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Massive particle acceleration on a photonic chip via spatial-temporal modulation
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Recently, the spectral manipulation of single photons has been achieved through spatial-temporal mod-
ulation of the optical refractive index. Here, we utilized the spatial-temporal modulation of the potential
to manipulate the motion of massive particles, i.e., realizing the MeV-magnitude electron acceleration and
atom decelerator on a millimeter scale. With the language of spatial-temporal modulation, manipulation
of the photons and massive particles are connected and clearly investigated. The spatial-temporal mod-
ulation approach is also powerful for the optimization of multistage modulation with a large number of
single stages on a photonic integrated chip and can be generalized to a wide range of systems. Thus, this
approach may play a significant role in hybrid photonic chips and microscale particle manipulation.
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I. INTRODUCTION

The photonic chip offers a united platform to investigate
and utilize light-matter interactions. This compact, stable,
and scalable platform allows the integration of thousands
of functional photonic devices on a single chip [1–7]. Of
note, the light-matter interaction could be greatly enhanced
on the chip, due to the strong confinement of optical fields
in photonic microstructures with a nanoscale cross section
[8–13] and the resonant enhancement [14–16] in microcav-
ities. Benefiting from these advantages of photonic chips,
manipulation of optical photons has recently been realized
in tens of distributed optomechanical waveguides [17]. It
was demonstrated that when certain spatial-temporal mod-
ulation is applied to optical photons, their spectral features
could be manipulated with very high efficiency.

On a photonic chip, the motion of massive parti-
cles could also be manipulated through the optical field.
For instance, the optical dipole force could be applied
to trap and transport nanoparticles or atoms [18–24].
Recently, optical fields in photonic microstructures have
been applied to manipulate free electrons [13,25–31],
which provide alternative tools to investigate and con-
trol both photons and electrons [32–38]. It is anticipated
that the approach of distributed spatial-temporal modula-
tion could be helpful for improving the efficiency of the
massive particle manipulation. For the manipulation of
photons, the interaction could accumulate with the prop-
agation of photons when the phase-matching condition of
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the nonlinear optics effect is satisfied for a given device
and working wavelength [39]. However, for the manipula-
tion of massive particles, the coupling between the massive
particle and optical fields varies with the propagation of the
particle as its velocity changes [40]. Therefore, the inves-
tigation of the corresponding phase-matching condition is
crucial for manipulating massive particles by distributed
spatial-temporal modulations.

In this paper, we generalize the theory of spatial-
temporal modulation to the interaction between massive
particles and space-time varying potential. With the gener-
alized theory of spatial-temporal modulation, concepts in
different systems, i.e., phase-matching condition for non-
linear optics and the synchronicity condition for accelera-
tor physics, are connected and a spatial-temporal matching
(STM) condition is derived for massive particles. The dis-
tributed spatial-temporal modulation approach to achieve
STM conditions is especially efficient for the design of cas-
caded electron accelerators with a large number of single
stages. It is demonstrated that a portion of 10% elec-
trons in an initially Gaussian distributed ensemble can be
accelerated by 200 keV within a length less than 6 mm.

II. PRINCIPLE OF SPATIAL-TEMPORAL
MODULATION

First, we explain the general theory of spatial-temporal
modulation by experimentally verified optical frequency
manipulation on a photonic chip [41], where photons travel
in a waveguide while there are distributed mechanical
vibrations changing the effective refractive index of the
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waveguide as �neff (x, t). The photon energy is adiabati-
cally shifted as (Appendix B):

δE ≈ �vgk0

∫
dζ

∂

∂x
[�neff (x, t)] , (1)

which is integrated along its trajectory ζ . Here, � is the
reduced Planck constant, vg is the optical group velocity in
the waveguide, and k0 is the vacuum photon wave vec-
tor. Introducing the spatial-temporal potential U (x, t) =
−vg�k0�neff (x, t), the manipulation of photon self-energy
can be written in a general form as

δE = −
∫
∂U(x, t)
∂x

dζ . (2)

This expression works for both massless and massive par-
ticles to describe the change in the traveling particle’s
self-energy by a spatial-temporal potential. For massless
particles, such as photons, self-energy manipulation corre-
sponds to the frequency shift, while for massive particles,
such as electrons and atoms, self-energy manipulation
corresponds to acceleration or deceleration.

Figure 1(a) illustrates the interaction between particles
and a typical harmonically modulating potential U (x, t) =
A cos(ωt − kx + φ0), with A, ω, k, and φ0 denoting the
amplitude, angular frequency, wave vector, and initial
phase of the modulation, respectively. In a single modula-
tion unit of length L with uniform A and k, the self-energy
change can be approximated to the first order, i.e., the
change in the particle velocity within the unit is negligible,
as

δE (L) = − 2Akv0

ω − kv0
sin
[
ωL
2v0

− kL
2

+ φ0

]

× sin
[
ωL
2v0

− kL
2

]
. (3)

Therefore, the spatial-temporal matching condition is ful-
filled when φ0 = 3π/2 and ω − kv0 = 0, in which case
the particles experience a constant and maximum force
and the corresponding energy gain can reach the optimal
value δE = AkL. When k = ω/v, as indicated by the yel-
low dot in Fig. 1(a), the particle’s position with respect to
the potential profile remains unchanged at different times.
If φ0 = 3π/2 is satisfied initially, the particle will stay at
the position where the gradient of the potential is maxi-
mum. As the change in the particle velocity is negligible,
the STM is maintained when cascading the same units to
enlarge L. This corresponds to the phase-matching condi-
tion in optics, under which the frequency shift increases
with the interaction length (Appendix C).

However, the change in a particle’s velocity is not neg-
ligible for a large L. Three examples of spatial-temporal
modulation, where a particle’s trajectory (green line) and

(b) (c) (d)

(a)

(e)

spatial period
time delay

FIG. 1. (a) The evolution of particles in potential U for particle
velocity v equal to, slower than, and faster than the group veloc-
ity of the spatial-temporal modulation of the potential. (b)–(d)
Sketches of the spatial-temporal modulation process in the x − t
plot. The green lines show the trajectories of a particle, whose
velocity increases when passing through the acceleration (red)
area and decreases when passing through the deceleration (blue)
area. (e) The general setup for massive particle manipulation via
cascaded spatial-temporal modulation units, with ki and φi rep-
resenting the wave vector and phase parameters of the ith unit
and vi representing the velocity of the particle exiting from the
ith unit.

the corresponding velocity change are considered, are
schematically illustrated in Figs. 1(b)–1(d). The red and
blue areas show the acceleration and deceleration zones
for a given time and location (t and x). According to
Fig. 1(a), the color of areas alternately changes along the x
or t axis for harmonic modulation, as shown in Fig. 1(b).
For such a periodic distribution, the STM condition will
eventually be broken due to the change in the particle’s
velocity. By regulating the time delay in different loca-
tions [Fig. 1(c)] or the spatial period [Fig. 1(d)] of the
modulation, a global STM in which the trajectory for
a given particle’s initial parameter only passes through
acceleration zones can be achieved. However, this con-
tinuously varying field is experimentally challenging, and
we resorted to the approach that divides the potential into
multiple units, as shown in Fig. 1(e). The spatial period,
i.e., the wave vector ki is adjusted to match the velocity
of the particle, and the time delay, i.e., the phase φi is
introduced to maintain matching between different units.
Thus, the global STM condition could be achieved in such
a multiunit system. The global STM is also known as the
Wideroes synchronicity condition in accelerator physics,
which has been demonstrated in cascaded traveling-wave
linear accelerators [42,43] with different structure periods.

The cascaded structures are flexible for an integrated
photonic chip, as demonstrated in Ref. [17] where the pho-
ton frequency modulation is greatly enhanced. Benefiting
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FIG. 2. (a) Sketch of the experimental setup for cascaded electron accelerator on a photonic chip. (b) The results of the proportion
that the electron could gain energy that exceeds the target (horizontal axis), with the parameters of all units are optimized numerically
and the initial energy distribution of the electron ensembles is set as a Gaussian function with a center at 711 keV with a standard
deviation of 0.14 keV and the initial phase is random. The electrical field strength is 5 × 108 V/m, the unit length is 5.21 µm. (c) The
final distribution of 500-k input electrons for different target energy gain, here the energy interval is 0.5 keV. The red line shows the
result when the target energy gain is 150 keV, and the blue line shows the 200-keV situation. Dashed lines show the results for the
parameters from the synchronicity condition. Inset: distribution around two peaks, here the energy interval is 10 eV.

from the advanced design and fabrication of photonic
devices [1–7], even an arbitrary spatial-temporal potential
field U(x, t) can be realized by photonic chips. Addition-
ally, the size of photonic devices could be significantly
reduced, and the optical fields can be strongly concentrated
on a chip. Since the mechanism of spatial-temporal mod-
ulation of photons can be generalized to massive particles
traveling in the potential field, the photonic chip offers an
excellent platform for the precise manipulation of massive
particles. For example, optical potential fields under STM
conditions on a photonic chip would benefit electron accel-
erators by utilizing the electric potential, atom slowers
through the ac Stark potential imposed by nanostructured
optical fields, nanoparticle trapping through optical and
acoustic tweezers, and so on. More details about the atom
slower and the comparison between the massive and mass-
less particle manipulation are provided in Appendix A. In
the following, we focus on the investigation of the on-chip
multistage linear accelerator of electrons.

III. ELECTRON ACCELERATOR

Figure 2(a) sketches the integrated grating structures for
electron acceleration. Each section of the grating provides
the evanescent electromagnetic field when illuminated by

a laser beam, which was experimentally studied in Ref.
[25,26]. The oscillation frequency of the electric field ω
is determined by the input laser, and the wave vector of the
corresponding potential (k) is controllable by choosing an
appropriate grating period. Hence, the STM could be real-
ized when the electron and the spatial-temporal modulation
field evolve at the same velocity as v = ω/k. Meanwhile,
the phase φ0 can be directly controlled by an optical delay
or the gap length between gratings. Therefore, the photonic
chip provides a flexible platform to integrate hundreds
of units that satisfy the STM condition for considerable
electron acceleration on a cm-scale chip [Fig. 2(a)].

According to Eq. (2), the kinetic energy change of the
electron in each unit is δE = −eEv ∫ t0+δt

t0
sin(ωt − kvt +

φ0)dt to the first-order approximation, with E being the
amplitude of the induced evanescent field. To determine
the parameters of each unit for the STM, the recur-
rence relation of the energy and phase distribution of
an electron ensemble between two adjacent units can
be analytically derived. For an input electron ensem-
ble, with fn(En,φn) represents the distribution of the
energy and phase of the electrons entering the (n + 1)th
unit, where En and φn are the corresponding energy and
phase, respectively. The mapping between inputs at the
(n + 1) th and (n + 2) th units is described by En+1 = En +
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δE, φn+1 = φn + (L/v)ω +�φn,n+1, where �φn,n+1 is the
controllable phase difference. Therefore, the evolution of
the distribution follows

fn+1(En+1,φn+1) =
∣∣∣∣ ∂(En,φn)

∂(En+1,φn+1)

∣∣∣∣ fn(En,φn). (4)

However, sometimes we are more interested in the distri-
bution of energy gain during the nth accelerator, which we
will denote as gn(�En). Here �En is defined with respect
to the mean energy of the electron ensemble

E =
∫

En−1fn−1 (En−1,φn−1) dφn−1dEn−1. (5)

Therefore, gn can be calculated through fn−1 by

gn(�En) =
∫

contour
ds

fn−1(En−1,φn−1)

|∇(�En)| . (6)

The integral is calculated along the contour with respect to
�En(En−1,φn−1) in the {En−1,φn−1} phase space. For the
first accelerator unit, the time electrons arrive at the accel-
erator is usually uncontrollable compared to the period
of the oscillated field. Therefore, we assume that the
phase has an independent and uniform distribution, i.e.,
f0(E0,φ0) = (1/2π)ρ(E0). In this case, we obtain

g1(�E1) = 1
2π

∫
ρ(E0)dE0

1
|∂�E1/∂φ0| . (7)

According to Eq. (6), v and E0 satisfy the relativistic rela-

tion v = c
√

1 − m2c4/E2
0 . However, the analytical recur-

rence relation for cascaded units becomes highly nonlinear,
and it is impractical to derive the optimal parameters.
Thus, in the following studies, the Monte Carlo method
is employed to optimize the parameters of 100 units.

In a simplified design, the length of each unit is set to
be identical while the gap length between adjacent units is
changed to control the relative arrival time (i.e., the phase)
of electrons entering each unit. Meanwhile, the wave vec-
tor of each unit is optimized to achieve the STM condition.
We set a threshold of energy gain and the objective of
the optimization is the number of electrons that could be
accelerated above the threshold. Figure 2(b) shows the
proportion of the electrons that could reach the threshold,
and we found that the proportion decreases with increas-
ing threshold. This is because the theoretical upbound of
energy gain by 100 units is limited to 260 keV according
to Eq. (3). The results indicate that as high as 30% of the
input electrons could be accelerated to half of the upbound.
For typical thresholds of 150 keV and 200 keV, which
correspond to atom velocity acceleration from 0.695c to
0.805c and 0.827c, where c is the vacuum light velocity,
details of the final energy distribution of output electrons

are plotted in Fig. 2(c). The results show that with a device
total length less than 6 mm, the electrons could be accel-
erated to 0.805c and 0.827c with probabilities of 26.7%
and 6.9%, respectively. We also found that although the
acceleration is probabilistic for the ensemble, the accel-
erated electrons have a very narrow energy spectrum and
thus are distinguishable from others [as shown by the red
and blue shadow in Fig. 2(c)], in sharp contrast to the
broad output energy distribution by a single acceleration
unit [25,26] or an array of periodically aligned acceleration
units [11,12]. The output electrons with energies above
the threshold could be almost deterministically selected
by choosing an appropriate time window. The multistage
acceleration is also investigated with parameters from the
Winderoe synchronicity condition [31,42], as shown by
the dashed lines in Fig. 2(c), and the output has distri-
butions much broader than those results with numerically
optimized parameters. Although more electrons can be
accelerated (with probabilities of 19.5% and 18.5% for
0.805c and 0.827c, respectively), the synchronicity con-
dition could not guarantee optimal results since there are
a huge number of controllable parameters. Setting the
parameters from synchronicity as the initial parameter set
and then numerically optimizing them might be a more
practical strategy for further improving the performance of
the multistage accelerator.

To interpret the cooperation of these units for massive
particle acceleration, we plot the detailed average energy
and standard deviation of energy (σE) and phases (σφ) at
different units in Fig. 3 for the output electrons whose
energy gain exceeds 200 keV. The general trend is the
same as those parameters obtained from the synchronic-
ity condition. We call them acceleration units, where the
average energy of the electron ensemble continuously
increases. However, the parameters also show sudden
jumps in Fig. 3(c), which deviate from the synchronicity
condition, and the average energy in these units usually
remains unchanged or decreases. As shown by the orange
shadow in Figs. 3(a)–3(c), jumps in the wave vector always
correspond to the change in σE and have an influence on
σφ . We conjecture that these jumps are aimed at com-
pressing the electron ensemble for narrower energy and
phase distributions. Thus, these units are named as “focus
units.” In the whole process, acceleration units cause accu-
mulation of energy gain and divergence of the phase of
electrons. Thus several focus units are introduced to com-
press the electrons and make most of them satisfy STM
conditions (see Appendix D for more analysis).

Furthermore, the states of the ensemble that enter cer-
tain units are depicted by the Poincaré surface of section
(SOS) to provide an intuitive interpretation of the elec-
trons’ evolution in two types of units. Figure 4 shows the
distributions of the energy and the phase of each elec-
tron when entering the 25th, 50th, 75th, and 100th units.
The nonlinear mapping of the electron state gives rise to
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FIG. 3. (a) The evolution of the average energy for electrons
in the multistage accelerator, with the parameters of each unit
optimized for a target energy gain of 200 keV. (b) The standard
deviations of energy and phases for the electrons. (c) Parame-
ters of each unit from the numerical optimization (solid lines) in
comparison with those derived from the synchronicity condition
(dashed lines).

chaotic manifolds in the phase space, and a bunch of dots
at the rightmost (in the red circle) corresponding to the por-
tion of electrons could be effectively accelerated, while the
remaining electrons are randomly distributed in the phase.
In the SOS, as indicated by the background color in Fig. 4,
electrons could be accelerated (in the red region) while
decelerated (in the blue region) depending on their phase
when entering each unit. In focus units, such as the 25th
and 50th units [Figs. 4(a) and 4(b)], the small ensemble
of electrons is located at the position off the center of the
red or blue area to focus their states into a smaller region,
while in acceleration units, such as the 75th and 100th
units [Figs. 4(c) and 4(d)], electrons located at the cen-
ter of the red area could obtain an optimal energy gain.
Therefore, a balance between focusing and acceleration
eventually gives rise to a narrow energy distribution of
output electrons.

IV. CONCLUSION

In conclusion, we generalize the theory of spatial-
temporal modulation of optical photons on a photonic chip
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FIG. 4. Phase-space representation of the electron ensemble
when entering the 25th (a), 50th (b), 75th (c), and 100th (d) units.
The green line in (a) shows the initial distribution of electrons.
The parameters of each unit are optimized for a target energy
gain of 200 keV, and the other parameters are the same as those
in Fig. 2(b). The red and blue areas correspond to the param-
eter regimes where electrons are accelerated and decelerated,
respectively.

to massive particles. With this universal principle, we built
a connection between conventional on-chip devices for
manipulating photons and very compact and efficient elec-
tron accelerators. Through numerically optimizing device
parameters, electrons could be accelerated by 150 keV
with the probability of 26.7% with a device length less than
6 mm. Spatial-temporal modulation could also be applied
to other massive particles. For example, we proposed an
integrated atom slower by a series of on-chip optical dipole
trap tweezers (Appendix A).

We note that the connection between the on-chip spatial-
temporal modulation and massive particle manipulation
could also bring alternative ideas to the photonic commu-
nity, such as the design of an integrated photon frequency
modulator overcoming the limitation of dispersion by
using the synchronicity condition of conventional electron
accelerators (Appendix B).
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APPENDIX A: ATOM COOLING

The spatial-temporal modulation for massive particle
acceleration can also be adapted for atom cooling by mod-
ulating the spatial-temporally dependent optical dipole
potential on a photonic chip. For example, a Gaussian
beam of a 880-nm laser, with a wavelength 100-nm longer
than the D2 transition of the rubidium atoms, could pro-
vide an attractive dipole potential for the rubidium atoms.
As schematically shown in Fig. 5(a), integrated grating
couplers [44] can convert the waveguide mode to a free-
space Gaussian beam (waist W) above the chip, with the
laser amplitude in the waveguide periodically modulated
as E(t) = 0 for −2σ ≤ t < 0 and E(t) = exp[−t2/σ 2] for
0 ≤ t < 2σ , with a period of 4σ [see Fig. 5(b)]. For the
laser frequency largely detuned from the atomic transi-
tion, the beams generate trap potential for atoms via the
ac-Stack effect that shifts the ground-state energy as

U = 2���2
R (t)

4�2 + �2 +�2
R (t)

, (A1)

where �R (t) = dE (t) /� and d is the dipole moment for
the atomic transition. Therefore, the Gaussian beam can
change the atom’s kinetic energy as

δE (t0, t1) = −
∫ t1

t0

4��2
R(t)�v |x0 + vt|[

4�2 + �2 +�2
R(t)

]
W2

dt, (A2)

where v is the velocity of the atom and x0 corresponds to
the atom position at t0 with respect to the center of the
Gaussian beam.

Considering precooled 87Rb atom ensembles, with an
initial average velocity of 10 m/s and a standard devia-
tion of 0.0625 m/s, we could use the chip [as depicted in
Fig. 5(a)] for on-chip atom cooling and trapping. By the
spatial-temporal modulation scheme shown in Fig. 5(b),
the STM could be realized by optimizing the switching
time T, which could be controlled by the on-chip delay and
σ , with the two parameters corresponding to the phase and
wave vector in Fig. 2 of the main text. The other param-
eters are fixed, with the laser waist, maximum potential
depth, and distance between two adjacent gratings being
1.5 µm, 3.5 mK, and 7.5 µm, respectively. Similar to the
electron accelerator, we assume a device composed of 200
units, with T and σ that can be optimized for each stage.
The results of atom trapping are summarized in Fig. 5(c).
By such an approximately 2-mm-long photonic device on
a chip, atoms can be cooled down and trapped with a
probability of approximately 27% in the last ten stages.

APPENDIX B: PHOTON FREQUENCY SHIFT

Under spatial-temporal modulation, the refractive index
of a waveguide is inhomogeneous, and the head of a
wavepacket (pulse) may travel slower (faster) than its tail,

which will induce a frequency shift [41]. Choosing two
points in the wavepacket separated by a wavelength, the
shift of the local wavelength is

dλ = �vdt = − c
n2

eff

∂�neff(x, t)
∂x

λ
neff

c
dx (B1)

where neff is the effective refractive index of the waveg-
uide, �neff(x, t) is the mechanically induced spatial-
temporal modulation of neff, c is the speed of light in
vacuum, and λ is the wavelength of photons, which is
assumed to be a constant in a single unit. Specifically,

dλ = −vg
2π
ω

∂�neff(x, t)
∂x

dx, (B2)

where vg is the light group velocity in the waveguide and ω
is the angular frequency of light. Then, the frequency shift
can be derived as

dω = vg
2π
λ

∂�neff(x, t)
∂x

dx = vgk0
∂�neff(x, t)

∂x
dx, (B3)

where k0 = 2π/λ is the optical wave vector in vacuum. As
the frequency shift is an adiabatic process, which means
that the amplitude change of the electromagnetic wave
is very slow compared to the frequency of photons, the
photon number is conserved [45]. Thus, dE = �dω, with
� being the reduced Plank constant. We obtain the total
energy change in a single unit as

δE ≈ �vgk0

∫
dζ

∂

∂x
[�neff (x, t)] . (B4)

Here, the integration is along the trajectory ζ from the ini-
tial wavepacket position {x0, t0} to the final wavepacket
position {x1, t1}, as in the main text.

The Wideroe synchronicity condition [42] is also help-
ful for further study in optical frequency modulators, as the
dispersion characteristics of light are considerable when
the frequency shift is increasingly strong. In a section
of the suspended optical waveguide, a time-dependent
mechanical deformation can change the optical length and
lead to compression or stretching of photons, which results
in a frequency shift. For a periodic mechanical deforma-
tion, the frequency shift of a photon determined by its input
phase φ and the interaction length L is [41]

δω = −A
[

sin
(
φ − ωL

2vg

)
− sin

(
φ + ωL

2vg

)]
, (B5)

where A, ωm, vp are the frequency shift coefficient, the
angular frequency of the mechanical deformation, and
the group velocity of the waveguide, respectively. Such
a process is reminiscent of a particle in a standing-wave
accelerator. Thus, “drift tubes” [42] could be introduced to
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an ensemble of atoms after deceleration. The central electric field is 2 × 106 V/m, the gap length is set at 7.5 µm, the laser detuning
with respect to the atomic transition is 100 nm. The total number of atoms in the ensemble is 10 000 with initial velocities following a
Gaussian distribution, which is centered at 10 m/s with a standard deviation of 0.0625 m/s.

maintain the synchronicity condition between the optical
photons and mechanical deformation. For photons whose
dispersion can be ignored, their group velocity can be
treated as a constant, thus the “drift tubes” have a fixed
length G = πvg/ωm. To obtain the maximum energy in a
certain length, the interaction length L is always set as the
same as the length of the “drift tube,” which corresponds to
the so-called quasi-phase-matching condition in nonlinear
optics [46]. However, when the dispersion of the waveg-
uide is large enough, which means that the phase difference
between photons with different frequencies is compara-
ble to π in the acceleration process, identical “drift-tube”
lengths are inappropriate. As shown in Fig. 6(a), the
achievable maximum frequency shift is limited and can-
not be further increased by adding more stages. When the
Wideroe synchronicity condition is introduced and satis-
fied in this system, this limitation can be overcome, as
illustrated in Fig. 6(b). In addition, the performances of the
optical frequency shifter based on the Wideroe synchronic-
ity condition are tested with typical devices, including
waveguides (large dispersion) and optical fibers (small dis-
persion), and the results are shown in Fig. 6(c). With the
synchronicity condition, the final distribution of the pho-
tons becomes asymmetric, and the maximum frequency
shift will constantly increase by adding more units. It

should also be noted that the distribution around the max-
imum frequency is broad, which can be compressed by
further optimizing the parameters.

APPENDIX C: CORRESPONDENCES BETWEEN
THE ACCELERATOR PHYSICS AND WAVE

OPTICS

In this section, we build the correspondence between
the massive particle accelerator and the optical frequency
modulator. From the perspective of wave dynamics, the
process in which a single electron propagates in the accel-
erator can be treated as the manipulation of matter waves
in analogs to the modulation of electromagnetic waves in
the optical waveguide. In the following, we will show the
correspondences by analyzing the evolution of the electron
wave function and the light field distribution. For example,
the Wideroe synchronicity condition for the electron accel-
eration process corresponds to the phase matching (quasi-
phase-matching) condition for the optical field modulation
process. In Table I, more details about the correspondences
are summarized.

In the following, we provide detailed derivations about
the correspondences.
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TABLE I. Correspondences between the electrons acceleration and optical field modulation.

Accelerator physics Wave optics

Wave function Amplitude distribution

ψ(z, t) = φ(z, t)e
i
p0

�
z−i

E0

�
t

A(z, t) = a(z, t)eik0z−iω0t

Energy-momentum relation Dispersion relation

E = E0 + v0(p − p0)+ 1
2m
(p − p0)

2 ω = ω0 + vg(k − k0)+ 1
2

(
∂2ω

∂k2

)
k0

(k − k0)
2

Evolution without interaction Evolution without interaction

ψ(z, t) = φ′
0e

i

⎛
⎝p0

�
z−

E0

�
t

⎞
⎠

e

−
(z − vt)2

2(σ 2
z + i

�t
m
)

A(z, t) = a′
0ei(k0z−ω0t)e

−
(z − vgt)2

2(σ 2
z + i

(
∂2ω

∂k2

)
k0

t)

Schrodinger equation with interaction Propagation equation with interaction

2
∂φ(z, t)
∂z

+ 1
vg

∂φ(z, t)
∂t

= i
�

∫ t
0
∂U(z, t′)
∂z

dt′φ(z, t) 2
∂a(z, t)
∂z

+ 1
v

∂a(z, t)
∂t

= i
∫ t

0
∂Ueff(z, t′)

∂z
dt′a(z, t)

Energy change due to the interaction Frequency shift due to the interaction

δE = − ∫ ∂U(z, t)
∂z

dζ δω = − ∫ ∂Ueff(z, t)
∂z

dζ

Wavepacket deformation due to the interaction Wavepacket deformation due to the interaction

σE = − ∫ ∂2U(z, t)
∂z∂t

dζ σ = − ∫ ∂2Ueff(z, t)
∂z∂t

dζ

Evolution with interaction Evolution with interaction

ψ

(
z,

L
v0

)
= φ(z − L, 0)e

i
1
�

[p0z−(E0+δE)t−
1
2
σEt2]

A
(

z,
L
vg

)
= a(z − L, 0)e

i[k0z−(ω0+δω)t−
1
2
σ t2]

Synchronicity condition for traveling-wave accelerator Phase-matching condition
v = ωr

kr
k0 = ∑

i ki

Synchronicity condition for standing-wave accelerator Quasi-phase-matching condition
ωr

vn
(L + Gn) = 2hπ , h ∈ N

�

vgn
(L + Gn) = 2hπ , h ∈ N

1. The wave-function description

The wave function for an electron propagating along the
z direction with a center energy E0 and a momentum p0
can be expressed as

ψ(z, t) = φ(z, t)ei p0
�

z−i E0
�

t. (C1)

Similarly, the optical field propagating along the z direc-
tion with a center angular frequency ω0 and a wave vector
k0 can be written as

A(z, t) = a(z, t)eik0z−iω0t. (C2)

Here we ignore the relativistic effect, and expand the self-
energy according to the momentum around the center
energy:

E = E0 + v0(p − p0)+ 1
2m
(p − p0)

2, (C3)

where E, p are the self-energy and momentum, respec-
tively, v0 = p0/m is the center velocity and m is the mass

of the electron. For the optical field in an optical waveg-
uide, there is a similar relation between the frequency and
wave vector

ω = ω0 +
(
∂ω

∂k

)
k0

(k − k0)+ 1
2

(
∂2ω

∂k2

)
k0

(k − k0)
2

+ O((k − k0)
3), (C4)

where ω, k are the angular frequency and wave vec-
tor. The term (∂ω/∂k)k0 = vg is the group velocity and
(∂2ω/∂k2)k0 = 1/β is caused by the group-velocity disper-
sion (GVD).

2. The propagation of wave packet

The evolution of the wave function of the electron
and the amplitude distribution of the optical field can be
decomposed into two types: (i) evolution without mod-
ulation from the external field, and (ii) evolution under
external potential field modulation.

We first consider the evolution without modulation from
an external field. When the initial wave function of the
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FIG. 6. The final frequency distribution of output photons
for 500 000 input photons, with an input central frequency of
194 THz and the initial phases are randomly distributed. (a) With
the frequency shift coefficient A = 106.8 GHz, length of the unit
L = 9.1 mm, group-velocity deviation β2 = 0.58 ps2/m and ini-
tial group velocity vg = c/2, where c is the speed of light in
vacuum. The frequency is symmetrically shifted as the number
of units increases. (b) The results for the parameters optimized
with and without the Wideroe synchronicity condition, with a
synchronicity phase φs = arcsin 0.7. (c) The results consider-
ing the dispersion for a typical waveguide (orange line, β2 =
0.58 ps2/m) and optical fiber (green line, β2 = 0.015 ps2/m),
with the parameters from the Wideroe synchronicity condition.
In these plots, 194 THz is taken as the reference point for the
center frequency shift, and the frequency interval is 0.5 keV.

electron is a Gaussian function φ(z, 0) = φ0ez2/2σ 2
z , the

evolution of the wave function in free space according to
the Schrodinger equation reads

ψ(z, t) = φ′
0ei

( p0
�

z− E0
�

t
)
e
− (z−v0t)2

2
(
σ2z +i �t

m
)
, (C5)

where φ′
0 is a normalization factor. The center of the

wavepacket is v0t, which means that the electron propa-
gates along the z direction with a velocity of v0. Since the
components of the wave function with different self-energy
correspond to different velocities, we expect that the shape

of the packet will deform while propagating along the z
direction. As shown in the wave function, the standard
deviation of the packet becomes

√
σ 2

z + i(�t/m), which
means that the packet is broadened and the broaden speed
is depends on 1/m.

In comparison, for an initial optical field of a Gaussian
pulse a(z, 0) = a0e−(z2/2σ 2

z ), when there is no external field
modulating the pulse, the evolution of the optical field can
be written as

A(z, t) = a′
0ei(k0z−ω0t)e

− (z−vg t)2

2(σ2z +i t
β
) , (C6)

where a′
0 is the normalization constant. The pulse propa-

gates along the z direction with the group velocity vg =
(∂ω/∂k)k0 , similar to the electron, since the center posi-
tion of the packet is vgt. Unlike light in free space,
there is a GVD in the waveguide for the optical field,
which means that the group velocity of the field is depen-
dent on its frequency. Thus, the shape of the wavepacket
will change similar to the wave function of the electron.
Its standard deviation becomes

√
σ 2

z + i(t/β), meaning
that the broadening of the packet is related to the term
[(1/β)(∂2ω/∂k2)]k0 , which is nonzero for optical fields in
waveguide.

Now, we discuss the case with spatial-temporal modu-
lation. For the electron, the evolution of the wave function
in a spatially and temporally varying potential field U(z, t)
can be solved by treating the spatial-temporal modulation
process as a perturbation, i.e., the self-energy change in
the process δE is far smaller than the self-energy of the
particle, the Schrodinger equation can be linearized as [33]

∂φ(z, t)
∂z

+ 1
vg

∂φ(z, t)
∂t

= i
�

∫ t

0

∂U(z, t′)
∂z

dt′φ(z, t), (C7)

where U(z, t) is the potential field. The evolution of the
wave function is

φ(z, t) = φ(z − v0t, 0)ei 1
�

∫ ∫ t
0
∂U(z,t′)
∂z dt′dζ

= φ(z − v0t, 0)ei 1
�

∫ t
0
∫ ∂U(z,t)

∂z dζdt′ , (C8)

where the integration
∫ (z+v0(t′−t),t′)
(z−v0t,0) (∂U(z, t)/∂z)dζ is along

the trajectory ζ .
For optical fields under modulation, the optical propaga-

tion function can be written as [17,41]

∂a(z, t)
∂z

+ 1
vg

∂a(z, t)
∂t

= i
�

∫ t

0

∂Ueff(z, t′)
∂z

a(z, t), (C9)

where Ueff(z, t) is the effective potential field and
−i/�

∫ t
0 ∂Ueff(z, t′)/∂z = δβ(z, t) is the change in the wave

vector. The evolution of the amplitude distribution is

a(z, t) = a(z − vgt, 0)e
i
�

∫ t
0
∫ ∂Ueff(z,t)

∂z dζdt′ . (C10)
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3. The matching condition

Furthermore, since the wavepacket of a single electron
is much smaller than the scale of the interacting area,
the electron accelerator system always corresponds to the
short pulse in the optical system. Because the length of the
accelerator unit is L, the wave function is

ψ(z,
L
v0
) ≈ φ(z − L, 0)ei 1

�

[
p0z−(E0+δE)t− 1

2 σEt2
]
, (C11)

where δE = − ∫ (z,L/v0)
(z−L,0) (∂U(z, t)/∂z)dζ ; σE = − ∫ (z,L/v0)

(z−L,0)
(∂2U(z, t)/∂z∂t)dζ . To gain maximum energy in the pro-
cess, the term − ∫ (z,L/v0)

(z−L,0) (∂U(z, t)/∂z)dζ should take the
maximum value, which is our spatial-temporal match-
ing (STM) condition. Here, the STM condition can
also be generalized to take the maximum value of
− ∫ (z,L/v0)

(z−L,0) (∂
2U(z, t)/∂z∂t)dζ along the trajectory, which

can be used to modulate the shape of the particle wave
function. For a pulse whose during time td is much shorter
than the interacting time L/vg , the field can be approxi-
mately expressed as

A
(

z,
L
vg

)
≈ a(z − L, 0)ei

[
k0z−(ω0+δω)t− 1

2 σ t2
]
, (C12)

where δω = −1/�
∫ (z,L/vg)
(z−L,0) (∂Ueff(z, t)/∂z)dζ and σ =

−1/�
∫ (z,L/vg)
(z−L,0) (∂

2Ueff(z, t)/∂z∂t)dζ . In an optical system,
keeping δω at its maximum will lead to the satisfaction of
the STM condition and give the maximum frequency shift.

When the exact form of the potential fields U(z, t)
and Ueff(z, t) is provided, the STM condition that
− ∫ (z,L/v0)

(z−L,0) (∂U(z, t)/∂z)dζ and − ∫ (z,L/vg)
(z−L,0) (∂Ueff(z, t)/∂z)dζ

take the maximum value will lead to the correspond-
ing synchronicity condition and phase-matching condition.
When U(z, t) and Ueff(z, t) are corresponding to a traveling-
wave field, STM conditions lead to the synchronicity
condition for the moving wave accelerator and phase-
matching condition. For an electron interacting with a
moving wave electric field, the potential can be written as

U(z, t) = −E0
1
kr

cos(krz − ωrt + φ), (C13)

where E0, kr, and ωr are the strength, wave vector, and
angular frequency of the electric field, respectively. For an
interaction length L, we have

−
∫ (

z, L
v0

)

(z−L,0)

∂U(z, t)
∂z

dζ = E0

× sinc
[(
ωr

v0
− kr

)
L/2

]
L sin(φ0). (C14)

When v0 = ωr/kr and φ0 = kr(z − L)+ φ = (π/2)+
2πh, h ∈ N , the STM condition is satisfied. Condition

v0 = ωr/kr means that the velocity of the electron is equal
to the phase velocity of the external electric field and
the relative position of the electron to the potential field
is fixed. When the proper initial relative position φ0 is
chosen, the electron constantly feels the maximum accel-
eration force in the process. Under STM condition, the
energy change is δE = E0L, which is proportional to the
interaction length L. In the optical field modulator, several
moving waves with different angular frequencies ωi and
wave vectors ki cause perturbation of the reflex index of
the waveguide. Thus, the change in the wave vector has
the form of δk(z, t) = A cos(

∑
i kiz −∑

i ωit + φ), where
A is the modulation strength [39]. The effective potential is

Ueff(z, t) = −A
∑

i ωi∑
i ki

cos

(∑
i

kiz −
∑

i

ωit + φ

)
.

(C15)

For an interaction length L, we have

−
∫ (

z, L
v0

)

(z−L,0)

∂Ueff(z, t)
∂z

dζ = AL sin(φ0)
∑

i

ωi

× sinc

[(∑
i ωi

vg
−
∑

i

ki

)
L/2

]
. (C16)

When (
∑

i ωi/vg)−∑
i ki = 0 and φ0 = ∑

i ki(z − L)+
φ = (π/2)+ 2πh, the STM condition is satisfied. With
the linear dispersion relation, the phase velocity is equal to
the group velocity, thus vg = vphase = ω0/k0. With energy
conversion, ω0 = ∑

i ωi. Thus, we have the relation k0 =∑
i ki, which is the phase-matching condition. Under STM

condition, the frequency shift δω = Aω0L, similar to the
energy change for electrons, is also proportional to the
interaction length L.

When U(z, t) and Ueff(z, t) are corresponding to a
standing-wave field, STM conditions lead to the syn-
chronicity condition for the standing-wave accelerator,
i.e., Wideroe synchronicity condition, and quasi-phase-
matching condition. For a standing-wave accelerator, the
potential can be written as U(z, t) = −E0z cos(ωrt + φ),
and

−
∫ (

z, L
v0

)

(z−L,0)

∂U(z, t)
∂z

dζ = E0/ωr sin
(
ωr

v0
L/2

)
sin(φ0),

(C17)

which oscillates with increasing interaction length. By
adding some gaps with a length of Gn to separate the
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interaction area into N units with a length of L, we have

−
∫ (

z0+∑n
L+Gn
vn ,

∑
n

L+Gn
vn

)

(z0,0)

∂U(z, t)
∂z

dζ

= E0/ωr sin(φ0)

n=N∑
n=0

vn sin
[(
ωr

vn

)
L/2

]

× sin

⎛
⎝n′=n∑

n′=0

ωr

vn′
(L + Gn′)

⎞
⎠ , (C18)

where vn is the velocity of the electron in the nth unit.
When φ0 = (π/2)+ 2πh and (ωr/vn)(L + Gn) = 2hπ for
all n, the STM condition can be satisfied, and the energy
change is E0L

∑n=N
n=0 sinc[(ωr/vn)L/2]. It should be noted

that (ωr/v)N (L + G) = 2hπ is the Wideroe synchronicity
condition for the electron accelerator. For an optical field
modulator driven by standing waves, the effective potential
field has the form Ueff(z, t) = −A�z cos(�t + φ), where�
is the modulation frequency. There is

−
∫ (

z, L
v0

)

(z−L,0)

∂Ueff(z, t)
∂z

dζ = A sin
[
�

vg
L/2

]
sin(φ0). (C19)

The frequency shift oscillates when the interaction strength
increases. Similarly, by adding some gaps with a length of
Gn to separate the interaction area into n units with a length
of L, we have

−
∫ (

z0+∑n
L+Gn
vn ,

∑
n

L+Gn
vn

)

(z0,0)

∂Ueff(z, t)
∂z

dζ

= A sin(φ0)

n=N∑
n=0

vgnsin
[
�

vgn
L/2

]

× sin

⎛
⎝n′=n∑

n′=0

�

vgn′
(L + Gn′)

⎞
⎠ , (C20)

where vgn is the group velocity of the optical pulse
in the nth unit, which varies according to the cen-
ter frequency of the pulse. When φ0 = (π/2)+ 2πh
and (�/vgn)(L + Gn) = 2hπ for all n, the STM con-
dition can be satisfied, and the frequency shift δω =
A�L

∑n=N
n=0 sinc [(�/vn) L/2]. In most modulation sys-

tems, the frequency shift is much smaller than the center
frequency of the optical field, thus the linear dispersion
approximation can be adopted, where vg is considered as
a constant. In such systems, the length of gap Gn is identi-
cal for all the units, and the relation becomes (�/vg)(L +
G) = 2hπ , which is the common form of the quasi-
phase-matching condition. Based on the correspondences
between accelerator physics and wave optics above, the

well-developed field of optical field modulation will pro-
vide some insights to control the electron wave function
and investigate the quantum nature of massive particles.

APPENDIX D: CORRESPONDENCES BETWEEN
THE ACCELERATOR PHYSICS AND RAY OPTICS

In most multistage acceleration systems, which include
a large number of incoherent electrons, the quantum nature
of the electrons is hidden. Thus, we also investigated the
behavior of the accelerator by treating the electrons as
classical point particles traveling in an electric field and
using the possibility density function f (v,ϕ), where v,ϕ
is the velocity and relative phase to the potential field of
the electrons, to describe the distribution of the electrons.
Similar to the correspondences between the electron accel-
eration process described by the Schrodinger equation and
wave optics, there are also correspondences between the
classical electron acceleration process and ray optics. The
propagation of electrons in a multistage accelerator is sim-
ilar to the evolution of the rays in an optical system, where
the deflection, scattering, and focusing of the ray occur.

As shown in Figs. 7(a) and 7(c), the evolution of the
electron ensemble can be divided into two types: (i) evolu-
tion in free space and (ii) evolution in the external potential
(electric) field. In the ray optics correspondence, the two
types correspond to the propagation of light beams in
free space and the passing of rays through different opti-
cal devices. In the first type of evolution, velocities of
the electrons and wave vectors of the rays are kept, and
the relative phases of electrons and positions of the rays
change according to them. In the second type of evolu-
tion, the velocities of the electrons and wave vectors of
the rays are modulated according to their relative phases
or positions. Thus, the distribution of the electron ensem-
ble in phase-velocity space can be focused and shifted by
introducing different types of interaction units, such as the
prism and lens in a geometrical optics system. By appro-
priately arranging different types of interaction units in the
multistage accelerator, electrons can be efficiently acceler-
ated while being highly focused in phase-velocity space,
as shown in Figs. 7(b1)–7(b7).

Consider the first type of evolution, i.e., the evolution
in free space. For the electron to propagate in free for the
length of G, there is

v = v0

ϕ = ϕ0 + ωr

v0
G,

(D1)

where ωr is the reference frequency. This means that
faster electrons will accumulate less relative phase in
the same propagation length, and the initial difference in
velocity will cause variation in the distribution of the
relative phase, as shown in Figs. 7(b1), 7(b3), 7(b5),
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FIG. 7. (a) Schematic diagram for a multistage acceleration process. The process is composed of seven parts from left to right,
where the electron ensemble propagates in the free space and passes through the acceleration unit (green cylinder) or focus unit (blue
cylinder). Insets show the relative position of the ensemble to the potential field in the acceleration or focus unit, where U is the
potential field and ϕ is the relative phase between electrons and the potential field. (b1)–(b7) The evolution of the possibility density
function of the electron ensemble in the corresponding part of the acceleration process in (a), where the darkness represents possibility
density and the change of color marks the part where the ensemble passes through the acceleration unit or focus unit. (c) Schematic
diagram for a geometrical optics process from left to right, where the optical axis is along the z direction and the rays are deflected
along the x direction. The process is composed of seven parts, where a beam of light rays propagates in the free space and passes
through the prism or convex lens. (d1)–(d7) The evolution of the intensity distribution function of the rays in the corresponding part
of the geometrical optics process in (c), where the darkness represents intensity and the change of color marks the part where the rays
pass through the prism or lens. Here, x is the position of the front of the ray, and kx is the x component of the wave vector of the ray.

and 7(b7). For the initial Gaussian distribution f0(v,ϕ) =
N0e−(ϕ−ϕ0)

2/σ 2
ϕ−((v−v0)

2/σ 2
v ), N0 is the normalization con-

stant, and σϕ and σv are the deviations of the phase and
velocity, respectively. After propagating for the length of
G, the probability density function becomes

f1(v,ϕ) = N1 exp

[
−
(
ϕ − ϕ0 − ωr

v
G
)2

σ 2
ϕ

− (v − v0)
2

σ 2
v

]
,

(D2)

where N1 is a normalization factor. By defining δϕ = ϕ

− ϕ1 and δv = v − v1, where ϕ1 = ϕ0 + (ωr/v0)G and
v1 = v0, the probability density function can be written as

f1(δv, δϕ) = N1 exp

⎡
⎢⎢⎢⎣−

(
δϕ + ωr

v2
0

Gδv
)2

σ 2
ϕ

− δv2

σ 2
v

⎤
⎥⎥⎥⎦ ,

(D3)
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which means the standard deviation of the phase is
increased while the deviation of the velocity stays
unchanged for a bunch of electrons. The center point of the
phase and velocity becomes ϕ1 = ϕ0 + (ωr/v0)G, v1 = v0.
The standard deviation of the relative phase is increased to

σϕ

√
1 + (σ 2

v ω
2
r G2/σ 2

ϕ v
4
0), which is related to the deviation

of velocity σv and propagation length G.
As shown in Fig. 7(c), in the geometrical optics system,

where the optical axis is along the z direction, a light beam
has a similar evolution process. For a light beam starting
from the point (z0, x0), where x is the direction vertical
to the optical axis and has the wave vector �k0 = (k0z, k0x),
after propagating in the free space for the length of G, its
position and wave vector can be written as

kx = k0x, (D4)

x = x0 + k0x

k0z
G, (D5)

where we assume that G � x, k0z � kx. Rays with larger
k0x will propagate more distance in the x direction, which
is shown in Figs. 7(d1), 7(d3), 7(d5), and 7(d7). In the
same way, after propagating in free space for a length of
G, the intensity distribution function of the light beam,
whose initial distribution is also the Gaussian function
g0(kx, x) = N0e−(kx−k0x)

2/σ 2
kx

−((x−x0)
2/σ 2

x ), becomes

g1(δkx, δx) = N1 exp

⎡
⎢⎣−

(
δx − G

k0z
δkx

)2

σ 2
x

− δkx
2

σ 2
kx

⎤
⎥⎦ ,

(D6)

where δk = kx − k1x, δx = x − x1 and the center point of
the phase and velocity becomes x1 = x0 + (G/k0z)k0x, k1x =
k0x.

Then, we consider the second type of evolution, i.e.,
evolution in the electric field. With the potential U(z, t) =
−E0(1/kn) cos(knz − ωrt + φ0) and interaction length L,
there is

v = v0 + E0L
mv0

sinc
[(
ωr

v0
− k0

)
L/2

]
sin(φ0 + ϕ0),

(D7)

ϕ = ϕ0. (D8)

For the initial distribution f1(v,ϕ) = N1 exp {−[ϕ − ϕ0−
(ωr/v)G]2/σ 2

ϕ − ((v − v0)
2/σ 2

v )
}
, when the synchronicity

condition is satisfied, i.e., ϕ0 − (ωr/v)G + φ0 = (π/2)+
2hπ and (ωr/v0)− k0 = 0, the possibility density function

becomes

f2(δv, δϕ) = N2 exp

⎡
⎢⎢⎢⎣−

(
δϕ + ωr

v2
0

Gδv
)2

σ 2
ϕ

− δv2

σ 2
v

⎤
⎥⎥⎥⎦ ,

(D9)

where δϕ = ϕ − ϕ2 and δv = v − v2, with ϕ2 = ϕ1 =
ϕ0 + (ωr/v0)G, v2 = v1 + (E0L/mv0). This means that the
center velocity of the electron ensemble increases and there
is no deformation in the shape of the ensemble, which is
shown in Figs. 7(b2) and 7(b6). Thus, we call these units
acceleration units. Similarly, when the ray passes through
a prism, its position and wave vector change as

kx = k0x + Kp , (D10)

x = x0. (D11)

Since all the light beams undergo the same change
in kx, the shape of the distribution function remains
unchanged and the center point becomes x1 = x0, v1 =
v0 + Kp , which is shown in Figs. 7(d2) and 7(d6).
With the condition that (ωr/v0)− k0 = 0,ϕn + φ0 = 2hπ ,
where the synchronicity condition is broken, electrons
with less ϕ obtain more velocity. Thus, for an ensem-
ble where the faster electron has accumulated less
relative phase, it can be focused in the parameter
space of velocity, as shown in Fig. 7(b4). Thus, we
called these units, focus units. For the initial distri-
bution f3(δv, δϕ) = N3 exp[−(δϕ + (ωr/v

2
0)2Gδv)2/σ 2

ϕ −
(δv2/σ 2

v )], which means the ensemble propagated in the
free space for the distance of 2G and passed through an
acceleration unit, the possibility density function becomes

f4(δv, δϕ) = N4 exp

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−

⎡
⎢⎢⎢⎣

(
1 − 2ωrGE0L

mv3
0

)2

σ 2
ϕ

+
E2

0L2

m2v2
0

σ 2
v

⎤
⎥⎥⎥⎦ δϕ2

−
(

1
σ 2
v

+ 4ω2
r G2

σ 2
ϕ v

4
0

)
δv2

+ 2

[
2ωrG
σ 2
ϕ v

2
0

(
1 − 2ωrGE0L

mv3
0

)2

− E0L
σ 2
v mv0

]
δϕδv

}
, (D12)

where δϕ = ϕ − ϕ4 and δv = v − v4, with ϕ4 = ϕ3 =
ϕ0 + 2(ωr/v0)G, v4 = v3 = v0 + (E0L/mv0). WhenωrG1/

σ 2
ϕ v

2
0[1 − (2ωrGE0L/mv3

0)]
2 = E0L/σ 2

v mv0, the possibility
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density function becomes

f4(δv, δϕ) = N4 exp

⎡
⎢⎣−

⎛
⎜⎝1 − 1

1 + σ 2
ϕv

4
0

σ 2
v ω

2
r G2

⎞
⎟⎠ δϕ2

σ 2
ϕ

−
(

1
σ 2
v

+ ω2
r G2

σ 2
ϕ v

4
0

)
δv2

]
, (D13)

which means we can realize the focus of electrons in the
parameter space of velocity since the standard deviation
of the velocity is compressed. As shown in Figs. 7(b4)
and 7(b5), by choosing the parameters ωrG1/σ

2
ϕ v

2
0[1 −

(2ωrGE0L/mv3
0)]

2 < E0L/σ 2
v mv0, the distribution of elec-

trons becomes that electrons with lower velocities often
have smaller relative phases. With further evolution in the
free space, electrons are focused in the parameter space of
relative velocity.

When the ray passes through a lens, its position and
wave vector are

kx = k0x − x0

f
(x − x0), (D14)

x = x0, (D15)

where f is the focal length, which takes a posi-
tive number for the convex lens and a negative num-
ber for the concave lens. This process is shown in
Fig. 7(d4). Similarly, for rays propagating for a distribu-
tion of g3(δkx, δx) = N3 exp[−(δx − (2G/k0z)δkx)

2/σ 2
x −

(δkx
2/σ 2

kx
)], which means that the rays propagate in the free

space for a distance of 2G, and pass through a prism, when
they pass through a convex lens, the intensity distribution
function becomes

g4(δkx, δx) = N4 exp

{
−
[
(1 − 2Gk0x

fk0z
)2

σ 2
x

+ k2
0x

σ 2
kx

f 2

]
δx2

−
(

1
σ 2

kx

+ 4G2

σ 2
x k2

0z

)
δk2

x

−2

[
k0x

σ 2
kx

f

(
1 − 2Gk0x

fk0z

)2

− 2G
σ 2

x k0z

]
δxδkx

}
,

(D16)

where δx = x − x4 and δkx = kx − k4x, with x4 = x3 =
x0 + (2Gk0x/fk0z), k4x = k3x = k0x + Kp . When k0x/σ

2
kx

f >
G/σ 2

x k0z and propagating in free space for a certain length,
the rays are focused, as shown in Figs. 7(d4) and 7(d5).
With the discussion above, the particle accelerator system
can be directly mapped to a geometrical optics system,
which means that the lens design and ray tracing will
support the accelerator design.
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FIG. 8. The statistic of the final energy distribution for 500 000
input electrons, with the energy interval 0.5 keV. (a) For a target
energy gain of 200 keV, the final energy distribution of elec-
trons where no errors (blue dashed line) and 1-nm errors (blue
solid line) are added to both the gap length and grating constant.
(b) For a target energy gain of 150 keV, the final distribution of
electrons where no errors (red dashed line) and 1-nm errors (red
solid line) are added to both the gap length and grating constant.
(c) When the target energy gain is 150 keV, the final distribution
of electrons with no error (red dashed line) and 1-, 3-, 5-, and
7-nm errors (green, blue, purple, black solid lines) are added to
the grating constant. Inset: enlarged distribution around the peak
with an energy interval of 0.05 eV.

APPENDIX E: THE ROBUSTNESS OF THE
MODULATION PROCESS

The robustness of the particle-acceleration process is
useful because the control of the device parameters is
not perfect in practice. For example, the device geometry
parameters could not be precisely controlled due to limited
nanofabrication precision. However, we expect the sys-
tem to work properly when the errors (uncertainties) of the
geometry parameters are at the nanometer scale, as allowed
by current nanofabrication technology. Thus, an investiga-
tion of the relation between the uncertainty of parameters
and acceleration efficiency is necessary. As discussed in
the main text, the spatial-temporal modulation process can
be optimized by controlling the grating constant and gap
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length of each unit. As shown in Fig. 8, by adding errors to
our optimized parameters (randomly plus or minus a cer-
tain number) for each unit, the final distribution of output
is changed. According to our numerical simulations, with
1-nm errors in both the gap length and grating constant, the
efficiency decreases by 26.7% when the target energy gain
is 150 keV [Fig. 8(a)], while the efficiency is maintained
when the target energy is 200 keV [Fig. 8(b)]. However,
for the target energy gain of 200 keV, the linewidth of the
spectrum is broadened when the errors are introduced.

Furthermore, the acceleration process can also be real-
ized by controlling the grating constant and the phase
of the input laser for each unit [6]. In addition, tech-
nologies to control the light phase are well developed,
and a phase precision greater than 0.001π can be real-
ized in our structure with current photonic technologies
[47,48]. Thus, only the precision of the dielectric grating
variation should be taken into consideration. If only the
grating constant has errors due to the fabrication, for a
target energy gain of 150 keV [Fig. 8(c)], the efficiency
decreases by 0%, 23%, 46%, 71% for an introduced error
of 1, 3, 5, 7 nm.
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