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We theoretically and numerically study the dual-pumped optical parametric oscillation in Kerr nonlin-
ear microresonators with and without the thermo-optic effect. Parametric gain at degeneracy points, which
exceeds the intrinsic loss of the waveguide, can be achieved with both normal and anomalous dispersion by
optimizing the pump power, detuning, and frequency offset. Our theoretical modeling includes the various
forms of dynamic behavior of the dual-pumped cavity, such as build-up, bistability, and chaotic behavior.
Besides, the conditions for spectral phase transition, including the power threshold and critical point, have
also been numerically investigated to achieve degenerate parametric oscillation. Notably, we analyze the
phase-sensitive amplification regimes leading to phase bifurcation, which enable various applications in
quantum random number generation, all-optical coherent Ising machines, and on-chip photon-pair gener-
ation. Our study will hopefully provide guidelines for Kerr-based microresonator designs, which aim for
degenerate optical parametric oscillation.
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I. INTRODUCTION

Optical parametric oscillators (OPOs) are critical for a
myriad of applications, such as optical-frequency-comb
(OFC) generators [1,2], coherent Ising machines (CIMs)
[3,4], random number generators [5], photonic spiking
neurons [6], and frequency converters [7]. As tunable con-
venient sources of coherent light, OPOs have been demon-
strated in a variety of platforms, ranging from electro-optic
(χ2) media such as lithium niobate (LiNbO3) [8], alu-
minum nitride (AlN) [9], and aluminum gallium arsenide
(AlGaAs) [10] to the Kerr (χ3) media, including silica
[11], silicon carbide (SiC) [12], silicon (Si) [13], and sil-
icon nitride (Si3N4) [14]. Among the various photonic
platforms, Si3N4 has emerged as a Kerr-based platform
[15]. It enables CMOS-compatible photonic integration,
ultralow propagation loss below 0.4 dBm−1 [16], a broad
wavelength transparency range from 0.4 µm to 2.35 µm
[17], watt-range power handling, and strong Kerr nonlin-
earity with the absence of two-photon absorption (TPA)
due to its insulator nature [18,19].

Recently, there has been considerable interest in exploit-
ing microresonator-based OPOs to realize photonic inte-
grated circuits (PICs) that utilize stimulated [20–22] and
spontaneous [23,24] four-wave mixing (FWM). To date,
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single-pumped OPOs by using silicon nitride photon-
ics have already been well studied and the conditions
for parametric oscillation have been investigated [25,26].
Moreover, dual-pumped OPO using Kerr nonlinearity is
a crucial case in which photons from both the blue and
red pumps are converted into coherent photon pairs by
FWM (Fig. 1). Specifically, degenerate OPOs (DOPOs)
occur when the signal and idler photons share the same
frequency [27]. Apart from the DOPOs using χ2 nonlin-
earity in the first proof-of-principle demonstration [28],
Kerr-based DOPOs require double pumps with different
wavelengths. Silicon nitride microresonator-based DOPOs
have been theoretically and experimentally demonstrated
in the normal group-velocity-dispersion (GVD) regime,
which can be achieved by the dispersion engineering of
the silicon nitride waveguide [29]. Meanwhile, the design
of Kerr-based dual-pumped DOPOs still requires further
studies on the bifurcation of dual pumps, spectral phase
transition, and phase-sensitive amplification.

We investigate the design considerations of dual-
pumped OPOs in silicon nitride cavities by exploiting
the stimulated parametric FWM. The thermo-optic effect
(TOE) due to absorption loss should be considered in the
design of OPOs, especially those employing intense pump
powers with lossy waveguides or requiring high modeling
precision. The nonlinear dynamics in Kerr microresonators
due to large optical nonlinearities have been studied. These
dynamics include bifurcation such as bistability [24,30],
instability, dual-pumped parametric oscillation, spectral

2331-7019/23/20(5)/054036(11) 054036-1 © 2023 American Physical Society

https://orcid.org/0000-0002-6297-5976
https://orcid.org/0000-0003-3083-7760
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.20.054036&domain=pdf&date_stamp=2023-11-16
http://dx.doi.org/10.1103/PhysRevApplied.20.054036


MENGLONG HE and KAMBIZ JAMSHIDI PHYS. REV. APPLIED 20, 054036 (2023)

FIG. 1. An introduction to the microresonator-based dual-
pumped optical parametric oscillator: the coherent input fields
consist of dual pumps and signal or idler fields, which can be
seeded from vacuum.

phase transitions between degenerate and nondegenerate
regimes [31], and nonequilibrium phase transition [29].
Controllable spectral phase transition through the selec-
tion of the frequency offset has been studied in previous
works [29,31]. In particular, we also explore the intensity-
dependent critical point for tuning the phase transition
as a feasible alternative. This paper is organized as fol-
lows. In Sec. II, we theoretically study the dynamics of
OPOs with dual-pumped fields by a set of coupled-mode
equations derived from the normalized Lugiato-Lefever
equation [24,32], including TOE terms. Section III utilizes
numerical simulations to analyze the complex dynamics
of Kerr microresonators with two pumps and the param-
eter space for optical parametric gain with or without
thermal stabilization. Finally, in Sec. IV, we derive the
power threshold required by the parametric gain and also
explore the conditions for the second-order critical points
to achieve frequency-degenerate oscillation. Notably, the
phase-sensitive gain of DOPOs has been modeled and
simulated with both normal and anomalous GVD.

II. MATHEMATICAL MODEL

In OPOs with two continuous-wave (cw) pumps, the
relation between the pumps (with angular frequency ωr and
ωb) and the created photon pairs (with angular frequency
ωi and ωs) is ωr + ωb → ωs + ωi. As shown in Fig. 2, we
focus on the mode spectra, which consists of a red pump
ār (normalized) with detuning �̄r (normalized) and a blue
pump āb with detuning �̄b. Besides, the generated signal-
idler pairs, denoted by ās and ār, have cold detunings (�̄s
and �̄i). The two pumps (ār and āb), the signal ās, and the
idler āi have frequency offsets with the degeneracy point
(ωc) equal to k̄r, k̄b, k̄s, and k̄i, respectively, as follows:

∂ ā
∂τ̄

= ∂ ār

∂τ̄
eik̄rt̄ + ∂ āb

∂τ̄
eik̄bt̄ + ∂ ās

∂τ̄
eik̄st̄ + ∂ āi

∂τ̄
eik̄i t̄. (1)

FIG. 2. Depictions of the mode spectra and frequency in a
four-mode approximation. The purple curves indicate the lin-
ear transmission of ring cavities over three free spectrum ranges
(FSRs). The green line highlights the degeneracy point of the
DOPOs.

The degenerate OPOs occur when the frequency off-
sets of the signal and idler both equal 0. We exploit a
set of nonlinear coupled equations [Eqs. (2)–(5)] to model
the field propagation of the red pump (long-wavelength
pump), the blue pump (short-wavelength pump), the sig-
nal field, and the idler field. Compared with the previous
work proposed in Refs. [24,29], our model considers sev-
eral additional optical effects in the Si3N4 ring cavities,
such as propagation loss, nonzero frequency detuning, and,
importantly, thermal nonlinearity, which can significantly
induce a nonlinear shift of the refractive index:

∂ ār

∂τ̄
= i(|ār|2 + 2 |āb|2 + 2 |ās|2 + 2 |āi|2 + ηk̄2

r )ār

+ iāsāiā∗
b + (−1 − i�̄r + iT̄)ār + S̄r, (2)

∂ āb

∂τ̄
= i(|āb|2 + 2 |ār|2 + 2 |ās|2 + 2 |āi|2 + ηk̄2

b)āb

+ iāsāiā∗
r + (−1 − i�̄b + iT̄)āb + S̄b, (3)

∂ ās

∂τ̄
= i(|ās|2 + 2 |ār|2 + 2 |āb|2 + 2 |āi|2 + ηk̄2

s )ās

+ iārābā∗
i + (−1 − i�̄s + iT̄)ās + S̄s, (4)

∂ āi

∂τ̄
= i(|āi|2 + 2 |ār|2 + 2 |āb|2 + 2 |ās|2 + ηk̄2

i )āi

+ iārābā∗
s + (−1 − i�̄i + iT̄)āi + S̄i, (5)

where the total circulating field ā is formulated with
respect to the degeneracy point. S̄ is the normalized
input pump field and τ̄ represents the scaled slow-time,
which describes the envelope evolution over the successive
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round trip (tR). In addition, the normalized cold detun-
ing is defined by �̄0 = 2τph (ωcav − ω0). Importantly, all
the variables in Eqs. (2)–(5) have been normalized to
dimensionless terms (for details, see Appendix). The total
cavity loss modeled by the normalized term −1 includes
the coupling θ and the intrinsic loss α. In particular, the
cubic terms can describe the Kerr effect, which accounts
for cross-phase modulation (XPM), self-phase modulation
(SPM), and optical parametric processes such as FWM.
Besides, the quadratic terms of the frequency model the
dispersion, a positive sign of which (η = +1) means nor-
mal GVD while a negative sign (η = −1) means anoma-
lous GVD. Here, T̄ refers to the temperature in silicon
nitride cavities heated by the surface photon absorption,
leading to a red shift of the cavity resonance [33]. We can
describe the thermal evolution by using Newton’s law of
cooling, as [34,35]:

∂T̄
∂τ̄

= (χ̄s |ā|2 − T̄)
1
τ̄th

. (6)

In particular, the ratio of detuning caused by the TOE
induced by self-heating and that of the Kerr effect can be
quantified by the thermal coefficient χ̄s [33,34]:

χ̄s = kaατthdn/dT
cvρn2

. (7)

Here, dn/dT is the thermorefractive coefficient, n2 repre-
sents the Kerr-nonlinearity coefficient [36,37], ka gives the
absorption fraction of silicon nitride [33], and τth is the
thermal relaxation time. The specific heat is referred to as
cvρ. In the equilibrium states, the TOE (delayed response)
and the Kerr effect (instantaneous response) are both pro-
portional to the cubic term of the total field, |ā|2 a. With the
thermal coefficient χ̄s less than 1, the Kerr effect is the most

FIG. 3. The thermal coefficient χ̄s of silicon nitride ring res-
onators, as a function of the intrinsic loss of the waveguide α and
the absorption ratio ka. The red and blue points indicate the intrin-
sic loss, absorption loss, and corresponding thermal coefficient
considered in the state-of-the-art works [18,33].

TABLE I. The key parameters and constants used in the simu-
lation.

Parameter Symbol Value

Resonance frequency ω0 2π × 193.55 THz
Ring radius R 100 µm
Mode effective area Aeff 1.15 × 10−12 m2

Group-velocity
dispersion

|β2| 0.55 ps2/m

Intrinsic loss α 0.1 dB/cm
Absorption fraction ka 0.32
Ring-bus power

coupling
θ 0.00144

Photon lifetime τph 1.52 ns
Specific heat cvρ 1.84 × 1015 W/m3 [35]
Thermal relaxation time τth 1.354 µs [36]
Group index ng 2.1
Kerr-nonlinearity

coefficient
n2 2.4 × 10−19 m2/W [36]

Thermorefractive
coefficient

dn/dT 2.5 × 10−5K−1 [35]

dominant optical nonlinearity in silicon nitride waveguides
within the whole intensity range. Figure 3 depicts the ther-
mal coefficient χ̄s of silicon nitride waveguides in terms
of the intrinsic loss α and the absorption fraction ka. The
intrinsic loss consists of absorption loss induced by surface
photon absorption due to hydrogen impurities in silicon
nitride and scattering loss caused by the side-wall rough-
ness of the waveguide [18]. The important variables and
constants utilized in the numerical simulation are summa-
rized in Table I. For a silicon nitride ring cavity with a
radius of 100 µm, an intrinsic loss α of 0.1 dB/cm, an
absorption fraction ka of 0.32, and a coupling coefficient
θ equal to 0.00144 for critical coupling, the ratio between
the strength of the TOE and the Kerr effect is 0.4286. This
indicates that the Kerr nonlinearity is more significant than
the TOE in silicon nitride ring cavities with a high quality
factor, which agrees with the measurement results shown
in the previous works with ultralow loss [18,33].

III. DYNAMICS AND PARAMETRIC GAIN

We now study the conditions for the maximum opti-
cal parametric gain. It is worth noting that the parametric
oscillation occurs when the gain exceeds the intrinsic loss
of the cavity. Otherwise, the signal field reduces to a
squeezed vacuum-state field due to spontaneous FWM
[38,39]. By exploiting the perturbation theory, we inves-
tigate the nonlinear dynamics of dual pumps, such as
resonance, bistability, and oscillation in the Kerr microres-
onators due to XPM, SPM, and the TOE. Our primary
goal is to investigate the regions for parametric gain in
the parameter space (without normalization) defined by the
pump power Pin, the frequency detuning �, the angular
frequency offset k, and the relative phase φ.
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A. Dynamics of ring cavities with dual pumps

We assume that both pumps are undepleted by the χ3-
based parametric interaction, which is an efficient approxi-
mation for typical experiments not requiring a high con-
version efficiency [31,40]. We perform the perturbation
analysis [41] to analyze the complex dynamics of the Kerr
cavities with coupled modes. We can derive the dimension-
less steady-state field equation of the red and blue pumps
using perturbation theory (with the signal or idler typically
in the submicrowatt range):[

Ī 2
r + 2δ̄rĪ r + δ̄r

2 + 1 4Ī bĪ r + 4Ī 3
r + 4δ̄rĪ r

4Ī bĪ r + 4Ī 3
b + 4δ̄bĪ b Ī 2

b + 2δ̄bĪ b + δ̄b
2 + 1

][
Ī r

Ī b

]

=
[∣∣S̄r

∣∣2∣∣S̄b
∣∣2

]
, (8)

where Ī r is the intensity of the red pump and Ī b is the inten-
sity of the blue pump. For concreteness, the extra terms δ̄r
and δ̄b are defined by ηk̄2

r − �̄r and ηk̄2
b − �̄b, respectively.

By solving the coupled quartic equations, which govern
the various forms of bifurcation behavior of the system,
we can obtain the optical resonance curves of both the
red and the blue pumps. The numerical simulation of the
parametric gain focuses on a microring cavity formed by
a 100-µm-radius ring of silicon nitride waveguide with a
700 × 690 nm cross section. Besides, the coupling coeffi-
cient θ is considered to be 0.00144 and the propagation
loss α is 0.1 dB/cm. The group-velocity dispersion |β2|
is 0.55 ps2/m. We also assume, for convenience, that the
input powers of the red and blue pumps are identical. The
red and blue pumps are offset from the central frequency
point by one FSR (defined as F).

As illustrated in Fig. 4, we study two critical conditions
of pump detuning with and without thermal stabilization:
(1) with the red and blue pumps sharing the same detun-
ing (�r = �b), which has been considered in Ref. [29];
and (2) with the red and blue pumps sharing the oppo-
site detuning (�r = −�b). The stable-equilibrium states
of the red and blue pump power in intracavity have been
visualized with three different input powers: 0.65, 1.3, and
2.6 mW (from light to dark colors). Notably, the pur-
ple lines illustrate the bistable jumps of the intracavity
power arising from the Kerr-induced bistability. In con-
trast, the ring cavity does not exhibit optical bistability
under the same pump conditions with thermal stabiliza-
tion. Moreover, according to Fig. 4, we can conclude
that the detuning condition (�r = −�b) cannot be utilized
for the generation of dual-pumped parametric oscillation
(with a low total circulating power). As the input pump
power Pin increases, the intensity-dependent resonance
shifting becomes visible and the bistable curves bend to
the right because of the thermal effect. To effectively gen-
erate parametric oscillation, the circulating power of both

(i) (ii)

(iii) (iv)

(i) (ii)

(iii) (iv)

FIG. 4. The intracavity power for the red and blue pumps
(input power for both red and blue pumps are equal to 0.65, 1.3,
and 2.6 mW), respectively, without and with the thermo-optic
effect (TOE). The upper figures with a blue background describe
the simulation results with thermal stabilization. The lower fig-
ures with a red background show the results with the TOE: (i)
red pump with cold detuning �r = −�b; (ii) blue pump with
�r = −�b; (iii) red pump with �r = �b; (iv) blue pump with
�r = �b. The purple dashed lines highlight bistable jumps.

the red and blue pumps should be maximized above the
threshold.

In Fig. 5, we present the simulation results of the nonlin-
ear dynamics without and with the TOE using bifurcation
analysis, widely applied in the modeling of optical cavities
[42,43]. Figure 5 introduces the dynamics map in silicon
nitride ring cavities with dual pumps, including bistabil-
ity in red (BS), stability in blue (SB), and instability in
purple (IB). Remarkably, we observe a larger region of
both BS and IB arising under the preferred detuning condi-
tion �r = �b. As the pump power increases, the regimes
of BS and IB expand. Notably, the chaotic regions of the
dual pumps (in purple) can be efficiently compressed by
exploiting the thermal stabilization.

B. Parametric gain and phase matching

In this subsection, we will study the parametric gain
under both normal and anomalous GVD conditions. Linear
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(a) (b)

(c) (d)

FIG. 5. The dynamics map of bistability (BS), stability (SB),
and instability (IB) in the Si3N4 ring cavities with dual pumps
(same power): (a) first scenario with �r = �b, with thermal
stabilization; (b) first scenario with �r = �b, without thermal
stabilization; (c) second scenario with �r = −�b, with ther-
mal stabilization; (d) second scenario with �r = −�b, without
thermal stabilization.

stability analysis is utilized to derive the gain coefficient g,
which can be derived by [31,44]:

∂

[
ās

āi∗
]

=
[
−1 − i�̄s ārāb

ā∗
r ā∗

b −1 + i�̄i

] [
ās

ā∗
i

]
∂τ +

[
S̄s

S̄∗
i

]
∂τ ,

(9)

g = −1 +
√

|ār|2 |āb|2 − (�̄)2, (10)

where �̄s, defined as the phase-mismatch term of the sig-
nal, can be calculated via �̄s − ηk̄2

s − 2 |ār|2 − 2 |āb|2 −
T̄. Similarly, the phase-mismatch term �̄i of the idler is
given by �̄i − ηk̄2

i − 2 |ār|2 − 2 |āb|2 − T̄. In addition, the
parameter �̄ denotes the average phase mismatch: �̄ =
(�̄s + �̄i)/2. By analyzing the eigenvalues of the Jacobian
matrix [see Eq. (9)], we derive the solutions of the signal
and idler fields, which take an exponential form [31]. Fur-
thermore, the parametric gain coefficient g represents the
net gain of the signal-idler pairs per round-trip time [25].

The phase-matching condition should be fulfilled to
maximize the gain coefficient g for varying pump power
and detuning. The numerical simulation of optimal gain
versus pump power Pr and detuning �r is illustrated in
Fig. 6 for the maximization of the conversion efficiency
from the pumps to the signal. Besides, the dispersion of
the waveguide can be engineered [45]. Figure 6 shows the
optimal parametric gain gmax, with anomalous GVD exist-
ing in a more extensive parameter space. In contrast, the
parametric amplification with normal dispersion is limited
at low detuning, below the instability region (in purple
dots). Significantly, the parametric amplification regions
and the maximum parametric gain have been efficiently
enlarged by exploiting thermal stabilization.

We thoroughly investigate three prerequisites for the
maximum parametric gain of dual-pumped OPOs: critical

(a) (b)

(c) (d)

FIG. 6. The optimal parametric gain gmax of the silicon nitride
resonator with �r = �b (the blank space with dots represents
the instability region): (a) gmax (anomalous dispersion) with
thermal stabilization; (b) gmax (anomalous dispersion) without
thermal stabilization; (c) gmax (normal dispersion) with ther-
mal stabilization; (d) gmax (normal dispersion) without thermal
stabilization.

coupling, on resonance, and the phase-matching condition.
The silicon nitride microresonator operates near the critical
coupling. The optimal gain coefficient is analyzed in the
parameter space defined by red pump detuning �r and blue
pump detuning �b. As mentioned in the previous section,
the maximum build-up of dual pumps does not exist with
the negative detuning condition: �r = −�b. Therefore,
we simulate the gain coefficient g by sweeping the red and
blue pump detuning from 0 to 3 GHz and the red and blue
pump power is fixed at 25 mW and 50 mW, respectively.
Figure 7 depicts the preferred pump-detuning condition for
the maximum parametric gain g: the red and blue pumps
have the same positive detuning (�r = �b) with intense
pump power. Furthermore, we can see that the instabil-
ity region (illustrated by the dotted space) expands with
thermal nonlinearity or by increasing the pump power.
Notably, in the anomalous-dispersion region, the paramet-
ric gain coefficient g is 5 times larger than that with normal
dispersion. Interestingly, the inclusion of the TOE enlarges
the parameter space of the pump detuning for parametric
gain while causing more severe instability.

IV. POWER THRESHOLD AND PHASE
TRANSITION

As a first step toward the spectral phase-transition anal-
ysis, we investigate the minimum power threshold Pth,
taking into account the phase-matching condition (�̄ =
0) of the dual-pumped OPO without and with thermal
stabilization. We construct the universal gain map for
various pump powers and detuning values in Fig. 8 to
fully characterize the optimal parametric gain gmax, the
power threshold (indicated by a pink dashed line), and
the phase mismatch �̄ (indicated by a white dashed line).
Notably, we summarize the defining features of the gain
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(a)

(b)

(i)

(i)

(ii)

(ii)

(iii)

(iii)

(iv)

(iv)

FIG. 7. (a) The optical parametric gain g as a function of the red and blue pump detuning (�r and �b) with various pump powers
Pr in the normal-dispersion region: (i) Pin = 25 mW without TOE; (ii) Pin = 25 mW with TOE; (iii) Pin = 50 mW without TOE; (iv)
Pin = 50 mW with TOE. (b) The optical parametric gain g as a function of the red and blue pump detuning (�r and �b) with various
pump powers in the anomalous dispersion: (i)–(iv) are defined as in (a). The blank space with dots indicates the instability region.

map near critical coupling. First, the dual-pumped para-
metric oscillation of the Kerr-based microresonator with
normal dispersion requires positive detuning. In compari-
son, the optical parametric gain, which exceeds the intrin-
sic waveguide loss, exists in both positive and negative
detuning in anomalous regimes. Next, the power threshold
Pth rises dramatically with an increasing propagation loss α

from 0.1 to 0.3 dB/cm. Third, to achieve the optimal para-
metric gain gmax, the warm-detuning term �̄warm, defined
as �̄s − T̄ − 2 |ār|2 − 2 |āb|2, should have the same sign as
the GVD of the waveguide. In contrast to the parametric
gain maps considering the TOE, the gain profiles with ther-
mal stabilization indicate that the exclusion of the TOE can
enable a broader region for parametric gain (with normal

(a)

(b) (ii) (iii) (iv)(i)

(ii) (iii) (iv)(i)

FIG. 8. The optimal parametric gain map (power threshold Pth and phase-matching conditions) as a function of the minimal pump
power Pi and pump detuning �r in the (a) anomalous-dispersion β < 0 and (b) normal-dispersion β > 0 regions. In both (a) and (b):
(i) α = 0.1 dB/cm without TOE; (ii) α = 0.1 dB/cm with TOE; (iii) α = 0.3 dB/cm without TOE; (iv) α = 0.3 dB/cm with TOE. The
dashed pink lines indicate the power threshold and the dashed white lines highlight the phase-matching regions.
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dispersion) on the red side of resonance. Thermal nonlin-
earity, however, introduces a more extensive parametric
gain regime with anomalous dispersion.

According to Eqs. (9) and (10), we can derive the power
threshold and the critical point (at which phase bifurcation
occurs) under the on-resonance condition of ring cavities
with critical coupling:

Pth = Aefft2R/8γ vgτ
3
phθ ,

Pcr = Aeff�rt2R/(16 + 8χ̄s)γ vgτ
2
phθ ,

(11)

where Aeff is the effective area, 1.15 × 10−8 cm2, and γ

is the nonlinear refraction, equal to 2.4 × 10−15 cm/W.
In addition, feedback circuits, such as the proportional-
integral-derivative (PID) controller [24], can stabilize and
tune the cavity resonance to ensure the maximum build-up
in the microresonator. As shown in Fig. 9, the simulated
power threshold of the parametric oscillation in the Kerr
microresonator is significantly sensitive to intrinsic loss of
the silicon nitride waveguide, while the second-order crit-
ical point power Pcr with, e.g., pump detuning �r equal
4 GHz, increases with a lower slope compared with the
power threshold. Furthermore, phase-sensitive parametric
amplification and the spectral phase transition exist when
the warm detuning �̄warm and waveguide dispersion β2
have the opposite sign above the power threshold. Addi-
tionally, both the threshold and critical point increase with
a larger cavity length.

A. Spectral phase transition

In this section, we investigate the spectral phase tran-
sition in the Kerr-based DOPOs around the second-order

(a)

(b)

FIG. 9. (a) The power threshold Pth of the parametric oscil-
lation and (b) the critical-point power Pcr versus the waveguide
loss α, with thermal stabilization, in ring cavities with radius R
ranging from 20 to 200 µm.

critical point. This analysis can demarcate a clear bound-
ary between the degenerate and nondegenerate paramet-
ric oscillation [31]. The gain spectrum with and without
the TOE, as shown in Fig. 10, presents distinctive fea-
tures of phase transition induced by the interplay between
the waveguide dispersion β2, the detuning �r, and the
on-resonance pump power Pi. Besides, the principle of
spectral phase transition can be explained by the gain
spectrum: the double-peak gain with anomalous dispersion
(blue figures), which fulfills the phase-matching condition,
represents nondegeneracy, while the single-peak gain with
normal dispersion (red figures), by contrast, corresponds

(a)

(b)

(i)

(i)

(ii)

(ii)

(iii)

(iii)

(iv)

(iv)

FIG. 10. The spectrum of the optical parametric gain g for varying pump power, pump detuning, and dispersion values, with and
without thermal stabilization. The red plots (a) denote normal GVD and the blue plots (b) represent anomalous GVD. In both (a) and
(b): (i) �r = 4 GHz without TOE; (ii) �r = 4 GHz with TOE; (iii) �r = 8 GHz without TOE; (iv) �r = 8 GHz with TOE. The black
star indicates the second-order critical point of the spectral phase transition. The power threshold is denoted with dashed purple lines.
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to degeneracy. The optimal gain gmax of the degenerate
regime can be improved by increasing the pump detuning
and power due to phase mismatch. In addition, the inclu-
sion of thermal stabilization raises the critical point for
phase transition, contributing to a higher parametric gain
in the normal-dispersion regime.

Figure 11 provides detailed conditions for the second-
order phase transition, which involves both normal and
anomalous dispersion, and thereby the design consider-
ations for Kerr-based DOPOs. We have identified three
notable features with regard to the thermal stabiliza-
tion. First, we can engineer the gain spectrum of the
OPOs by controlling the phase mismatch with both nor-
mal and anomalous dispersion, thereby exploiting the
phase transition from nondegeneracy to degeneracy. Sec-
ond, as the on-resonance pump power Pi increases, the
dual-pumped OPOs operating in the anomalous-dispersion

(a)

(b)

FIG. 11. An illustration of spectral phase transition between
nondegeneracy and degeneracy in a dual-pumped OPO: (a) spec-
tral transition using anomalous dispersion; (b) spectral transition
using normal dispersion. DOPOs and nondegenerate OPOs can
operate in the blue and red regions, respectively. The purple
and green regions correspond to below-threshold and nongain
regions. The second critical point has been highlighted in red.

regime (β2 < 0) transition from the single-peak gain to a
double-peak spectrum at the critical point. On the other
hand, with normal dispersion (β2 > 0), the Kerr-based
OPOs are in the nondegenerate operation with low pump
power and then transit to the degeneracy region. How-
ever, due to phase mismatch, the degenerate parametric
gain reduces to a value lower than the intrinsic loss of the
waveguide with increasing pump power.

B. Nonequilibrium phase transition

The generated signal-idler photon pairs in DOPOs are
locked to the dual pumps in terms of their frequency and
phase, which bifurcates into two possible states of the sig-
nal phase: |0〉 and |π〉 [29]. Implementing the biphase-state
transition requires the dual-pumped OPOs to operate in the
degenerate-OPO regions, as highlighted in Fig. 11. Essen-
tially, the phase-sensitive amplification in the DOPO can
explain this nonequilibrium phase-bifurcation behavior.
Based on the linear stability analysis proposed in Sec. III,
we can derive the phase-sensitive gain G as a function of
the relative phase φ and time τ , shown as [46]

G(φ, τ) = |μ(τ)|2 + |v(τ)|2 + 2 |μ(τ)| |v(τ)| cos(φ),
(12)

where the four elements in the matrix can be expressed
as μ(τ) = cosh(gτ) + i�̄(sinh(gτ)/g) and also the other
term v(τ) = i(ārāb/g) sinh(gτ). When the initial phase of
the dual pump is zero, we will have the relative phase,
defined as φ = 2φs + φμ − (π/2). This allows us to cal-
culate the phase-sensitive gain g of the χ3-based DOPO.
As shown in Fig. 12, the phase-sensitive gain G (in the
round trip) only exists in two signal states with a π phase
spacing, which is defined as a biphase state [29,47].

FIG. 12. The phase-sensitive amplification gain in Kerr-based
ring cavities, as a function of the signal phase φ and pump power
Pi. The white dashed lines highlight the gradient.
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V. CONCLUSIONS

In conclusion, we have comparatively investigated the
design considerations to achieve degenerate parametric
oscillation without and with thermal stabilization in the
silicon nitride microresonator. As a first step, we have
investigated the complex bifurcation of dual pumps with
rich nonlinear dynamics. Next, with regard to the power
threshold and the second-order critical point, the condi-
tions for the optimal parametric gain have been studied,
including anomalous and normal dispersion. Besides, we
conclude that the parametric gain in anomalous dispersion
exists in a larger parameter space of pump powers and
detuning. In particular, the DOPOs with optimum para-
metric gain exist in the normal-dispersion regime. Notably,
we have studied the phase transition of the Kerr-based
OPOs. Furthermore, the phase-sensitive amplification in
the resonator-based DOPOs has been simulated.
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APPENDIX: ANALYTICAL DESCRIPTION OF
FIELD PROPAGATION IN KERR

MICRORESONATORS

In order to investigate the propagation of internal fields
in Kerr microresonators numerically, we start with the
simple Lugiato-Lefever equation (LLE) [48–50]:

∂A(τ , �)

∂t
=

√
κηPin

�ω0
−

(κ

2
+ i�0

)
A(τ , �)

− i
D2

2
∂2A(τ , �)

∂φ2 + igKerr |A(τ , �)|2 A(τ , �),

(A1)

where |A(τ , �)|2 is the intracavity energy, denoted by E0
in units of the photon number and τ gives the slow-time
on round-trip time scales. � is a corotating angular coordi-
nate. Besides, Table II summarizes the variables and their
physical definitions in the LLE using the device parameters
previously mentioned in Sec. II.

To derive the dynamics of the field numerically, we
then switch to the master equation for the internal field
intensity a(τ , t), defined on slow-time τ and fast-time
t (within a single round-trip) [32,45]. This conversion

TABLE II. The list and descriptions of variables in Eqs. (A1).

Parameter Symbol Definition

Photon number |A(�, t)|2 E0/�ω0
Pump detuning �0 ω0 − ωp
Photon escape rate κ (αL + θ)/tR
Photon coupling rate κex θ/tR
Coupling efficiency η κex/κ

Second-order dispersion D2 −β2c(2πF)2/n0

Kerr frequency shift per
photon

gKerr �ω2cn2/n2
0Veff

can be achieved by considering the relationship E0 =
�ω0 |A(�, t)|2 = AefftR |a(τ , t)|2 with additional degrees of
freedom for the temperature T [34,36]:

∂a(τ , t)
∂τ

=
[
−αL + θ

2tR
+ i�

tR

]
a − iβ2vg

2
∂2a
∂t2

+ iγ vg|a|2a

+ iδTaT +
√

θ

tR
sin,

∂T
∂τ

= 1
cvρ

[
kaα

∫ |a(τ , t)|2 dt
tR

]
− 1

τth
T. (A2)

Here, � is the phase shift per round trip and vg is the group
velocity. γ = ω0n2/c is the nonlinear refraction. The tem-
perature of the cavity is denoted as T and sin describes
the input field intensity in the bus waveguide. Besides, the
other variables, such as α, θ , δT, cvρ, and ka, have been
defined in Sec. II. For convenience, the above equation can
be further rewritten in dimensionless form through normal-
ization. In particular, the normalized master equations have
been derived as follows:

∂ ā
∂τ̄

= i(|ā|2 + ηk̄2 + δTT)ā + (−1 − i�̄)ā + s̄in,

∂T̄
∂τ̄

= 1
τ̄th

(
χ̄s |ā|2 − T̄

)
,

(A3)

where the slow-time τ is scaled to the photon lifetime
τph as τ̄ = τ/ξτ . The fast-time t is normalized to the dis-
persion by t̄ = t/ξt. Moreover, k, which defines the linear
phase difference accumulated over fast-time, is scaled as
k̄ = kξt. The intracavity field ā = a/ξa and the input field
s̄in = s̄in/ξin are normalized to the Kerr effect. In addi-
tion, the temperature T is scaled to reflect the strength of
the thermo-optic effect by T̄ = T/ξT. All the variables are
dimensionless and the normalization coefficients are listed
in Table III. Next, we further consider the case of dual-
pumped four-wave-mixing (FWM) as ωr + ωb → ωs +
ωi. By substituting the normalized total intracavity field
of dual pumps, signal, and idler [described in Eq. (1)], the
set of coupled-mode equations in Eqs. (2)–(5) can finally
be derived based on the introduction of modal expansion
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TABLE III. The definitions and coefficients of normalization used in Eqs. (A3).

Symbol Meaning Definition Value

ξτ Normalization of slow-time 2τph 2.68 ns

ξt Normalization of fast-time
√|β2|vgτph 1.58 s

ξa Normalization of circulating field (2γ vgτph)
−1/2 1.54 × 104 W1/2 cm−1

ξin Normalization of input-output field
√

t2R/8γ vgτ
3
phθ̄ 584 W1/2 cm−1

ξT Normalization of temperature deflection (2δTτph)
−1 23 mK

while neglecting the high-order nonlinear terms of the
signal and idler using nonlinear-waveguide perturbation
theory [25].
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[47] D. Heydari, M. Cătuneanu, E. Ng, D. J. Gray, R. Hamerly,
J. Mishra, M. Jankowski, M. Fejer, K. Jamshidi, and H.
Mabuchi, Degenerate optical parametric amplification in
CMOS silicon, Optica 10, 430 (2023).

[48] M. Karpov, M. H. Pfeiffer, H. Guo, W. Weng, J. Liu, and
T. J. Kippenberg, Dynamics of soliton crystals in optical
microresonators, Nat. Phys. 15, 1071 (2019).

[49] H. Guo, M. Karpov, E. Lucas, A. Kordts, M. H. Pfeiffer,
V. Brasch, G. Lihachev, V. E. Lobanov, M. L. Gorodet-
sky, and T. J. Kippenberg, Universal dynamics and deter-
ministic switching of dissipative Kerr solitons in optical
microresonators, Nat. Phys. 13, 94 (2017).

[50] T. Herr, V. Brasch, J. D. Jost, C. Y. Wang, N. M. Kon-
dratiev, M. L. Gorodetsky, and T. J. Kippenberg, Temporal
solitons in optical microresonators, Nat. Photonics 8, 145
(2014).

054036-11

https://doi.org/10.1103/PhysRevApplied.17.024038
https://doi.org/10.1103/PhysRevLett.120.053904
https://doi.org/10.1038/nphoton.2014.292
https://doi.org/10.1364/OL.40.005267
https://doi.org/10.1103/PhysRevApplied.14.024073
https://doi.org/10.1038/s41467-021-21048-z
https://doi.org/10.1038/s41467-021-21973-z
https://doi.org/10.1364/JOSAB.22.000459
https://doi.org/10.1364/OE.22.018412
https://doi.org/10.1016/j.measurement.2021.110494
https://doi.org/10.1364/OE.413572
https://doi.org/10.1103/PhysRevLett.127.033901
https://doi.org/10.1038/s41467-021-25054-z
https://arxiv.org/abs/2201.01372
https://doi.org/10.1103/PhysRevApplied.4.024016
https://doi.org/10.1103/PhysRevApplied.13.044046
https://doi.org/10.1103/PhysRevA.101.013823
https://doi.org/10.1117/1.OE.60.3.036108
https://doi.org/10.1109/JLT.2018.2833054
https://doi.org/10.1364/AOP.382548
https://doi.org/10.1364/OPTICA.478702
https://doi.org/10.1038/s41567-019-0635-0
https://doi.org/10.1038/nphys3893
https://doi.org/10.1038/nphoton.2013.343

	I. INTRODUCTION
	II. MATHEMATICAL MODEL
	III. DYNAMICS AND PARAMETRIC GAIN
	A. Dynamics of ring cavities with dual pumps
	B. Parametric gain and phase matching

	IV. POWER THRESHOLD AND PHASE TRANSITION
	A. Spectral phase transition
	B. Nonequilibrium phase transition

	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	A. APPENDIX: ANALYTICAL DESCRIPTION OF FIELD PROPAGATION IN KERR MICRORESONATORS
	. References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


