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Reconstruction of wave function via spin-orbit interaction of light
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The measurement of a wave function plays a pivotal role in quantum physics and presents a distinctive
challenge in experiment. Recent works have shown that both the real and imaginary components of the
wave function can be extracted by employing weak or strong measurements, thereby enabling the determi-
nation of its amplitude and phase. Here, we propose a simple approach for reconstructing the wave function
utilizing the spin-orbit interaction of light at the air-glass interface. By directly measuring the amplitude
and employing spatial differentiation to capture the phase gradient, it becomes possible to successfully
reconstruct an unknown wave function. To demonstrate its feasibility, we experimentally measure the
pure wave function of photons with a Gaussian state. Furthermore, we conduct measurements on a custom
state featuring a targeted phase jump to examine the accuracy of our methodology. The measured results
show a distribution with high contrast and considerable accuracy, with a fidelity that can exceed 85%. We
believe that this work contributes valuable insights into the practical applications of spin-orbit interaction,
including optical image processing, wave-front sensing, and quantitative phase imaging.
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I. INTRODUCTION

The wave function, a complex-valued distribution,
represents a quantum system and takes the center stage in
quantum physics and quantum technology. The no-cloning
theorem asserts that it is impossible to exactly reconstruct
an arbitrary unknown quantum state [1–3]. The determina-
tion of an arbitrary wave function is therefore a challenging
and important task. In performing a direct measurement on
an ensemble of particles with the same wave function ψ ,
the result acquired is just the probability |ψ |2 of finding
a particle at a certain position or momentum. This is not
enough to characterize the full wave function unambigu-
ously. Instead, a conventional method, known as quantum
state tomography [4–9], has been established to estimate
the wave function through a large set of projective mea-
surements. This strategy, however, still presents drawbacks
in terms of simplicity, versatility, and directness.

Recently, Lundeen et al. [10] have proposed a more
direct and simple measurement of the quantum wave func-
tion using weak measurement [11–13]. The use of “direct”
means that the real and imaginary components of the
wave function can be received directly on the measure-
ment apparatus owing to the proportionality between the
weak value and the wave function. Finally, the ampli-
tude and phase of a pure quantum wave function can be
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obtained by performing specific calculations on the real
and imaginary components. The method has subsequently
been generalized to the measurement of mixed states
[14–16], photon polarization [17], orbital angular momen-
tum [18], and the Wigner distribution of twisted photons
[19]. To date, several optimized schemes have been pro-
posed in both direct [20,21] and indirect [22–26] methods,
leveraging the principles of weak measurement. Further-
more, a recent noteworthy study argued that strong mea-
surement with no approximation allows for better estima-
tion of the quantum wave function [27]. In fact, the strong
measurement scheme is also weak value based and has
been raising significant interest [28–31]. In general, there
are two feasible proposals to characterize the quantum
state wave function: quantum state tomography and weak-
value-based quantum measurement. The question of which
method performs better has long been a point of contention
[32–34].

In our scheme, we take advantage of the spin-orbit inter-
action of light at a simple air-glass interface to effectively
reconstruct a pristine wave function. The spin-orbit inter-
action of light manifests itself as the mutual conversion
and coupling between the spin and orbital angular momen-
tum [35]. It occurs in many systems, such as the reflection
or refraction of polarized beams at a planar interface [36–
40], the focusing of light or scattering of small particles
[41–43], and the propagation of paraxial beams in
anisotropic media [44–48]. Specifically, in systems where
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the rotational symmetry is broken, the spin-orbit inter-
action gives rise to a type of geometric phase known
as the spin-redirection Berry phase [49,50]. The gradient
of this geometric phase in momentum space induces a
spin-dependent beam splitting in real space, i.e., the spin
Hall effect of light in reflection or refraction at the opti-
cal interface with the refractive-index gradient [36–39,51].
Recently, the utilization of this distinct phenomenon has
led to the proposal and rapid adoption of spatial differ-
entiation in diverse fields, encompassing optical-image
edge detection [52,53], phase mining [54], and differential
microscopy [55].

Here, we show that the spatial differentiation alters the
probability distribution of the photons and that captur-
ing the phase-gradient component makes it possible to
reconstruct the initial wave function. Within this proce-
dure, the phase gradients along the x and y directions
are both required, so we introduce the spatial full differ-
entiation when considering an arbitrary linearly polarized
light beam impinging on the air-glass interface. We exper-
imentally measure a pure wave function of photons with a
Gaussian state and a customized state featuring a targeted
phase jump to validate the feasibility and accuracy of our
proposal.

II. THEORETICAL ANALYSIS OF
RECONSTRUCTION OF WAVE FUNCTION

The spin-orbit interaction of light, arising from the
reflection at an optical interface, can be attributed
to the transverse nature of photonic polarization; i.e.,
the angular-spectrum components of the polarization
experience distinct rotations to maintain transversality
[36–38]. We consider an initial state |ψ〉 with the arbi-
trary linear-polarization state |i〉 = cosα |H 〉 + sinα |V〉
reflecting from the air-glass interface, where α denotes
the incident polarization angle, as schematically shown
in Fig. 1(a). In the spin basis, this polarization state
corresponds to

|i〉 = 1√
2

exp(−iα) |+〉 + 1√
2

exp(iα) |−〉 . (1)

The unitary transformation operator of the coupling
between the spin and the momentum of the photons reads
as

Û = exp[iσ̂3(k̂x�x + k̂y�y)]. (2)

Here, k̂x and k̂y represent the longitudinal and transverse
momentum operators with k̂x |ψ〉 = kx |ψ〉 and k̂y |ψ〉 =
ky |ψ〉, while σ̂3 = |+〉 〈+| − |−〉 〈−| is the third Pauli
operator that assigns eigenvalues +1 and −1 to |+〉 and
|−〉, respectively. Consequently, the wave packets corre-
sponding to the parallel and antiparallel spin states undergo
shifts of �x and �y, respectively.
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FIG. 1. The spin-orbit interaction of light at the air-glass inter-
face. (a) A schematic diagram of the transverse and in-plane
spin splitting when an arbitrary linearly polarized light beam
impinges on the interface. (b) The geometric phase in momentum
space. (c) The variation of the geometric phase with respect to
the incident angle θ and an incident linear-polarization angle α.
(d) The spin-dependent displacements �x and �y as a function
of the incident linear-polarization angle α. (e) The probability
amplitudes of the incident and reflected photons: (i) the prob-
ability amplitude |ψ |2 for the incident Gaussian state; (ii)–(iv)
the reflected probability amplitudes, which are proportional to
|∂ψ/∂y|2, |∂ψ/∂x + ∂ψ/∂y|2, and |∂ψ/∂x|2, respectively.

While such spin splitting of a two-level system has been
extensively examined within the context of weak measure-
ment [51], here, we introduce an orthogonal and biased
polarization analysis aimed at facilitating the occurrence
of destructive interference between the two spin states to
mine the phase of the wave function. After the interaction
of incident photons with the optical interface, the beam
state containing spin states at the air side of the interface
can be written using |Ψ 〉 = Û |ψ〉 |i〉 as (for more details,
see Appendix A)

|Ψ 〉 = a√
2

exp(−iα′) exp(iφG) |ψ〉 |+〉

+ a√
2

exp(iα′) exp(−iφG) |ψ〉 |−〉 , (3)
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where the geometric phase φG = kx�x + ky�y and a
derived parameter a = √

(cosαrp)2 + (sinαrs)2, in which
rp and rs are the Fresnel coefficients at the air-glass inter-
face. During this evolution, the polarization angle rotates
from α to α′ = arctan(rs/rp tanα). Note that in total inter-
nal reflection, α′ = α and a = 1. As is evident from a
straightforward analysis, the spin-dependent displacement
�x and �y can be readily determined by the gradient of
the geometric phase φG in momentum space:

�x = ∂φG

∂kx
= rprs tanα

r2
p + r2

s tan2 α
(�H −�V),

�y = ∂φG

∂ky
= r2

pδH + r2
sδV tan2 α

r2
p + r2

s tan2 α
,

(4)

where �H = ∂ ln rp/k0∂θ , �V = ∂ ln rs/k0∂θ , δH =
(rp + rs) cot θ/k0rp , and δV = (rp + rs) cot θ/k0rs, with k0
and θ being the wave number in vacuum and the incident
angle, respectively.

Figure 1(b) displays the geometric phase in momentum
space for a specific incident condition, while Fig. 1(c) illus-
trates the variation of the geometric phase of a particular
photon with respect to the incident angle θ and the incident
polarization angle α. To maintain the weak interaction in
which the gradient of the geometric phase is small, we set
θ = 45◦ and select α to vary from −90◦ to 0◦. The cor-
responding spin-dependent displacements �x and �y are
shown in Fig. 1(d). If we choose the postselection state as

|f 〉 = 1√
2

exp(−iγ ) |+〉 + 1√
2

exp(iγ ) |−〉 , (5)

where γ = α′ + π/2, to facilitate destructive interference
between the two spin components, the final state |ϕ〉 =
〈f |Ψ 〉 evolves as

|ϕ〉 = ia
2

[exp(iφG) |ψ〉 − exp(−iφG) |ψ〉] . (6)

Under the action of Fourier transformation from the
momentum space to the position space, the final wave
function becomes

ϕ(x, y) = ia
2

[ψ(x +�x, y +�y)− ψ(x −�x, y −�y)] .

(7)

For weak spin-orbit interaction of light, i.e., the spin-
dependent displacements �x and �y are much smaller
than the width of the incident wave packet, the final wave
function ϕ(x, y) is approximately proportional to the first-
order spatial full differentiation of the initial wave function

ψ(x, y):

ϕ(x, y) � ia
[
�x
∂ψ(x, y)
∂x

+�y
∂ψ(x, y)
∂y

]
. (8)

We then consider a Gaussian wave function at a given
plane z0,

ψ(x, y) = 1
w

exp
(

−x2 + y2

w2

)

× exp
(

ik0z0 + ik0
x2 + y2

2R
− iζ

)
, (9)

where k0 = 2π/λ, w = w0

√
1 + z2

0/z
2
R is the radius at the

plane z0 along the beam, w0 is the waist radius, R = z0 +
z2

R/z0, ζ = arctan(z0/zR), and zR = k0w2
0/2 is the Rayleigh

length. The incident and reflected probability densities
after differentiation are shown in Fig. 1(e). Focusing on this
kind of spatial differentiation, one can achieve the purpose
of optical image processing [56–59] and optical signal pro-
cessing [60]. Nevertheless, here we aim to reconstruct a
wave function. Note that for a given z0, the phase k0z0
and ζ are unambiguous. Hence, the phase that needs to be
determined is only

φ(x, y) = k0
x2 + y2

2R
. (10)

For the sake of convenience, we express the wave
function as ψ(x, y) = A(x, y) exp[iφ(x, y)] with amplitude
A(x, y) = 1/w exp

[−(x2 + y2)/w2
]
.

The amplitude, also known as the probability distribu-
tion, can be measured directly by the strong measurement.
Regarding the phase, the application of spatial differentia-
tion can transform it into the intensity distribution. How-
ever, this causes the amplitude and phase to become mixed
in the differentiation of the wave function and appear in
real and imaginary parts, respectively. To solve this prob-
lem, Zhu et al. have found that the information pertaining
to the amplitude and phase can be inherently separated
without the introduction of any additional auxiliary exper-
imental setup [23]. Following this, we modify the posts-
election state in Eq. (5) by setting γ = α′ + β + π/2, in
which the postselection angle β introduces a bias retarda-
tion. As a result, the final wave function in Eq. (8) evolves
into

ϕ(x, y) � −a sinβ {ψ(x, y)− i cotβ

×
[
�x
∂ψ(x, y)
∂x

+�y
∂ψ(x, y)
∂y

]}
. (11)

The probability density is defined as P = |ϕ(x, y)|2.
Expanding the differentiation of the wave function and des-
ignating the postselection angle as ±β, the phase gradient
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FIG. 2. The reconstruction of a pure wave function with a Gaussian state. (a) The experimental setup for the reconstruction of the
wave function. The light source is a single-frequency visible laser at 532 nm (Coherent Verdi G5). Lenses 1 and 2 have effective
focal lengths of 100 mm and 125 mm, respectively. HWP, half-wave plate (for adjusting the intensity); GLP1 and GLP2, Glan laser
polarizers; CCD, charge-coupled device (Coherent LaserCam HR); “Prism,” prism with refractive index n = 1.515 (BK7). The insets
clarify GLP1 and GLP2, the axes of which are at angles α and α′ + π/2 ± β with xi and xr, respectively. (b) The evolution of the
probability density as the postselection angle β changes after the spin-orbit interaction. (c) The directly measured amplitude |ψ |2 of
the Gaussian state. (d),(e) The measured phase gradients (d) ∂φ/∂x and (e) ∂φ/∂y. The insets show the amplitude-dependent phase
gradients κ�xA2∂φ/∂x and κ�yA2∂φ/∂y, respectively. (f) The phase φ reconstructed from the phase gradients in (d) and (e). (g)–(j)
A one-dimensional presentation of (c)–(f) with x = 0 in (c), (e), and (f) and y = 0 in (d). The inserts in (h) and (i) are also the
one-dimensional presentations of the inserts in (d) and (e). The black solid lines are the corresponding best fits to the data.

can be calculated by the difference between two corre-
sponding postselection probability density (for a detailed
derivation, see Appendix C),

P1 − P2 = κA2(x, y)
[
�x
∂φ(x, y)
∂x

+�y
∂φ(x, y)
∂y

]
,

(12)

where κ = 2a2 sin 2β. Thus, the phase gradient can be
calculated through a direct inversion.

In order to reconstruct the phase, distinct measurements
of the phase gradient are conducted along the x and y direc-
tions. We define Gx = ∂φ(x, y)/∂x and Gy = ∂φ(x, y)/∂y

and write them in the vector form G = (Gx Gy)
T. The rela-

tion between the initial phase φ and the phase gradient G
captured by each pixel on the optical detector is given as
[61]

DG = d−1Eφ, (13)

where D and E are two sparse matrices related to pix-
els and d is the size of each pixel. Eventually, the phase
φ can be retrieved by taking advantage of solving opti-
mization problem min

MN

∣∣DG − d−1Eφ
∣∣
2, where MN is the

number of pixels (for a detailed discussion of the phase
reconstruction, see Appendix C).
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FIG. 3. A reconstruction of a custom state featuring a 2π phase
jump with the spin angular momentum σ� distribution. (a) The
experiment setup. SLM, spatial light modulator (for loading the
phase distribution, Holoeye PLUTO-2.1-VIS); BS, 50:50 visi-
ble unpolarized beam splitter (Thorlabs BS013); GLP1 adjusts
the polarization to be horizontal and HWP2 rotates the polariza-
tion to be vertical; lenses 1 and 2 form a confocal system; H, a
pinhole with a diameter of 50 µm plugged in the confocal sys-
tem to modulate the uniformity of the amplitude; lenses 3 and 6
form an imaging system. (b),(c) The phase gradients (b) ∂φ/∂x
and (c) ∂φ/∂y. (d),(e) The measured (d) amplitude and (e) recon-
structed phase of the custom state. (f),(g) Cross sections along the
black dashed lines in (d) and (e), respectively. (g) A comparison
between the initial and the recovered phase.

III. EXPERIMENTAL RESULTS AND DISCUSSION

To demonstrate the feasibility of our protocol, we first
experimentally measure a Gaussian wave function. The
experiment setup is shown in Fig. 2(a). A Gaussian beam
generated by a single-frequency visible laser at 532 nm

passes through lens 1 and a polarizer (GLP1) to pro-
duce an initially polarized focused beam. Upon incidence
of the beam onto the prism interface, the electric fields
of the two spin components undergo distinct rotations to
comply with the boundary condition. Consequently, the
displacements of the two spin components, which are in
opposite directions, are influenced by the input polariza-
tion state due to the polarization-dependent Fresnel reflec-
tions at the interface. The prism is affixed to a rotation
stage, enabling meticulous manipulation of the incident
angle θ . In our experiment, we set θ = 45◦. The inci-
dent polarization angle is selected by GLP1 with α. After
reflection from the prism, the polarization angle is rotated
to α′ = arctan(rs/rp tanα). Through the postselection of
GPL2 with polarization angle γ = α′ + π/2 ± β and the
collimation of lens 2, the final probability density of the
photons is captured by a charge-coupled device (CCD).
Figure 2(b) shows the evolution of the transverse proba-
bility density with the change of β. When β = 0, the two
spin components interfere with each other and the prob-
ability distribution remains symmetrical, as explained in
Eq. (8). On the other hand, when β �= 0, destructive inter-
ference occurs, so that the symmetry of the distribution is
broken, as indicated in Eq. (11).

The experiment results are illustrated in Figs. 2(c)–2(j).
The probability amplitude |ψ |2 shown in Fig. 2(c) is
directly measured by setting γ = α′. In the measurement,
the incident polarization angle α = −90◦; thus there is
no rotation of the polarization angle, i.e., α′ = α = −90◦.
Therefore, the measured |ψ |2 is indeed the probability
amplitude of the initial wave function. The phase φ in
Fig. 2(f) is reconstructed by the measured phase gradients,
which are illustrated in Figs. 2(d) and 2(e), according to
Eq. (13). It can be seen that the reconstructed phase is not
perfectly symmetrical in the x direction, which is due to the
asymmetry of the incident beam itself [Fig. 2(c)]. The two
insets in Figs. 2(d) and 2(e) show the amplitude-dependent
phase gradients κ�xA2∂φ/∂x and κ�yA2∂φ/∂y, respec-
tively. We set α = −29◦ (�y = 0) and −90◦ (�x = 0) to
obtain the phase gradients with respect to x and y, respec-
tively, and the postselection angle β = ±0.08◦. The one-
dimensional experiment data and the corresponding best
fits shown in Figs. 2(g)–2(j) verify excellent restructuring
using our method. The photon count decreases at posi-
tions away from the center, resulting in more pronounced
fluctuations in the phase gradient at those locations. Thus,
reconstructing the wave function in more remote locations
poses a significant challenge.

To further demonstrate the feasibility of our method,
we use it to measure a custom state prepared using a
phase mask depicting the spin angular momentum σ� with
a phase jump of 2π . The phase mask is prepared via
the spatial light modulator illuminated with the Gaussian
beam from the laser. The experiment setup is shown in
Fig. 3(a). Compared to the determination of the Gaussian
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FIG. 4. Differential and quantitative phase imaging based on the spin-orbit interaction of light. (a),(d) The initial phase distributions
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wave function, we add two lenses (lenses 3 and 6) to image
the phase mask. Generally, pure-phase objects are indis-
tinguishable under direct illumination and the output state
only experiences a phase change. We generate a Gaussian
state the amplitude of which is approximately uniform to
illuminate the phase mask. Then, the state that needs to
be reconstructed is ψ(x, y) = Aeiφ(x,y). To do this, one can
use a telescope system, in which a pinhole is made in the
confocal plane.

Despite the uniformity of the amplitude, the phase
exhibits nonuniform characteristics [23]. In this case, the
phase φ(x, y) = φc(x, y)+ φg(x, y), where φc(x, y) and
φg(x, y) represent the phase of the custom state and the
Gaussian state, respectively. In fact, the magnitude of
φg(x, y) is more than one order of magnitude smaller than
that of φc(x, y), as shown in Figs. 2 and 3, so that φg(x, y)
can be ignored, especially when the custom state is rel-
atively small and located in the middle of the Gaussian
state. However, upon introducing the postselection angle
β, it is noteworthy that the phase gradient φg(x, y) may
undergo amplification due to the inherent characteristics
of our experimental apparatus as a weak measurement sys-
tem, adhering to the principles of weak-value amplification
[12,13]. To address this issue, we employ a method that
utilizes bias to determine the sign of the phase gradient
[54]. Taking Eq. (8) into account, the phase gradient with
respect to x can be written as

Gx =
√

P0

a�xA
sgn(P1 − P2), (14)

where P0, P1, and P2 denote the probability density when
we set the postselection angle as 0◦, +β◦, and −β◦, respec-
tively. Likewise, this also applies to Gy . In this way, the
contribution of the Gaussian state to the phase gradient
can be disregarded without amplification introduced by β,
the appearance of which only determines the sign of the
phase gradient. Unlike Gx ∝ √

P0sgn(P1 − P0) (proposed
in Ref. [54]), in which the bias to acquire P1 needs to be
very small, we provide a more flexible way in which P1
and P2 can be measured by setting any two symmetrical
angles ±β.

Figures 3(b) and 3(c) show two phase gradients along
the x and y directions using Eq. (14). The ampli-
tude and phase of the reconstructed state are shown in
Figs. 3(d)–3(g). Note that the reconstructed phase distri-
bution exhibits a high level of contrast. Figure 3(g) shows
a comparison of the reconstructed phase and the initial
phase. To provide a quantitative analysis of the accuracy,
we calculate the fidelity between the recovered state

∣∣ψ ′〉

and the initial state |ψ〉 as [20]

F(|ψ ′〉, |ψ〉) = |〈ψ ′|ψ〉|. (15)

The result is 70.08% for M × N = 200 000. Furthermore,
the mean-square phase error that we calculate is 0.86. It
should be emphasized that the determination of a state
of such high dimensions (400 × 500) using state-by-state
scanning is extremely time consuming [10,20,31]. How-
ever, our approach is scan free and opens up a practical
route for the high-speed measurement of high-dimensional
quantum systems. Furthermore, our method can be applied
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to the differential and quantitative phase imaging of the
biological cells and tissues.

To prove the hypothesis, we use two custom states with
different phase steps and the corresponding differential and
quantitative phase images are illustrated in Fig. 4. The dif-
ferential images shown in Figs. 4(b) and 4(e) demonstrate
that the magnitude of the phase value can be indicated
by the intensity of the edge. Figures 4(g) and 4(i) give
a clearer presentation. However, edge detection does not
provide a more comprehensive representation of objects
in imaging. Fortunately, we can accomplish the quantita-
tive phase imaging by means of differential imaging, as
shown in Figs. 4(c) and 4(f). The comparison between the
recovered and the initial phase, as depicted in Figs. 4(h)
and 4(j), substantiates the better accuracy of our method,
albeit with an observable discrepancy. We also calculate
the fidelity and the mean-square phase error between the
recovered state and the initial state. In Fig. 4(c), the fidelity
is 86.21% and the mean-square phase error is 0.29. In
Fig. 4(f), the fidelity is 71.72% and the mean-square phase
error is 0.79. We attribute the main sources of error to
the following factors: first, variations in the beam dis-
placement caused by the intricate optical path prior to
observation; second, the presence of speckle and interfer-
ence; and, lastly, potential inaccuracies in the calibration
of the spatial light modulator, which can also result in
the error between the reconstructed and prepared phase. In
quantitative phase imaging, a precise measurement of the
phase gradient holds significant importance in achieving
enhanced accuracy.

IV. CONCLUSIONS

In summary, we have presented and validated a scan-
free protocol for reconstructing the quantum wave function
using the spin-orbit interaction of light. By directly mea-
suring the amplitude and applying spatial differentiation
to capture the phase, we have successfully reconstructed
the pure wave function of Gaussian-state photons. Addi-
tionally, we have utilized a phase mask to prepare custom
states, further demonstrating the feasibility and accuracy of
our method. Our approach leverages the spin-orbit interac-
tion of light at a fundamental optical interface, eliminating
the need for complex experimental setups and procedures,
thus offering the advantages of cost-effectiveness and sim-
plicity. This work hopefully not only provides a deep
comprehension of the physical implications of spin-orbit
interaction but also enriches its applicability.

As an outlook, our method paves a way for the
development of practical techniques with direct impli-
cations in the fields of wave-front sensing and quanti-
tative phase imaging. Particularly in the regime of low
photon levels, the development of quantum enhanced
microscopy holds paramount importance in characterizing
the microstructures and comprehending the dynamics of

biological systems with a high signal-to-noise ratio and no
photodamage [62,63]. Furthermore, although the measured
wave function in our case is the spatial mode of photons,
this scheme offers a conceptual framework to characterize
the complex temporal wave function [64–66] with the help
of temporal differentiation [67–69]. Moreover, we posit
that the employment of spatial differentiation provides a
viable approach to reconstruct the wave functions of other
particles, such as neutrons and electrons. By introducing
supplementary perturbations that influence the probabil-
ity distribution of particles, the phase information of the
wave function will likely be captured, although this may
be beyond the reach of current technology.

ACKNOWLEDGMENTS

This work was supported by the National Natural Sci-
ence Foundation of China (Grant No. 12174097) and the
Natural Science Foundation of Hunan Province (Grant No.
2021JJ10008).

APPENDIX A: THE THEORY OF SPATIAL FULL
DIFFERENTIATION

In this appendix, we provide a comprehensive derivation
of the spatial full-differentiation theory based on the spin-
orbit interaction of light. The transverse nature of photonic
polarization is attributed to be the origin of the spin-orbit
interaction of light upon reflection at an optical interface
[36–38]. We begin with an incident wave packet polarized
in the horizontal |H 〉 or vertical |V〉 direction. Following
reflection, the polarization states undergo evolution as [70]

|H(ki)〉 → rp
[|H(kr)〉 + krx�H |H(kr)〉 + kryδH |V(kr)〉

]
,

|V(ki)〉 → rs
[|V(kr)〉 + krx�V |V(kr)〉 − kryδV |H(kr)〉

]
,

(A1)

where rp ,s are the complex-valued reflection coeffi-
cients of the p and s waves, with rp = (n2 cos θ −√

n2 − sin2 θ)/(n2 cos θ +
√

n2 − sin2 θ) and rs = (cos θ −√
n2 − sin2 θ)/(cos θ +

√
n2 − sin2 θ), and

�H = ∂ ln rp

k0∂θ
,

�V = ∂ ln rs

k0∂θ
,

(A2)

δH = (rp + rs) cot θ
k0rp

,

δV = (rp + rs) cot θ
k0rs

.
(A3)

Here, k0 is the wave number in vacuum, while n and
θ denote the refractive index of glass and the incident

054011-7



QIANG YANG et al. PHYS. REV. APPLIED 20, 054011 (2023)

angle, respectively. Equations (A2) and (A3) represent
the displacements of the Goos-Hänchen effect and the
spin Hall effect, respectively, for the corresponding input
polarization states.

In the spin space

|H 〉 = 1√
2
(|+〉 + |−〉),

|V〉 = i√
2
(|−〉 − |+〉),

(A4)

the polarization state of the reflected field can be rewritten
as

|H(ki)〉 → rp√
2

[(
1 + krx�H − ikryδH

) |+〉

+ (
1 + krx�H + ikryδH

) |−〉] ,

|V(ki)〉 → − irs√
2

[(
1 + krx�V − ikryδV

) |+〉

− (
1 + krx�V + ikryδV

) |−〉] .

(A5)

For an arbitrary incident linear-polarization state,

|i〉 = cosα |H 〉 + sinα |V〉 , (A6)

with the incident polarization angle α, the polarization
state of reflected wave packet can be written as

|ς〉 ≈ 1√
2

(
cosαrp − i sinαrs

)

× (
1 + ikrx�x + ikry�y

) |+〉

+ 1√
2

(
cosαrp + i sinαrs

)

× (
1 − ikrx�x − ikry�y

) |−〉 , (A7)

where

�x = rprs tanα
r2

p + r2
s tan2 α

(�H −�V),

�y = r2
pδH + r2

sδV tan2 α

r2
p + r2

s tan2 α
.

(A8)

For the weak spin-orbit interaction of light, provided
that the displacements �x and �y are much smaller than
the beam-waist width w, the reflected field containing spin

states |Ψ 〉 = |ψ〉 |ς〉 can be written as

|Ψ 〉 = a√
2

exp(−iα′) exp(ikrx�x + ikry�y) |ψ〉 |+〉

+ a√
2

exp(iα′) exp(−ikrx�x − ikry�y) |ψ〉 |−〉 ,

(A9)

where a = √
(cosαrp)2 + (sinαrs)2 and α′ = arctan

(rs/rp tanα). Here, the approximations exp [±i(krx�x+
kry�y)

] ≈ 1 ± i(krx�x + kry�y) are introduced. Hence,
we can define the evolution operator of the spin-orbit
interaction as Û = exp

[
iσ̂3(k̂rx�x + k̂ry�y)

]
, where σ̂3 =

|+〉 〈+| − |−〉 〈−| is the third Pauli operator that assigns
eigenvalues +1 and −1 to |+〉 and |−〉, respectively. In
Eq. (A9), we define the geometric phase φG = krx�x +
kry�y such that parallel and antiparallel spin states
occupy opposite geometric phases, resulting in transla-
tional motion along opposing directions.

Subsequently, we consider the reflected wave packet
traversing a second polarizer, with the polarization axis
denoted as γ = α′ + π/2, i.e., the postselection state reads
as

|f 〉 = cos γ |H 〉 + sin γ |V〉 . (A10)

In the spin basis,

|f 〉 = 1√
2

exp(−iγ ) |+〉 + 1√
2

exp(iγ ) |−〉 . (A11)

After destructive interference between the two spin com-
ponents, the resultant wave function throughout the entire
evolution can be determined by |ϕ〉 = 〈f |Ψ 〉 and the
straightforward calculation yields

|ϕ〉 = a
2

exp[i(γ − α′)] exp(ikrx�x + ikry�y) |ψ〉

+ a
2

exp[i(−γ + α′)] exp(−ikrx�x − ikry�y) |ψ〉

= ia
2

exp(ikrx�x + ikry�y) |ψ〉

− ia
2

exp(−ikrx�x − ikry�y) |ψ〉 . (A12)

By performing Fourier transformation on the angular spec-
trum of the reflected light field, we obtain the reflected
wave function in position space:

ϕ(x, y) =
∫ ∫

ϕ(krx, kry) exp [i(krxx + krxy)] dkrxdkry .

(A13)
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FIG. 5. The spin-dependent displacement (a) and the corre-
sponding splitting direction angle ϑ (b) as a function of the
incident polarization angle α for incident angle θ = 45◦.

Finally, the wave function can be obtained as

ϕ(x, y) = ia
2

[ψ(x +�x, y +�y)−ψ(x −�x, y −�y)] .

(A14)

For weak spin-orbit interaction of light—i.e., when the
spin-dependent displacement�x and�y are much smaller
than the width of incident wave packet—the final wave
function ϕ(x, y) is approximately proportional to the first-
order spatial full differentiation of the initial wave function
ψ(x, y):

ϕ(x, y) � ia
[
�x
∂ψ(x, y)
∂x

+�y
∂ψ(x, y)
∂y

]
. (A15)

APPENDIX B: DIFFERENTIAL AND BIASED
IMAGING

Referring to Appendix A, as shown in Eq. (A15), the
final wave function ϕ(x, y) is approximately proportional
to the differentiation of the initial wave function ψ(x, y).
For imaging, including intensity and phase objects, the
camera captures the edge information, thereby performing
differential imaging. We can vary the incident polarization
angle α to determine the corresponding spin-dependent
displacement. We define the splitting direction angle as

ϑ = arctan
(
�y
�x

)
. (B1)

Then, the different displacements �x and �y can realize
differential imaging in different directions. The theoreti-
cal predictions and experimental results are illustrated in
Figs. 5 and 6, respectively.

When we take the bias into account, i.e., the polariza-
tion axis of the second polarizer is γ = α′ + β + π/2,
where β is the postselection angle, the resulting evolution
of the final wave function in Eq. (A15) can be changed as

0

1
(arb. units)

0

1

(a) (b) (c)

(d) (e) (f)

x

y
(arb. units)

FIG. 6. The spatial differentiation of the Gaussian wave func-
tion and the corresponding differential imaging of the custom
phase object. The incident polarization angles α are set to (a)
−29◦, (b) −90◦, and (c) −66◦. Then, the corresponding splitting
direction angles ϑ are (d) 0◦, (e) 90◦, and (f) 45◦, respectively.
The inset in (d) shows the phase distribution of the custom state.

follows:

ϕ(x, y) � −a sinβ
[
ψ(x, y)− i cotβ�x

∂ψ(x, y)
∂x

− i cotβ�y
∂ψ(x, y)
∂y

]
. (B2)

In this case, biased imaging can be achieved. We theoret-
ically simulate and experimentally demonstrate the feasi-
bility of biased imaging, as shown in Fig. 7. This tunable
differential and biased imaging provides different contrasts
and perspectives for observing phase objects. Additionally,
it plays a key auxiliary role in quantitative phase imaging.

APPENDIX C: THE PHASE-GRADIENT
CALCULATION AND PHASE RECONSTRUCTION

To reconstruct the phase distribution, it is very important
to obtain the phase gradient from the differential operation.
Considering a wave function ψ(x, y) = A(x, y)eiφ(x,y) and
substituting it into Eq. (B2) yields

ϕ(x, y) � −a sinβ
{
ψ(x, y)− i cotβ

×
[
�x
∂ ln A(x, y)

∂x
+�y

∂ ln A(x, y)
∂y

]
ψ(x, y)

+ cotβ
[
�x
∂φ(x, y)
∂x

+�y
∂φ(x, y)
∂y

]
ψ(x, y)

}
.

(C1)

The probability density is defined as P = |ϕ(x, y)|2. By
rotating the postselection angle to ±β and denoting the
corresponding detection probability intensity as P1 and P2,
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FIG. 7. The differential and biased imaging of the Gaussian
wave function and the phase object. (a),(b) The differentiation
and bias of the Gaussian wave function in (a) theory and (b)
experiment, respectively. (c),(d) The (c) simulated and (d) exper-
imental results of differential and biased imaging for a phase
object depicting the letter �. We set the postselection angles to
β = −0.4◦, −0.2◦, 0◦, 0.2◦, and 0.4◦, respectively. The presented
biased imaging occurs in the y direction, achieved by setting the
incident polarization angle α = −90◦. By altering the pre- and
postselection states as well as adjusting the postselection angle
β, one can achieve biased imaging with an adjustable contrast in
any desired direction.

the differentiation of the phase part can be separated as
follows:

P1 − P2 = κA2(x, y)
[
�x
∂φ(x, y)
∂x

+�y
∂φ(x, y)
∂y

]
,

(C2)

where κ = 2a2 sin 2β.
As an another example, if we consider a custom state

ψ(x, y) = Aeiφ(x,y) and substitute it into Eq. (A15), the
probability density reads

P0 =
∣∣∣∣aA

[
�x
∂φ(x, y)
∂x

+�y
∂φ(x, y)
∂y

]∣∣∣∣

2

. (C3)

In addition, Zhu et al. have found that the bias introduced
by β can determine the sign of the phase gradient [54].
Inspired by this, the phase gradients Gx = ∂φ(x, y)/∂x and
Gy = ∂φ(x, y)/∂y can be obtained as

Gx =
√

Px
0

a�xA
sgn(Px

1 − Px
2),

Gy =
√

Py
0

a�yA
sgn(Py

1 − Py
2). (C4)

M

N

m

n
1

(m,n) (m,n+1)

(m+1,n) (m+1,n+1)

FIG. 8. The sampling geometry for measuring slopes and
mesh points for the wave front. The arrows represent the position
and direction of the sampling slope and the spheres represent the
phase point that needs to be reconstructed.

This measurement of the phase gradient can also be called
the slope measurement.

We write the phase gradient in the vector form G =
(Gx Gy)

T and discuss the phase-reconstruction process in
detail. We consider the grid geometry proposed by South-
well [61], as shown in Fig. 8. The arrows indicate the slope
directions of each point. The phase gradient between adja-
cent points in each direction is equal to the average of
the measured slopes between those adjacent points, which
leads to the correlation

(Gx
m,n+1 + Gx

m,n)

2
= (φm,n+1 − φm,n)

d
,

{
m = 1, M ,
n = 1, N − 1,

(Gy
m+1,n + Gy

m,n)

2
= (φm+1,n − φm,n)

d
,

{
m = 1, M − 1,
n = 1, N .

(C5)

This equation can be written in the matrix form

DG = d−1Eφ, (C6)

where D and E are two sparse matrices and d is the size of
each pixel. Besides, D and E are determined based on the
size of M and N . The elements of matrix D are 0 and 0.5,
while the elements of matrix E are 0, 1, and −1. To recover
the phase φ, it is straightforward to apply the least-squares
method. The corresponding normal equation reads

E†Eφ = dE†DG. (C7)

In the case of large arrays, one can exploit the sparsity of
matrix E†E and employ iterative matrix methods to solve
Eq. (C7), (for more details, see Ref. [61]). Figure 9 shows
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FIG. 9. A simulated calculation of the phase-gradient and
phase-retrieval procedure of a phase target. (a)–(f) Six biased
images with postselection angles of 0.15◦, 0◦, and −0.15◦ in the
x and y directions, respectively: (a) Px

1 (0.15◦); (b) Px
0 (0

◦); (c)
Px

2 (−0.15◦); (d) Py
1 (0.15◦); (e) Py

0 (0
◦); (f) Py

2 (−0.15◦). (g),(h)
The calculated phase gradients with respect to x and y according
to (a)–(f) by means of Eq. (C4): (g) Gx; (h) Gy . (i) The phase
φ reconstructed by the phase gradients in (g) and (h). The insets
represent the cross sections of the corresponding dashed lines to
clearly give the distinction between different images.

the simulated calculation of the phase-gradient and the
phase-retrieval procedure of a pure-phase object.

In the reconstruction process, there are two main sources
of error. One is the algorithm accuracy, which depends on
the shape of the wave front to be reconstructed. It is effec-
tive to reconstruct the wave front with any tilts, defocus,
and astigmatism, regardless of the size M (N ). However,
the model is imperfect when dealing with a wave front
containing higher-order aberrations and the degree of error
depends on the value of M (N ). This error arises primarily
due to the finite sampling density.

The other source of error originates from the noise in
the calculation of the phase gradient. We first simulate
the error from the noise in the slope measurement. Before
this, we analyze the reconstruction error without introduc-
ing additional noise, as shown in Figs. 10(a)–10(c). In
this case, the mean-square error for the phase between
the reconstructed result and the initial phase is 0.0022.
We then assume that our measurement of the phase gradi-
ent contains random additive noise ν. Figures 10(d)–10(f)
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FIG. 10. Noise and error analysis in the reconstruction
algorithm. (a) The initial phase distribution with a phase jump
of π . (b) The phase gradients in the x and y directions. (c) The
phase reconstructed from (b). (d) The random noise added in (b)
with a variance of 0.003. (e),(f) The phase gradients (e) and the
reconstructed phase (f) in the presence of noise. (g) Cross sec-
tions along the white dashed lines in (a), (c), and (f). (h) The
mean-square phase error expressed by Eq. (C13).

give the results in the presence of noise with a variance
of 0.003. The calculated mean-square error between the
reconstructed and the initial phase is 0.0054.

To give a specific expression, we write

G = G0 ± ν, (C8)

and consider the resulting phase error ε, i.e.,

φ = φ0 ± ε. (C9)

Applying the linear relationship of Eq. (C7), we have

E†E(φ0 ± ε) = E†D(G0 ± ν). (C10)

Here, we set d = 1. Hence, the phase error ε obeys the
same normal equation as the phase itself, i.e.,

ε = Bν, (C11)

where B = (E†E)−1E†D. One of the phase-error compo-
nents is εm = ∑

i Bm,iνi. Taking the statistical average of
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εmεn yields

〈εm εn〉 =
∑

i

∑

j

Bm,i Bn,j 〈νi νj 〉. (C12)

Here, 〈νi νj 〉 = ν2δi,j because of the independence of νi and
νj . Then, Eq. (C12) simplifies to 〈εm εn〉 = ν2 ∑

i Bm,i Bn,i.
If M = N (i.e., m = n), the mean-square phase error ε
becomes

ε = 1
N 2

∑

m

〈ε2
m〉 = ν2

N 2

∑

m

∑

i

B2
m,i. (C13)

This shows that for a given N , the mean-square phase error
ε is proportional to the variance ν2 of the measurement
noise. Figure 10(h) displays the mean-square phase error
ε as a function of N under the conditions of three different
variances, ν2 = 0.003, 0.006, and 0.009. When ν2 = 0.003
and N = 150, our simulated mean-square phase error
ε = 0.0054 − 0.0022 = 0.0032 is close to the theoretical
result, ε = 0.0029.

In our experiment, the main error is caused by the noise
and especially the inaccuracy of the measured phase gradi-
ent, because the technical noise in the reconstruction itself
is tiny. In addition, compared with experimental noise, the
deviation of the phase-gradient value greatly affects the
phase error (see Figs. 3 and 4). From Eq. (C4), we can
see that the phase gradient mainly depends on the mea-
surement of Px

0 (Py
0) and A and the determination of the

spin-dependent displacement �x, y. For the measurement
of Px

0 (Py
0) and A, the slight interference of the light field

can introduce the error. In addition, there is a deviation
in the spin-dependent displacement �x (�y) on the CCD
plane compared to the initial interface, despite account-
ing for modulation by the lens during imaging. It is worth
mentioning that the condition for the establishment of dif-
ferential operation is a small enough displacement, so the
value of �x (�y) is also a factor that affects the measure-
ment accuracy. Addressing the aforementioned issues can
yield more precise reconstruction outcomes.
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