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Noncyclic nonadiabatic geometric quantum gates in a superconducting circuit
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Quantum gates based on geometric phases possess intrinsic noise-resilience features and attract much
attention. However, the implementations of previous geometric quantum computation typically require a
long pulse time of gates. As a result, their experimental control inevitably suffers from the cumulative
disturbances of systematic errors due to excessive time consumption. Here, we experimentally implement
noncyclic and nonadiabatic geometric quantum gates in a superconducting circuit, significantly shortening
the gate time. Moreover, we experimentally verify that our universal single-qubit geometric gates are
more robust to both the Rabi frequency and the qubit frequency shift-induced error, compared with the
conventional dynamical gates, using the randomized benchmarking method. This scheme can also be
utilized to construct two-qubit geometric operations while the generation of maximally entangled Bell
states is demonstrated. Therefore, our results provide a promising routine to achieve fast, high-fidelity,
and error-resilient quantum gates in superconducting quantum circuits.
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I. INTRODUCTION

The superconducting quantum circuit is one of the
promising candidates for future large-scale quantum com-
putation [1] due to its high controllability and scalability.
However, at this stage, the major obstacle is the rela-
tively short coherence time and experimental perturba-
tions, which demand a speeding up of quantum opera-
tions and improving the robustness against errors under
experimental controls in superconducting quantum cir-
cuits. Therefore, with their intrinsic noise-resilience fea-
tures, gates induced by geometric phases [2–4], attainable
in superconducting systems, are highly anticipated.

Geometric phases depend only on the global properties
of their evolution paths so that they can be applied to con-
struct geometric quantum gates against certain local noises
[5]. Adiabatic geometric quantum computation (AGQC)
based on the Berry phase has been proposed [3,6–8]
and experimentally demonstrated in nuclear magnetic res-
onance [4], aiming to realize high-fidelity and robust
quantum gates. However, the long gate time due to the
adiabatic and cyclic evolution conditions restricts the prac-
tical application of AGQC, especially in quantum systems
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with limited coherence time. Some approaches have been
proposed to overcome this problem, including the short-
cut acceleration to the adiabatic evolution [9–12], while
these inevitably sacrifice some robustness and generally
increase the control complexity. Recently, nonadiabatic
geometric quantum computation (NGQC) has been theo-
retically proposed and experimentally implemented based
on Abelian [13–21] and non-Abelian geometric phases
[22–31]. However, to strictly satisfy the cyclic evolution
in NGQC, it usually requires at least π -pulse time con-
sumption to construct a geometric gate, so there is still
no advantage in operation time compared with conven-
tional dynamical gates. Meanwhile, the increase in time
consumption will also be accompanied by cumulative
disturbances from systematic errors, making the robust
advantage of the geometric gate displays ambiguous in
experiments.

Some theoretical schemes based on nonadiabatic but
noncyclic geometric evolution have recently been pro-
posed [32–34]. The aim is to reduce the gate-operation
time and release the restriction of cyclicity in the design
of geometric gates [35]. One such scheme has been exper-
imentally implemented in a single trapped ultracold 40Ca+

ion [36], in which a special single-qubit geometric gate
has demonstrated its error-resilient feature. However, the
experimental verification of short-time and error-resilient
features for a set of universal geometric gates is still
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lacking, especially for the simultaneous suppression of
different types of errors.

Here, we experimentally implement noncyclic and
nonadiabatic (NCNA) geometric quantum computation in
a superconducting quantum circuit. The method we adopt
to construct NCNA geometric gates is reverse engineer-
ing, which purposefully determines the Hamiltonian for
the system to generate noncyclic geometric evolution paths
[37]. In our experiment, a set of universal and short-time
single-qubit NCNA geometric gates including [38] the π/8
(T) gate, phase (S) gate, and Hadamard (H ) gate are real-
ized. Their high fidelities are characterized via randomized
benchmarking (RB). Remarkably, we also experimentally
demonstrate the strong resistance of our universal single-
qubit NCNA geometric gates to both the Rabi frequency
error and the qubit frequency shift-induced error. Finally,
we implement nontrivial two-qubit geometric operation
using parametric modulation [39–41] to generate maxi-
mally entangled Bell states.

II. THEORETICAL SCHEME OF NCNA

We briefly elucidate the theoretical proposal [37] of
constructing NCNA geometric gates in a superconducting
qubit. With � = 1, a general Hamiltonian for a two-level
system is

H(t) = 1
2

( −�(t) �(t)e−iφ(t)

�(t)eiφ(t) �(t)

)
, (1)

where�(t) and φ(t) are the time-dependent amplitude and
phase of the driving microwave field, respectively; �(t) =
ωq − ωm is the time-dependent detuning between the qubit
transition frequency and the frequency of a microwave
field. According to the Lewis-Riesenfeld invariant meth-
ods [42–44], we can choose a set of orthogonal states
as |ψ+(t)〉 = eif+(t)[cos(χ(t)/2)|0〉 + sin(χ(t)/2)eiξ(t)|1〉]
and |ψ−(t)〉 = eif−(t)[sin(χ(t)/2)e−iξ(t)|0〉 − cos(χ(t)/2)
|1〉], in which f+(t) = f−(t) = γ is regarded as a global
phase and χ(t) and ξ(t) represent the polar and azimuthal
angles on a Bloch sphere, respectively. The entire non-
cyclic evolution path composed of three path segments
needs to be utilized, as denoted in Fig. 1(a). We here take
the evolution details of state vector |ψ+(t)〉 as an illustra-
tion: first, it evolves along the longitude line from the ini-
tial point (χ1, ξ1) to (χ2, ξ1) at time t = τ1, with a null accu-
mulation of the global phase; next, the state evolves along
the latitude line from (χ2, ξ1) to (χ2, ξ2) at time t = τ2; the
third path is similar to the reverse of the first path, which is
from (χ2, ξ2) to the final point (χ1, ξ2). Among them, after
strictly eliminating the dynamical phase existing in the
middle segment by setting

∫ τ2
τ1
�(t)dt = (ξ1 − ξ2) sin2 χ2,
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FIG. 1. Single-qubit NCNA geometric gates. (a) The non-
cyclic evolution path of state vector |ψ+(t)〉 with Bloch rep-
resentation to realize NCNA geometric gates. (b) Sketch of a
two-qubit system with a coupler. QA (blue) and QB (red) are
directly coupled with an effective coupling strength gAB and the
coupling strength between the coupler C (black) and QA (QB) is
gAC (gBC). (c) The experimental pulses to realize NCNA geomet-
ric T, S, and H gates and the corresponding evolution trajectories
with specific initial states.

the accumulated geometric phase can be obtained as

γg = −1
2

∫ τ

0
ξ̇ (t)[1 − cosχ(t)]dt

= −1
2
(ξ2 − ξ1)(1 − cosχ2), (2)

which is exactly half of the solid angle enclosed by the
noncyclic evolution path and its geodesic connecting the
initial point (χ1, ξ1) and the final point (χ1, ξ2). Based on
these, the corresponding Hamiltonian parameter φ(t) and
the pulse area associated with �(t) can then be reverse-
engineered in the three segments t ∈ [0, τ1], [τ1, τ2], and
[τ2, τ ] as

φ(t) = ξ1 + π

2
,

1
2

∫ τ1

0
�(t)dt = 1

2
(χ2 − χ1),

φ(t) = ξ(t)+ π ,
1
2

∫ τ2

τ1

�(t)dt = 1
4
(ξ2 − ξ1) sin(2χ2),

φ(t) = ξ2 − π

2
,

1
2

∫ τ

τ2

�(t)dt = 1
2
(χ2 − χ1),

(3)
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TABLE I. Device parameters.

Parameters QA QB Coupler

Readout frequency
(GHz)

6.9506 7.0039 7.3240

Qubit frequency
(GHz) (sweet spot)

5.9206 5.9016 8.7510

Qubit frequency
(GHz) (operating
spot)

5.7421 5.9016 6.8770

Anharmonicity
(MHz)

−257.9 −258.9 −204.6

T1 (µs) (sweet spot) 11.24 10.42 2.16
T∗

2 (µs) (sweet spot) 13.28 12.99 4.60
T1 (µs) (operating

spot)
14.81 10.42

T∗
2 (µs) (operating
spot)

1.47 12.99

with detuning �(t) = 0, − (ξ2 − ξ1) sin2 χ2/ (τ2 − τ1),
0, where ξ(t) = ξ1 − ∫ t

τ1
�
(
t′
)

dt′ + cotχ2
∫ t
τ1
�
(
t′
)

dt′. In
this way, the resulting evolution operator is given by

U(τ ) =
(
(cγ ′ + isγ ′cχ1)e

−iξ− isγ ′sχ1e−iξ+

isγ ′sχ1eiξ+ (cγ ′ − isγ ′cχ1)e
iξ−

)
,

(4)

where cj = cos j , sj = sin j , ξ± = [ξ2 ± ξ1]/2, and γ ′ =
γg + ξ−. We find that arbitrary NCNA geometric gates can
be realized by setting parameters χ1, ξ1,2, and γ ′.

III. QUBIT GEOMETRIC GATES

A. Fabrication

Our experiment of the above NCNA geometric scheme
is performed in a superconducting quantum circuit contain-
ing four tunable grounded transmon qubits, and four tun-
able floating couplers with cross-shaped capacitors [45].
Only two qubits QA and QB with a coupler C are used in
this experiment, with a sketch of the coupler system shown
in Fig. 1(b). The procedures of fabrication and diagram of
the measurement setup are the same as in Ref. [57], and
a false-colored optical micrograph of the superconducting
circuits and the corresponding circuit diagram are shown
in Fig. 3. The parameter details of the sample we used in
our experiment are shown in Table I and the parameters of
the coupling strength are shown in Table II.

B. Single-qubit gates

We first perform a set of universal single-qubit geomet-
ric gates, including the T, S, and H gates at the sweet spot
of QA to demonstrate their high fidelities and error-resilient
features. The envelope of each pulse is a truncated Gaus-
sian pulse with DRAG (Derivative Reduction by Adiabatic
Gate) procedure [46–48] to suppress the leakage error. To

TABLE II. Coupling parameters.

Parameters
Coupling

strength (MHz)

Qubit-coupler coupling strength gAC 107
Qubit-coupler coupling strength gBC 89
Qubit-qubit coupling strength gAB 4.65

realize NCNA geometric T and S gates, the parameters in
Eq. (3) are set as ξ2 − ξ1 = 9π/4 and 5π/2, respectively,
with the same γ ′ = π , where we choose χ1 = χ2 to ensure
that the operation time consumed is the shortest. In addi-
tion, for the NCNA geometric H gate, we set χ1 = π/2,
γ ′ = π/4, and ξ2 − ξ1 = (2n + 1)π , where ξ1 = π/2 and
n is an integer. To optimize the total pulse area, which
corresponds to n, we determine n = 0 in practice, with
the limitation of sampling rate and output voltage of arbi-
trary waveform generators. Using these NCNA geometric
gates obtained, we implement the geometric evolution con-
trol for the special initial states, and their corresponding
evolution trajectories are shown in Fig. 1(c).

In this case, the pulse areas 1
2

∫ τ
0 �(t)dt for these NCNA

geometric T, S, and H gates are about 0.46π , 0.60π , and
0.38π , which can be solved by substituting the gate param-
eters into Eq. (3). It can be confirmed that our noncyclic
and nonadiabatic geometric gates have the advantage of
shorter gate time compared with the single-loop geometric
scheme [20] and the conventional dynamical scheme (see
Appendix A or Ref. [37] for details). On the other hand,
compared with the single-loop geometric evolution path
[20], our noncyclic geometric evolution path in Fig. 1(a)
is shorter because it does not need to pass strictly through
the north and south poles of the Bloch sphere.

Due to the smaller pulse area involved, the NCNA
geometric scheme has an advantage in operating time
compared with the conventional dynamical and single-
loop geometric gate [20], enabling higher gate fidelity and
inheriting geometric error-resilient features. In this article,
both advantages are characterized via Clifford-based RB
[51–53]. The experimental sequences of the reference RB
and interleaved RB are shown in the inset of Fig. 2. From
the reference and interleaved RB, we obtain the depolar-
izing parameters pref and pitl by fitting the experimental
results shown in Fig. 2, with F = Apm + B. Here A and
B are constants that absorb preparation and measurement
errors and m is the number of Clifford gates. For the single-
qubit gate, the reference gate fidelity is Fref = 1 − (1 −
pref)(d − 1)/d/1.875 = 0.9943 with d = 2 and the fideli-
ties Fitl = 1 − (1 − pitl/pref)(d − 1)/d of interleaved 2T,
S, and H gates are 0.9982, 0.9995, and 0.9994, respectively
(since the T gate is not a Clifford generator, we apply two
T gates in series to demonstrate the fidelity of the NCNA
geometric T gate [54]).
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Gate
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0.9943

0.9982

0.9995
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Ref.

2T
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H
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Interleaved

FIG. 2. Clifford-based RB of single-qubit NCNA geometric
gates. The inset is the sequence of gates from the Clifford group
for the reference RB and interleaved RB. Sequence fidelities are
functions of the number of Cliffords, and the exponential decay
curves give fidelities of NCNA gates: the 2T, S, and H gates.

C. Robustness of the geometric scheme

Furthermore, to verify the gate robustness of the NCNA
geometric scheme, we next consider the error-affected
Hamiltonian as follows:

H(t) = 1
2

( − (�+ δ�m) (1 + ε)�(t)e−iφ(t)

(1 + ε)�(t)eiφ(t) (�+ δ�m)

)
,

(5)

where ε and δ represent the pulse amplitude (Rabi fre-
quency) error and the qubit frequency shift-induced error,
respectively, and �m is the maximum of �(t). In the
experiment, these errors are generated by the designed
microwave pulses. We continue to compare the robust-
ness of the error-affected NCNA geometric 2T, S, and H
gates with the corresponding dynamical counterparts using

interleaved RB. To numerically simulate the RB results,
we compute all propagators of the system Hamiltonian,
considering the relaxation and dephasing time. We also
consider the second excited state to calculate the popula-
tion leakage. Similar to the experimental RB procedure,
the propagators are applied to the state density matrix in
the vector representation. Then the fidelities of numerical
simulation can be finally obtained. As shown in Fig. 4, our
experimental and numerical results demonstrate the sup-
pression effects of NCNA geometric 2T, S, and H gates
on both the Rabi frequency error and the qubit frequency
shifted-induced error. Thus, we experimentally implement
a set of universal single-qubit NCNA geometric gates,
which outperform dynamical gates comprehensively in
gate robustness and gate time.

IV. ENTANGLED STATES GENERATED BY
GEOMETRIC MANIPULATIONS

The implementation of quantum computation also
involves entangled interactions between qubits. In this
article, we experimentally demonstrate that the NCNA
geometric scheme can also be applied to two-qubit manip-
ulations by using parametric modulation [39–41]. The
coupling model in our experiment consisting of two qubits
QA,B and a coupler C is shown in Fig. 1(b). QA and QB
are biased at the operating spot and the sweet spot, respec-
tively, and the coupler C is modulated using a parametric
pulse in the form of φ(t) = φdc + εp cos(ωp t + φp), in
which φdc, εp , ωp , and φp are the dc flux bias, modula-
tion amplitude, frequency, and phase, respectively. After
neglecting the high-order oscillating terms and applying
the unitary transformation, the final effective Hamiltonian

FIG. 3. Left panel: False-colored optical micrograph of the superconducting circuits, including four tunable grounded transmon
qubits and four tunable floating couplers. QA (blue), QB (red), and the coupler C (black) in the middle of two qubits are chosen in this
experiment. Right panel: Circuit diagram of two qubits and the coupler.
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(a) (d)

(b) (e)

(c) (f)

FIG. 4. Error-resilient feature of NCNA geometric gates.
(a)–(c) The experimental sequence fidelities as functions of the
Rabi frequency error ε with the interleaved RB of single-qubit
geometric and dynamical gates: (a) 2T, (b) S, and (c) H are real-
ized. (d)–(f) The experimental sequence fidelities as functions of
the qubit frequency shift-induced error δ with the interleaved RB
of single-qubit gates: (d) 2T, (e) S, and (f) H are realized. The
experimental results are consistent with the numerical simulation
results using QuTiP [49,50], and the teal solid line and fuchsia
dashed line represent the numerical simulation of geometric and
dynamical gates, respectively.

within the subspace {|01〉, |10〉} can be written as

Heff = 1
2

( −�′ geffe−i(ηt+ϕ)

geffei(ηt+ϕ) �′

)
, (6)

where geff and ηt + ϕ are the effective coupling strength
and the time-dependent phase generated by modulation
pulses, a detailed derivation of which can be found in
Appendix B, while the detuning �′ is defined as ωp −
(ω01 − ω10).

Noticing that the above Hamiltonian is similar to that
of a single-qubit one H(t), we can design the parame-
ters to implement arbitrary entangled two-qubit geometric
manipulation in the subspace spanned by {|01〉, |10〉}, and
the experimental pulse sequence is shown in Fig. 5(a). The
unitary operator is written as

U =

⎛
⎜⎜⎝

1 0 0 0
0 cos

(
ϑ
2

)
i sin

(
ϑ
2

)
eiβ 0

0 i sin
(
ϑ
2

)
e−iβ cos

(
ϑ
2

)
0

0 0 0 1

⎞
⎟⎟⎠ , (7)

(a)

X
I

±Y/2

±X/2

I

Init. Tomo. Meas.

I
X

Parametric flux pulse

X

±Y/2

±X/2

I X

(b)

FIG. 5. Bell states generated by the two-qubit NCNA geo-
metric manipulation. (a) The whole pulse sequence is used to
demonstrate the Bell states. The system can be initialized in |01〉
or |10〉, and then we perform a well-designed parametric flux
pulse. Finally, we use single-qubit gates I , X , ±X /2, and ±Y/2
to implement a joint dispersive readout using the resonator of
QB. (b) The density matrix of Bell states (|10〉 − i|01〉)/√2 and
(|10〉 + i|01〉)/√2 generated by the two-qubit NCNA geometric
operation. The heights and colors of bars in the histogram rep-
resent the corresponding amplitudes and arguments of density
matrix elements.

where ϑ and β are the rotation angles. However, the
geometric iSWAP gate via parametric modulation needs
multiple tiny segments of the geometric path, which is not
well realized due to the performance of the instruments.
Without loss of generality, we demonstrate our scheme by
preparing high-fidelity entangled Bell states.

In practice, we set χ1 = χ2 = 0.789 and ξ2 − ξ1 =
3π/2. The modulation phase φp = π and the amplitude
εp are designed to induce the effective strength geff =
3.96 MHz. The frequency of modulation pulse becomes
ωp = ω01 − ω10 + geff cotχ2 = 163.7 MHz. To generate
high-fidelity Bell states, the duration of the longitudi-
nal waveform is calibrated through the population in the
subspace {|01〉, |10〉} (see Appendix B for details). We
carefully design the pulse area with the width of the ris-
ing, square, and falling pulses being 10, 78, and 10 ns,
respectively. Here, we perform two-qubit state tomography
using a joint dispersive readout [55,56] to detect Bell states
shown in Fig. 5(b). The two-qubit system is initialized in
the state |10〉 (|01〉) and then the pulse of the entangled
operation is applied to the flux of the coupler C. The Bell
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states can be reconstructed by implementing an overcom-
plete raw measurement involving different combinations
of single-qubit gates I , X , ±X /2, and ±Y/2 on QA (QB)
(see Appendix C for details). The generated Bell states
are (|10〉 − i|01〉)/√2 and (|10〉 + i|01〉)/√2 with fideli-
ties 97.89% and 98.07% when the corresponding initial
states are |10〉 and |01〉. The comparisons of experimental
and ideal Bell states are shown in Appendix C.

V. CONCLUSION

In summary, we experimentally implement short-time
and high-fidelity NCNA geometric gates in a supercon-
ducting circuit and demonstrate that these gates are more
robust to both the Rabi frequency error and the qubit
frequency shift-induced error compared with the conven-
tional dynamical gates. In addition, the approach can be
generalized to two-qubit manipulation to generate Bell
states. Therefore, the NCNA geometric gates are promis-
ing candidates for fast, high-fidelity, and robust universal
quantum operations.
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APPENDIX A: DYNAMICAL QUANTUM GATES

The construction of universal dynamical single gates,
mentioned in our main text, needs to be based on
a resonant two-level drive. The corresponding Hamil-
tonian is the same as Eq. (1) with �(t) = 0, where
the driving phase φ(t) = φd is a constant to ensure
that there is no accumulation of geometric phase,
i.e., γg = 0. In this way, the dynamical π/8 (T),
phase (S), and Hadamard (H ) gates are respectively
obtained by the operations of Ry(−π/2)Rx(π/4)Ry(π/2),
Ry(−π/2)Rx(π/2)Ry(π/2), and Rx(π)Ry(π/2), where
operation elements Rx(θ) and Ry(θ) are the dynamical

X -axis and Y-axis rotation operations for arbitrary angle
θ = ∫ τ

0 �(t)dt, which can be done by determining φd = 0
and π/2, respectively. The calculation results show that the
pulse areas required to construct dynamical T, S, and H
gates are 0.625π , 0.75π , and 0.75π , respectively. For fair
comparison, the pulse envelope of each dynamical gate is
the same as the corresponding geometric gate with DRAG
procedure.

APPENDIX B: TWO-QUBIT GEOMETRIC GATE

With the restriction of the noncyclic geometric path,
the pure geometric phase cannot be completely satisfied in
the realization of the noncyclic geometric control-Z (CZ)
gate that depends on the extra geometric parameter space.
So, we utilize the NCNA protocol to generate a two-qubit
NCNA geometric gate in the subspace {|01〉, |10〉}. The
realization of our geometric iSWAP gate also requires a
three-segment geometric evolution path, where the first
and third segments are very short with the pulse area
being

∫ τ1
0 geffdt = ∫ τ3

τ2
geffdt = π/2 − arccos(1/3) ≈ π/9.

For the two-qubit operation via parametric modulation,
the pulse area is too small to calibrate the pulse duration,
because of the nonlinear effects due to hardware constraints
when dealing with the short pulses and nonlinear relation-
ships in tunable coupler schemes [58]. In the experiment
via parametric modulation, we usually use the rising edge
lower than the modulation frequency to suppress the phase
difference between microwave and flux pulses [59]. In our
proposal, those segments require the rising edge and the
falling edge resulting in longer gate durations. Further-
more, the first and third segments of the whole flux pulse
are resonant while the second is near-resonant to satisfy
our theoretical condition, where the phase correction is
intractable. The final fidelity of our experimental data is
limited by the performance of our experimental equipment
including sampling rates and amplitudes. If there were
to be more advanced equipment, the advantages of this
scheme will be better demonstrated.

In this article, we demonstrate the generation of Bell
states without loss of generality, while only the second sep-
arate is required in the whole noncyclic geometric path.
The corresponding evolution operator is

U (τ2, τ1) =
(

e−i ξ2−ξ1
2 0

0 ei ξ2−ξ1
2

)(
cos γ ′ + i sin γ ′ cosχ2 i sin γ ′ sinχ2e−iξ1

i sin γ ′ sinχ2eiξ1 cos γ ′ − i sin γ ′ cosχ2

)
, (B1)

where γ ′ = 1
2 (ξ2 − ξ1) cosχ2. To generate high-fidelity Bell states, the parameter should be set ξ2 − ξ1 =

nπ/2, (n = 1, 2, 3, . . .) and then we solve numerically χ1 = χ2 = 0.78935 when ξ2 − ξ1 = 3π/2 by applying the evo-
lution operator to the initial state. The Hamiltonian parameters can be obtained by reverse-engineering, similar to the
single-qubit NCNA scheme.
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FIG. 6. Calibration of the Bell states. The fuchsia and teal
points are experimental populations in the subspace {|01〉, |10〉},
and the corresponding solid lines are fitted curves.

By applying a parametric pulse φ(t) = φdc + εp cos
(ωp t + φp), where φdc, εp , ωp , and φp are the dc flux bias,
modulation amplitude, frequency, and phase, respectively,
then we can obtain the effective Hamiltonian in the space
spanned by {|01〉, |10〉}, which is written as

Heff = εp

2
∂JAB

∂φ
|01〉〈10|ei(�tt+φp ) + H.c. (B2)

Here �t = ωp − (ωB − ωA), with �t 	 {(ωB − ωA),ωp},
and JAB = gAB + (gACgBC/�(φ)), where �(φ) = 2/{[1/
(ωA − ωC)] + [1/(ωB − ωC)]}. To calibrate the parametric
modulation is the first step for this Bell state generation.
The dc flux bias, modulation amplitude, and phase are
fixed as φdc = −0.26�0, εp = 0.03�0, and φp = 0 in the
calibration. By sweeping the parametric frequency, the
parametric modulation is calibrated to obtain the resonant

frequency ωr
p = 159.8 MHz and the effective coupling

geff = 3.96 MHz.
Applying unitary transformation V(t) =

e−i�′/2(|01〉〈01|−|10〉〈10|)t, we can rewrite the above equation
as

Heff = 1
2

( −�′ geffe−i(ηt+ϕ)

geffei(ηt+ϕ) �′

)
, (B3)

where geff = εp∂JAB/∂φ, �′ = �t − η, ϕ = const., and η
represents a tunable parameter. Here, the parameters of the
Hamiltonian [similar to a general Hamiltonian for a two-
level system, Eq. (1)] and the parametric pulse can then
be reverse-engineered according to the second segment of
the evolution path combining with the known values of
χ2, ξ1, ξ2, and geff, i.e., �t = geff cotχ2 and φp = ϕ = π .
So we have obtained all the values of the experimen-
tal parametric pulse: φdc = −0.26�0, εp = 0.03�0, ωp =
ωr

p + geff cotχ2 = 163.7 MHz, and φp = π .
According to the features of parametric modulation, the

evolution time should be precalibrated precisely. We first
prepare |10〉 and |01〉, then apply a variable-length flux-
modulation pulse to the coupler C with ωp2 = 163.7 MHz.
The cross (at 78 ns) of two fitted population oscillation
curves represents the evolution duration of the generated
Bell states as shown in Fig. 6.

APPENDIX C: BELL STATE TOMOGRAPHY
USING A JOINT DISPERSIVE READOUT

Bell state tomography is performed following Ref. [55,
56], but here using an overcomplete set of 36 raw mea-
surements. The raw measurements consist of rotations
chosen from {I , R+π

x , R+π/2
x , R+π/2

y , R−π/2
x , R−π/2

y }, which
are applied to two qubits QA and QB simultaneously. The

FIG. 7. Comparison of experimental and ideal Bell state tomography. The upper and lower diagrams represent real parts and
imaginary parts of these Bell states �± = (|10〉 ± i|01〉)/√2.
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ensemble averages of raw measurements are obtained by
repeating them 250 000 times.

To retain the Hermiticity and positivity properties of
state density matrices, maximum likelihood estimation
(MLE) is applied. The Hermitian and positive-semidefinite
density matrix ρ can be parameterized as

ρ = T†T
tr
(
T†T

) (C1)

using the Cholesky decomposition, where

T =

⎛
⎜⎝

t1 0 0 0
t5 + it6 t2 0 0

t11 + it12 t7 + it8 t3 0
t15 + it16 t13 + it14 t9 + it10 t4

⎞
⎟⎠ (C2)

is a lower triangular matrix and ti are the optimized param-
eters by MLE. According to the results of 36 raw mea-
surements, the guessed density matrix ρ0 can be obtained
by solving the linear system of equations. And then the
likelihood function

L =
36∑

i=1

αi (mi − tr (Miρ))
2 (C3)

is optimized to a minimum to obtain parameters ti, where
αi, mi, and Mi are weight factors, results of raw measure-
ments, and measurement operators, respectively.

The experimental Bell state tomography using a joint
dispersive readout is shown in Fig. 7, compared with the
ideal Bell states[60].
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