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Measurement-device-independent quantum key distribution (MDI QKD) is a crucial step for the quan-
tum Internet, as it removes all detector side channels and enables secure QKD with untrusted nodes.
However, MDI QKD faces a significant challenge from polarization alignment, since drift of the state
of polarization affects the efficiency of key generation, especially when the quantum states are sent from
remote locations. Conventional methods for polarization alignment either require additional resources,
such as classical lasers or reference pulses, or interrupt the QKD process, which reduces the efficiency
of the system. In this paper, an efficient polarization-alignment method in MDI QKD is proposed that
leverages intrinsic events from MDI to directly calculate how to compensate for polarization drift. The
proposed method does not require additional resources such as reference pulses, thereby eliminating band-
width limitations, and it is fast, as it can directly calculate how to correct polarization with a small criterion
fluctuation. We also introduce the polarization dimension in addition to the encoding dimension and estab-
lish a response-rate model for MDI QKD with additional polarization dimensions. Overall, the proposed
method is a resource-efficient solution for polarization drift correction in MDI QKD, which can enhance

the practicality and scalability of QKD networks.

DOI: 10.1103/PhysRevApplied.20.054041

I. INTRODUCTION

Quantum key distribution (QKD) can share private keys
between Alice and Bob and its security relies on the
principles of quantum physics and is independent of com-
putational complexity [1,2]. For large-scale applications of
QKD, networking is necessary and several trusted-node
networks have been proposed [3—11]. But trusted-node
QKD networks lack security, because the network may
be paralyzed if a node is attacked and loses credibility.
Therefore, it is necessary to build the untrusted-node-
based networks using the protocol with untrusted nodes,
as in measurement-device-independent QKD (MDI QKD)
[12—14], twin-field QKD (TF QKD) [15-18], and device-
independent QKD (DI QKD) [19-23]. Compared to other
protocols, MDI QKD is the most mature and easiest solu-
tion to implement [24-27] and shows the capability of
networking [28].

However, before large-scale commercial application,
MDI QKD still faces many practical problems. For the
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most widely used quantum channel, fiber, its birefringence
effect restricts the practical application of remote MDI sys-
tems. MDI QKD needs the photons sent by the two sides
to be indistinguishable at the node but the standard single-
mode fiber cannot preserve the state of polarization (SOP),
so the birefringence effect will increase the quantum bit
error rate (QBER) of MDI QKD, even it is not encoded by
the polarization basis [25].

To align the polarization, there are two kinds of method,
one of which requires direct measurement of the polar-
ization [29-31,33,34,36,37], while the other does not
[39—41]. For the direct-measurement methods, there are
real-time [29-31,33,34] and interrupting methods [36,
37]. For real-time methods, a reference signal is needed
when using time-division multiplexing (TDM) [29-31]
and wavelength-division multiplexing (WDM) [30,33,34].
But TDM reduces the effective bandwidth and prevents the
increase in the clock rate [32] and WDM faces the prob-
lem that the wavelength dependence of the birefringence
[35], and the leakage of the reference light into the quan-
tum photon-transmitting procedures, will reduce the key
rate. Interrupting methods may sacrifice the efficiency of
the system and may suffer a potential security risk while

© 2023 American Physical Society
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TABLE 1. The existing polarization-alignment methods and
their problems.
Potential
Time Device  security Accuracy
overhead  loss risk problems
TDM [29-31]  Yes [32] No No No
WDM No Yes No Yes [35]
[30,33,34]
Interrupting Yes No Yes [38] No
methods
[36,37]
QBER-based Yes No No Yes [39,41]
methods
[39-41]
Our method No No No No

switching the working modes of the system [38]. With
regard to the methods that do not need direct measure-
ment of the polarization, most of them are based on the
QBER [39—41]. Reference [39] has provided a continu-
ously working polarization-alignment method based on a
gradient-searching and -control algorithm using feedback
signals derived from single-photon-detection results. Ref-
erence [40] has proposed a method to compensate for the
polarization random drift in optical fibers by mapping the
estimated QBER onto the Poincaré sphere. But in order to
estimate the QBER, we need to wait until Alice and Bob
announce their qubit information, which is private. What
is more, the larger the QBER is, the more qubits should
be used for QBER estimation [39,41]; for example, com-
pared with QBER = 1%, about 18.94 times as many qubits
are needed to reach the same QBER estimation accuracy
while the QBER is as high as 25%, which is the min-
imum QBER for the X basis of time-bin phase-coding
MDI QKD. The problems with the previous polarization-
alignment methods are summarized in Table 1. To avoid
the above problems, it is necessary to find a polarization-
alignment method for MDI QKD that does not need direct
measurement of the polarization and that does not use the
QBER as the criterion; further, it should minimize the
addition of hardware as much as possible.

In this paper, we develop a polarization-alignment
method using the count number and the coincidence-count
number as the criteria to directly calculate the operator
needed to align the polarization. We calculate the effect of
the SOP on the count number and find an efficient method
to reverse the random drift of polarization through three
iterations. Our method requires no reference light and the-
oretically uses the least number of devices, in that one
of Alice and Bob needs an electronic polarization con-
troller (EPC), which reduces the photon loss and improves
the key rate. This method does not need to wait for the
announcement of qubit information, uses criteria that are
accurate when the QBER is about 25%, and uses very
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FIG. 1. The time-bin phase-coding MDI QKD that we use in
this paper. SPD, single-photon detector; Laser, pulsed weak-
coherent-state source; BS, beam splitter; Modulator, encoder;
EPC, electronic polarization controller.

few iterations. These features allow us to deal with faster
polarization changes, which improves the usability of the
method and better aligns the polarization for MDI-QKD
systems. Although our polarization-alignment method is
developed for time-bin phase-coding MDI QKD as an
example, it can also be generalized to other QKD sys-
tems, which need to measure the interference results at the
untrusted node.

The remainder of the paper is structured as follows.
In Sec. II, we establish a response-rate model for MDI
QKD with an additional SOP dimension. In Section III, we
present our polarization-alignment method. In Sec. IV, we
discuss the precision of the method. Finally, Sec. V gives
a simulation of our method and then Sec. VI discusses the
main conclusions of this work.

II. POLARIZATION-RELATED TIME-BIN PHASE
CODING MDI-QKD MODEL

In order to quantitatively calculate the polarization, we
first need to obtain the relationship between the SOP and
the gain of the detectors. This paper gives a method for
time-bin phase-coding MDI QKD, the abridged general
view of which is presented in Fig. 1, while the analytical
method is inspired by Ref. [42]. In this system, the pulses
from the lasers are coded at Alice and Bob into two time
bins, /,) and s,), and all concrete coding devices on each
side are abstracted into one modulator on each side. After
the weak-coherent-state sources emit the weak-coherent-

states e /1i,) and |e% /1), with phases ¢, and ¢

TABLE II. The correspondence between the parameters and
the codes in MDI QKD.
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and average photon numbers y, and wup, the modulators
encode them into

|e’¢” cos(Sa)x/lTa)la |ei(¢“+6”) sin(éa)\/ELa
| cos(éb)m>zb | @r ) sin(éb)m>sb ’

where 6, and 6, are the values of the relative phases
encoded between the s modes s, and the / modes /),
and &, and &, are the distribution of the light intensity
between the [ modes and the s modes, which determines
whether to send the Z basis or X -Y basis and the codes of
the Z basis. The correspondence between these variables
and codes is shown in Table II. The coded pulses will then
reach the untrusted node Charlie for measurement. After
they interfere at the beam splitter (BS), there will be four
modes, I, I, 5., and s;, that can be detected. For simplic-
ity, we consider the events which are projected to the Bell
state W~ to generate key.

(1)

After the pulses are transmitted through the fiber
channels to Charlie, the weakly coherent pulses from Alice
and Bob are attenuated by 1, and n,, respectively, and their
SOPs evolve into «, |H) + B, V) and «y |H) + By |V).
Then, the gain D; of a mode for a single detector can be
calculated as

1 T T
D; = m/ f 1 — (1 = Pg) exp(—n4|¥;|*) dpadeps,
2

where subscript i = 1, 2, 3, 4 corresponds to the gains of /.,
l4, s., and s4, respectively, P, is the dark-count rate, », is
the detection efficiency of the detectors, and |W;|? is the
intensity in mode i after the interference of the pulses from
Alice and Bob. The coincident gains Q;; of two detectors
can be calculated as

1 T b4
Oy = ) /n /n[l — (1 = Py) exp(—nalWi*)1[1 — (1 — Py) exp(—n4Y; |*)1dg.des

1 T T
=Di+Dj — 1+ — (1 — Py)* exp[—na(|WiI* + 1%;1) |dgpudepy, 3)
47[2 - J -1

where subscript ij denotes the coincident gains //,Is,..., which are short for I.l;,1.s4,.

mentioned above are

... Then, the |¥;])? values

W [* = 47 cos(£,)” + B? cos(&)” + 24'B’ cos(€,) cos(€s) X [ky sin(@a — ¢p) + k2 cos(da — )],

|Wo|* = 47 cos(£,)” + B? cos(&;)” — 24'B’ cos(€,) cos(&s) [k sin(da — ¢s) + k2 cos(¢a — )],

|W3|* = 47 sin(&,)” + B” sin(§)” + 24'B' sin(&,) sin(&)[k; sin(¢a — s + 0o — Ob) + k2 COs(da — Pp + O — 65)],
|W4l* = 47 sin(&,)” + B” sin(§,)” — 24'B' sin(&,) sin(&;) [y sin(¢a — ¢ + 0o — Op) + k2 c08(¢a — P + 0o — )], (4)

where A" = /an./2 and B = J/upnp/2, e and w,
are the average photon numbers of the weak-coherent-
states of Alice and Bob, 1, and 5, are the attenuations
of the fibers, &, and 6,3 are the coding parame-
ters shown in Table II, ¢,p) is the phase of the pho-
ton, &1 = arg(a,) — arg(ap), &2 = arg(B,) — arg(By), k1 =
ot |aep| cos &1 + |BallBol cOs €2, and Ky = |ag||ap| siney +
|B4118s| sine;. The detailed calculations of the above are
shown in Appendix A.

For example, we can calculate the gain of the detector
that detects the / model on routes ¢ and d:

1 T T
Dl@zm/ / 1= (1-Py

exp(—nalW12) %) dpadeps

—1-(1=Py oA cos(Ea)® —B cos(s,,)ZIO

X (24B cos(&,) cos(&p) Klz + K22), ®)]

where I (x) is the modified Bessel function of the first kind

of zeroth order, A = \/uanana/2, and B = /upnpna/2.

For the coincident gains of the detectors on routes ¢ and
d that detect the / models, we have

1 T T
Q12=D1+D2—1+m/ (1 — Py)?
-7 J-m

x exp[—na(|W11* + |2 |*) |dg.des
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— 14— Pd)e_A2 cos(£4)2—B? cos(g,,)Z]z

_ 2(1 _ Pd)e_Az cos(éa)z—B2 cos(éb)2

x 1(24B cos(&,) cos(&p)\/ kK + K2). (6)

In the same way, we can obtain other gains and
coincident gains with formats similar to Egs. (5) and (6).
We can clearly note that the SOP only affects the gains and
coincident-gains rate in one term, /clz + KZZ. Furthermore,
Iy (x) is monotone for x > 0, which proves that one /cl2 + /c22
only corresponds to one gain or coincident gain.

By the definitions of k1, x3, €1, and &;, we have

2, .2 2, 12 2,5 12
Kki K5 = |oallap|” + | Bal | Bpl

+ 2|agllapl|Ball Byl cos(er — &2)

w:ﬂﬁ(ﬁ)z

= p!psl*, @)

where pupy = (Xa) Bary)” 1s the Jones matrix for the SOP
Qa) |1H) + Bawy |V). This is the only term in which the
SOP affects the gains and coincident gains. Just to sim-
plify, we define § = «? + k5 and substitute § for k7 + 3
in the following passage.

III. POLARIZATION-ALIGNMENT METHOD

As we are treating the SOP in terms of the Jones matrix,
the conversion of the SOP can be treated as a 2 x 2 unitary
matrix U and the SOP can be written as a 2 x 1 column
vector. The influence of fiber on both sides can be written
as Uajice and Upgp and our active operation of the SOP can
be denoted as U,, for we only need one of Alice and Bob to
run our polarization-alignment method—we might let Bob
run it. § can be written as

2
8= |pJ U i Usab Usps| (8)

where p, and Upp; are the SOPs of the pulses that have
just been emitted from Alice and Bob, while Uyjicep, and
Usob Uppy are the SOPs of the same pulses when they reach
Charlie. Our polarization-alignment method will deter-
mine a proper U, that makes § = 1, which means that the
SOPs of the pulses from Alice and Bob are the same as
those from Charlie.

The polarization on the coding side is stable and con-
trollable, so we can assume that p, = p, = (10)7 and that
§ can be written as

2
8 = |(Uchannet UcorUn 11|, )

where the subscript (1, 1) refers to the value of the first col-
umn in the first row of the matrix, Uchannel = U;lice Ugob,

UcorU; = U,, and the division of U, into Ucor and U, is
intended to distinguish a repeated operation U; and correc-
tive operation Ucog in each round for easier description in
subsequent analyses.

As is known, a unitary matrix can be written as

U w1 O cos(@)  sin(f) 1 0
channel = € 0 ei:// _ sm(@) COS(@) 0 Ci(p .
(10)

Therefore, of the four degrees of freedom @, v, 8, and
@ in Uchannel, We only need to know 6 and ¢ to com-

pute Ucor, which meets |(Uchannel UcorUi a1 |2 = 1 when
U; = 1. Then, if we can calculate § from each measurement
result, we can obtain the value of # and ¢ by changing U;
to obtain the equations. Moreover, we define an observable
quantity

Oy N Njj

Vy= b =N L
) NiNj

(1D

where N is the total number of pulses sent by Alice
and Bob, N; is the count number of model i, Nj; is the
coincidence-count number of the models 7 and j, and sub-
scripti,j = 1,2, 3,4 corresponds to the model /¢, Id, sc, sd.
Then, given the relation between Vj; and 8, we can calcu-
late the SOP with the observable quantities N;;, N;, and N;.
In this paper, we use the relation between V1, and §. With
Egs. (5) and (6), if we only choose the X basis, according
to the discussion in Appendix C, we have

B 1 — 2Cly(4B/8) + C*
1 2Clo(ABV8) + [Cly(UBVS)P

where 4 = /i4aNana/2, B = ~/snpna/2, and C = (1 —

Py)e4*+5/2_ Therefore, if we know the value of V2, we
can calculate the value of § and then determine the value
of Ucor to make § = 1 by changing several of the U;.

According to the discussion in Appendix B, we see that
the basis-choosing-probability Py has no significant effect
on the shape of the SOP-V, curve but does affect its
position. Thus, we analyze the case of all Alice and Bob
choosing the X basis, and the analysis is similar for other
Py . Also, we do not ask which qubits they have chosen. We
use §; to tag the result calculated by the ith measurement.
Below, we will give the specific method.

Before describing the steps, two proper U; values are
given as

2 — 2 i
020 7) w2

(12)

V12

The three steps are as follows:
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1. Keep U, = Ugpr, Where Uggy is the Ucor that
is calculated in step 3 in the result of the last round of
our polarization-alignment method, and the initial value of
Ucor can be chosen as 1. Continuously monitor the value
of V1, until it exceeds the threshold V. Then calculate the
value of §; and carry out the next step, where 6; = cos(0)?
with 0 € [0, 71/2]. The purpose of this step is to monitor
the system and it requires no action.

2. Change U; from I to U; and then measure the
value of V to calculate the value of §,, where &, =
(1 + 2cos(9) sin(9) cos(p))/2. For ¢ € [0,27], it is nec-
essary to calculate sin(¢) to figure out .

3. Change U; from U; to U, and then measure the
value of V to calculate the value of 83, where &3 =
(1 — 2 cos(#) sin(f) sin(¢)) /2. We can state that

10 0) —sin(®
Ucor = Ucor (0 eiﬁl’) (Z?r?((e)) e )) -0

cos(8)
where
b4
0 = arccos<\/8>1>, 6 e [0, 5] s (15)
and
arcsin [ ——2% 11— 2685 <28, — 1
i) 3 2 5
arccos (252—‘1> , 128, — 1] < 1 — 263,
287 /1-81
(p =

_ in [ 1228 _ _
T arcsm(zmm>, [1—285] <1 —26,,

_ __ 251 _ _
27T — arccos <2«/ﬁﬂ> , |28 — 1] <263 — 1.
(16)

Then change U; into I, which means that U, = Ucog.

This makes \(Uchannel UcorUi1.1 |2 = 1, which means that
the polarization of Alice and Bob changes in the same
direction. Then go back into step 1.

For the choice of threshold V7, as we know that 2E =V
in Appendix C, if we need a threshold of the QBER called
Ey, then Vyy, = 2E,,.

IV. PRECISION OF THE METHOD

If the number of pulses used in each step is infinite, we
can calculate the polarization exactly. However, there are
deviations between the measured and true values due to the
nonasymptotic case.

To calculate the relation between the accuracy of the
method and the finite length of the number of pulses, first,

we should calculate the relationship between the accuracy
of Ucor and the length of the number of pulses, where
Ucor is the unitary matrix that the EPC should perform to
align the SOP mentioned in Sec. III. Then, as we have cal-
culated the relationship between the QBER and the SOP in
Appendix C, by combining with Egs. (9) and (14), we can
calculate how the length of the number of pulses affects the
accuracy of the method, which is shown as the accuracy of
the QBER after our polarization-alignment method. The
specific calculation process is shown in Appendix D, and,
finally, we can calculate that the polarization-alignment
method makes the accuracy og, of the corrected QBER
meet

5 <<1—/3>2 G ++2a)? 1
Efin 160(2 1—«/50[ N122(3)
N (1—2@2(2—/3)2L)

062/3 ]\[112 ?

a7

where B =2 —4E,, a = /(4E,;, — 1)(2 —4E,), Ey, is
the threshold of the QBER set by how much we need, Egy,
is the QBER after the polarization-alignment method, N/,
is the coincidence-count number of step i of our method.

For step 1 of our method, we do not change the sys-
tem—it can run for as long as possible. We use n =
N}, /N, 12 2(3) to quantify how much longer step 1 can run than
step 2 (step 3). In order to prolong the execution time of
QKD, 7 should be as large as possible. This is because the
first step is a monitoring step, which does not affect the
system or consume the key. The relationship between N 12 2(3)
and og,  is shown in Fig. 2.

0.0 0. 04 06 08 1.0 1.2 14 16 1.8 2.0

o, (%)

FIG. 2. The relationship between N122(3) and og, , with differ-
ent n chosen. Ejg,, the QBER after the polarization-alignment
method; oz, , the precision of Egy; N122(3) , the coincidence-count
number of step 2 (step 3) of our method; #, the ratio of the count
of the monitoring step to the count of the modulation step.
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FIG. 3. Examples of our polarization-alignment method, with
the polarization linewidth A, = 3 x 1072. The threshold of the
QBER, Ej, is as follows: (a) 26.5%, (b) 27%, and (c) 27.5%.

Thus, we can see that for a proper o, _, such as 0.5%, we

only need N, 23) = 500, which is a small cost in megahertz-
gigahertz MDI QKD systems.

V. SIMULATION OF OUR METHOD

We perform a numerical simulation, to simulate how
our method affects the system. We assume that our MDI
system runs at 100 MHz, the length of the channel / =
100 km, the fiber-attenuation coefficient « = 0.2 dB/km,
the average number of photons per pulse of source u =
0.6, the detection efficiency n; = 40%, and the dark-count
rate Py = 3 x 107° [43]. We also use the polarization line
width, A,, to quantify the speed of the polarization drift
[44]. In our simulation, we give A, =3 X 1072, because
the duration of the key distribution procedure is about 3 s
for buried fibers that run between cities [45].

For our method, we choose the threshold values Vy, =
0.53,0.54, and 0.55, which means that we can keep
the QBER of the X basis of the system lower than
26.5%, 27%, and 27.5%. For steps 2 and 3, we use N122(3) =
500, which means that we will use 500 coincident gains in
these steps. We use 0.2 s as the period in which to accumu-
late data to monitor ¥, which is also the data size that we
use in step 1.

Thus, Fig. 3 shows examples of our polarization-
alignment method, where Figs. 3(a)-3(c) are selected for
the different thresholds of the QBER mentioned above.
The pink areas are the times for which our polarization-
alignment method runs: although our method does not stop
key distribution, the running of polarization alignment will
cause a random rise in the QBER. Although it only has a
small impact on the average QBER, we will discard it in
the interest of better system performance. As we can see,
the QBER is kept in the set threshold if our method runs,
and if we do not run the method, most times the QBER will
be larger than the set threshold. For the time during which
the method is in use, in the example shown in Fig. 3(b),
which chooses Ey, = 27%, the system runs for 90 s and
our method uses 5.7 s in total to correct the polarization,
which means that we only use about 6.3% of the total MDI-
protocol running time to correct the polarization, with the
length of the channel being / = 100 km and the polariza-
tion line width being A, = 3 x 1072. Then, if we increase
or decrease the threshold, the time taken by the method
will also increase or decrease, because the lower the thresh-
old, the more times the polarization alignment method will
work per unit time. This can be seen in Figs. 3(a) and 3(c),
where thresholds of 26.5% and 27.5%, respectively, are
chosen, which makes the percentages of the occupied times
7.7% and 4.3%.

VI. DISCUSSION AND CONCLUSIONS

We have proposed a polarization-alignment method that
eliminates the effect of birefringence on time-bin phase-
coding MDI QKD in fiber. The method uses the count
number and the coincidence-count number as the crite-
ria and directly calculates the Jones matrix that the EPC
should execute. We have shown that by selecting the
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criteria mentioned in this paper, an accurate polarization-
alignment operation can be found after three iterations.
Moreover, the accuracy of the method can be guaran-
teed. We have calculated the amount of data required for
the method to achieve the predicted accuracy and found
that the method is still efficient for the X basis of MDI
QKD. Compared with the previous methods, our method
is more adaptable when the QBER is high and more effi-
cient because it is fast, does not consume qubit data, and
does not introduce any additional photon loss. With these
advantages, our method can more effectively eliminate the
birefringence effect on the MDI-QKD systems. Further-
more, although we have used time-bin phase-coding MDI
QKD as an example in this paper, with similar analysis and
construction methods, this method can be extended to other
protocols that need to measure the interference results at
the untrusted node.

MDI QKD is an ideal candidate for the untrusted-node-
based network. With our method, MDI-QKD systems
can work without barriers due to the birefringence effect
between cities, which means that the construction of MDI-
QKD networks should become more feasible. Our high-
efficiency polarization-alignment method hopefully paves
the way for large-scale and field applications of MDI-QKD
networks.
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APPENDIX A: CALCULATION OF GAINS AND
COINCIDENT GAINS OF DETECTORS WITH
THE SOP

Here, we employ the method to calculate the response
rate that is proposed in Ref. [42]. As is known, for a
coherent state with polarization « |H) + B |V), it can be
written as

/1)y |B/1E)y (AD)
where w is the average number of photons of the coher-
ent state and o and B are the coefficients of the SOP, with
> + B> = 1.

The time-bin phase-coding MDI QKD is shown in
Fig. 1. To analyze the system, we must mark four check-
points, which are shown in Fig. 4:

1. Checkpoint 1. It is considered that both pulses on
both sides have been attenuated and phase randomized and
that the SOPs of Alice and Bob are in the H direction.

In order to make the analysis clear, we first analyze the
pure states with different random phases and then integrate
them. And for the attenuation of the pulses, although in
reality we attenuate the pulse before it enters the quan-
tum channel, for simplicity, we do it first in our discussion.
These operations will not affect the result. Therefore, we
analyze in the pure state
|/ tha) 1 |7 10}y (A2)
2. Checkpoint 2. After the modulation device, the
quantum state becomes

| coS(§a) v/a) gt [ €% sin(Ea) v/ Ia) 1

(A3)
|el¢b cos(éb)ﬂ)b{i |e’("’b+9b) sin(éb)«/ﬁ)bg ,

where subscript af refers to the / mode with H polariza-
tion, which belongs to Alice, and the other subscripts are
similar, 6, and 6, are the values of the additional phase
encoded on the short arm, and &, and &, are the distribu-
tion of the light intensity between the long and short arms,
which determines whether to send Z basis or X -Y basis and
codes of the Z basis. The correspondence between these
variables and codes is shown in Table II.

3. Checkpoint 3. After transmission through the fiber
channel, there are two effects: the first is the attenuation
of the fiber, denoted as 7,, np; the second is the change of
the SOP. Under the representation of H and V, the SOPs of
two paths of coherent states are transformed into o, |H) +
Ba V) and ap |[H) 4 Bp |V). The quantum state can then be
written as

|ota€' cos(&,) /1a ')a)a |t 0 sin(80) o/ Patla) i
|orpe®s cos (&) /Mbﬂb>b |otpe’ ) sin(,) Mb’]b)bSH
|Bae'® c08(84) /HaTla) | Bu€® 7 sin(&,) v/ HaTla) p

1

| Bre'® cos &) v/1ptn)yy |Bre ™ sin(E) o/ Hpin)yy

(A4)

It is worth noting that there is no loss due to the EPC,
because the EPC is in the trusted channel on the Bob
(Alice) side and any loss can be compensated. In other
words, the EPC only coforms the above-mentioned chan-
nel with the untrusted channel from Bob (Alice) to Charlie
but the loss caused by it can be ignored.

4. Checkpoint 4. After passing through the beam split-
ter, the state can be written as

[W1n) et [Wan) gt [W31) 20 [War) gir

(A5)
[W12)er 1W22) gy [W32) oy [Wa) gy

054041-7
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W11) = |ra€™® cos(En) [ 91 + iarpei® cos(s) Mbnb> :

| o
(Wa1) g = |iae'? cos(&,) Halla + ape®? cos(&) Mb”b> ,

1 2 dH
Ws1) i = |t @ sin(E, ),/ £+ iape @) sin(&y) Mbnb> ,
|\Ij4l)dH — iaaei(¢a+9a) sin(%—a) Mana + o el(¢b+9b) Sln(s ) sznb> N
S af!

(A6)

[Wia)y = |Bae™ cos(€), [ 2 + ife™ cos(&y), |- ;"b> ~
€1
(W) = [iBu cos(En), | =57 + B cos(éy), |- ;"b>ﬂ,
4
W32).r = | Ba @t singg,) | F1 4 i @) singey), | & bzm’>V,
Cs
W) = [iBae % sin(&,) | B 4 ge @) singy), [ 2 l’z’”’> -
ds

Because the detector cannot resolve the SOP, the state
changes into

(W1 e 1W2) 1 1W3)se [Wa) sa (A7)
where |¥;) = [¥;1) |¥;2) and
W2 = W |* + [Wal?, (A8)

and the |W;|? are the light intensities of the different modes.

Jiallal2, B =
£ = arg(a,) —arg(ep), &2 = arg
= |aalles| cos &1 + |Bal|Bsl cos &3, and

Then, for convenience, defining 4’ =

A pnp /2 ,
(Ba) — arg(By), k1

Charlie d SPD
AA AA Laser
(] S le Sa la D z
Checkpoint 4 L H BS
D D, i
I ﬁ i Modulator
Checkpoint3 -~ - o oonnan 9l

EPC EPC

Bob

Sh b

E EPC —

Checkpoint 2

0p.$p

Checkpoint 1 Checkpoint 2 Checkpoint 1

FIG. 4. The time-bin phase coding MDI-QKD system that we
use in this paper, with four checkpoints marked.

Ky = |og|lotp| siney + | B4l B sin &;, we can calculate that

[W,|? = A" cos(&,)* + B cos(£)? + 24’ B cos(&,) cos(&p)
x [k1 sin(@y — ¢) + k2 cOS(da — )],

|Wa|* = 47 cos(£,)” + B? cos(&)” — 24'B’ cos(€,) cos(€,)
x [k1 sin(@a — @) + k2 €08(da — )],

W52 = A7 sin(€,)* + B2 sin(&,)? + 24'B’ sin(&,) sin(&,)
X [k sin(¢y — @p + 04 — 0p)
+ K2 ¢08(¢y — Gy + 04 — Op)],

|W4|* = 4" sin(&,)* + B” sin(§,)” — 24'B sin(€,) sin(&,)
X [k sin(¢g — @p + 04 — 6p)
+ k2 c08(Pg — ¢ + s — Op)]. (A9)

As is known, the detector response rate is [46]
p=1—(1=Pyexp(—na¥[*),

where P, is dark-count rate and 7, is the detection effi-
ciency of the detectors; hence we can calculate the gain of
each detector.

Finally, the gain of a mode for a single detector can be
calculated as

4n2/ / 1 — (1 = Py) exp(—nalWil*) dpadepy,
(Al1)

(A10)
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where the subscript i = 1,2, 3,4 corresponds to the gains
ofl., 1, s., and s4, and the coincident gains of two detectors
can be calculated as

1 g s
Oy = m/ / [1— (1 — Py) exp(—nal¥;]*)]
[1—(1—Py exp(—nd|w|2)]d¢ad¢b

=D;+D; — 1+— (1—Pd)

=T J =T

x exp[—na(|Wil® + 1¥; *)]dgadeps, (A12)

where subscript i,j = 1,2, 3,4 corresponds to the coinci-
dent gains of I., I, s., and s;, which can be written as
s, . ...

APPENDIX B: THE RELATIONSHIP BETWEEN
BASIS-CHOOSING-PROBABILITY Px AND Vi,

In this appendix, we will calculate the relationship
between the SOP and V7, and the relationship between
basis-choosing-probability Py and V,. As we have calcu-
lated in Sec. 11, we have obtained Egs. (5)~«7) and in view
of Table 11, this problem will be discussed in the following
cases.

First, we consider both Alice and Bob choosing the X
basis. From Table II, we know that &, = &, = 7 /4. Then,
we can calculate

B .
2 Ig(ABlp,ps),

2 272
o =1+ [(1 —Pd)e—”’z—Bz]

2
D =1—(1—Pye 2

(BI)
2 ;
—2(1 = Pye 27 7 1(A4Blp,psD,

where the superscript X means choosing the X basis.

Then, we consider Alice and Bob choosing different
bases; for example, Alice chooses X and Bob chooses Z.
There are two cases:

1. Bob chooses bit 0. Then, we can calculate

42,
D\ =1— (1 — Pye T B 1y(v24B|p]ps),
0 A ?
O =14 |(1—Ppe

2
—2(1 — Py~ T B Iy(V24BIp] ps)),

(B2)

where the superscript Z; means choosing bit i of the Z
basis.

2. Bob chooses bit 1. Then, we can calculate

2

_4c
DIy =1—-(1-Ppe T,
(B3)

2 2

O = 14+[(1=Pe TP —2(1 — Ppe 7.

Finally, we consider both Alice and Bob choosing the Z
basis and there are four cases:

1. Both Alice and Bob choose bit 0:

_42_p2
D% =1— (1 = Pye* " 1oQ4Bpps)).
2
W =14 [ = Ppe ] (B4)
—2(1 = Po)e ™ F1,24BIp]ps)).
2. Alice chooses bit 0 and Bob chooses bit 1:
Z0Z: —42
D%l =1—(1—-Pye ™,
12) (B5)
A4 [( = PYe P —2(1 — Poe .
3. Alice chooses bit 1 and Bob chooses bit 0:
70Z _RB2
D%l =1—-(1—=Pype™,
'@ (B6)
A4 = PYe PP —2(1 — Ppe .
4. Both Alice and Bob choose bit 1:
D =1— (1= Py,
12) (B7)

O =14+ [(1 — P)P? —2(1 — Py).

After the above calculations, according to Eq. (12), under
the condition that the probability of choosing the X basis
is Py, we obtain

V12 — DQI_BZ 5 (BS)
where
Y01 Qs
O = (P* QY +2Px(1 — P =22
Zi A: Q i%j
+ (1 — PX)Z% (B9)
and
Yo DY
Diy = (PX)ZDX();) + 2Py (1 — PX)%
Z:Z;
P )
+ (1 - PX)ZM (B10)

4 b
and this is the relationship between Py, the SOP, and V,.
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Py =0

0.8

0.6

. . .
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
‘pzrzph ‘

FIG. 5. The relationship between the basis-choosing-
probability Py and Vj,. Simulation parameters: length of channel
[ = 100 km; fiber-attenuation coefficient @ = 0.2 dB/km; aver-
age number of photons per pulse of source u = 0.6; detection
efficiency 1y = 40%; and dark-count rate Py = 3 x 107°.

We can see how Py influences V; in Fig. 5. What we
can see is that Px has no significant effect on the shape of
the SOP-V1, curve but does affect its position. Thus, we
may as well treat all Py as Py = 1 throughout the whole

paper.

APPENDIX C: EFFECT OF POLARIZATION ON
THE QBER IN THE X BASIS AND THE
RELATIONSHIP BETWEEN IT AND V1,

After calculating Eqs. (A9)+A12), it is possible for us
to calculate all gains and coincident gains of all detectors,
which means that we can calculate how much the polar-
ization affects the QBER in the X basis. We know that the
QBER is [42]

_ 0230,=6, 1)
O23lo,=0, + O23lo,6,
and we have
On
Vi, = . C2
2=ph (C2)

Given that in view of Table II, in the X basis, §,, = 7/4
and 6, = 0 or &, we can calculate that

2,52

_A“+B°
Dissa=1—(1—Pye "z Iy(ABlplps)),

_A%4B?
Onlg=e, = 1 —2(1 — Py)e™ 2 Lo(ABIpips))

2
2.2
+ [(1 —Ppe 5 } ,

0.50 1.0
(a) (b)
0.45 0.9
0.40 0.8
w >
0.35 0.7
0.30 0.6
0.25 0.5
00 02 04 06 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0

pips] 25

FIG. 6. The effect of the polarization on (a) the QBER and
(b) V. Simulation parameters: length of channel / = 100 km;
fiber-attenuation coefficient « = 0.2 dB/km; average number of
photons per pulse of source u = 0.6; detection efficiency n; =
40%; and dark-count rate Py = 3 x 107°.

_A24B?
O023log20, = 1 —2(1 — Py)e™ "2 Io(4B|p}ps))

22

+ [(1 — PyeF

2
] o(24BIp[ps)),

012 = O0310,=6,5

thus we can calculate the effects of the polarization on the
QBER and V, which are

(C3)

P 1 = 2Cly(ABlpsps)) + C°
2 — ACLy(AB|pips]) + C2[1 + Ly4Bpips))]
- L= 2CUBlpips) +C*
1 = 2Clo(4B|pdpsl) + [Clo(ABlpaps )

(C4)

where A = /itatana/2, B = «/msnpna/2, and C= (1 —
Pd)e_A2+Bz/ 2. And if we consider the case where Alice and
Bob are symmetric, which means that n, = n, = n and
Wq = U = W, then under the condition that the length of
the unilateral channel / = 50 km and the fiber-attenuation
coefficient & = 0.2 dB/km, we have n = 107%/10 = 0.1,
w = 0.6, ng = 40%, and P, = 3 x 107°, and then we are
able to calculate the effect of the polarization on the QBER
in the X basis and V' in Fig. 6.

Considering the relationship between the QBER and V,
we can discover that

1
E

C2[1 + 1oQ24B|pipsl) — 2o (ABIpapsD)2]

2
4 1 — 2Cly(4Bpips]) + C

(C5)

and we know that lim,_, o Io(x) = 1, so, for 4B = unn,/2,
when the MDI-QKD protocol is working, it is obvious that
AB — 0, so we have

2ExV (C6)

and this is the approximation of the relationship between
the QBER and V.
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APPENDIX D: CALCULATION OF THE
RELATIONSHIP BETWEEN THE ACCURACY OF
THE METHOD AND THE FINITE LENGTH OF
THE NUMBER OF PULSES

First, we analyze the influence of the finite length on
the polarization-correction criterion Vj;, which is defined
in Eq. (12). We know that, for two random variables 4 and
B, we have

Var <é) ~ E? <é) |jVar(A) +
B B) | E*2(A4)

Var(4)

E*(4)

Var(B) Cov(4,B)
EX(B) E(A)E(BJ ’
Var(B) 5 Cov(4,B) :|

E2(B) ' "E(A)E(B)
(D1)

Var(4B) ~ E*(4B) [

from Ref. [47], where “Var” and “Cov” represent the
variance and covariance and E represents the expecta-
tion. Further, we know that N;, N;, and Nj; all satisfy the

J

binomial distribution and that N;; = N; (| N;; thus we can
calculate
Var(Ni2) = NOi2(1 — Oh2),
Var(N,) = ND(1 — Dy),
Var(N,) = NDy(1 — D»),
E(NiN;) = N(N — 1)D1D; + NQ1a,
Cov(N1,N2) = N(Q12 — D1D»),
Cov(Ni2, NiN;) = N(N — 1)(Dy + Dy — 2D1D2) Q2
+ N1 = 012)01n2
(D2)

and then we can calculate the influence of the finite length
on the polarization-correction criterion Vj;:

N, Var(Np,)
GV12:\/Var(NN1;\2/2)z\/V%2[ 12)

1 1 1

1
=V | —=[—+—+—+2V, 1 —
12\/N[Q12+D1+D2+ 12+

If N > 1and Qy; < 1, we have

[ 1 [ 1
UVIZ ~ V12 Nle = V12 N_lz

According to Egs. (5), (6), and (12), we can calculate that
for the ith measurement,

OI%IZ;‘ = [F(fsi)]z%zi, (D5)
where
F(6;)=2(1- Pd)e_Az cos(£4)2 —B cos(£p)?
x (Q _ E) AB cos(£,) cos(&y)
On P
x 11 (24B cos(&,) cos(£)v/5;), (D6)

in which f (x) = I;(x) is the modified Bessel function of
the first kind of first order, which is monotone increasing.
For step 1, we know that §; = cos(6)2. And for steps 2 and
3, itis clear that 853y > 1 — V2 sin(6) cos(6)/2 in view of

Var(Nl) Var(Nz) 2COV(N1,N2) COV(N]Q,N]Nz)
N N} N; NiN, NRE(NIN)
N —=D(D+Dy) + (1 +Q12)] (D3)
(N — 1D(D1D2) + Q12 '
[
Eq. (16). Therefore, we have
2
0s. 2 = 91,
5 = 2\12°
(D4) [£'(cos(0)7)]
2 (D7)
052’32 V12

< 7 5
1—+/25sin(6) cos(6)
|:F ( sm2 COS! )]

For the MDI system, 4, B — 0, so F(8;) ~ +/5;. What is
more, in view of Eq. (12), we have Vj, & 1 — %lp;rpbl2 =
1— %8 . Then, using Eq. (D4) we can see that

1 cos(9)? 1
O = — _
Va1 2 N121 ’
1 — /2 sin(0) cos(6) 1
P =\ 4 N2" ()

0833

1o V2sin(0) cos(9)
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Combined with the above discussion and Eq. (16), we can calculate that

(1—2cos<9>2>2(,2), |1 — 283 < [28, — 1],

(D9)

cos(go)2 1 1 0,2 4
02 _ sin(<p)2 cos(9)2 sin(G)2 cos(go)2 8 &:()5(9)2 sin(G)2 [
¢ 7] sin()? 1 142 4

cos(g)? cos(8)? sin(0)2 \sin(p)2 83 ' cos(0)?sin(®)%  d1

in which it is clear that cos(¢)?/sin(¢)? <1 and
1/sin(¢)? <2 when |1 — 28;3] < |28, — 1| and sin(p)?/
cos(p)? < 1 and 1/cos(¢)®> <2 when |28, — 1] < |1 —
283|. For each step, we repeatedly measure N; pulses, and
in combination with Eq. (DS8), we have

, 1 ((3+ﬁa)2 1

O'(p < _40(2

(1 -2B)%2 - B)? RS
[~ V2« ND o2p  NL)
(D10)

in which o« = sin®’ cos@’ = /(1 — B)B, B = cos 6%, and
0’ satisfies |p. py| = cos(6’), where

P 1 — 2Clo(4B|plps)) + C?

2 —4CLy(ABpips]) + C2[1 + Io2ABIpipsD]
(D11)

when E = Ey, where 4 = /[Latlana/2, B = </ onsna/2,
and C = (1 — Py)e~“*+5/2 Hence Eq. (D11) is the rela-
tion between the QBER E and the SOP |p;r P»l, which is
calculated in Appendix C.
In view of Eq. (9) and (14), we can calculate that
o5, = sin(0)%o,,

[

(D12)

where gy 18 the term through which the polarization affects
the system after correction.

Further, from Appendix C, we know that 2E ~ V, and
in view of Eq. (D5), we have

, _[FOP ,

O’Eﬁn = Taaﬁ“’ (D13)

where oz, is the precision of the QBER after polarization
correction. Then,

, (A= [B+V20)? 1
En = " 1oa2 ( - V2a N (D14)
(1-2822—-p)> 1
+ o5 N_ll) (D15)

Given Eq. (D11), and for the MDI system, 4, B — 0, so
that £ ~ % - %lpjpblz, we can know that 8§ =2 — 4E,,
o = /(4Ey, — 1)(2 — 4Ey).

<1—2cos<9>2>2(,2), 128, — 1] < |1 — 283],
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