand, design, and opti-
mize devices harnessing propagating spin waves, including
when a unidirectional energy flow is desired, and when a
frequency-filtering behavior is targeted.
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APPENDIX A: FIELD RADIATED BY AN
ANTENNA OF RECTANGULAR CROSS SECTION

The field radiated by a rectangular antenna of finite
thickness p , finite width w, and placed at a spacing s
from the film has two components (Fig. 1). The in-
plane component H rf

u is the sum of two terms. Defining
� = (1/(2π))(μ0I rf/w) as a scaling factor that has the
dimension of a flux density, the first term reads

�

(
p + z

z

[
tan−1
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2 w + u
p + z
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− tan−1

(
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+ z
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(A1)

The second term of H rf
u is
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ln
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u − 1
2 w
)2 + z2

+ 1
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The out-of-plane component H rf
z is also the sum of two

terms. The first is
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while the second term of H rf
z is

�

(
p + z

2h
ln

(u − 1
2 w)2/(p + z)2 + 1

( 1
2 w + u)2/(p + z)2 + 1

+ z
2p

ln
( 1
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(u − 1
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)
. (A4)

APPENDIX B: FLAT HORIZONTAL DISPERSION
WITH DIAGONAL SUSCEPTIBILITY

Let us consider the hypothetical case when the spin
waves would have a perfectly flat dispersion relation (i.e.,
with ω(k) = ω0, for all k) such that no resonant k0 can
be defined. In this section, we assume a realistic antenna
with a finite thickness (i.e., p �= 0) and at a finite spac-
ing from the film (i.e., s �= 0). In the following sections
(Appendixes B 1 and B 2), we start by considering that the
magnet is excited by only a diagonal susceptibility term
(this assumption will be removed in Appendix B 3). Under
these assumptions, the frequency and spatial dependences
of S̃yy

21f (−) become separable:

S̃yy
21f (ω, r, −) ∝ [h̄∗ · [ ¯̄χ(ω0) · h̄]]

∫ ∞

−∞
dk e−ikr(hrf

u (k))2

= s̃yy
21(ω0) × syy

21(r, −). (B1)

1. Frequency dependence for a flat dispersion and a
diagonal susceptibility

The complex-valued frequency dependence s̃yy
21(ω0) is

simply that of the considered diagonal element of ¯̄χ(ω, k =
0), i.e., a Lorentzian response centered at ω0, exactly like
in an FMR measurement.
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2. Spatial dependence for a flat dispersion and a
diagonal susceptibility

The distance dependence syy
21(r) is a real-valued, even,

positive function that depends only on the antenna geome-
try. It is the convolution of the inverse Fourier transforms
of each of the three factors of the squared equation (6):

(i) the inverse Fourier transform of the sinc2 factor,
which is (

√
2π/w)�(r/w), where �(r) is the unit trian-

gular function vanishing at |r| ≥ w;
(ii) the inverse Fourier transform of e−2|k|s, i.e.,

(4/(
√

2π))s/(r2 + 4s2); and
(iii) the inverse Fourier transform of the finite-

antenna-thickness factor (1 − e−p|k|)/(p|k|)2, which can
be expressed in terms of the function g defined as

√
2π g

(p
r

)
= 2r

(
tan−1

(
2p
r

)
+ 2 tan−1

(
r
p

)
− π

)

+ 4p
(

coth−1
(

3p
p − 2ir

)

+ coth−1
(

3p
p + 2ir

))
. (B2)

Overall, the spatial decay of the spin-wave signal is

syy
21(r, −) = (2π)−3/2

[
4
w

�
( r

w

)]
︸ ︷︷ ︸

w-dependent

⊗
(

s
r2 + 2s2

)
︸ ︷︷ ︸

s-dependent

⊗ g
(p

r

)
︸ ︷︷ ︸

p-dep.

.

(B3)

A (very heavy) analytical formulation of this spatial decay
exists. However, the notation of Eq. (B3) is much more
insightful since its three factors depend on different geo-
metrical terms: the antenna width w, its spacing with the
film s, and the antenna thickness p .

In the case of (very unpractical experimentally!) partial
overlap between the emitting and the receiving antenna,
i.e., for |r| ≤ w, the spatial decay resembles �(r/w), hence
linearly decreasing with a zero intercept for |r| = w (see
Fig. 11).

The convolution with the Lorentzian function of width
s, and the cusp-shaped function g that has a width related
to the antenna thickness p , makes the function syy

21(r, −)

nonvanishing for |r| 
 w (see Fig. 11, inset). If |r| 
 w
and p = 0, then one can show that

syy
21(r → ±∞, −) ∝ 1

r2 .

This scaling can be understood as the consequence of the
1/r2 decay of the antenna in-plane field, as already noted in
Ref. [21]. This long-range exciting field (directly) induces
(unretarded) magnetization dynamics below the receiving
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FIG. 11. Spatial decay syy
12(r, −) for a flat dispersion relation

and a response to the diagonal susceptibility terms only, accord-
ing to Eq. (B3). Inset: likewise for large propagation distances.
The antenna has a width w = 1.8 µm and a thickness p =
0.15 µm.

antenna even if spin waves originating from the emitter
antenna never travel there because of their vanishing abil-
ity to transport energy (i.e., vg = 0). Note that other mech-
anisms—like antenna-to-antenna direct inductive coupling
inducing current at the receiving antenna—also contribute
to the distant excitation of quasi-uniform spin waves [56].
This second mechanism is ignored here but for both
these scenarios the mutual inductance of the two anten-
nas includes a contribution from the sample susceptibility
at k = 0 that is detectable experimentally [4].

3. Spatial decay for a flat dispersion relation and all
susceptibility terms

Finally, let us include the 1z terms in the full
response when the dispersion relation is assumed flat.

–10 –5 0 5 10

–0.01

0

0.01

0.02

Full signal: s
21f (–)

w

s1z
21f (–)

Flat dispersion

Propagation distance, r (µm)  

syy
21f (–)

FIG. 12. Antenna-to-antenna transmission parameter versus
propagation distance for a flat dispersion relation: the real-valued
term syy

21 [Eq. (B3)] normalized by χmax = −i, the real-valued
term −iHT {s1z

21} normalized by χmax = 1, and the full spa-
tial decay S̃21f (ω, r, −)/s21f (ω, r, −) when ε/sin(ϕ) = 0.3. The
parameters are p = s = 0.15 µm and w = 1.8 µm.
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It reads

S21f (ω, r, −) = s̃21(ω)

×

⎛
⎜⎜⎜⎜⎜⎝
∑

xx,yy,zz

s21(r, −)

︸ ︷︷ ︸
χmax ∈ iR−

−iHT
{∑

yz,zy

s21(r, −)

}

︸ ︷︷ ︸
χmax ∈ R

⎞
⎟⎟⎟⎟⎟⎠

, (B4)

where the proper χmax terms should be put in each term of
the sums. Figure 12 illustrates how the two terms of Eq.
(B4) depend on the propagation distance. Looking back at
Fig. 2(a), we see that the quantities syy

21f (−) and s1z
21f (−)

look like smoothed versions of the real-space profile of the
antenna fields hrf

u and hrf
z . The smoothing is essentially a

convolution performed using the largest quantity among
the antenna width, thickness, and spacing [see Eq. (B3)].

The frequency content of S̃21f (−) is still a Lorentzian
function centered at ω0. However, the spatial content
(Fig. 12) is no longer r-symmetric, since the HT terms
are r-odd. Somehow, even if the energy of the spin waves
leaks in an only-evanescent way to the left and the right of
the antenna, the helicity match or mismatch still results in
a slightly stronger transmission S̃21f (r, −) toward the side
of best helicity matching.

APPENDIX C: INDIRECT TERMS FOR A
V-SHAPED DISPERSION RELATION AND A

DIAGONAL SUSCEPTIBILITY TERM

Writing E1(υ) for the exponential integral function of
the complex numbers 1 and υ, and G for the Meijer G
function, the “indirect” term +i 1

2HT {S̃yy
21f (ω, −r, /, vg) −

S̃yy
21f (ω, r, /, vg)} [i.e., the second term on the right-hand

side of Eq. (33)] is equal to the prefactor

i√
2π

LattL(ω) exp
(

−2w + x
Latt

− i(w(5ω + ω0) + x(ω + ω0))

vg

)
ew/Latt (C1)

multiplied by the sum of two terms, which are as follows. First term:

− 2 exp
{

w
(

1
Latt

+ i(5ω + ω0)

vg

)}(
exp

{
2ixω0

vg

}
E1

(
−x(vg + iLatt(ω − ω0))

Lattvg

)

+ exp
{

2x
(

1
Latt

+ iω
vg

)}
E1

(
x
(

i(ω − ω0)

vg
+ 1

Latt

)))

− 2 exp
{

w
(

1
Latt

+ i(5ω + ω0)

vg

)}(
− ln

(
1 − w2

x2

)
exp

{
x
(

1
Latt

+ i(ω + ω0)

vg

)})

+ exp
{

2x
Latt

+ 2i(w(2ω + ω0) + xω)

vg

}
E1

(
− (w − x)(vg + iLatt(ω − ω0))

Lattvg

)

− exp
{

2ixω0

vg

}(
exp

{
2iw(2ω + ω0)

vg

}
− 2 exp
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w
(

1
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+ i(5ω + ω0)

vg
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E1

(
(w − x)(vg + iLatt(ω − ω0))

Lattvg

)

+ exp
{

2i(ω0(w + x) + 2wω)

vg

}
E1

(
− (w + x)(vg + iLatt(ω − ω0))
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)

+ exp
{

2(w + x)
Latt

+ 2iω(3w + x)
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}
E1

(
(w + x)(vg + iLatt(ω − ω0))

Lattvg

)
. (C2)

Second term:

− π

(
exp

{
− w

Latt

})(
exp

{
w
(

1
Latt

+ iω
vg

)}
− exp

{
iwω0

vg

})2

exp
{

x
Latt

+ i(w(3ω + ω0) + x(ω + ω0))

vg

}

× G2,1
2,3

(
− (w − x)(vg + iLatt(ω − ω0))

Lattvg

∣∣∣∣ 0, − 1
2

0, 0, − 1
2

)
. (C3)
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