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Due to its tunable infrared band gap and its anisotropic conduction properties, black phosphorus rep-
resents a very unique two-dimensional (2D) material, the potential of which in the engineering of new
devices still needs to be fully explored. Here, we investigate the nonlinear terahertz (THz) electrodynam-
ics of black phosphorus along the more conducting armchair direction. Similarly to the case of other 2D
systems such as graphene and topological insulators, the THz saturable-absorption properties of black
phosphorus can be understood within a thermodynamic model by assuming a fast thermalization of the
electron bath. While black phosphorus does not display the presence of massless fermions at ambient pres-
sure and temperature, our analysis shows that its anomalous THz nonlinear properties can be accounted
for by a relativistic massive Dirac dispersion, provided that the Fermi temperature is low enough. An
optimal tuning of the Fermi level therefore represents a strategy to engineer a strong THz nonlinear
response in other massive Dirac materials, such as transition-metal dichalchogenides or high-temperature
superconductors.

DOI: 10.1103/PhysRevApplied.20.054039

I. INTRODUCTION

Among the family of two-dimensional (2D) materials,
black phosphorus (BP) stands out for its highly distinctive
properties. At a fundamental level, BP is a very fascinat-
ing material, due to the occurrence of a pressure-induced
topological Lifshitz transition, which turns the material
from semiconducting to metal [1,2]. Indeed, it is found
that at relatively low pressures (approximately 1.5 GPa),
a nonavoided band crossing gives rise to a plasma of Dirac
massless charge carriers.

On the other hand, BP is also extremely appealing
for optoelectronic applications [3], since it couples a sig-
nificantly high mobility (reaching up to 1000 cm2/V.s)
with the presence of an infrared and tunable (0.3–2 eV)
band gap [4]. Its unique anisotropic in-plane transport
may be further exploited to design devices with com-
pletely new functionalities [5,6]. BP is also a hyperbolic
photonic material in the THz range [7], a property that
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can be exploited for a large variety of applications, such
as hyperlensing or subdiffraction light confinement. Non-
linear effects are crucial in many optoelectronic applica-
tions, such as for ultrafast signal processing [8] or optical
sensing [9].

Remarkably, miniaturization and electromagnetic con-
finement will induce the presence of strong electric fields
that may affect BP in a nonlinear way, thus making its
optical properties dependent on the characteristics of the
applied THz beam. In the dc limit, BP is also known to
exhibit nonlinearities, varying from current saturation to
impact ionization [10–13].

The physical mechanisms underlying these nonlineari-
ties are still debated and may be intimately connected to the
low-frequency limit of the conductivity in the THz regime.
The saturation properties in the THz absorption displayed
by 2D materials such as graphene or topological insu-
lators have recently been investigated both theoretically
and experimentally by making use of high-peak-power
THz sources [14,15]. One may thus wonder whether BP,
being on the verge of a Lifshitz transition that would
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eventually give rise to Dirac electrons, may share the same
physics.

To answer this question, here we provide a character-
ization of the nonlinear optical properties of bulk BP as
a function of the incoming THz field, by exploiting the
high-power TeraFERMI [16,17] source. This characteriza-
tion serves as a benchmark for theoretical models, which
aim to identify the fundamental ingredients responsible for
strong THz nonlinear behavior in general.

II. RESULTS AND DISCUSSION

The main result from our investigation is summarized in
Fig. 1, where we compare the real part of the linear (low
electric THz field) optical conductivity σ1(ν), as extracted
from FTIR reflectivity measurements at the SISSI beam
line [18], with the conductivity for three selected high-
THz-field intensities. These measurements are performed
with THz light polarized along the more conducting arm-
chair direction, while results from the zig-zag polarization
direction are briefly discussed in Appendix C. The THz
optical conductivity for all fields presents a weakly metal-
lic behavior due to the presence of dopant defects [2]. We
note from Fig. 1(b) that σ1(ν) is not constant for all incom-
ing THz fields, but progressively decreases as long as the
THz electric field value increases.

The optical conductivity can be fitted with one single
Drude term, thus allowing us to estimate the plasma fre-
quency (ωp ) and the scattering rate (�), as reported in
Figs. 1(c) and 1(d). An analysis of the Drude parameters
reveals that the observed decrease of σ1(ν) cannot be sim-
ply attributed to an enhanced scattering rate associated
with heating effects. On the contrary, the scattering rate
decreases for higher fields, an effect previously observed
in graphene and attributed to the dominance of long-range
scattering on Coulomb impurities [19]. This scenario is
even more likely in BP, where significant concentrations
of ionized point defects are believed to act as very efficient
charge-carrier scattering agents [20].

The decrease of the optical conductivity at high fields
is therefore driven by the reduction in the plasma fre-
quency ωp =

√
4πNe2/m∗, where N is the carrier density

and the effective mass is defined as m∗ = �2/d2ε/dk2.
The plasma frequency measured along the armchair direc-
tion varies between 660 cm−1 at 0.1 kV/cm to 470 and
300 cm−1 at 350 and 1650 kV/cm, respectively. This shows
that strong nonlinear effects are already at play between
approximately 0.1 and 350 kV/cm.

The effective mass m∗ used for the calculation of ωp is
a constant only as long as the charge carriers are restricted
to a small portion of the Brillouin zone (BZ) at the bottom
of the conduction band, where the parabolic approximation
holds. This is, however, no longer true for high accelerat-
ing fields, which can drive charge carriers in regions of
the BZ where the band dispersion relation is no longer

parabolic. This is indeed the case for InSb [21,22] or Bi
[23], where the breakdown of the effective-mass approxi-
mation explains their saturable-absorption properties in the
presence of strong THz fields.

This scenario can be mimicked with a finite-difference
time-domain (FDTD) approach, which incorporates the
nonlinear effects by making use of a wave-vector-
dependent effective mass m∗ = m∗(k), as in Ref. [21]. As
detailed in Appendix E, the calculation qualitatively repro-
duces the enhancement of the transmitted THz pulses for
increasing incoming fields but overestimates the transmis-
sion increase, especially for fields higher than 1 MV/cm.

Here, one should keep in mind that FDTD is a purely
one-electron model, which incorporates scattering only as
a friction parameter in the equation of motion of the qua-
siclassical electron. However, for sufficiently high fields,
both electron-electron and electron-phonon scattering can
have dramatic effects on the THz nonlinear properties. As
a consequence, in most realistic cases, temperature effects
need to be incorporated in some form.

III. THERMODYNAMIC MODEL

The most successful approach used to describe THz
nonlinear properties of quantum materials is the thermo-
dynamic model introduced by Mics et al. [19] to explain
the THz-induced transparency in graphene. Besides repro-
ducing the optical conductivity of graphene at high fields,
the thermodynamic model has also demonstrated its valid-
ity in modeling the generation of THz harmonics [24]
and plasmon-resonance softening both in graphene [25]
and in topological insulators [26] in ribbon-array struc-
tures. The thermodynamic model assumes that the elec-
trons that are absorbing energy from the THz field quickly
exchange energy through electron-electron collinear scat-
tering events [15], while the lattice temperature remains
the same. As a consequence of the ultrafast electron heat-
ing, the chemical potential readjusts to the increased elec-
tron temperature (Te), thereby lowering its Drude weight.

To check whether the thermodynamic model can be
applied to BP as well, we first evaluate the heating
induced by the THz pulses. To this aim, we employ a
two-temperature model,

ceρ
BP ∂Te

∂t
= G(Tl − Te) + S(t), (1)

clρ
BP ∂Tl

∂t
= G(Te − Tl), (2)

where S(t) corresponds to the impulsive heat provided by
the THz pulse, G is the electron-phonon coupling con-
stant, and ce(T) and cl(T) are the electronic and lattice
components of the heat capacity. The system of coupled
differential equations is solved with the help of the NTMpy
software package [27]. The details of the parameters are

054039-2



TERAHERTZ SATURABLE ABSORPTION... PHYS. REV. APPLIED 20, 054039 (2023)

(a) (b) (c)

(d)

FIG. 1. (a) The BP structure. (b) The real part of the optical conductivity of BP measured along the armchair polarization direc-
tions at selected THz electric field strengths. The measurement at low THz field (approximately 0.1 kV/cm) was performed with a
Fourier-transform infrared (FTIR) spectrometer, while the measurements at selected field strengths were performed by employing the
single-cycle pulses from the TeraFERMI facility. The overall behavior of σ1(ν) can be described (dashed lines) by the Drude model.
The optical conductivity decreases when the THz field increases. (c),(d) The (c) THz-field-dependent plasma frequency ωp and (d)
scattering rate �, as extracted from the Drude fitting.

provided in Appendix F. We note, however, that the elec-
tron heat capacity is evaluated through the textbook for-
mula ce(T) = 1

3π2D(εF)k2
BT, where D(εF) = 3

2 N/εF . The
Fermi energy εF = 32 meV is estimated by making use of
low-temperature FTIR data, as described in Appendix D.

The results of the two-temperature model are reported
in Fig. 2(a), showing the distribution of the electronic tem-
perature in time and space, along the whole thickness of
our BP sample, for the highest THz field (1.65 MV/cm).
In order to evaluate an effective temperature for the whole
sample, we perform an averaging along the entire sample
thickness, weighted by the THz-pulse penetration depth
(approximately 6 µm).

The two-temperature model thus allows us to plot the
evolution of the Drude spectral weight (SW = ω2

p ) as a
function of Te, ranging from 600 to 2750 K. This can be
compared with the T-dependent data from FTIR infrared
reflectivity (see Appendix D), covering, on the other hand,
T values from 10 to 300 K. The results are reported in
[Fig. 2(c)], where the Drude weight is plotted either as
a function of T for FTIR or as a function of Te for the
THz-field-dependent data.

Overall, the spectral weight decreases monotonically as
a function of temperature, with a striking drop observed
between the FTIR and the field-dependent experimental
data. The collapse of the spectral weight is remarkable,
since at the highest electric field value, corresponding to
Te∼2750 K, SW(T) has dropped below 20% of its low-
temperature value. Interestingly, the Fermi temperature
TF = 370 K coincides with the region where the SW(T)

decrease is more pronounced. This indicates that TF sets
the temperature scale for the dramatic decrease of the
spectral weight.

We now want to theoretically estimate the expected T
dependence of the SW. To this aim, we first need to estab-
lish the T dependence of the chemical potential μ(T).
Due to the high values of Te considered here (Te�7TF ),
the usual Sommerfeld expansion cannot be employed.
μ(T) is therefore evaluated through a numerical procedure
[25] calculating the shift necessary to conserve the total
number of charge carriers, according to the Fermi-Dirac
distribution (see Appendix G):

N (T) = N (T = 0) =
∫ +∞

−∞
g(ε)f (ε, μ(T), T)dε, (3)

where f (ε, μ(T), T) = (1 + exp[ε − μ(T)/kBT])−1 and
g(ε) is the density of states. Once the temperature depen-
dence of the chemical potential has been established, we
can calculate SW(T) as

SW(T) ∝
∫ +∞

−∞
v(ε)2g(ε)

∂f (ε, μ(T), T)

∂ε
dε, (4)

where v(ε) is the electron velocity, defined by v(ε) =
∂ε(k)/∂k|k0:ε(k0)=ε.

It remains to be seen which form of the density of
states g(ε) best reproduces our experimental results. As
shown in Fig. 2(b), a parabolic Schrödinger-like dispersion
with m∗ = 0.08me fits the BP band structure over a rather
limited wave-vector range, roughly corresponding to the
energy scale set by εF . At higher energies, the parabolic
dispersion strongly deviates from the real band structure
of BP. On the other hand, making use of a massive Dirac
dispersion in the form ε =

√
m∗2c4 + p2c2 allows a better

matching to the actual BP band structure over an extended
energy range, from 0 to 0.4 eV (k∼0 − 1.6 nm−1).
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(a) (c)

(b)

FIG. 2. (a) A false-color representation of the electron temperature as a function of time (horizontal) and penetration inside the
sample (vertical), calculated for the armchair polarization at the maximum applied THz electric field (1650 kV/cm). The dashed white
line is a Gaussian with a full width at half maximum (FWHM) of 590 fs, representing the time profile of the THz source used in
the simulation. (b) The energy versus momentum dispersion of BP from Ref. [28] (black) and for two model dispersion relations:
Schrödinger (red) and Dirac massive (green). (c) The normalized SW (markers) as a function of Te, for T-dependent reflectivity
(diamonds) and THz-field-dependent data (squares). To take into account possible scattering events occurring in different directions
of the k space, we set as a lower bound of Te, the value obtained from a simulation for an effective “isotropic” electron heat capacity,
calculated as a geometrical average over the armchair and zig-zag directions. The continuous lines correspond to the calculated SW(T)

for the two model dispersion relations as in (b). The dashed green line corresponds to the Dirac model, allowing for electron-hole pair
formation (see the text).

The choice of the proper band dispersion has a profound
impact on the functional dependence of g(ε) and v(ε) and
therefore on the evaluation of SW(T), as demonstrated in
Fig. 2(c). The most striking feature is that the Schrödinger-
like parabolic band model predicts a T-independent Drude
spectral weight. This is a consequence of the so-called f -
sum (or conductivity-sum) rule

SW(T) = ωp(T)2 = 8
∫ ∞

0
σ1(ν)dν = 4πNe2

m∗ , (5)

representing a statement on the conservation of the num-
ber of particles. This implies that in a model considering
one single (infinite) band in a purely parabolic potential,
SW(T) cannot change. It is known, however, that the rela-
tion in Eq. (5) is no longer true for Dirac materials [29–31].
In the case of graphene, both the compensated semimetal
properties as well as the Dirac nature of the quasiparti-
cles are responsible for the distinctive T dependence of the
SW(T) [32].

For an infinite three-dimensional Dirac dispersion, the
numerical calculation shown in Fig. 2(c) predicts a dra-
matic drop of the Drude SW(T), in good agreement
with our experimental observation. This shows that the

THz nonlinear properties of BP are ruled by the high-
temperature (T > TF ) thermodynamics of a relativistic
Fermi gas [33], which have previously been addressed in
the framework of the study of white-dwarf stars, hot quark
matter, and gluon-quark plasma, rather than condensed-
matter physics.

In this regard, a very interesting question is whether the
particle-antiparticle symmetry should be included in our
model, by taking into account the thermodynamic equili-
bration with holes in the valence band. This phenomenon
could take place via impact ionization [13], when charge
carriers accumulate enough energy from the driving field,
so that they can be promoted in the conduction band.
We have therefore calculated the thermodynamic SW(T)

dependence by taking into account the presence of both
electron and hole dispersions. In this case, depicted by the
green dashed line in Fig. 2(c), an upturn in SW(T) would
be expected at Te∼600 K, while SW(T) may even exceed
its low-temperature value for Te�1500 K.

This scenario is in disagreement with our experimental
findings. We believe that the reason for the discrepancy is
that impact ionization is an avalanche phenomenon requir-
ing the accumulation of collisions, so that thermalization
of electron-hole pairs cannot happen on the subpicosecond
time scale set by the duration of the THz pulse itself. It is
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therefore likely that for the full impact ionization process
to take place, a longer time scale is needed, probably in
the tens-of-picoseconds range, as previously observed for
InSb [34]. Nonetheless, the onset of the impact-ionization
phenomenon may provide a qualitative explanation for
the small differences between the experimental SW(T)

and the predictions of the thermodynamic model for one
single Dirac band, i.e., without electron-hole pair forma-
tion (full green curve in Fig. 2(c). Future time-resolved
THz-pump/THz-probe experiments may provide a deeper
insight into the nonlinear phenomena taking part.

IV. CONCLUDING REMARKS

We show that a very simple thermodynamic model
within the massive Dirac band dispersion—while disre-
garding the microscopic details of electronic transport at
high fields—can be successfully applied to quantitatively
describe the THz saturable-absorption properties of bulk
BP. This result is particularly interesting since the rela-
tivistic treatment is normally not needed to account for
the properties of BP at room temperature and pressure.
Due to the unique combination of massive Dirac disper-
sion and low TF , THz light can nevertheless be used to
drive BP in a high-temperature thermodynamic regime,
which has hitherto been confined to cosmology rather
than condensed-matter physics. Our findings may have
useful consequences for the design of BP-based optoelec-
tronic devices, as well as on the engineering of novel THz
nonlinear materials.
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APPENDIX A: SAMPLE

High-quality BP crystalline samples with a purity
>99.995% were purchased from HQ Graphene (www.
hqgraphene.com). The sample was cleaved with Scotch
tape until reaching a final thickness of d = 30 ± 10 µm,
as measured with a caliper. The sample was then quickly
glued onto a sample holder and mounted in the TeraFERMI
setup, where it was kept under N2 purging conditions (�
3% humidity) during the whole measurement.

APPENDIX B: THE TERAFERMI THz SOURCE

The THz source used for the THz electric field depen-
dent measurements is the TeraFERMI superradiant THz
beam line at the FERMI free-electron-laser facility [16,17].
TeraFERMI employs subpicosecond electron bunches in
the nanocoulomb range to emit THz light through the
coherent-transition-radiation mechanism induced by a 1-
µm-thick Al membrane. THz pulses are generated with a
repetition rate of 50 Hz and are then guided from the source
in vacuum to the TeraFERMI end station, exploiting the
high-peak electric fields for nonlinear spectroscopy.

The spectrum of the source is acquired through EOS.
We report in Fig. 3 the time profile as well as the spec-
tral content of the pulse, as the squared amplitude of the
Fourier transform. The intensity of the THz pulses was
measured by utilizing a pyroelectric detector previously
calibrated with a GENTEC THZ12D power meter. The
maximum intensity measured at sample position was I =
9 µJ. The spatial profile was characterized with the help of
a Pyrocam III THz camera, yielding a radius r = 305 µm.
The pulse length is approximated from the measured THz
electric field time trace with a Gaussian fit of its inten-
sity (squared electric field). The maximum electric field
strength is then estimated also assuming a Gaussian spatial
intensity distribution with an area of A = πr2:

E0 =
√

ηI2ln(2)

πr2�t
= 1.65 MV/cm, (B1)

where η = 377 � is the free-space impedance.

APPENDIX C: EXPERIMENTAL

The THz-field-dependent optical conductivity data are
extracted from a transmission experiment performed at dif-
ferent fluences of the incoming THz beam. To this aim, we
attenuate the THz pulses with a set of three photolitho-
graphic polarizers (from QMC Instruments and Tydex).
The first and third polarizers are kept at the same orienta-
tion, while the central one is allowed to rotate (at an angle
θi), thereby attenuating the electric field according to the
Malus law.

The THz light transmitted by the BP sample is detected
with an electro-optic sampling (EOS) setup, based on a 1-
mm-thick ZnTe crystal and a 79.9 MHz C-Fiber780 laser
from MENLO, optically synchronized to the FERMI mas-
ter clock. As a reference, we measure the EOS signal (with
the same ZnTe crystal) with an empty sample holder, after
strongly attenuating the signal with the polarizers (approx-
imately 5 × 10−2) to the angle θmin, corresponding to the
lowest THz intensity in the present experiment.

The reference EOS trace is scaled with the peak value
recorded in EOS measurements performed for all attenu-
ation angles with a GaP 100-µm-thick crystal instead of
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(a) (b)

FIG. 3. (a) A representative THz time trace of the source and (b) the corresponding intensity spectrum.

ZnTe:

Eref,θi(t) = Eref,θmin
ZnTe (t) · Eref,θi

GaP (tmax)

Eref,θmin
GaP (tmax)

. (C1)

The use of GaP, as a normalization method for the refer-
ence spectra, avoids incurring in saturation effects in the
more sensitive ZnTe crystal when the THz pulses are not
attenuated enough by the polarizers or by the sample itself.
This allows us to evaluate the transmission as

Ti(t) = EBP,θi
ZnTe (t)/Eref,θi(t). (C2)

The real and imaginary parts of the refractive index ñ(ν) =
n(ν) − ik(ν) are evaluated using standard formulas, as
described in Ref. [35].

The real part of the optical conductivity is finally evalu-
ated through

σ1(ν) = 1
4π

2n(ν)k(ν). (C3)

The optical conductivities, extracted as discussed above,
are fitted between ν = 0.5 and 2.5 THz, by employing a
simple Drude model:

σ1(ν) = 1
4π

ω2
p

�2 − (2πν)2 . (C4)

Figure 5 reports on the optical conductivity measured
along both the armchair (blue) and zig-zag (red) polar-
ization directions. In the case of zig-zag polarization, a
less-pronounced saturable-absorption behavior is found if
compared with the case of armchair direction. This result
can be qualitatively understood by considering the reduced
anharmonicity of the zig-zag band dispersion with respect
to the Dirac-like armchair polarization, as discussed in the
main text.

APPENDIX D: TEMPERATURE-DEPENDENT
FTIR REFLECTIVITY DATA

Temperature-dependent reflectivity measurements were
performed on a bulk sample from the same batch as the
one used for the THz-field-dependent measurements. A
bulk freshly cleaved sample was mounted on a Helitran
LT-s He-flux cryostat equipped with different optical win-
dows (polyethylene and KRS5 for the far-infrared and
midinfrared ranges, respectively). The measurements were
performed at the SISSI infrared beam line [18], at nearly
normal incidence, by employing a Bruker Vertex 70v
FTIR spectrometer, equipped with suitable beam splitters
(Si, KBr) and detectors (Si bolometer, MCT photodetec-
tor). A linear polarizer was inserted in the optical path to
select the response from the armchair direction. Such an
orientation is selected by maximizing the reflectivity in
the far-infrared range. As a reference for the reflectivity

FIG. 4. The Gaussian fit of the intensity time profile. The pulse
duration is estimated as �t = 590 fs FWHM.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 5. The real part of the optical conductivity, at all measured electric field values along the armchair (blue) and zig-zag (red)
polarization directions: (a) 350, (b) 450, (c) 690, (d) 920, (e) 1140, (f) 1220, (g) 1390, (h) 1470, and (i) 1650 kV/cm. The lighter lines
correspond to the Drude fittings.

measurement, we employ the gold-overcoating technique
[36].

The optical reflectivity data are extrapolated at low and
high frequencies using standard procedures, in order to
extract the optical conductivity through Kramers-Kronig
transformations [37]. The THz optical conductivity is fit-
ted with the help of the Drude model, as in Eq. (C4), thus
allowing us to establish the temperature dependence of the
plasma frequency ωp(T) and the scattering rate γ (T).

From the value of the plasma frequency ωp(T) and by
using an effective-mass value of m∗/me = 0.08 from the
literature for the armchair direction [38,39], it is possible
to calculate the charge density:

N = ω2
pm∗

4πe2 = 5.8 × 1017 cm−3. (D1)

The Fermi energy can be then estimated through

εF = �2

2m∗ (3π2N )2/3 = 31.7 meV. (D2)

The density of states at the Fermi level is finally given by

D(εF) = 3
2

N
εF

= 1.71 × 1044 J−1 m−3. (D3)

APPENDIX E: NONLINEAR FDTD MODEL

A one-dimensional FDTD method based on the Yee
algorithm together with the model of the ballistic motion
of conduction electrons, as presented in Ref. [21], can
be used to describe the intense THz-pulse-induced trans-
parency observed in the bulk BP, in semiquantitative agree-
ment with experiment. According to this model, under
the intense THz field, the electrons are accelerated to
the highly nonparabolic regions of the conduction-band
energy of BP in the first BZ. The model does not take
into account the interband tunneling, impact ionization, or
any scattering mechanisms other than those in the Drude
model. In this theory, the electric displacement (D) in BP
due to the propagation of the THz beam is given by

D = ε0ε∞ETHz + PNL, (E1)
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(a)

(b)

FIG. 6. The temperature-dependent infrared reflectivity (upper
panel) and the real part of the optical conductivity (lower panel)
as extracted from Kramers-Kronig transformations.

where ETHz is the electric field of the THz beam, ε0 is
the permittivity of free space, and ε∞ = 1 + χ0 is the
background dielectric constant, with χ0 being the back-
ground high-frequency dielectric susceptibility. PNL is the
nonlinear (NL) polarization arising from the conduction-
electron responses to the extreme THz beam. The temporal
evolution of the polarization, PNL, is defined as

dPNL

dt
= −Nevg(k), (E2)

where vg(k) is the group velocity of an electron wave
packet of wave vector k. Using a semiclassical description,
vg(k) is given by

vg(k) = 1
�

∂ε(k)
∂k

, (E3)

where ε(k) is the conduction-band energy-momentum
dependence. The temporal evolution of wave vector k is
governed by the equation of motion of the electron in the
response to the THz electric field,

dk
dt

+ �k = e
�

E(z, t), (E4)

where � is the electron scattering rate in the linear regime.
In Eq. (E2), n is the carrier density, which is obtained

TABLE I. The parameters used in the simulation.

ωp 660 cm−1 ∼= 19.79 THz
� 72.8 cm−1 ∼= 2.18 THz
m∗ (m0 = 9.1 × 10−31 kg) 0.076 m0 [40]
ε∞ 9.7

from the plasma-frequency relation with the electron den-
sity n and the electron effective mass m∗, i.e., ω2

p =
Ne2/(ε0ε∞m∗). The FDTD method is used to solve the
time-dependent Maxwell equations for the propagating
THz electromagnetic fields (E, D, and H ) inside the BP
slab of thickness d = 30µm. First, H and D are calculated
by solving the Maxwell curl equations for a propagating
THz field using the Yee central-difference FDTD algorithm
at time step n + 1, employing the values at the earlier time
steps. Then, the electric field E for time step n + 1 at each
point on the spatial grid s of the position of the BP slab is
given by

En+1
s = Dn+1

s Pn+1
NL /ε∞ε0. (E5)

The value of the polarizability at time step n + 1, Pn+1
NLs ,

is calculated as follows. First, the wave vector kn+1 is
calculated by solving the differential in Eq. (E4), in the
Yee FDTD algorithm. Second, the group velocity, vn+1,
corresponding to the value of the wave vector, kn+1, is
determined from the realistic conduction-band structure of
BP through Eq. (E3). Having the value of vn+1, the polar-
izability at time step n + 1 can be obtained by solving the
differential equation of Eq. (E2). For calculating the val-
ues at time step n + 1, we need to use the stored values
from two time steps earlier, n − 1, fulfilling the central-
difference nature of the Yee FDTD algorithm, where the
finite-difference equations are central about the time point
tn. The electric field in free space at time step n + 1 can be
calculated using En+1

s = Dn+1
s /ε0.

In the simulations, the values for � and ωp are extracted
from the experimental data and ε∞ and m∗ are given from
the literature. The time step �t is set to 0.5 fs and the spa-
tial step �z is set to 0.3 µm. All the parameters used in the
FDTD simulations are listed in Table I.

According to the model, if the electron moves in a
perfectly parabolic potential, the nonlinear polarization
component PNL vanishes according to Eqs. (E2) and (E3).
On the other hand, when the THz fields are intense enough
so as to drive electrons in anharmonic regions of the band
dispersion nonlinear effects can no longer be neglected.

This scenario can also be understood in terms of a wave-
vector-dependent effective mass. While for a parabolic
potential m∗ = �2(∂2ε/∂k2)−1 is a constant, in the case of
anharmonicity, m∗ = m∗(k) [see Fig. 7(a)]. In most realis-
tic cases, the electrons then start exploring regions of the
BZ, where the band dispersion flattens with respect to the
band bottom, thereby resulting in an increased effective
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(a) (b) (c)

FIG. 7. (a) The schematics of the wave-vector-dependent mass variation. In a nonparabolic potential - such as the one depicted here
in red - m* depends on wavevector k, while m* is a constant for parabolic bands. (b) The incoming and transmitted THz fields from
the BP sample from the FDTD calculation. The outcoming THz fields are normalized to the incoming peak value. With increasing
incoming THz fields, the transmitted pulses also increase, thereby qualitatively reproducing the experimentally observed saturable
absorption. (c) The THz-field dependence of the transmittance (measured at peak position), defined as Emax

out /Emax
in and normalized to

the lowest field value, for both FDTD and experiment.

mass m∗ = m∗(k) and saturable-absorption behavior takes
place. In the case of BP, the nonlinear FDTD calculation
qualitatively reproduces the enhancement of transmitted
THz pulses for increasing incoming fields. However, for
fields higher than 1 MV/cm, the FDTD simulation strongly
overestimates the expected transmitted intensity reduction
[see Figs. 7(b) and 7(c)].

APPENDIX F: TWO-TEMPERATURE-MODEL
CALCULATION

The calculation of the electron temperature Te reached
after THz photoexcitation has been performed with
the NTMpy software package [27], based on a two-
temperature model. The model assumes that two indepen-
dent reservoirs (Te for electrons and Tl for the lattice) are
present and exchange heat after absorption of the THz
pulse. This takes place through the coupled differential
equations:

ceρ
BP ∂Te

∂t
= G(Tl − Te) + S(t), (F1)

clρ
BP ∂Tl

∂t
= G(Te − Tl), (F2)

where

(1) ce = γeTe/ρ
BP is the electron heat capacity, with

γe = 1
3π2D(εF)k2

B

(2) cl = 9nkB(T/θDebye)
3
∫ θDebye/T

0 x4exdx/(ex − 1)2 is
the lattice heat capacity

(3) G = 3γeλe-phE2
Debye/π�kB is the electron-phonon

coupling constant
(4) S(t) corresponds to the heat provided by the THz

pulse, which is considered here as a Gaussian

with ρBP = 2600 kg/m3 and θDebye = 267 K (EDebye =
0.023 eV). n = 5.3 × 1028 m−3 is the density of ions in
the crystal. λe-ph is the electron-phonon coupling constant.

The code calculates the time-evolution of Te and Tl as a
function of time and for the various BP layers along the full
30-µm-thick stack, by taking into account the absorption
of the THz beam at the various layers. A weighted aver-
age is finally performed to calculate an effective Te(t) =
�zazTz

e(t)/�zaz by multiplying the electronic temperature
of each layer by a coefficient az = exp(−z/z0), where z0 is
the penetration depth at 1 THz.

As thoroughly discussed in Ref. [41], the most reliable
experimental technique to evaluate the electron-phonon
coupling constant λe-ph is through pump-probe experi-
ments. In order to provide an estimate for λe-ph, we first run
the NTMpy code on the time-resolved measurement from
Ref. [3]. To this aim, we employ the same material param-
eters as discussed above while trying different values for
λe-ph. It turns out that λe-ph∼0.1 provides a relaxation time
in quite good agreement with respect to the time-resolved
reflectivity data. On the other hand, for λmin

e-ph = 0.01 or
λmax

e-ph = 0.2, the results provided by the NTMpy code start
showing some deviations in the relaxation behavior with
respect to the experiment.

Once the electron-phonon coupling constant λe-ph has
been established, we can finally apply the code to estimate
the electronic temperature Te in the present experiment.
To this aim, we simulate our source with a Gaussian
with �tFWHM = 590 fs. The fluence varies from 1.4 to
30.8 J/m2. We take as a central frequency ν0 of our source
S(ν) the first moment

ν0 =
∫

νS(ν)dν
∫

S(ν)dν
= 1.13 THz. (F3)
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FIG. 8. Time-resolved reflectivity data from Ref. [3] and cor-
responding simulations performed with the NTMpy code, by
using the same material parameters as discussed above, and for
different values of the electron-phonon coupling constant λe-ph.
It is clear that λe-ph∼0.1 properly reproduces the experimental
findings and notably the short relaxation within approximately
1 ps.

We finally obtain λ0 = c/ν0 = 295 µm. With these param-
eters, we calculate Te(t), as reported in Fig. 9. In our exper-
iment, we address the nonlinear electrodynamic properties
as a function of the THz fluence. This implies that we are
only interested in Te(t) values that are being probed by
the THz pulse itself. To this aim, we calculate an effective
electronic temperature

Te =
∫

Te(t)S(t)dt
∫

S(t)dt
(F4)

at each fluence and for both orientations. These are the
temperature values employed in Fig. 2.

APPENDIX G: TEMPERATURE DEPENDENCE OF
SPECTRAL WEIGHT

Because of charge conservation, the chemical potential
can be defined as the value satisfying the normalization
condition [42]:

N =
∫

1
4π3 f (ε(k)) dk, (G1)

where

f (ε(k)) = 1
e[ε(k)−μ(T)]/kBT + 1

. (G2)

Once N is known, it is possible to numerically evaluate
the full temperature dependence of μ(T) for any possible
energy-band dispersion ε = ε(k). We report in Fig. 10(b)

FIG. 9. The time-dependent electronic temperature Te(t), cal-
culated at the highest fluence for a Gaussian THz source centered
at 3 ps (see text).

the temperature dependence of μ(T) for two different band
dispersions: one parabolic band dispersion (red) ε(k) =
�2k2/2m, with m = 0.08 · me, and a relativistic Dirac band
dispersion (green) in the form ε(k) = √

m2c4 + �2c2k2,
with m = 0.08 · me and c = 4.7 × 105 m/s, as fits to the
BP band structure along the armchair direction. For both
dispersions, the chemical potential rapidly decreases with
temperature and is already crossing the conduction-band
bottom at about 350 K and 300 K for parabolic and Dirac
dispersions, respectively. While the trend of the chemi-
cal potential is quite similar for the two dispersions, the
difference in the behavior of the SW, as seen in [Fig.
10(c)], is remarkable. For the parabolic potential, the SW
remains constant at all temperatures, while it dramatically
decreases and saturates close to 0 for the Dirac dispersion.

Interestingly, if we include the presence of a valence
band that is symmetric with respect to the conduction band,
the situation drastically changes both from the point of
view of the chemical potential and from that of the SW.
We have performed the calculation (green dashed line)
in the case of the Dirac dispersion by assuming a gap
of 0.3 eV (independent of the value of m). In this case,
μ(T) first drops, similarly to what is observed for the sin-
gle band calculation, and then saturates for an energy of
−0.15 eV, corresponding to the center of the gap. From
the point of view of the SW, in correspondence with the
saturation, we observe an upturn of SW(T), which asymp-
totically increases linearly with T, as a consequence of the
T-induced formation of electron-hole pairs.
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(a) (b) (c)

FIG. 10. (a) The energy dispersion for three different energy-band dispersions and the correspondingly calculated (b) chemical
potential μ(T) and (c) spectral weight SW(T). The red lines correspond to parabolic dispersion, while the green lines correspond to
massive Dirac dispersion when the conduction band only is taken into account. The dashed green lines correspond to massive Dirac
dispersion for symmetric conduction and valence bands with a 0.3-eV gap, thus allowing the formation of electron-hole pairs. The
purple dashed-dotted line indicate the Fermi level, while the dashed black line shows the center of the gap.
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