
PHYSICAL REVIEW APPLIED 20, 044065 (2023)

Resonant weak-value enhancement for solid-state quantum metrology
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Quantum metrology that employs weak values can potentially effectuate parameter estimation with
an ultrahigh sensitivity and has been typically explored across quantum optics setups. Recognizing the
importance of sensitive parameter estimation in the solid state, we propose a spintronic device platform to
realize this. The setup estimates a very weak localized Zeeman splitting by exploiting a resonant tunneling-
enhanced magnetoresistance readout. We establish that this paradigm offers nearly optimal performance
with a quantum Fisher information enhancement of about 104 times that of single high-transmissivity
barriers. The obtained signal also offers a high sensitivity in the presence of dephasing effects typically
encountered in the solid state. These results put forth definitive possibilities in harnessing the inherent
sensitivity of resonant tunneling for solid-state quantum metrology with potential applications, especially,
in the sensitive detection of small induced Zeeman effects in quantum material heterostructures.
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I. INTRODUCTION

Quantum metrology [1–3] provides the means toward
high-sensitivity parameter estimation using a quantum
state as a probe, followed by measurements, and has been
demonstrated in a variety of systems [4–9]. It is also well
established that weak values can inextricably be linked
with quantum sensing [10–12]. The use of weak values
in quantum sensing has typically been explored using
quantum optics setups [13–16]. An important metric to
benchmark the quantum sensor performance is the quan-
tum Fisher information (QFI) [17–20], which can also be
linked to weak values [10]. The enhancement of weak val-
ues has shown clear experimental advantages for quantum
sensing, as demonstrated in many works [21–23], despite
theoretical studies which point to how postselection is dis-
advantageous, mainly because of a loss in QFI [24,25].
This discrepancy has been explored thoroughly with ways
to surmount these disadvantages [26,27] and methods to
increase detection probability as well [28].

Solid-state setups have recently garnered a lot of atten-
tion as pivotal testbeds for foundational quantum concepts,
such as quantum state tomography of electrons [29,30],
entanglement generation by Cooper-pair splitting [31–35],
and even loophole-free Bell test experiments [36–38].
Given recent advancements in quantum materials and
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devices, there exist numerous applications that a quantum
sensor could provide with its inherent quantum advantage,
which includes the detection of induced Zeeman splitting
in van der Waals heterostructures [39–45], and the precise
estimation of the Rashba spin-orbit coupling parameter
[46,47], to name but two. In this paper, we demonstrate
how double-barrier resonant tunneling in the solid state
can be exploited for high-sensitivity detection of localized
Zeeman splittings due to an enhanced weak value, via a
magnetoresistance measurement.

The setup we propose builds on a generalized four-
terminal spin-transport setup [43–45]. The magnetoresis-
tance measurement is directly related to a weak value Aw

[48,49] of a spatial operator Â which is defined using the
barrier and region of the Zeeman splitting. Here |i〉 is a pre-
selected state and |f 〉 is the postselected state which gives
the weak value

Aw = 〈f |Â|i〉
〈f | i〉 . (1)

We now refer to Fig. 1(a), in order to demonstrate how our
approach for enhancing weak values differs from the gen-
eral approach of postselecting |f 〉 for a small 〈f | i〉 [25].

By the nature of our setup, the only control we have is
changing the incident wave vector which defines |i〉 as the
energy eigenvector of the spin-independent barrier and |f 〉
being a spatial wave function of the same energy which
is nonzero only to the right of the barriers. The choice
corresponding to the resonant tunneling wave vectors has
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(a) (b)
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FIG. 1. Preliminaries and magnetoresistance signal. (a) A simple schematic (top) representing the weak value, and the sensing
task (bottom) for estimating any localized Zeeman splitting inside the resonant tunneling barrier. General weak-value enhancement
techniques involve postselecting a state |f 〉. Our setup features an enhancement of the weak value Aw by varying the initial state via
a choice of the wave vector k. Contrary to typical setups, the weak value is enhanced via a choice of |i〉 although 〈f | i〉 is not small
in general. Here �w is the weak value associated with the barrier. (b) Detailed device schematic with description of the embedded
barrier region. The bottom gate voltage tunes a specific k value via a gate potential Vgate and a small bias voltage μ1 − μ0 selects out
the outgoing stream. (c) Device schematic for the one-dimensional (1D) channel. There are four contacts, two normal metallic (NM)
contacts (colored yellow) and two ferromagnetic (FM) contacts (colored blue) in the direction depicted by the red arrows. Current
readings are obtained from the contact FM2. (d) A summit result depicting the signal DY as a function of k plotted along with the QFI,
shown as log10 H. We note that there are three characteristic peaks for the k values for which resonant tunneling occurs, k1, k2, and k3,
which are also values where the QFI takes large values.

the largest weak-value despite having the largest 〈f | i〉
overlap via close-to-unity transmission. Our approach pro-
vides means to enhance both the weak values in tandem
with increasing sensitivity, via an enhancement in the
QFI. We make use of resonant tunneling energy channels
[50] using a double-barrier setup [51–53], schematized in
Figs. 1(b) and 1(c), thereby allowing Fabry-Perot reso-
nances at specific energies. We also quantify our design
with the QFI and further analyze the effects of phase
breaking [49,54–63] that are typically detrimental in such
solid-state systems.

II. FORMULATION AND TRANSPORT SETUP

A few intertwining concepts need to be expanded upon
at this stage, as we introduce, investigate, and evaluate the
proposal.

A. Weak values and sensing

We first connect the spin-dependent tunneling prob-
lem with the concept of weak values. We examine a 1D
spin-dependent Hamiltonian of form Ĥ = Ĥ0I + θĤ1σ̂Z ,

where Ĥ0 and Ĥ1 are the 1D spatial Hamiltonians with-
out spin, I is the identity matrix, and σ̂Z is the Pauli z
matrix, respectively. In the steady state, the wave functions
are obtained on solving the 1D scattering problem of the
Hamiltonian with a constant flux of x̂-polarized electrons
to the left of the barrier. As for the treatment of electrons in
a Larmor clock [64], the up-spin and the down-spin com-
ponents of the wave function can be solved separately as
solutions of Ĥ0 + θĤ1 and Ĥ0 − θĤ1, respectively.

The term Ĥ0I can be treated as a bare Hamiltonian with
the localized θĤ1σ̂Z being a scattering potential. Let |ψ〉
be an eigenstate of Ĥ0 with an energy ε(k) and

∣
∣ψ±〉 be

the scattered wave function obtained for the Hamiltonian
Ĥ0 ± θĤ1. Using scattering theory, the scattered waves can
be calculated using the equilibrium Green’s function Ĝ0
evaluated from Ĥ0 [65,66]. The expectation value 〈σ̂Y〉 in
the region to the right of the barrier comes out to be the fol-
lowing up to the first order in θ (see the detailed discussion
in Appendix A):

〈σ̂Y〉 = −2θ Im

(

〈f |Ĝ0Ĥ1|ψ〉
〈f |ψ〉

)

+ O(θ2). (2)
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This equation demonstrates that a certain transport signal
indicative of the parameter θ has a clear dependence on a
weak value of a spatial operator.

Weak values can generally be treated via a perturbative
approach [3,12,67]. For an operator Â, the nth-order weak
value is defined to be An

w = 〈f |Ân|i〉/〈f | i〉, where |i〉 is
the initial state and the postselection is done with state
|f 〉. We define P = |〈f | i〉|2 and Pε = |〈f |Û|i〉|2, where
Û = exp

(

−iεÂ
)

. We can treat ε as a small parameter and
perform a Taylor expansion for U and obtain

Pε
P

= 1 + 2εImAw − ε2[ReA2
w − |Aw|2] + O(ε3). (3)

To ensure the validity of the weak-interaction regime, the
quantity 2εImAw must be much larger in magnitude than
the sum of all the higher-order corrections that follow,
which puts a limit to increasing the sensitivity using weak
values [68].

This elucidates that amplifying the imaginary part of
the weak value for Ĝ0Ĥ1 can boost the sensitivity of 〈σ̂Y〉
with respect to θ as long as we are in the appropriate
regime which keeps the response linear. This weak value
also has physical relevance as a form of the tunneling
time, as explored in Ref. [48]. It has been established that
〈σ̂Y〉 = −ωLτY, where ωL is the Larmor frequency and τY
is the real part of the weak value of the barrier potential
[48,49], which can be proven to be equivalent to Eq. (2).
This notion can be generalized in the case of more com-
plicated barriers, which would only change the Green’s
function Ĝ0, while Ĥ1 takes into account the localized
Zeeman splitting.

B. The magnetoresistive setup

The device setup schematized in Figs. 1(b) and 1(c)
consists of a long 1D nanowire with an embedded bar-
rier region, facilitated electrostatic gating. The embedded
region consists of three rectangular barriers with heights
VB2, VB1, and VB2, with the total width being d2 and
the width of the middle region being d1. The middle
region features a magnetic field B along ẑ, which mod-
els, for instance, a weak Zeeman splitting that is to be
estimated precisely, denoted by VZ = gμBB (where g
is the gyromagnetic ratio and μB is the Bohr magne-
ton). This multiterminal setup is a 1D proof of concept,
which is quite realizable using 1D nanowires or two-
dimensional structures with multiple gates [43–45], and
has been quite intensely pursued [43–45], especially in sit-
uations where induced Zeeman effects occur in localized
regions.

We can now define the channel Hamiltonian as follows:

Ĥ =

⎧

⎪⎨

⎪⎩

(p̂2/2m + VB1)I − (VZ/2)σ̂Z , |y| ≤ d1/2,
(p̂2/2m + VB2)I, d1/2 < |y| ≤ d2/2,
(p̂2/2m)I, |y| > d2/2,

(4)

where θ t0 = VZ/2. The Zeeman splitting is only in the
region where Ĥ1 is nonzero. As depicted in Fig. 1(a),
the incident beam of electrons is +x̂ spin-polarized. The
expectation value 〈σ̂Y〉 gives us a signal in relation to θ
that depicts the precession of the spin, as previously dis-
cussed. Our simulations are conducted with the following
parameters: hopping energy t0 = 3.875 eV, VB1 = t0/5,
VB2 = t0/10, d1 = 40 nm, and d2 = 80 nm. The single-
barrier setup used for comparison has the same value of
VB1 but VB2 = 0 and d1 = d2 = 40 nm instead, and hence
it only has a single barrier in which the localized Zee-
man splitting is contained. The Hamiltonian is truncated
to be defined over 64 sites in a way where the barrier spans
across 40 sites exactly. This further means all the matrices
we deal with are truncated to be defined over exactly 64
sites.

We employ two normal metallic (NM) contacts on the
ends of the channel to manipulate reflections in order to
make the correct postselection and the detection of the
transport signal feasible [49]. The ferromagnetic (FM)
contact FM1 introduces x̂-polarized electrons facilitated
via the bias situation. The current readouts are taken at
the ferromagnetic contact FM2. The alignment of FM2 is
along the ±ŷ direction. We denote the current readout from
FM2 in the ±ŷ direction as I±

FM2.

C. Transport formulation

To model the terminal current readout at FM2, we
employ the Keldysh nonequilibrium Green’s function
(NEGF) technique [55,56,69,70], whose specific imple-
mentation for related setups is elaborated in the appendix
of Ref. [49]. We go over the brief procedure as fol-
lows. The electron correlator is defined as Gn = −iG< =
Gr�inGa, where G< is the lesser Green’s function.
Here, the retarded Green’s function, Gr = [E − Ĥ −
�]−1, where Ĥ is the channel Hamiltonian, � is the sum
of all self-energies, and �in is the in-scattering function.
The quantity Ga is the Hermitian conjugate of Gr [62]. The
terminal currents are then defined as I±

FM2 = Tr(
±
FM2Gn).

For a ±ŷ-polarized contact, the expression for the broad-
ening function 
±

FM2 is a matrix that is only nonzero in the
submatrix for the position of the FM2 contact on the chan-
nel, where it takes on value −t0eika(I + σ̂Y)/2. Given that
ρ = Gn/Tr(Gn), current measurements of I±

FM2 are pro-
portional to the probabilities for ±ŷ polarization at the
position of the FM2 contact, as is apparent from the form
of its expression.
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We now define our primary magnetoresistance signal,
DY, which is obtained out of the current readouts from the
contact FM2 when it is ±y-polarized and defined as

DY = I+
FM2 − I−

FM2

I+
FM2 + I−

FM2
= 〈σ̂Y〉. (5)

From our physical understanding of the current measure-
ments, the signal DY is proportional to the average value
〈σ̂Y〉 for the wave function on the right of the barrier.
Using Eq. (2) we can directly see how DY can be used
for detection of θ using the obtained value to estimate θ
assuming linear response. We can quantify the accuracy of
such estimates using the QFI.

D. Quantum Fisher information

The task of quantum sensing is fundamentally a param-
eter estimation task and the QFI is a very relevant figure
of merit [17,18]. In a general estimation task, a set of
measurements is performed on a parameterized state to
retrieve information on the parameters. We focus on the
single-parameter case, relevant to our setup. The symmet-
ric logarithm derivative [20,71], denoted as L̂θ , for the
estimation task for a parameterized state ρθ is defined by
the equation ∂θρθ = 1

2 (L̂θρθ + ρθ L̂θ ). The QFI, denoted by
H, is defined as H = Tr(L̂2

θρθ ).
Given ∂θρθ and ρθ , we can find L̂θ as a solution to

a continuous Lyapunov equation [71]. As established in
the previous section, we can write the density matrix
ρ = Gn/Tr(Gn). We define the parameter to estimate as θ
where VZ = 2θ t0. From this, we can use the NEGF equa-
tions to obtain the following expression in the lack of
dephasing effects (see Appendix B for detailed discussion):

∂θρ =
(

Ĥ1Gr − Tr((Ĥ1Gr)Gn)

Tr(Gn)
I

)

ρ

+ ρ

(

(Ĥ1Gr)†−Tr(Gn(Ĥ1Gr)†)

Tr(Gn)
I

)

. (6)

This expression for ∂θρ and knowledge of ρ is enough
to derive the expression for the symmetric logarithmic
derivative (SLD) L̂ by simply finding the matrix elements
in the eigenbasis of ρ. The classical Fisher information
(CFI) [19] for this parameterized state can also be obtained
by using the current measurements I±

FM2 to define a clas-
sical probability distribution, since currents at the FM2
contact behave like a positive operator-valued measure
(POVM) for measurements along +ŷ and −ŷ directions
(see Appendix C). Since we obtain current measurements
from the contact, they will be in the ratio of the proba-
bilities obtained from this POVM, which can be used for
ascertaining the CFI. A detailed discussion on the CFI can
be found in Appendix D.

We denote the CFI as Hc, which is dependent on the
POVM set that is chosen. The QFI can be equivalently
defined as the maximal CFI over all POVMs, hence Hc ≤
H [17]. The quantum Cramér-Rao bound [72,73] gives us
a minimum bound onθ̂ , where θ̂ is an unbiased estimator
for θ for M repetitions of the measurements. Picking a bet-
ter POVM will result in a better Hc, which gives a better
bound on θ̂ , as seen by the inequality

(θ)2 ≥ 1
MHc

≥ 1
MH . (7)

Another common metric for the performance is that of
the signal-to-noise ratio [74]. This is linked to the QFI
using a measure defined as Rθ = θ2/θ . From Eq. (7),
we get Rθ ≤ Mθ2H. The quantity θ2H is also referred
to as the estimability of the parameter [18]. Our setup
has practically unlimited repeated measurements since we
obtain steady-state current measurements. Since our sig-
nal is proportional to our parameter and the measurements
are uncorrelated, Rθ would scale linearly with N with N
probes. In what is known as the Heisenberg limit, the scal-
ing of Rθ goes as N 2, which is not possible here since that
would require correlations between the probes [75–77].

III. RESULTS

The signal −DY obtained for a Zeeman splitting of VZ =
t0/5000 (or θ = 1/10 000) is depicted in Fig. 1(d) and this
shows us three values of the wave vector k where the signal
is very clearly amplified. These wave vectors k1, k2 and k3
correspond to solutions where the transmission is exactly
equal to 1. By solving the 1D Schrödinger equation for
the barrier potential defined in Eq. (4), we obtain boundary
conditions for continuity and differentiability of the spa-
tial wave function along the y direction. These are at the
boundaries present for the four values of y equal to ±d2/2

FIG. 2. Resonant enhancement in the transport signal. The
contour plot depicts the dependence of the signal DY with respect
to the Zeeman splitting energy VZ . The signal is significantly
amplified at the resonant tunneling wave vectors, as can be seen
by the two sharp peaks in the contour.
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(a) (b) (c)

FIG. 3. QFI and CFI of the parameterized state in the setup. (a) Comparison of QFI for resonant tunneling setup to the QFI for
the single-barrier setup (labeled Hsingle). It can be seen that the resonant tunneling setup clearly outperforms the single-barrier setup
near the resonant tunneling wave vectors. (b) Comparison between the CFI of the resonant tunneling setup and the single-barrier setup
Hc,single, again demonstrating that the resonant tunneling setup outperforms the single-barrier setup even here. (c) Comparison between
the CFI (labeled Hc,resonant) and the QFI of the resonant tunneling setup. We note that the CFI almost approaches the QFI for resonant
tunneling wave vectors (see inset for k1).

and ±d1/2. On solving these conditions along with set-
ting a zero reflection at y = −d2/2, and all transmission for
y > d2/2 (assuming an incoming wave from the left), we
get a total eight equations. While there are infinite solutions
to this set of equations, the two lowest-energy solutions
are bound states k1 and k2 and correspond to resonant tun-
neling. The wave vector k3 has a higher energy than VB2,
which does not correspond to resonant tunneling. We do
not consider the higher-energy full transmission solutions
since parabolic dispersion approximations fail at higher
energies, within the tight-binding framework. Addition-
ally, we plot the QFI H and note that, at the same values
of k, the QFI is much larger, which ascertains that they can
perform better sensing as well. We further explore how the
signal −DY varies with VZ to understand its response in
Fig. 2.

The three values of the wave vector k where the sig-
nal has a much higher proportionality with the Zeeman
splitting is depicted in Fig. 2. However, for values of
VZ > 10−3 eV, it can be seen that the response stops being
linear, as can be noted from Fig. 2. The value of −DY actu-
ally begins to dip for k1 after it hits the maximum possible
value of 1. To understand the response in this range would
require taking into account the effects of higher orders of
θ = VZ/t0 in our signal [3,12,67].

We also compare the QFI with the CFI in Fig. 3. From
these results, we can infer that, at the resonant tunnel-
ing wave vectors, Hc is closest to H which is closest to
the maximum value it can possibly attain [see Fig. 3(c)].
Another inference is that our modified barrier setup out-
performs the single-barrier setup by a very large margin
at the resonant tunneling wave vectors [see Figs. 3(a)
and 3(b)]. This shows that our sensor has the potential to
give estimates with a near-optimal error margin.

Solid-state systems are prone to dephasing inter-
actions, typically categorized as pure-phase, phase
plus momentum, and spin relaxations. The dephasing

interactions that arise for pure-phase relaxation are usually
electron-electron interactions. The interactions for phase
plus momentum relaxation are via fluctuating local non-
magnetic impurities, and those for spin relaxation are
via magnetic impurities. These can be accounted for in
the Keldysh NEGF method by adding the appropriate
self-energies [49,54–63].

We define a scattering self-energy and the related
in-scattering self-energy in the following matrix form
[62,78]:

[�r/<
s ]ij = Diajkl[Gr/<]kl. (8)

Here Dijkl is a rank-four tensor which describes the spa-
tial correlation between impurity scattering potentials [62].

(a)

(b)

FIG. 4. Effects of phase relaxation and momentum relaxation.
(a) Results for the resonant tunneling setup with nonzero val-
ues of DP which cause pure-phase dephasing. (b) Results with
nonzero values of DM which cause phase plus momentum relax-
ation.
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FIG. 5. Magnetoresistance signal with pure-phase relaxation
and momentum relaxation. The graph shows the ratio between
DY and VZ , showing that the response is not perfectly linear like
in the absence of dephasing. The curves become almost perfectly
linear beyond a certain value of VZ .

For pure-phase dephasing interactions, the tensor takes the
following form characterized by interaction strength DP as
Dijkl = DPδikδjl, where δij is the Kronecker delta function.
The corresponding tensor for momentum dephasing with
strength DM is Dijkl = DMδij δikδjl.

The self-energies are then evaluated under the self-
consistent Born approximation [62]. It must be noted that
both of these interactions do not affect spin, and hence
do not affect the measurement setup. Accounting for spin
dephasing effects will destroy the signal since the setup is
heavily dependent on spin coherence [49]. Figure 4 depicts
the simulation results for both pure-phase and momen-
tum dephasing. Both of these effects broaden the peaks,
as would be expected, but there are qualitative differ-
ences between the two, as one can see in the graphs.
Figure 5 shows the results of simulating a channel with
DM = 10−4t20 and DP = 3 × 10−6t20, which correspond to
typical impurity strengths encountered in 1D channels. The
linear behavior fails if we go below a Zeeman splitting
less than 10−9 eV. There is a reduction in the slopes of

(a) (b)

FIG. 6. Effects of phase and momentum relaxation. The graphs
are (a) quantum Fisher information and (b) classical Fisher infor-
mation, obtained with nonzero values of DM which cause phase
plus momentum relaxation.

this linear behavior compared to the slopes for the signals
given by a clean channel. This reduction is not too large
and still has the slope of the same order as can be deduced
from Fig. 5.

IV. CONCLUSION

We have proposed a spintronic device platform to real-
ize weak-value enhanced quantum sensing. The setup
estimates a very weak localized Zeeman splitting by
exploiting a resonant tunneling-enhanced magnetoresis-
tance readout. We established that this paradigm offers a
nearly optimal performance with a quantum Fisher infor-
mation enhancement of about 104 times that of single high-
transmissivity barriers. The obtained signal also offers a
high sensitivity in the presence of dephasing effects typ-
ically encountered in the solid state. These results, we
believe, put forth definitive possibilities in harnessing the
inherent sensitivity of resonant tunneling for solid-state
quantum metrology with potential applications, especially,
in the sensitive detection of small induced Zeeman effects
[43–45] in quantum material heterostructures.
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APPENDIX A: ONE-DIMENSIONAL SCATTERING
AND WEAK VALUES

We define the Hamiltonian of electrons in terms of spa-
tial Hamiltonians Ĥ0 and Ĥ1 and some small dimensional
parameter θ as

Ĥ = Ĥ0 ⊗ I + θĤ1 ⊗ σ̂Z . (A1)

We now proceed to study the spectrum of scattering states
with this Hamiltonian. We define a purely spatial scattering
state |ψ〉 as follows:

Ĥ0 |ψ〉 = ε |ψ〉 . (A2)

This will get scattered further due to θĤ1 ⊗ σ̂Z in the
Hamiltonian in Eq. (A1). Let |ψ±〉 be the spatially scat-
tered states for the up-spin and the down-spin channels,
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respectively, expressed as

|ψ±〉 = |ψ〉 ± θĤ1

ε − Ĥ0
|ψ±〉 = |ψ〉 ± Ĝ0(ε)θĤ1 |ψ±〉 .

(A3)

Here Ĝ0 is the equilibrium isolated Green’s function of the
Hamiltonian Ĥ0. By the general convention, the Green’s
function is defined as Ĝ0(ε) = [ε − Ĥ0 ± iη]−1, with the
plus and minus choice representing the retarded or the
advanced Green’s function, respectively. This choice will
be largely irrelevant to how we use this operator, since it
is never acts on an energy eigenstate directly. For the sake
of convention, all mentions of Ĝ0 will be of the retarded
Green’s function which has greater physical relevance
[66].

We define |f 〉 as the part of |ψ〉 after scattering [48].
If we assume that the incident wave is |ψ〉 ⊗ ∣

∣+x̂
〉

, the
scattered wave is (|ψ+〉 ∣∣+ẑ

〉+ |ψ−〉 ∣∣−ẑ
〉

)/
√

2. We can
evaluate the expectation value 〈σ̂y〉 for the part on the
left of the scattering section (including barriers in Ĥ0) as
follows:

〈σ̂Y〉 = i〈ψ− | f 〉〈f |ψ+〉 − i〈ψ+ | f 〉〈f |ψ−〉
|〈ψ+ | f 〉|2 + |〈ψ− | f 〉|2 . (A4)

The problem of 1D scattering has been dealt with in more
depth in Ref. [79]. To make a qualitative argument for pro-
portionality to the weak value, we can choose to use the
Born approximation. This gives |ψ±〉 ≈ |ψ〉 ± θĜ0Ĥ1 |ψ〉,
which then helps to simplify Eq. (A4) to the following
form:

〈σ̂Y〉 = iθ
〈ψ | f 〉〈f |Ĝ0Ĥ1|ψ〉 − 〈ψ |Ĥ1Ĝ†

0|f 〉〈f |ψ〉
〈ψ | f 〉〈f |ψ〉 + θ2〈ψ |Ĥ1Ĝ†

0|f 〉〈f |Ĝ0Ĥ1|ψ〉

= −2θ Im

(

〈f |Ĝ0Ĥ1|ψ〉
〈f |ψ〉

)

+ O(θ2). (A5)

Notably the first-order term is simply the weak value of
Ĝ0Ĥ1. To actually evaluate this, we must note that Ĥ1 is
only nonzero in the region of the middle barrier. We can
then act the Green’s function on 〈f | and we will finally get
an integral which is only in the spatial region of the middle
barrier as described in Ref. [48].

The form of Ĝ0Ĥ1 for 1D barriers gives us an impor-
tant insight in the case where the choice of |ψ〉 which has
full transmission (hence maximum 〈f |ψ〉) results in larger
weak values. This case can be observed in the response we
obtain for the signal DY = 〈σ̂Y〉.

APPENDIX B: QUANTUM FISHER
INFORMATION FOR THE SETUP

In this section, we will work out the expression for the
quantum Fisher information which we can obtain out of

our resonant tunneling setup. The Hamiltonian is defined
in Eq. (A1). We wish to estimate θ to measure Zeeman
splitting. This is also a problem that has been studied in
the context of quantum walks for 1D scattering [65]. We
define the following position Hamiltonians:

Ĥ0 =

⎧

⎪⎨

⎪⎩

p2/2m + VB1, |y| ≤ d1/2,
p2/2m + VB2, d1/2 < |y| ≤ d2/2,
p2/2m, |y| > d2/2,

(B1)

Ĥ1 =
{

t0, |y| ≤ d1/2,
0, |y| > d1/2.

(B2)

For spin-up (or spin-down) particles, the effective Hamil-
tonian is Ĥ0 + θĤ1 (or Ĥ0 − θĤ1). One of the defined
Green’s function based on the number of particles in the
channel is the Gn function defined in terms of the advanced
and retarded Green’s functions as Gn = Gr�inGa. We
obtain, ρ = Gn/Tr(Gn) and so we can see the following on
taking a partial derivative with respect to our parameter:

∂Gn

∂θ
= ∂Gr

∂θ
�inGa + Gr�in ∂Ga

∂θ
+ Gr ∂�

in

∂θ
Ga. (B3)

For the sake of simplicity, we first analyze the case of zero
dephasing. In this case, �in only gets contributions from
the lesser self-energies of the contacts, as the contribution
from Eq. (8) is zero. This means that �in will be indepen-
dent of θ , since all the θ dependence arises only from Gn as
the contact self-energies have no dependence on the elec-
tronic potential. In this case, the retarded Green’s function
is defined as follows:

Gr = [(E + iη)I − Ĥ0 ⊗ I2 − θĤ1

⊗ σ̂Z − �L − �R − �F1 − �F2]−1. (B4)

From this we can find the partial derivative of Gr with
respect to the parameter θ :

∂Gr

∂θ
= −Ĥ1 × −(Gr)2 = Ĥ1Gr × Gr. (B5)

From the above equation, it follows that

∂Gn

∂θ
= (Ĥ1Gr)Gn + Gn(Ĥ1Gr)†. (B6)
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We must now also account for the fact that Gn must be
normalized to give the expression for the density matrix:

∂ρ

∂θ
= ∂

∂θ

Gn

Tr(Gn)
= 1

Tr(Gn)

∂Gn

∂θ
− Gn

Tr(Gn)2
Tr
(
∂Gn

∂θ

)

=
(

Ĥ1Gr − Tr((Ĥ1Gr)Gn)

Tr(Gn)
I

)

ρ

+ ρ

(

(Ĥ1Gr)†−Tr(Gn(Ĥ1Gr)†)

Tr(Gn)
I

)

. (B7)

However, Tr(A†)I = ((Tr(A))I)†, hence if we define L̃ as

ˆ̃L = Ĥ1Gr − Tr((Ĥ1Gr)Gn)

Tr(Gn)
I, (B8)

we can write the following expression:

∂θρ = ˆ̃Lρ + ρ
ˆ̃L†. (B9)

This may look a lot like the expression for QFI defined in
terms of a symmetric logarithmic derivative (SLD) [17].
The operator L̃ is not Hermitian, hence fails to be an SLD.
In general, QFI is defined as the following for density
matrix ρ = ∑

λi |i〉 〈i|:

H =
∑

i,j ,λi+λj 	=0

2Re
〈i|∂θρ|j 〉〈j |∂θρ|i〉

λi + λj
. (B10)

To obtain the true SLD we can simply use the matrix ele-
ments of δθρ [18]. Here we have ∂θρ = 1

2 (L̂ρ + ρL̂). By
representing matrix elements using the eigenstates of ρ,

〈i|L̂ρ + ρL̂|j 〉 = 2(〈i| ˆ̃Lρ + ρ
ˆ̃L†|j 〉), (B11)

(λi + λj )〈i|L̂|j 〉 = 2(λj 〈i| ˆ̃L|j 〉 + λi〈i| ˆ̃L†|j 〉), (B12)

L = 2
∑

i,j ,λi+λj 	=0

(

λj 〈i| ˆ̃L|j 〉 + λi〈i| ˆ̃L†|j 〉
λi + λj

)

× |i〉〈j |. (B13)

This shows how the operator ˆ̃L is directly related to the
SLD L̂. We can further extend this to the case where
dephasing is nonzero. However, similar to the calculation
of the Green’s functions, their derivatives also have to be
found in a self-consistent form. We omit the analytical
expressions in this case. Our numerics are carried out by
estimation of ∂θρ ≈ (ρθ+dθ − ρθ)/dθ , where dθ 
 θ . For
our simulations, the value of dθ is set as θ/1000.

APPENDIX C: CURRENT MEASUREMENT AS A
STRONG MEASUREMENT

The act of obtaining currents at the ferromagnetic con-
tacts gives the statistics for the spin expectation values.
This is due to the fact that the ferromagnetic contact, if
aligned along a certain direction, will give a current read-
out proportional to the population of spins aligned in that
particular direction [49]. This can be established in the
NEGF formulation. The current readouts are from the FM2
contact at ±ŷ orientation. The current values come out to
be as follows:

I±
FM2 = Tr(
FM2Gn)

= −2t0i sin(ka)Tr(Gn)Tr
(
(I ± σ̂y)δf2,f2

2
ρ

)

. (C1)

The quantity Tr((I ± σ̂y)ρ/2) is simply the probabilities
for the POVM set of {(I + σ̂y)/2, (I − σ̂y)/2}. An addi-
tional point to note is that our postselection measurement
is looking at one point in the whole region which lies to the
right of the barrier region (electrons are injected from the
left of the barrier). The reason it is only one point is since
the current readout only occurs at a specific point in the
1D nanowire. This does not change the expectation value
of σ̂Y, since this will have to be the same all over the whole
region which lies to the right of the barrier region.

Hence, what we use as the expectation value of σ̂Y is the
same as the expression we obtain by considering a com-
plete postselected region in Eq. (A4) since the spin part of
the wave function is the same everywhere on the right of
the barrier. For any 1D scattering problem, all changes only
occur at the boundaries. Hence, by looking at one point, we
can get the relevant information for the whole postselected
region.

APPENDIX D: CLASSICAL FISHER
INFORMATION FOR THE SETUP

As we have established previously, we take the current
readouts to behave as probabilities for the POVM set of
{(I + σ̂y)/2, (I − σ̂y)/2}. Since the state ρ is ultimately
dependent on the polarization of FM2 [see Eq. (B4)], the
state is slightly different depending on whether it is +ŷ or
−ŷ. We first define the probabilities p± as

p±=Tr( 1
2 ((I ± σ̂y)δf2,f2)G

n
±)

Tr(Gn±)
. (D1)

We note that these probabilities are only looking at a
certain lattice point corresponding to the contact FM2.
Hence we actually need to define conditional proper-
ties since those are the actual probabilities we get ±ŷ-
polarization electrons detected on the other end. Hence let
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p̃± = p±/(p+ + p−). From this, the CFI is simply given as
follows:

Hc = p̃+(∂θ ln(p̃+))2 + p̃−(∂θ ln(p̃−))2

= (∂θ p̃+)2

p̃+
+ (∂θ p̃−)2

p̃−
. (D2)

This expression can be easily evaluated using Eq. (B6).
While we use this method for calculation of the CFI

using the NEGF method, one can also apply the ideas
explored in Appendix A here to obtain an expression when
the scattering states are pure (zero-dephasing). As stated
before, the state obtained after scattering of |ψ〉 ⊗ ∣

∣+x̂
〉

can
be defined as

|ψscattered〉 = 1√
2
(|ψ+〉 ⊗ ∣

∣+ẑ
〉+ |ψ−〉 ⊗ ∣

∣−ẑ
〉

)

= (|ψ+〉 − i |ψ−〉)√
2

⊗ ∣
∣+ŷ

〉

+ (|ψ+〉 + i |ψ−〉)√
2

⊗ ∣
∣−ŷ

〉

. (D3)

The projection for probabilities of ŷ spin measurement will
be over the state |f 〉 ⊗ ∣

∣±ŷ
〉

, giving

p ′
±=|〈f |ψ+〉 ∓ i〈f |ψ−〉|2

2
. (D4)

We can now employ the Born approximation expression of
|ψ±〉 = |ψ〉 ± θĜ0Ĥ0 |ψ〉. Using this we obtain

∂(ln
(

p ′
±
)

)

∂θ
= 1

p ′±

∂(p ′
±)

∂θ
=± 2Im

(

〈f |Ĝ0Ĥ0|ψ〉
〈f |ψ〉

)

+O(θ2).

(D5)

From Eq. (D2) we can see how a large value of ∂θ (ln
(

p ′
±
)

)

will clearly result in a large value of Hc. This in turn
implies a smaller variance for estimation of θ .
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