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Coupling effect of vibrations and residual electrostatic force in short-range
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In the short-range test of the gravitational inverse-square law (ISL) using a torsion pendulum, the resid-
ual electrostatic force is usually the major disturbance. We have built a torsion pendulum apparatus to
verify the coupling effect of the residual electrostatic force with the separation variation between the test
mass and the shielding membrane due to the environmental vibrations. We present an alternative solution
for reducing the disturbance by suspending the shielding membrane, which has a common mode response
as the torsion pendulum to the seismic translational motion and ground tilt. The experimental results with
a fixed membrane are in good agreement with the theoretical calculations. By replacing the fixed mem-
brane with a suspended membrane, the sensitivity of the torsion pendulum has been improved by at least
a factor of 3 from 0.5 to 20 mHz, which is very useful for the further improvement of the ISL test in short
range. This work may be helpful for other small-force measurement experiments.
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I. INTRODUCTION

Theories that unify the four known fundamental interac-
tions predict violations of the gravitational inverse-square
law (ISL) at the laboratory length scale [1–8], providing
strong motivation for testing the basic law of gravitation.
The test of the ISL at length scales ranging from tens of
microns to several centimeters are usually performed by
using the torsion pendulum due to its high sensitivity to
the horizontal force [9–17].

In these experiments, a conducting membrane is usu-
ally inserted between the test mass (the torsion pendulum)
and the source mass to avoid direct electrostatic coupling
when the position of the source mass is modulated peri-
odically. Although most of the direct electrostatic force
between the test and source masses is suppressed, the resid-
ual electrostatic interaction due to the patch effect and the
contact potential difference between the test mass and the
membrane is still the dominant noise [15–21]. The electro-
static effect has been extensively explored in the Casimir
force measurements [22–32] and the gravitational wave
detectors such as LIGO [33–36], LISA [37–40].

To reduce the electrostatic effect due to the nonzero
potential difference between the pendulum and the
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membrane, a strict separation stability is required. Usu-
ally in these experiments, the test mass is suspended by
a long fiber, while the membrane is fixed to the vacuum
chamber. This causes them to have different responses to
the environmental vibration. As a result, the small sepa-
ration fluctuations appear between the pendulum and the
membrane, which can cause significant electrostatic force
noise that far exceeds the sensitivity limit of the torsion
pendulum. It has been found that the coupling of the vibra-
tion to the residual electrostatic force prevents improved
testing of the alternative interaction at shorter separations
[15–17], and must be suppressed.

In this paper, inspired by the work in Ref. [41], we
present another solution for resolving the vibration distur-
bance in the short-range test of the ISL by suspending the
shielding membrane, which has a common mode response
as the torsion pendulum to the environmental vibration. We
performed a comparison experiment to verify the common-
mode suppression effect by using a fixed and a suspended
membrane, respectively. The results show the effectiveness
of the improvement.

II. EXPERIMENTAL SETUP

The schematic drawing of the experimental setup with a
suspended membrane is shown in Fig. 1. An I-shaped tor-
sion pendulum with total mass of 13 g was suspended by an
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82-mm-long, 25-µm-diameter tungsten fiber. The torsion
pendulum was made of two 20 × 5 × 5 mm3 glass blocks
and one 90 × 8 × 5 mm3 glass block. The twist angle of
the torsion pendulum was monitored by an autocollima-
tor and controlled at a fixed position by two capacitive
actuators using a proportional-integral-differential (PID)
algorithm. A 20 × 20 × 0.005 mm3 shielding membrane,
with a surface flatness of ±2.5 µm, was tightly stretched
and glued to a copper frame with a 10 × 10 mm2 square
hole in the center. The copper frame was suspended by two
50-mm-long, 50-µm-diameter tungsten fibers to provide
common-mode suppression for the pendulum-membrane
separation variation due to the environmental vibration,
but also to suppress the torsional motion. The pendu-
lum and the membrane were each suspended under two
magnetic dampers to further suppress their swing-mode
motions. The damper with the torsion pendulum was con-
nected to a rotary stage to adjust its equilibrium position,
while another damper was connected to a translational
stage to adjust the pendulum-membrane separation. The
pendulum and the membrane were aligned to achieve the
smallest possible separation.

The pendulum and the membrane were both gold
coated to decrease the surface potential difference. While
the pendulum was grounded, a high-precision volt-
age source meter was used to compensate the aver-
age surface potential on the membrane during each
data run for further reducing the residual electrostatic
interaction.

To suppress the influence of temperature variations,
both the pendulum and the membrane were suspended
from a Invar alloy frame with a low coefficient of ther-
mal expansion. The entire system was installed in a vac-
uum chamber maintained at a pressure of approximately
5 × 10−6 Pa by an ion pump, which also provides ther-
mal shielding from the atmospheric environment. The
chamber was surrounded by a thermal shielding house
consisting of several 2-mm-thick aluminum plates and
20-mm-thick foam boards to further reduce the tempera-
ture fluctuations and the airflow disturbances around the
autocollimator.

To calibrate the sensitivity of the closed-loop pendu-
lum, a copper cylinder mounted on a turntable outside the
chamber was synchronously rotated to produce a calibrat-
ing gravitational torque. This torque was first determined
through the free oscillation mode of the torsion pendulum
at the pendulum-membrane separations larger than 2 mm
for neglecting the residual electrostatic force [13–15].

In the vacuum of less than 10−5 Pa, considering the
internal damping of the suspension fiber, the equation of
motion of the torsion pendulum in closed-loop mode is

I θ̈ + (k − ke + ik/Q)θ = τext − βUPID, (1)

FIG. 1. Schematic drawing of the experimental setup (not to
scale). The magnetic damper of the torsion pendulum and the
shielding membrane were suspended from a rotary stage and a
translation stage, respectively. The two stages were mounted on
an Invar alloy frame fixed to the vacuum-chamber base plate.
The translational motion of the suspension points y0 and the tilt
of the vacuum chamber θ0 are also shown. The heights of the
suspension points for the pendulum and the membrane relative
to the base plate are hp and hm, respectively. The twist angle of
the pendulum is measured by an autocollimator and controlled
by two differential capacitive actuators. The sensitivity of the
closed-loop pendulum is synchronously calibrated by a rotated
copper cylinder outside the vacuum chamber.

where ke is the electrostatic stiffness due to the residual
potential difference with the membrane, τext is the total
external torque, k and Q are the spring constant and quality
factor of the fiber, I is the moment of inertia of the pendu-
lum, β is the ratio of the feedback torque to the feedback
voltage UPID, which is calculated as UPID(t) = kpθ(t) +
kdθ̇ (t) + ki

∫
θ(t)dt according to the PID algorithm. The

PID algorithm parameters kp , ki, kd represent the pro-
portional, integral, and differential term, respectively. The
transfer function from the feedback voltage UPID(ω) to the
measured torque τ(ω) is derived from Eq. (1) as

HU(ω) ≡ UPID(ω)

τ(ω)

= [kp + ki
iω + iωkd]e−iω�t

(k − ke − Iω2)+ i k
Q + β[kp + ki

iω + iωkd]e−iω�t
,

(2)

where �t = 1 s is sampling interval, and e−iω�t is the
correction for the delay between the input and the out-
put signal. The torque power spectrum density (PSD) of
the torsion pendulum at small separation is S1/2

τ (ω) =
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S1/2
UPID

(ω)/HU(ω). For the closed-loop pendulum at short
range, the residual electrostatic stiffness ke is determined
by the response of the feedback voltage Uc(ωc) to the
known gravitational calibration signal τc(ωc), according to
Eq. (2), namely |HU(ωc)| = |Uc(ωc)|/|τc(ωc)| [16].

III. THEORETICAL CALCULATION OF
ELECTROSTATIC TORQUE NOISE COUPLED TO

THE ENVIRONMENTAL VIBRATION

In the ISL experiment, the electrostatic torque acting on
the torsion pendulum can be expressed as

τe = −Lε0A
2s2 �U2, (3)

where ε0 is the vacuum dielectric constant, s is the
pendulum-membrane separation, �U is the residual sur-
face potential difference between the pendulum and the
membrane, L = 47.5 mm and A = 25 mm2 are the arm
length of the pendulum and the facing area, respectively.

The electrostatic torque disturbance due to the tiny separa-
tion variation δs derived from Eq. (3) is

δτ s
e ≡ ∂τe

∂s
δs = ke

L
δs. (4)

This disturbance torque is proportional to δs with the scale
factor ke/L, where the electrostatic stiffness ke can be cal-
culated by the known gravitational source τc, so we focus
on the theoretical calculation of δs, which may be caused
by the environmental vibration of the seismic translational
motion and ground-tilt noise.

We use a two-stage pendulum model to analyze the pen-
dulum motions responding to the horizontal vibrations.
The schematic diagram is shown in Fig. 2. The motions
of the suspension point yp

0 and ym
0 relative to the inertial

coordinate system O − XYZ are considered as the input
vibration noises. The variation of the separation �s =
ym

4 − yp
4 will affect the residual electrostatic torque noise,

and yp
4 and ym

4 are calculated independently while driven
by the same environmental vibrations. For the subsys-
tem including the torsion pendulum and that including
the shielding membrane, the equation of motion of the
two-stage pendulum system is given by

θ1 = (y1 − y0)/l1,
θ2 = (y2 − y1)/l′2,

θ3 = (y3 − (y2 + θ2(l2 − l′2)))/l3,
θ4 = (y4 − y3)/l4,

m1g(θ1 − θ2) + m2g(θ1 − λθ2 + (λ − 1)θ3) − Ix1θ̈2/l′2 + 2γ1m1l1θ̇1 = 0,
m1gθ2 + m2gλ(θ2 − θ3) + m1ÿ2 + Ix1θ̈2/l′2 + 2γ2m1l′2θ̇2 = 0,

m2g(θ3 − θ4) − Ix2θ̈4/l4 + 2γ3m2l3θ̇3 = 0,
m2gθ4 + m2ÿ4 + Ix2θ̈4/l4 + 2γ4m2l4θ̇4 = 0,

(5)

where the superscripts p and m for the parameters in Fig. 2
are omitted for short, g is the local gravitational accel-
eration, λ = l2/l′2 is the length ratio, γi are the damping
factors for the motions of θi due to the eddy current loss
of the magnetic damper, which associated with the qual-
ity factors Qsi and the natural angular frequencies ω0i that
Qsi = ω0i/(2γi) for each degree of freedom.

The transfer function Hy(ω) ≡ y4(ω)/y0(ω) derived
from Eq. (5) is used to calculate the separation fluctu-
ation between the pendulum and the membrane caused
by the horizontal seismic translational vibration, that
�s(ω) ≡ yp

4 (ω) − ym
4 (ω) = y0(ω)[H p

y (ω) − H m
y (ω)]. The

transfer function from the seismic translational motion
to the separation fluctuation is defined as H�y(ω) ≡
H p

y (ω) − H m
y (ω). In particular, when the membrane is

fixed, ym
4 (ω) is equal to y0(ω), namely H m

y (ω) = 1.

In addition, the tilt variation of the apparatus, which
may due to the ground tilt or the deformation of the vac-
uum chamber, can generate additional displacements yp

0
and ym

0 for the suspension points. The tilt signal θ0(ω)

was measured by a tiltmeter fixed near the bottom of
the vacuum chamber. The height from the bottom of the
chamber to the suspension points are hp and hm for the
torsion pendulum and the membrane, respectively. When
the membrane is suspended as the torsion pendulum, we
have hm = hp , and yp

0 (ω) = ym
0 (ω) = hpθ0(ω). When the

membrane is fixed, we have hm ≈ 1/2hp , and ym
0 (ω) =

hmθ0(ω) = 1/2hpθ0(ω). This coupling effect has also been
observed in the ground test of the inertial sensor for LISA
[37,38].

Considering these yp
0 (ω) and ym

0 (ω) as the input
vibrations of Eq. (5), the separation fluctuation can be
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FIG. 2. Schematic of the two-stage pendulum. O − XYZ is the
inertial coordinate system used to relate all the position and angle
parameters. The parameters yj

i denote the small displacements
deviated from the stationary positions along the separation direc-
tion, where the subscript i = 0, 1, 2, 3, 4, represent the different
positions, and the superscript j = p , m represent the subsystems
for the torsion pendulum and the shielding membrane, respec-
tively. With similar subscripts and superscripts, θ j

i are the angles,
mj

j are the masses of each part, I j
xi are the moments of inertia rel-

ative to the center of mass for each part and rotated about the
x directions, lji are the geometric parameters for the lengths of
the fibers and the heights of the components. The motions of the
suspension points yp

0 and ym
0 are assumed to be the same while

driven by the environmental vibrations.

solved as �s′(ω) ≡ yp
4 (ω) − ym

4 (ω) = θ0(ω)[hpH p
y (ω) −

hmH m
y (ω)]. The tilt-separation transfer function is defined

as H ′
�y(ω) ≡ �s′(ω)/θ0(ω) = hpH p

y (ω) − hmH m
y (ω).

The transfer function H�y(ω) for the seismic transla-
tional motion to the separation, and H ′

�y(ω) for the tilt
to the separation, are shown in Fig. 3, with the cases
that the membrane is suspended and fixed to the vacuum
chamber, respectively. We define the suspension lengths
lp = ∑4

i=1 lpi and lm = ∑4
i=1 lmi, which are the distances

between the mass centers and suspension points for the tor-
sion pendulum and the membrane, respectively. The errors
of lp and lm can be easily achieved to ±3 mm in the
experiment. So the transfer functions with the suspended
membrane are both calculated with lm = lp ± 3 mm, while
the transfer functions with lm = 0 represent the fixed mem-
brane. Under this condition, the common-mode rejection
ratio (CMRR) of the separation fluctuation caused by
the seismic translational motion y0(ω) or the tilt θ0(ω)

is at least one order of magnitude below 0.1 Hz. The
CMRR increases as the length difference between lp and
lm approaches zero.

IV. EXPERIMENTAL RESULTS

We have first performed comparative experiments with
the membrane fixed and suspended, respectively. To pro-
vide clearer observation for the coupling effects of the

FIG. 3. The transfer functions of the separation variation
�s(ω) between the torsion pendulum and the membrane driven
by the seismic translational motion y0(ω) and the tilt θ0(ω), with
different suspension lengths. The red line is calculated with the
fixed membrane, while the blue and the green line are the sus-
pended membrane with suspension length lm equal to lp + 3 mm,
lp − 3 mm for considering the errors of the lengths, respectively.
The suspension length for the torsion pendulum is lp = 200 mm.
The height of the torsion-pendulum suspension point is hp =
443.5 mm. The quality factors Qsi of all the motion modes are
assumed to be 100, which affect only the transfer functions near
the mode frequencies.

vibrations and the residual potential, these experiments
were conducted with a larger surface potential differ-
ence between the pendulum and the membrane. Then
another experiment with the membrane suspended and
with a smaller surface potential difference was performed,
which achieved a shorter pendulum-membrane separation
of approximately 8 µm.

A. Result with larger residual potential

Two comparison experiments, that with the membrane
fixed and suspended, have the same residual potential
difference of �U ∼ 100 mV, which is estimated by mea-
suring the electrostatic stiffness ke. The seismic transla-
tional motion and the tilt were recorded synchronously
by a microseismograph and a tiltmeter, respectively. The
electrostatic torque noise caused by the seismic transla-
tional motion and the tilt according to Eq. (4) and (5) are
calculated as

S1/2
τseis(ω) = ke

L S1/2
y0 (ω)H�y(ω),

S1/2
τtilt (ω) = ke

L S1/2
θ0

(ω)H ′
�y(ω),

(6)
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TABLE I. The main physical quantities of the torsion pen-
dulum that are used in the calculation of ke according to Eq.
(2).

Parameters Membrane fixed Membrane suspended

k (×10−8 N m/rad) 6.88(2) 6.72(2)
Q ∼ 2500 ∼ 2500
I (×10−5 kg m2) 1.188(3) 1.188(3)
β (×10−11 N m/V) 1.29(1) 1.03(2)
τc (×10−17 N m) 224.2(1.2) 193.4(1.2)
ke (×10−7 N m/rad) 8.74(8) 9.11(20)
Uc (mV) 1.92(16) 1.54(5)
kp (V/µrad) 0.07 0.095
ki (V/µrad/s) 0.0002 0.0004
kd (V s/µrad) 0.2 0.24

where S1/2
y0 (ω), S1/2

θ0
(ω) are the PSDs of the measured

ground translational motion and apparatus tilt, respec-
tively.

The parameters of the torsion pendulum are summarized
in Table I, including the gravitational calibration torque
τc and its corresponding feedback voltage Uc, the PID
parameters kp , ki, kd, the electrostatic stiffness ke calcu-
lated according to Eq. (2) and so on. The quality factors of
the swing mode are obtained by fitting the swing angle as
exponentially decaying with time when we slightly strike
the vacuum chamber and giving Qp

si ∼ 9 and Qm
si ∼ 36 for

the pendulum and the membrane, respectively.
The typical torque PSDs measured at the pendulum-

membrane separation 22 µm are shown in Fig. 4, with both
the membrane fixed and suspended, respectively. Seis-
mic translational motion and instrument tilt were recorded
synchronously, with each data run lasting approximately
24 h.

When the membrane is fixed, the torque noise is
obviously larger. The theoretical torque noise, calculated
according to the measured environment vibrations, are in
good agreement with the measured torque noise. This indi-
cates that the coupling effect of environmental vibrations to
the residual electrostatic force is the main noise source in
the short-range ISL experiment. For comparison, the sen-
sitivity of the torsion pendulum at the same separation of
22 µm can be improved to reach the readout noise limit
by suspending the membrane, with the improvement factor
larger than 3.

B. Results with smaller residual potential

To further reduce the electrostatic related noise, we per-
formed the experiment adopting the suspended membrane
with smaller residual potential difference (�U ∼ 30 mV),
by recoating the membrane with a layer of gold. Several
typical measured torque PSDs at different separations are

s = 22 µm

s = 22 µm

FIG. 4. Typical torque PSDs of the torsion pendulum with
22 µm of pendulum-membrane separation under larger resid-
ual potential difference. The black, blue lines are the measured
torque spectra with the membrane fixed and suspended, respec-
tively. Considering the fixed membrane, the green, red lines are
the tilt coupled noise S1/2

τtilt and the seismic translational motion
coupled noise S1/2

τseis calculated from the synchronously collected
data. The readout noise (purple dashed line) agrees with the mea-
sured torque PSD (blue line), indicating that it is dominant when
the membrane is suspended. The recorded seismic spectrum is
attenuated below 3 mHz due to the limited measuring bandwidth
of the microseismograph. The internal damping of the fiber is
calculated with Q ∼ 2500. The gravitational calibration signal is
clearly observed at fc ∼ 6.7 mHz.

presented in Fig. 5. The torque noise below tens of mil-
liherz increases rapidly as the pendulum-membrane sepa-
ration decreases. The torque noise at the separation of s ≥
20 µm has reached the internal damping noise level, which
is about 3 × 10−15 N m/

√
Hz at approximately 20 mHz,

while the noise at s = 8 µm is about 10 times larger than
that at s ≥ 20 µm.

The reduction on �U has effectively reduced the elec-
trostatic interaction, which is critical for allowing us to
collect data at minimum separations down to 8 µm. The
smaller residual potential difference decreases the elec-
trostatic stiffness ke, then reduces the requirement for the
autocollimator readout noise, so that the sensitivity of the
torsion pendulum can reach the internal damping level at
separations down to 20 µm.

At the separation of few microns, both the Casimir
force due to the zero-point electromagnetic fluctuations
and the residual gas damping caused by the collisions of
the molecules in the gap can potentially increase the noise.
These two effects have been extensively studied in the
short-range force measurements [22–32] as well as the
gravitational wave detectors [42–46]. We estimated them
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s = 8 µm
s = 11 µm

s = 20 µm
s = 2 mm (free oscillation)

FIG. 5. The typical torque PSDs measured at different separa-
tions with smaller residual potential. The electrostatic stiffnesses
obtained at the separation of s = 8, 11, 20 µm are (7.71 ± 0.12),
(2.53 ± 0.03), (0.70 ± 0.01) × 10−7 N m/rad, respectively.

in our shortest achievable separation of approximately
8 µm, and found that neither of them is significant.

The theoretical Casimir force between two per-
fectly conducting plates is parameterized as FC =
π2A�c/(240s4) [47], with � and c denoting the reduced
Planck constant and the speed of light, respectively.
The Casimir force acting on the pendulum is calculated
to be approximately 7.9 × 10−12 N, which is roughly
200 times smaller than the theoretical electrostatic force
Fe ≡ 1

2ε0A�U2/s2 = 1.6 × 10−9 N with �U = 30 mV. It
requires a separation of approximately 0.6 µm for the
Casimir force to be comparable to the electrostatic force
with �U = 30 mV.

The torque noise resulting from the residual gas damp-
ing at small separations can be expressed as S1/2

τsqueeze =√
pL2(8πkBmeqT)1/2A A/π

s2ln[1+A/(πs2)]
[44], where the Boltz-

mann constant kB = 1.38 × 10−23 J/K, the temperature
T ∼ 300 K, the residual gas pressure p ∼ 1 × 10−5 Pa
and the equivalent molecular weight meq ∼ 18 amu [46].
The upper limit of this effect is estimated to be S1/2

τsqueeze ∼
6 × 10−16 N m/Hz1/2, which is roughly 50 times smaller
than our lowest detected noise level of approximately
3 × 10−14 N m/Hz1/2 around 20 mHz at s = 8 µm.

V. SUMMARY AND DISCUSSION

We have built a torsion pendulum apparatus with both
the fixed and the suspended membrane to verify the cou-
pling effect of the environmental vibrations to the residual
electrostatic torque in the short range. These coupling
torque noises have been suppressed to below the read-
out noise limit by suspending the membrane, with an

improvement factor larger than 3 for the total measured
torque noise. By reducing the residual potential difference,
we have improved the sensitivity of the torsion pendu-
lum to the internal damping toque noise level with the
pendulum-membrane separations down to 20 µm. The
shortest achievable separation is 8 µm with an acceptable
noise level of approximately 3 × 10−14 N m/

√
Hz.

Our results provide a solution for the vibration isolation
in the short-range ISL test by using a torsion pendulum,
and has great potential for improving the constraint of the
violation of the ISL tests.
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