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High-dimensional entangled states in an orbital-angular-momentum (OAM) basis offer several unique
advantages for quantum information applications. However, for the optimal performance of a given appli-
cation, one requires a generation technique for OAM entangled states that is completely postselection-free
and fully controllable. Nonetheless, despite several efforts in the past, no such technique currently exists.
In this paper, we propose just such a technique and experimentally demonstrate postselection-free gener-
ation of up to about 150-dimensional OAM entangled states. We report the generation accuracy, which
is a measure of the control, to be more than 98% for states with Gaussian and triangular OAM Schmidt
spectra, and up to 90% for the maximally entangled OAM states, which have rectangular spectra.
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I. INTRODUCTION

A Laguerre-Gaussian (LG) mode LGl
p(ρ,φ) is char-

acterized by indices l and p , referred to as the orbital-
angular-momentum (OAM) mode index (l) and the radial
mode index (p), respectively. A photon in an LG mode
with index l carries OAM of l�, where l is an integer [1].
Thus the OAM of a photon provides a discrete infinite-
dimensional basis [2] as opposed to the two-dimensional
polarization basis [3]. The use of high-dimensional entan-
gled states provides higher error tolerance for quantum
key distribution [4,5], higher security against eavesdropper
attacks in quantum cryptographic schemes [6], increased
information capacity [7,8], enhanced robustness of com-
munication protocols in noisy environments [9,10], and
stronger violations of generalized Bell’s inequalities [11,
12]. High-dimensional entangled states also have impor-
tant implications for dense coding [13,14], quantum tele-
portation [15,16], entanglement swapping [17,18], and
supersensitive measurements [19–21].

In the past, there have been several efforts at produc-
ing high-dimensional OAM entangled states using spon-
taneous parametric down-conversion (SPDC), in which a
pump photon of higher frequency splits into two photons of
lower frequencies, called the signal and idler. It is known
that, for the optimal performance of a quantum information
protocol [22,23], one needs to generate OAM entangled
states in a completely postselection-free and controlled
manner. However, all the past efforts have only yielded
generation techniques that are either postselection-free but
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not fully controllable [24–27] or fully controllable but not
postselection-free [11–19,28,29].

More recently, there have been experimental [30–32]
and theoretical [33–35] efforts at developing generation
techniques that are fully controllable but postselection-free
only with respect to p = 0 mode detection. These tech-
niques involve a single-mode-fiber-based OAM detection
system, which mostly detects photons with radial mode
index p = 0 [36,37]. However, it is known that the pro-
portion of p �= 0 radial modes in the OAM entangled
state generated by SPDC is typically much larger than the
p = 0 mode [38,39]. Hence, while these techniques [30–
35] can have limited use in some applications, they are not
postselection-free. Thus, there is no existing technique for
the truly postselection-free generation of high-dimensional
OAM entangled states with full control. In this paper,
we experimentally demonstrate the generation of truly
postselection-free OAM entangled states with control.

II. THEORY

The two-photon state generated by type-I SPDC in the
transverse momentum basis can be written as [26,40,41]

|ψtp〉 =
∫∫

V(qs, qi)�(qs, qi)|qs〉s|qi〉i d2qs d2qi. (1)

Here p , s, and i denote pump, signal, and idler, respec-
tively; V(qs, qi) represents the pump field amplitude;
�(qs, qi) represents the phase-matching function; and |qs〉s
and |qi〉i denote the state vectors in the transverse momen-
tum basis of the signal and idler, respectively. In the LG
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basis, we can write |ψtp〉 as

|ψtp〉 =
∑
ls,ps

∑
li,pi

Cls,ps
li,pi

|ls, ps〉s|li, pi〉i, (2)

where lp , ls, and li are the OAM mode indices of the pump,
signal, and idler, respectively [42], and |ls, ps〉s is the state
of the signal photon with indices ls and ps, etc.

Thus, using Eqs. (1) and (2), we write Cls,ps
li,pi

as [38,43]

Cls,ps
li,pi

= A
∫∫

d2qs d2qi V(qs, qi)�(qs, qi)

× [LGls
ps
(qs)]∗[LGli

pi
(qi)]∗, (3)

where LGl
p(q) = 〈q|l, p〉 is the momentum-basis represen-

tation of the LG mode [26]. Now, using the cylindrical
polar coordinates, qs = (qsx, qsy) = (ρs cosφs, ρs sinφs),
qi = (qix, qiy) = (ρi cosφi, ρi sinφi), d2qs = ρs dρs dφs,
and d2qi = ρi dρi dφi, we write Cls,ps

li,pi
as

Cls,ps
li,pi

=
∫∫ ∞

0

∫∫ π

−π
ρsρi dρs dρi dφs dφi V(ρs, ρi,φs,φi)

×�(ρs, ρi,φs,φi)[LGls
ps
(ρs,φs)]∗[LGli

pi
(ρi,φi)]∗.

(4)

Pls
li

is the probability of detecting the signal and idler
photons with OAM ls� and li�, and it is given by

Pls
li =

∞∑
ps=0

∞∑
pi=0

|Cls,ps
li,pi

|2. (5)

When lp = 0, conservation of OAM leads to ls = −li [42],
and, in this case, Eq. (2) takes the following Schmidt-
decomposed form:

|ψ〉tp =
∑

l

√
Sl |l〉s|−l〉i. (6)

Here Sl = Pl
−l is called the OAM Schmidt spectrum.

Using Eqs. (4) and (5), and employing the identity∑∞
p=0 (LG)lp(ρ)(LG)∗l

p (ρ
′) = (1/π)δ(ρ2 − ρ ′2) [44], we

write Sl as (for a more detailed derivation, see [25]):

Sl = Pl
−l = 1

4π2

∫∫ ∞

0
ρsρi

∣∣∣∣
∫∫ π

−π
V(ρs, ρi,φs,φi)

×�(ρs, ρi,φs,φi)e−il(φs−φi) dφs dφi

∣∣∣∣
2

dρs dρi.

(7)

From Eq. (7), we find that Sl is determined by the pump-
field amplitude V(ρs, ρi,φs,φi) and the phase-matching

function�(ρs, ρi,φs,φi). Therefore, by selecting an appro-
priate V(ρs, ρi,φs,φi) and �(ρs, ρi,φs,φi), one can gener-
ate any target OAM Schmidt spectrum. However, solving
Eq. (7) to find the analytical expressions for V(ρs, ρi,φs,φi)

and �(ρs, ρi,φs,φi) for a target OAM Schmidt spec-
trum Sl is mathematically a very difficult problem. So,
our technique for finding the required V(ρs, ρi,φs,φi) and
�(ρs, ρi,φs,φi) for a target spectrum is based on optimiza-
tion and feedback.

We note that Sl expressed in Eq. (7) includes contribu-
tions from all possible radial modes since the probability
Pls

li
in Eq. (5) has been defined as a sum over all the radial

modes of the signal and idler photons. Thus Sl is the true
OAM Schmidt spectrum. This is in contrast with several
recent techniques [30–35], in which the spectrum is taken
as the probability of only the p = 0 mode. We find that the
spectral content observed with a p = 0 mode detector is
only a small fraction of the true spectrum (see Appendix
A for a detailed study regarding this). Thus our generation
technique, which is based on measuring the Sl in Eq. (7),
is truly postselection-free.

Figure 1 illustrates our technique. A Gaussian pump
field with collinear phase matching provides a very lim-
ited control over generating the OAM Schmidt spec-
trum. However, as shown in Figure 1(b), for a con-
trolled postselection-free generation, we use noncollinear
phase matching and take the pump-field amplitude
V(ρs, ρi,φs,φi) in the form of a coherent superposition of
LG modes with different p indices:

V(ρs, ρi,φs,φi) =
N−1∑
p=0

αpLGlp =0
p (ρs, ρi,φs,φi), (8)

where αp is the complex coefficient, N is the total number
of radial modes in the superposition, and

LGlp =0
p (ρs, ρi,φs,φi) =

[
w2

p

2π

]1/2

L0
p

[
w2

pρ
2
p

2

]

× exp

[
−w2

pρ
2
p

4

]
exp[iπp]. (9)

Here L0
p is the associated Laguerre polynomial, ρ2

p = ρ2
s +

ρ2
i + 2ρsρi cos(φs − φi), and wp is the beam waist of the

pump field.
The phase-matching function �(ρs, ρi,φs,φi) of Eq. (7)

can be written as [25,40,41]

�(ρs, ρi,φs,φi) = sinc
(
	kzL

2

)
exp

[
i
	kzL

2

]
, (10)

where L is the thickness of the crystal, and 	kz is called
the phase mismatch parameter. This parameter 	kz can be
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FIG. 1. (a) Generation of the OAM entangled state using a
Gaussian pump-field amplitude (LGlp =0

p=0 ) and collinear phase
matching. (b) Postselection-free controlled generation of OAM
entangled states with noncollinear phase matching and a pump
field in the form of a superposition of modes with different radial
indices.

tuned by changing the phase-matching angle θp , which is
the angle between the propagation direction of the pump
field and the optic axis of the nonlinear crystal. For the
detailed expression of 	kz, see Appendix B.

In our technique, we first numerically simulate a given
OAM spectrum by optimizing the complex coefficients αp .
For a (2D + 1)-dimensional state, we define the coefficient
of determination R2 (see Ref. [45], chapter 6) as

R2 =
[

1 −
∑+D

l=−D

(
St

l − So
l

)2

∑+D
l=−D

(
St

l − 〈St
l〉
)2

]
× 100%, (11)

where St
l and So

l are the target and experimentally observed
OAM Schmidt spectra, and 〈St

l〉 is the mean of St
l . For

a target OAM Schmidt spectrum St
l , we maximize R2 by

numerically optimizing αp using a particle swarm opti-
mization technique [46] implemented with the Python
package “pyswarm.” We define the maximum value of R2,

max{R2} ≡ G, (12)

as the generation accuracy G of our technique; G quan-
tifies the degree of control that our technique has for
generating a target OAM Schmidt spectrum. Finally, we
use the numerically optimized coefficients αp as starting
points for further optimizing them experimentally through
a feedback mechanism.

Figure 2 presents the results of our numerical studies
on how the generation accuracy G depends on the phase-
matching angle θp , the number of radial modes N , and
crystal thickness L, for three different spectra, namely,
Gaussian, triangular and rectangular. The rectangular spec-
trum is particularly interesting in that it represents a max-
imally entangled state. Nonetheless, it has been shown

that, for several quantum information applications, non-
maximally-entangled states are preferred over the maxi-
mally entangled states [47–49]. Therefore, we include the
Gaussian and triangular spectra in our analysis.

Figure 2(a) shows the plot of G versus θp . For these
plots, we have taken N = 5 and L = 10 mm. We find that,
with the collinear phase matching condition, characterized
by θp = 28.65◦, it is not possible to achieve very high val-
ues of G but, at θp set for sufficiently large noncollinear
down-conversion, G can get close to 100% for the Gaus-
sian and triangular spectra. However, for the rectangular
spectrum, G stays much lower. The main reason for this is
that one requires a larger number of radial modes N in the
superposition in Eq. (8) for producing a spectrum such as
rectangular which has sharp edges.

Figure 2(b) shows the numerically simulated plot of G
as a function of N for L = 10 mm and θp = 28.71◦. We
find that, as N increases, G increases. Furthermore, for
Gaussian and triangular spectra, N = 5 is enough to get
G close to 100%, whereas for the rectangular spectrum
one requires at least N = 10 to reach G > 95%. Finally,
Fig. 2(c) shows the plot of G as a function of L for N = 5
and θp = 28.71◦. We find that, for a target spectrum, once
θp and N have been optimized, G is not much affected
by L.

III. EXPERIMENTS

The experimental setup is depicted in Fig. 3. We use a
100-mW Toptica TopMode ultraviolet (UV) continuous-
wave (CW) laser of wavelength λp = 405 nm that is
spatially filtered and incident on a Holoeye Pluto-2-UV-
099 spatial light modulator (SLM). The SLM is used
for generating the pump field V(ρs, ρi,φs,φi) of Eq. (8)
in the form of a superposition of N radial modes using
the method described by Arrizon et al. [50]. For N = 5,
we use modes from p = 0 to p = 4 with pump-beam
waist wp = 320 µm. The pump field is made incident
on a β-barium borate (BBO) crystal of transverse dimen-
sions 10 × 10 mm2 and thickness L = 10 mm. The crystal
is kept on a goniometer to change the phase-matching
angle θp .

A dichroic mirror (DM) is positioned just after the crys-
tal to block UV while allowing the down-converted photon
pairs to pass through. These photon pairs are incident on a
Mach-Zehnder-type interferometer [27], and the interfero-
gram output is captured using an Andor iXon Ultra-897
electron-multiplied charged-coupled device (EMCCD)
camera with 512 × 512 pixel grids having pixel pitch of
16 × 16 µm2. Lenses with focal lengths f1 = 50 mm and
f2 = 200 mm are placed in a 4f configuration to image the
crystal plane with a magnification of 4. The Fourier trans-
form of this image plane is obtained at the camera plane
using another lens of focal length f3 = 300 mm. For cap-
turing the interferograms, the camera acquisition time is
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FIG. 2. Numerical plots of the dependence of generation accuracy G for three different OAM Schmidt spectra: Gaussian, triangular,
and rectangular. (a) Plot of G as a function of the phase-matching angle θp for N = 5 and L = 10 mm. (b) Plot of G as a function of
the maximum number of radial modes N for L = 10 and θp = 28.71◦. (c) Plot of G as a function of the crystal thickness L for N = 5
and θp = 28.71◦. Dashed lines denote the best fit.

kept at 20 s. An interference filter (IF) of central wave-
length 810 nm and bandwidth 10 nm is placed in front of
the camera.

For a target spectrum St
l , we use the optimized com-

plex coefficients αp from our numerical simulations as the
starting point and produce the pump field V(ρs, ρi,φs,φi)

using the SLM. We then experimentally observe the gen-
erated spectrum So

l with the EMCCD using the two-shot
technique described in Ref. [27] and calculate R2 using
Eq. (11). We then employ manual feedback in order to
obtain an optimized set of αp that maximizes R2. For
the optimization, we take αp one-by-one, optimize its
real and imaginary parts first in steps of ±0.1, and then
in smaller steps. The experimentally observed value of

R2 after optimization is then taken as the generation
accuracy G.

We note that the strength of the pump field hitting
the BBO crystal is only about 5 mW. We find that, at
this field strength, the relative probability of generating
a four-photon state versus a two-photon state is less than
10−7 [51]. Therefore, the contribution due to four-photon
effects in our experiment is negligible. We further note
that, although our technique is postselection-free in the
OAM basis, the two-photon generation in time is only
probabilistic due to the pump field being CW.

Figure 4 presents our experimental results. Figures 4(a),
4(b), and 4(c) show the experimentally generated Gaus-
sian, triangular and rectangular OAM Schmidt spectra with

SLM
0th order

Hologram

Manual Feedback

f
3

f
1

f
2

UV pump SF

Translation Stage

IF

EMCCD
BS

BBO DM BS Q H Q

1st order

FIG. 3. Schematic of the experimental setup: SF, spatial filter; SLM, spatial light modulator; BBO, β-barium borate crystal; DM,
dichroic mirror; BS, 50:50 nonpolarization beam splitter; Q, quarter-wave plate; H, half-wave plate; and IF, interference filter of central
wavelength 810 nm and 10 nm frequency bandwidth.
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FIG. 4. Experimentally generated OAM Schmidt spectra. (a)–(c) Plots of target and experimentally observed OAM Schmidt spectra
having (a) Gaussian, (b) triangular and (c) rectangular shapes with L = 10 mm, θp = 28.71◦, and N = 5. (d) Plot of target and exper-
imentally observed rectangular OAM Schmidt spectrum with L = 10 mm, θp = 28.71◦, and N = 8. In all panels, the insets show the
pump-field intensities after the initial numerical and then the final experimental optimizations.

N = 5. The pump-field intensities for the three spectra
after numerical optimization and then final experimental
optimization are shown as insets and the superposition
coefficients αp after the final experimental optimization are
reported in Appendix D. The target standard deviation of
the Gaussian spectrum is 20, while the target full width of
the triangular and rectangular spectra is 100.

In order to verify that the states produced above are
entangled, we use entanglement of formation Ef as a
certifier [52]. An Ef > 0 confirms that the state is entan-
gled. We note that when the two-photon state is mixed,
certifying entanglement through Ef requires measuring
correlations in at least two conjugate bases [53,54]. More
recently, it has been shown that even the quantification
of entanglement of high-dimensional mixed states can

be done through only two measurements [55]. However,
for the case of pure two-photon states, entanglement can
be verified by measuring correlation in only one basis
[52,56] or of only one of the photons [57,58]. In our tech-
nique, we use a spatially completely coherent pump field,
which ensures that the generated two-photon state is pure
[59–61]. Therefore, we calculate Ef using the formula
Ef = −∑

l Sl log2 Sl for the three spectra and find it to be
6.65 ± 0.02, 6.78 ± 0.02, and 7.33 ± 0.03.

The Schmidt number Ka quantifies the dimensionality
of generated sates and is calculated using the formula Ka =
1/

∑
l S2

l [44]. For the three different target spectra reported
in Figs. 4(a), 4(b), and 4(c), the corresponding Schmidt
numbers are 78.26 ± 1.99, 85.14 ± 1.24, and 136.05 ±
3.14, respectively. The generation accuracy G for the
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three spectra is 99.58%, 98.36%, and 85.07%, respectively.
From the results presented in Figs. 4(a)–(c), we find that
there is always a difference between the numerically and
experimentally optimized coefficients. This is because the
numerically optimized results are for the ideal conditions,
but, in a real experiment, the conditions are usually quite
different from being ideal. We also note that for the Gaus-
sian and triangular spectra, G is more than 98%, while for
the rectangular spectrum, G is only about 85%. As shown
in Fig. 2, and also pointed out in Sec. II on theory, the main
reason for the lower G value for the rectangular spectrum
is that a much larger N is required for producing a spec-
trum such as rectangular that has sharp edges. Although
N = 5 is sufficient for producing Gaussian and triangular
spectra with almost perfect accuracy, one needs larger N
for producing a rectangular spectrum.

Therefore, for the rectangular spectrum, we next per-
form experiments with N = 8 radial modes, ranging from
p = 0 to p = 7. The other experimental details remain the
same as mentioned above. Figure 4(d) shows the exper-
imentally generated spectrum. The optimized coefficients
are reported in Appendix D. The experimentally mea-
sured values of G, Ef , and Ka are 90.31%, 7.24 ± 0.06,
and 130.60 ± 5.53, respectively. We note that, with N = 8
modes, G for the rectangular spectrum becomes more than
90%. A further increase in N can increase G even further.

However, the maximum N that can be implemented is
limited by two main factors. One is that, as we increase the

radial mode index p , the transverse size of the pump beam
increases. As a result, for a given transverse size of the
nonlinear crystal, we can only use a finite number of radial
modes, and this puts an upper limit on N . Although one
can increase N by reducing the beam waist and thereby
fitting more radial modes, a reduced pump-beam waist
results in a larger spread of the pump beam [59], mak-
ing it difficult to capture the entire down-converted field
by the detection system. The other factor is the algorithm
for optimizing αp . In our experiment, the optimization
of αp involves manual feedback. Therefore, increasing N
implies increasing the number of iterations in the feedback
process and thereby increasing the experimental complex-
ity and overall noise. Nevertheless, a feedback mechanism
with automated controls can make the optimization much
more efficient. Therefore, with a nonlinear crystal with
larger transverse size and an automated feedback mech-
anism, a much higher generation accuracy, even for a
sharp-edged spectrum, should be easily achievable with
our technique.

Finally, in order to highlight the control provided by our
technique, we perform experiments with three different L,
namely L = 5 mm, L = 10 mm, and L = 15 mm, for pro-
ducing Gaussian, triangular, and rectangular spectra with
two different spectral widths (see Appendixes C, D, and E
for details). We find that different crystal thickness requires
different phase-matching conditions. Therefore, by opti-
mizing θp and αp , one can generate a given target OAM
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FIG. 5. The extent of postselection in detection techniques based on selecting only the p = 0 mode. (a)–(c) Plots of C0,ps
0,pi

for ws/wp =
0.5, 1, and 2, respectively. (d)–(f) Plots of the true Schmidt spectrum for ws/wp = 0.5, 1, and 2, respectively. For the above plots, we
have taken L = 10 mm, θp = 28.71◦, and wp = 320 µm.
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FIG. 6. Target and experimentally observed OAM Schmidt spectra with L = 5 mm and θp = 28.69◦ with two separate widths for
the target: (a),(b) Gaussian spectra, (c),(d) triangular spectra, and (e),(f) rectangular spectra. The pump-field intensities after the final
experimental optimization are shown in the insets.

spectrum for a wide range of crystal thickness. The only
implication is that the optimization complexity becomes
different at different crystal thickness. In Appendixes C,
D, and E, we report the generation of states with target
dimensionality up to 200. By increasing θp , the dimension-
ality of the generated state can be further increased, which
ultimately becomes limited by the collection aperture of
the detection system.

IV. CONCLUSION

In conclusion, we have proposed and demonstrated an
experimental technique based on SPDC for postselection-
free controlled generation of up to about 150-dimensional
OAM entangled states. Ours is the first truly postselection-
free technique for generating OAM entangled states with
full control. We note that the main limitation of our
technique is that it works only for the OAM entan-
gled states in the Schmidt-decomposed form. This is due
to the fact that currently there is no efficient detector
for measuring a general OAM entangled state. With the
advent of such a detector, our technique could in princi-
ple be extended to general OAM entangled states. Fur-
thermore, it has been shown that for several quantum
information applications non-maximally-entangled states
are preferred over the maximally entangled states [47–
49]. Thus, our work can have important implications for
high-dimensional quantum information.
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APPENDIX A: EXTENT OF POSTSELECTION IN
TECHNIQUES BASED ON DETECTING p = 0

RADIAL MODE

We have seen that |Cls,ps
li,pi

|2 is the probability of detect-
ing the signal and idler photons in LG modes with indices
(ls, ps) and (li, pi), respectively. The expression for Cls,ps

li,pi
is

–100 100–50 500
OAM index  l

(c)

(a)

(b)

Target
Observed

Target
Observed

Target
Observed

E f  = 7.12±0.08

Ef  = 7.68±0.01 

E f  = 7.54±0.02 

G  = 99.63%

G  = 85.70%

G  = 98.75%

K a    = 113.44±5.76

Ka     = 186.22±0.88

K a    =160.59±2.89

S
   l 
(×

1
0

–
2
)

0

2

0

0
2

2

FIG. 7. Target and experimentally observed OAM Schmidt
spectra with L = 10 mm and θp = 28.71◦ for the target: (a)
Gaussian spectrum, (b) triangular spectrum, and (c) rectangular
spectrum. The pump-field intensities after the final experimental
optimization are shown in the insets.
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TABLE I. Optimized superposition coefficients (αp) for L = 5 mm.

Complex coefficients

Spectrum Width α0 α1 α2 α3 α4

Gaussian 20 −0.68 − 0.68i 0.14 + 0.01i 0.00 + 0.00i 0.24 + 0.00i 0.00 + 0.00i
30 −0.56 − 0.56i 0.31 − 0.31i 0.00 + 0.00i 0.44 + 0.00i 0.01 + 0.00i

triangular 100 −0.93 − 0.09i −0.13 + 0.00i 0.22 − 0.13i −0.20 + 0.01i 0.00 + 0.00i
200 0.04 + 0.34i −0.55 − 0.04i 0.42 − 0.13i −0.04 − 0.46i 0.00 + 0.42i

rectangular 100 0.23 + 0.11i −0.56 − 0.09i −0.23 − 0.05i 0.18 − 0.07i 0.25 − 0.68i
150 0.14 + 0.00i −0.39 + 0.04i 0.71 − 0.32i −0.28 + 0.21i 0.14 + 0.28i

given in Eq. (4), where LGls
ps
(ρs,φs) is the projection mode

for the signal photon. We write LGls
ps
(ρs,φs) as

LGls
ps
(ρs,φs) =

[
w2

s ps!
2π (|ls| + ps)!

]1/2 [
wsρs√

2

]|ls|
L|ls|

ps

×
[

w2
sρ

2
s

2

]
exp

[
−w2

sρ
2
s

4

]

× exp
[

ilsφs + iπ
(

ps − |ls|
2

)]
, (A1)

where L|ls|
ps [· · · ] is called the associated Laguerre polyno-

mial, and ws is the beam waist of the projected mode
basis in which the signal photon is being detected. The
LGli

pi
(ρi,φi) in Eq. (4) has a similar expression. We take

wi = ws and calculate |Cl,ps
−l,pi

|2 using Eq. (4).
Figures 5(a), 5(b), and 5(c) show the numerically calcu-

lated plots of |C0,ps
0,pi

|2 as functions of ps and pi for ws/wp =
0.5, 1, and 2, respectively. We take L = 10 mm, θp =
28.71◦, and wp = 320 µm. We normalize |C0,ps

0,pi
|2 within

the space ps = 0 to ps = 10, and pi = 0 to pi = 10, such
that the total probability is equal to one. Next, Figs. 5(d),
5(e), and 5(f) show the plots of OAM Schmidt spectra Sl as
functions of l calculated using two different methods. One
is the true Schmidt spectrum Sl, which contains contribu-
tions due to all the radial modes. It is derived in Eq. (7) and
is given by

Sl = Pl
−l =

∞∑
ps=0

∞∑
pi=0

|Cl,ps
−l,pi

|2.

The other one is the probability |Cl,ps=0
−l,pi=0|2, which contains

contributions only due to the ps = 0 and pi = 0 modes.
We find that the OAM Schmidt spectrum observed with
a detection scheme that is sensitive only to p = 0 modes
[30–35] entails strong postselection, and that the extent of
this postselection increases with increasing ws/wp .

APPENDIX B: CALCULATION OF THE PHASE
MISMATCH PARAMETER

The phase-matching function in Eq. (10) is defined
as �(ρs, ρi,φs,φi) = sinc(	kzL/2) exp[i(	kzL)/2]. Here
	kz is called the phase mismatch parameter and is given
by [40]

	kz = ksz + kiz − kpz, (B1)

where

kpz = −αpqpx + ηpKp0 − [β2
p q2

px + γ 2
p q2

py]

2ηpKp0
,

ksz = nsoKs0 − 1
2nsoKs0

(q2
sx + q2

sy),

kiz = nioKi0 − 1
2nioKi0

(q2
ix + q2

iy).

Here ksz represents the z component of the wave vector
for the signal field, etc.; Kj 0 = 2π/λj with j = s, i, p; and
njo and nje are the refractive indices for the ordinary and
extraordinary polarizations. For type-I SPDC, the polariza-
tion of the pump photon is extraordinary while those of the

TABLE II. Optimized superposition coefficients (αp) for L = 10 mm.

Complex coefficients

Spectrum Width α0 α1 α2 α3 α4

Gaussian 20 0.21 + 0.94i −0.13 + 0.19i −0.09 − 0.01i −0.01 − 0.03i 0.03 − 0.02i
30 −0.46 − 0.71i 0.43 − 0.22i 0.06 + 0.20i −0.04 + 0.06i −0.05 − 0.03i

triangular 100 0.55 − 0.57i 0.47 − 0.31i −0.12 − 0.12i −0.14 − 0.05i −0.07 − 0.02i
200 0.32 + 0.36i −0.10 − 0.68i −0.10 + 0.04i −0.04 − 0.01i −0.51 − 0.15i

rectangular 100 −0.69 + 0.15i 0.39 − 0.10i 0.39 − 0.34i 0.22 − 0.09i −0.01 + 0.11i
150 0.11 + 0.18i −0.44 − 0.59i 0.04 + 0.26i 0.48 + 0.34i −0.02 − 0.02i
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TABLE III. Optimized superposition coefficients (αp) with
L = 10 mm and N = 8 reported in Fig. 4(d).

Complex coefficients

α0 −0.08 + 0.68i
α1 −0.01 − 0.37i
α2 0.33 − 0.36i
α3 −0.01 − 0.20i
α4 −0.08 − 0.09i
α5 0.18 + 0.00i
α6 −0.19 + 0.12i
α7 −0.10 + 0.09i

signal and idler photons are ordinary. The quantities αp ,
βp , γp , and ηp are given by

αp = (n2
po − n2

pe) sin θp cos θp

n2
po sin2 θp + n2

pe cos2 θp
,

βp = nponpe

n2
po sin2 θp + n2

pe cos2 θp
,

γp = npo√
n2

po sin2 θp + n2
pe cos2 θp

,

ηp = nponpe√
n2

po sin2 θp + n2
pe cos2 θp

.

In our experiment, we use a BBO crystal for down-
conversion, and the values of npo and npe for BBO can be
obtained from the dispersion relation reported in Ref. [62].
For degenerate SPDC, we can write Ks0 ≈ Ki0 ≈ Kp0/2
and nso = nio. Numerically, we find that for our experimen-
tal parameters, αp ≈ 0 and βp ≈ γp ≈ 1. Thus,	kz can be

written in the transverse momentum basis as

	kz = Kp0[nso − ηp ]

− 1
2ηpKp0

[ρ2
s + ρ2

i − 2ρsρi cos(φs − φi)]. (B2)

APPENDIX C: EXPERIMENTAL RESULTS WITH
L = 5 mm

In this section, we report our experimental results with
L = 5 mm, θp = 28.69◦, and N = 5. Figures 6(a) and 6(b)
show the target and experimentally observed Gaussian
OAM Schmidt spectra with standard deviations 20 and
30. Figures 6(c) and 6(d) are the OAM Schmidt spectra
of triangular shapes with base widths 100 and 200. The
rectangular spectrum of widths 100 and 150 are reported
in Figs. 6(e) and 6(f), respectively. The intensity profiles
of the pump field for each spectrum are shown as insets,
and the corresponding αp values are presented in Table
I. Experimentally obtained Ka, Ef , and G for each gener-
ated OAM Schmidt spectrum are reported in the respective
figures.

APPENDIX D: EXPERIMENTAL RESULTS WITH
L = 10 mm

In this section, we report our experimental results with
L = 10 mm, θp = 28.71◦, and N = 5. Figures 7(a), 7(b),
and 7(c) show the plots of target and experimentally
observed Sl for a Gaussian spectrum with standard devi-
ation 30, a triangular spectrum with base width 200, and a
rectangular spectrum of width 150. The spatial intensity
profiles of the pump field for each spectrum are shown
as insets, and the corresponding αp values are presented

Target
Observed

Target
Observed

Target
Observed

Target
Observed

Target
Observed

Target
Observed

(d)

(b)

(f)(e)

(c)

(a)

S
   l (

×
1
0

–
2
)

0

2

0

0
2

2

–100 100–50 500
OAM index  l

–100 100–50 500
OAM index  l

Ef  = 6.93±0.01 Ef  = 7.16±0.02

Ef  = 7.30±0.03 Ef  = 7.69±0.01 

Ef  = 6.63±0.05 Ef  = 7.59±0.01 

G  = 97.12% G  = 99.37%

G  = 81.17% G  = 86.64%

G  = 99.14% G  = 98.26%

Ka     = 87.63±1.71 Ka     = 115.30±1.38

Ka     = 129.63±2.76 Ka     = 187.51±0.72

Ka     = 78.33±2.45 Ka     = 167.53±1.32

FIG. 8. Target and experimentally observed OAM Schmidt spectra with L = 15 mm and θp = 28.71◦ with two separate widths for
the target: (a),(b) Gaussian spectra, (c),(d) triangular spectra, and (e),(f) rectangular spectra. The pump-field intensities after the final
experimental optimization are shown in the insets.
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TABLE IV. Optimized superposition coefficients (αp) for L = 15 mm.

Complex coefficients

Spectrum Width α0 α1 α2 α3 α4

Gaussian 20 −0.17 + 0.82i 0.34 − 0.03i 0.34 − 0.03i −0.17 + 0.00i −0.20 + 0.03i
30 −0.78 + 0.43i 0.31 − 0.03i 0.25 − 0.03i −0.17 + 0.00i −0.14 + 0.03i

triangular 100 0.19 + 0.97i 0.02 + 0.01i −0.09 − 0.09i 0.06 + 0.06i −0.01 + 0.02i
200 0.03 + 0.32i −0.87 − 0.03i 0.03 − 0.15i −0.15 − 0.26i 0.00 + 0.15i

rectangular 100 0.83 + 0.00i 0.31 + 0.18i −0.14 + 0.13i 0.00 + 0.35i 0.00 + 0.18i
150 0.20 + 0.20i −0.83 + 0.00i 0.22 − 0.23i 0.10 − 0.33i −0.10 − 0.02i

in Table II, which also provides the optimized αp val-
ues for a Gaussian spectrum of standard deviation 20, a
triangular spectrum of base width 100, and a rectangu-
lar spectrum with width 100. In Fig. 4(d), we reported
our observations with L = 10 mm and N = 8. The cor-
responding superposition coefficients αp are reported in
Table III.

APPENDIX E: EXPERIMENTAL RESULTS WITH
L = 15 mm

In this section, we report our experimental results with
L = 15, θp = 28.71◦, and N = 5. Figures 8(a) and 8(b)
show the target and experimentally observed Gaussian
OAM Schmidt spectra with standard deviations 20 and
30. Figures 8(c) and 8(d) are the OAM Schmidt spectra
of triangular shapes with base widths 100 and 200. The
rectangular spectrum of widths 100 and 150 are reported
in Figs. 8(e) and 8(f), respectively. The spatial intensity
profiles of the pump field are shown as insets, and the
corresponding αp values are presented in Table IV.
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