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The atomically laminated layered ternary transition-metal borides (the MAB phases) have demonstrated
outstanding properties and have been applied in various fields. Understanding their thermal and mechan-
ical properties is critical to determining their applicability in various fields such as high-temperature
applications. To achieve this, we conducted first-principles calculations based on density-functional the-
ory and the quasiharmonic approximation to determine the thermal expansion coefficients, Grüneisen
parameters, bulk moduli, hardness, thermal conductivity, electron-phonon coupling parameters, and the
structural and vibrational properties of MoAlB, WAlB, Cr2AlB2, and Ti2InB2. We found varying degrees
of anisotropy in the thermal expansion and mechanical properties in spite of similarities in their crys-
tal structures. MoAlB has a mild degree of anisotropy in its thermal expansion coefficient (TEC), while
Cr2AlB2 and WAlB display the highest level of TEC anisotropy. We assessed various empirical models to
calculate hardness and thermal conductivity, and correlated the calculated values with the material proper-
ties such as elastic moduli, Grüneisen parameter, Debye temperature, and type of bonding. Owing to their
higher Grüneisen parameters, implying a greater degree of anharmonicity in lattice vibrations and lower
phonon group velocities, MoAlB and WAlB have significantly lower lattice thermal conductivity values
than those of Cr2AlB2 and Ti2InB2. The hardness and lattice thermal conductivity of MAB phases can be
predicted with high accuracy if one utilizes an appropriate model.
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I. INTRODUCTION

The atomically laminated layered ternary transition-
metal borides (so called MAB phases, where M repre-
sents a transition metal) are a class of materials that have
recently attracted great scientific attention due to their
unique properties [1–3]. These materials are composed of
alternating layers of transition-metal borides and group-
A elements, which form a crystal structure known as a
“lamellar” structure. The MAB phases exhibit a range of
interesting properties, including relatively high hardness
values, high melting points, good electrical conductivities,
and high oxidation and thermal shock behavior resistance,
with potential applications in areas such as wear-resistant
coatings, catalysis, energy storage, and electronics. The
thermal stability and oxidation resistance of MAB phases
make them ideal candidates for use in high-temperature
applications, such as turbine blades and other components
in jet engines. Some examples of MAB phases include

*deniz.cakir@und.edu

M2AlB2 (space group Cmmm) [4,5], MAlB (space group
Cmcm) [6], and (CrB2)nCrAl (n = 1–3) [1]. The recent
discovery of hexagonal symmetry in Ti2InB2 has provided
an opportunity for exploring the possibility of expand-
ing the composition and structure space of the MAB
phases [7].

Understanding the thermal and mechanical properties of
a material is essential for its applications, as these prop-
erties determine how the material behaves under different
conditions, and whether or not it is suitable for specific
applications. Thermal properties, such as thermal con-
ductivity, specific heat capacity, and thermal expansion
coefficient, determine how the material will conduct heat
and respond to temperature changes. Similarly, mechan-
ical properties, such as hardness, elastic constants, and
ductility, determine the resistance of the material to defor-
mation, fracture, and wear. These properties are very
critical for applications including coating, cutting tools,
high-temperature applications, and biomedical implants.

To enhance the applications of MAB phases in extreme
environments (such as at high temperatures where the
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temperature change is abrupt), a detailed investigation of
their mechanical and thermodynamic properties is essen-
tial. Importantly, the crystal symmetry and anisotropic
behavior can have a significant impact on the thermal and
mechanical properties of materials. For example, materials
with lower crystal symmetry tend to be more anisotropic,
meaning that their properties vary depending on the direc-
tion of measurement. The anisotropic nature of materials
gives rise to several distinct characteristics. Firstly, dif-
ferent thermal expansion coefficients can exist in different
directions, leading to stress and strain within the mate-
rial and ultimately impacting its mechanical properties
[8–11]. Secondly, variations in strengths and stiffnesses
across different directions can render materials more vul-
nerable to failure along specific orientations [9,12]. Lastly,
materials can exhibit different electrical and thermal con-
ductivities in different directions, influencing the flow
of heat and electricity through them [13]. Collectively,
these anisotropic properties underscore the importance of
considering directional dependencies when studying and
designing materials for specific applications.

In this respect, we employed density-functional the-
ory (DFT) calculations combined with the quasihar-
monic approximation (QHA) to elucidate the mechanical
and thermal properties of MoAlB, WAlB, Cr2AlB2, and
Ti2InB2. Our work includes the determination of vari-
ous mechanical and dynamical properties, such as lattice
vibrations at different volumes (to apply the quasiharmonic
approximation and calculate Grüneisen parameters), elas-
tic constants, bulk and shear moduli, Poisson’s ratio, and
several other mechanical quantities to identify the degree
of anisotropy in mechanical properties. Also, we calcu-
lated thermal expansion coefficients and lattice parameters
as a function temperature. By applying various empirical
models combining mechanical and thermal parameters, we
assessed the validity of these models in the calculation
of hardness and thermal conductivity. We compared our
results with available experimental results to validate our
work and methodology.

II. COMPUTATIONAL DETAILS

The density-functional-theory plane-wave code VASP
(Vienna ab initio simulation package) [14–17] and the
Perdew-Burke-Ernzerhof (PBE) flavor [18] of the general-
ized gradient approximation (GGA) [19] were employed.
We relaxed the lattice parameters and atomic positions
fully while employing a Monkhorst-Pack scheme for the
integration of the Brillouin zone. The k mesh is chosen
according to the size of the simulation cell. The kinetic-
energy cutoff of the plane-wave basis of 520 eV was found
to be sufficient. The total energy convergence and max-
imum force values were set to 10−8 eV and 10−4 eV/Å.
We employed different k meshes to calculate various prop-
erties in our study. Specifically, for structural relaxations,

we used a 16 × 4 × 16 k mesh for MAlB and Cr2AlB2,
and a 16 × 16 × 8 k mesh for Ti2InB2. To ensure accurate
phonon calculations, the k meshes were adjusted in pro-
portion to the dimensions of the supercells. For instance,
we utilized a 4 × 4 × 4 k mesh for a 4 × 1 × 4 MoAlB
supercell. In order to determine the elastic constants, a
gamma-centered 24 × 6 × 24 k mesh was employed for
MAlB and Cr2AlB2, while Ti2InB2 utilized a gamma-
centered 20 × 20 × 10 k mesh. These choices of k meshes
ensure accurate and reliable calculations of the elastic con-
stants for the respective materials. In a recent study, we
assessed the reliability of different exchange-correlation
functionals and dynamical mean-field theory for the accu-
rate prediction of the material properties of MAB phases
[20]. We found that the PBE-GGA functional is suffi-
cient to achieve a correct description of the energetics,
structural, magnetic, and dynamical properties of M2AB2,
where M = Fe and Mn, and A = Al, Si, Ga, and In.

The temperature-dependent thermodynamic properties
were calculated using the Phonopy software package
[21–23]. Using this approach, the interatomic forces result-
ing from the displacement of atoms from their equilibrium
sites were used to calculate the second-order force con-
stants. A dynamical matrix was constructed to search for
the phonon frequency distribution over the Brillouin zone.
Supercells of size 4 × 1 × 4 were used for MoAlB, WAlB,
and Cr2AlB2 and size 4 × 4 × 2 for Ti2AlB2, respectively.

The harmonic approximation has serious inherent lim-
itations including zero thermal expansion, temperature
independence of elastic constants and bulk modulus,
equality of constant-pressure and constant-volume specific
heats, infinite thermal conductivity and phonon lifetimes,
etc. In this respect, the quasiharmonic approximation pro-
vides the simplest route to overcome these limitations by
incorporating explicit volume-dependent vibration phonon
frequencies on the harmonic expression of the Helmholtz
free energy.

Within this framework, the Helmholtz free energy,
which relates the dependence of the vibration phonon
frequency on volume, is expressed as the sum of three
terms:

F(V, T) = U0(V) + Fph(V, T) + Fel(V, T). (1)

Here U0(V) is the zero-temperature internal energy of the
crystal without any vibrational contribution (easily acces-
sible from the VASP via volume-constrained geometry opti-
mizations). The second term Fph(V, T) is the vibrational
contribution and can be expressed as

Fph(V, T)

= 1
2

∑

qσ

�ωqσ + kBT
∑

qσ

ln(1 − exp[−�ωqσ /kBT]),

(2)
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where ωqσ is the vibrational frequency of the σ th branch
with wavevector q. In this approach, the phonon frequency
is dependent on the volume and independent of the temper-
ature, hence the intrinsic phonon-phonon interaction which
changes with temperature is neglected. Finally, the third
term Fel(V, T) is the electronic contribution to the free
energy calculated from [24]

Fel(V, T) = Eel − TSel, (3)

where the electronic entropy is given by

Sel = −2kB

∑

i

{fi(V) ln fi(V) + [1 + fi(V)] ln[1 − fi(V)]}.

(4)

Here, the Fermi distribution function fi(V) is defined as

fi(V) =
{

1 + exp
[
εi − μ(V)

T

]}−1

(5)

and Eel is

Eel(V) = 2
∑

i

fi(V)εi(V). (6)

The equilibrium volume at a given temperature T, V(T),
is obtained by minimizing F(T, V) with respect to volume
V, keeping T as a fixed parameter. Within this formal-
ism, the total electron energy at T = 0 K and p = 0 and
free vibrational energy Fph were calculated for 13 volumes
from −3.5% to 3.5% of the equilibrium unit-cell volume
fitted to the Birch-Murnaghan equation of state. In these
calculations, we applied strain independently along each
direction and adjusted the lattice parameters in the trans-
verse directions by modifying them according to isotropic
Poisson’s ratio.

III. RESULTS AND DISCUSSION

A. Structural properties

We present the relaxed crystal structures of the MoAlB,
WAlB, Cr2AlB2, and Ti2InB2 in Fig. 1. The structure of the
MAB phase can be described as consisting of boron atoms
coordinated by six transition-metal atoms. The MAB phase
typically adopts the orthorhombic crystal structure, which
comprises metal—boron (M—B) blocks made up of face-
sharing trigonal prisms that are separated by layers of Al
[25]. Recently, a hexagonal symmetry has been reported
for Ti2InB2 with a space group of P6̄m2 [7]. The structures
considered in this investigation are based on experimen-
tally synthesized MoAlB and WAlB with orthorhombic
symmetry (Cmcm) [2], Cr2AlB2 with orthorhombic sym-
metry (Cmmm) [1], and Ti2InB2 with hexagonal symmetry
(P6̄m2) [7]. The direction of the zigzag B—B chain and

y
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Al
Mo/W

B

z

x

Cr

(a) (b) (c)

FIG. 1. Crystal structures of optimized (a) MoAlB and WAlB,
(b) Cr2AlB2, and (c) Ti2InB2 systems.

stacking direction for metal—boron layers for MoAlB,
WAlB, and Cr2AlB2 are along the c and b lattice param-
eters, respectively. We set the c direction as the stacking
direction for Ti2InB2. The calculated lattice parameters
and experimental values are summarized in Table I, show-
ing a good agreement with experimental data, with devi-
ations not more than 0.8% [1,2,7]. The largest deviation
from the experimental results was obtained for the b lattice
parameter, along which metal—boron layers are separated
by Al layers.

B. Vibrational properties

We present the phonon dispersion curves and partial
densities of states of the systems in Fig. 2. No negative fre-
quencies, indicating the dynamical instability at T = 0 K,
were found for all of the considered structures. The longi-
tudinal acoustic and transverse acoustic modes of all the
materials have a linear dependence as the phonon wave
vector approaches zero (i.e., long-wavelength limit). For
Ti2InB2, this linear dependence continues until 2 THz.
There are similarities in the behavior of systems with sim-
ilar crystal structures, specifically for MoAlB and WAlB

TABLE I. Calculated lattice parameters (Å) together with
available experimental data.

This calculation Expt. [1,2,7,26]

MoAlB a = 3.22 3.20
b = 14.03 13.92
c = 3.11 3.09

WAlB a = 3.22 3.21
b = 13.98 13.92
c = 3.12 3.11

Cr2AlB2 a = 2.93 2.94
b = 11.13 11.05
c = 2.92 2.97

Ti2InB2 a = 3.08 3.10
b = 3.08 3.10
c = 7.94 7.71
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FIG. 2. Calculated phonon dispersion curve and vibrational
phonon partial density of states (VPDOS) for (a) MoAlB,
(b) WAlB, (c) Cr2AlB2, and (d) Ti2InB2.

[see Figs. 2(a) and 2(b)]. The low-frequency region up to
10–12 THz is predominantly dominated by the Mo—Al
or W—Al vibrations and the high-frequency region is due
to the B vibrational states. This behavior is attributed
to the fact that the vibrational frequencies are inversely
proportional to the mass of the atoms.

A comparison with the other two systems under inves-
tigation showed that the lower-frequency region is dom-
inated by Cr—Al interactions and Ti—In, similar to the
behavior described for MoAlB and WAlB. In contrast to
the Mo- and Cr-based MAB phases, the Al and W vibra-
tions are well separated. Though MoAlB has no phonon
band gap, WAlB presents a phonon band gap of about
1 THz between low-lying optical phonons. Our density-
of-states calculation for MoAlB is quite consistent with
Raman spectra [27]. The largest band gap is exhibited by
Ti2InB2, with a value of around 5 THz.

Since the phonon scattering depends on the number of
available channels, which can be determined directly from
the phonon dispersion plots, the existence of a phonon
band gap provides the suppression of the scattering chan-
nels for phonons, thereby giving rise to longer mean free
paths for phonons, and therefore higher lattice thermal
conductivity. The maximum frequencies (ωmax) at the �

point exhibit the following order: ωmax(Cr) > ωmax(Ti) >

ωmax(Mo) > ωmax(W). This ordering arises from the deli-
cate interplay between the mass of the atoms and the stiff-
ness of the bonds. It is noteworthy that the frequency (ω)
is directly proportional to the bond stiffness and inversely
proportional to the mass of the elements. Consequently,
Ti and Cr, possessing smaller atomic masses, demonstrate
higher values of ωmax compared to Mo and W.

The investigated compounds display different disper-
sion curves, resulting in different phonon group velocities,

(a) (b)

(c) (d)
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FIG. 3. Calculated phonon group velocities as a function of
frequency. Each color represents a phonon branch in the respec-
tive systems.

vqσ = ∂ωqσ /∂q, where ωqσ , q, and σ represent the vibra-
tional frequency, the phonon branch index, and the wave
vector, respectively. From a comparison of the phonon
group velocities as shown in Fig. 3, the acoustic modes
take the largest values in Cr2AlB2, followed by MoAlB,
Ti2InB2, and WAlB. On the other hand, Ti2InB2 exhibits
consistently higher values of vqσ across the entire fre-
quency spectrum, encompassing both acoustic and opti-
cal phonons, with the former generally making a larger
contribution. MoAlB and WAlB exhibit very similar vqσ

variations as a function of frequency. However, the latter
generally has lower vqσ values. As the lattice thermal con-
ductivity is directly related to the phonon group velocity
and includes summation over phonon group velocities, it
is expected that Cr2AlB2 and Ti2InB2 have larger thermal
conductivities compared to MoAlB and WAlB. Figure 3
clearly demonstrates a significantly larger phonon band
gap in Cr2AlB2 and Ti2InB2. This finding strongly sup-
ports the notion that these materials possess higher thermal
conductivity.

Figure 4 denotes the Grüneisen parameters (γ ) for
MoAlB and Cr2AlB2. The γ parameter of an indi-
vidual vibrational mode σ can be defined as γqσ =
−(V/ωqσ )∂ωqσ /∂V, and measures the rate of change of
the phonon frequency ωqσ with respect to the change in
volume or lattice parameters due to an applied strain or
thermal expansion. The Grüneisen parameter can be posi-
tive or negative. A negative Grüneisen parameter implies
that the material’s phonon frequencies decrease as the
volume increases, and vice versa. In other words, the mate-
rial’s lattice vibrations become softer or more compressed
under expansion and stiffer or more stretched under com-
pression. This behavior is observed in some materials,
particularly those with anharmonic lattice dynamics or
specific structural characteristics.
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FIG. 4. The Grüneisen parameters corresponding to different
phonon modes for (a) MoAlB and (b) Cr2AlB2 due to lattice
expansion along only the x, y, and z directions.

We differentiated γ with respect to the lattice param-
eter change along the x (a), y (b), and z (c) directions.
As seen from Fig. 4, the Grüneisen parameters strongly
depend on the crystal direction. For instance, while γ

varies between −2 and 12 along the y (or the lattice param-
eter b) direction, it ranges from −6 to 8 along the x and
z directions for MoAlB. There is a sizable population of
negative Grüneisen parameters in both materials, which is
a sign of anharmonicity. However, this negative region is
more dominant in MoAlB. As it is related to the thermal
conductivity of a material through its effect on the lattice
vibrations of the material, the Grüneisen parameter deter-
mines the anharmonicity of these vibrations, which in turn
affects the scattering of phonons that carry heat through the
material.

Upon examining MoAlB as a representative example up
to 2.5 THz, distinct patterns emerge in the behavior of the
transverse and longitudinal acoustic modes across differ-
ent crystallographic directions. In the a and c directions,
the frequencies of these modes decrease, while in the b
direction, they increase. Notably, the a direction (along
the x axis) displays more significant changes, character-
ized by larger negative Grüneisen parameters, as depicted
in Fig. 4. Conversely, the c direction (along the z axis),
which exhibits similar lattice parameters when expanded,
shows comparatively smaller decreases in the transverse
and longitudinal acoustic modes, aligning closely with the
equilibrium structure. This observation is supported by

the Grüneisen parameters shown in Fig. 4, which indi-
cate more negative values along the a direction than the
c direction. In contrast, the b direction (along the y axis)
demonstrates an increase in frequencies for both the lon-
gitudinal and transverse acoustic modes. This suggests a
positive Grüneisen parameter that encompasses a broader
range. As both the transverse and longitudinal modes expe-
rience an increase within the 0–2.5 THz range, the negative
Grüneisen parameter is relatively lower in the b-axis graph
of Fig. 4.

C. Thermal expansion

As a result of the potential of these materials in high-
temperature applications, it is important to understand their
thermal properties. The thermal properties of a material are
part of the physical properties of the material and include
heat capacity, thermal expansion, thermal conductivity,
etc., which can provide information about the material’s
phase stability, strength, melting point, and bonding char-
acter [28]. Using the quasiharmonic approximation, we
calculated changes in individual lattice parameters with
temperature.

Figure 5 shows the calculated free-energy values for a
range of temperatures obtained for MoAlB as a represen-
tative example. Free energy includes both electronic and
vibrational contributions. Here, we differentiate the depen-
dence of free energy along the lattice parameters a, b, and
c. The red points mark the equilibrium lattice parameters,
which minimize the free energy, at a given temperature. As
is expected, the equilibrium lattice parameters grow with
temperature, indicating the expansion of MoAlB in a given
direction. Free-energy curves become flatter at large lattice
constants above the equilibrium one as T grows.

To determine the thermal expansion properties along
a specific direction (such as b lattice parameter), we
employed a method that involved modifying the other
orthogonal directions (a and c) using a positive isotropic
Poisson’s ratio. As illustrated in Fig. 1, MAB phases

(a) (b) (c)

FIG. 5. Variation of free energy for MoAlB with respect to
volume at temperatures 0–900 K along the x (or a), y (or b), and
z (or c) directions.
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exhibit highly anisotropic crystal structures, leading to
direction-dependent mechanical properties. To validate our
method, we conducted a comparison between the lattice
parameters of MoAlB derived using an isotropic Poisson’s
ratio and those obtained through energy minimization. The
optimized values for the a and c lattice parameters deviate
by approximately 0.0062 and 0.0037 Å from the estimated
values. These minimal differences in lattice parameters
yield energy variations on the order of 0.5 meV. Conse-
quently, our approach based on isotropic Poisson’s ratio
provides a reasonable estimation of the lattice parameters
for orthogonal directions.

Figure 6 denotes the evolution of lattice parameters with
temperature up to 1000 K. It shows that the unit-cell lat-
tice parameters at temperatures up to 100 K are almost
flat (or very small expansion compared to larger T val-
ues), then change rapidly to ascend linearly, as is consistent
with experimental findings [8]. Our values for a, b, and
c at 300 K are compared with data from the experiments
where available. We obtained a, b, and c values higher
than the experimental ones by 0.81%, 1.044%, and 0.64%,
respectively, for MoAlB [1,8]. For Cr2AlB2 at 300 K, we
obtained differences of 0.1%, 0.34%, and 1.18% for the
a, b, and c lattice parameters, respectively. As various
approximations (such as for treating exchange-correlation
effects that have a significant impact on the lattice parame-
ters) were used, a small discrepancy between experimental
and computational lattice parameters is expected.

Therefore, it is more convenient to compare the slope of
the experimental and calculated results. Both Cr2AlB2 and
MoAlB exhibit fairly similar slopes in the linear part of
their thermal expansion. However, above 500 K, the exper-
imentally observed growth rate of the a lattice parameter
(perpendicular to the B—B zigzag chain) becomes slightly
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FIG. 6. Temperature dependence of equilibrium unit-cell lat-
tice parameters. Green points are values obtained from the
experiment [8].

slower. In general, we have a good agreement with the
experimental results for the b and c lattice parameters, and
the slope is steeper along these directions. When compar-
ing our results with experimental data, it is evident that our
method is well suited for accurately calculating the thermal
expansion in MAB phases, as it aligns with the experi-
mental data and captures the appropriate slope in the linear
expansion region.

Next, we calculated the thermal expansion coefficient
(TEC) for all systems under investigation. We achieved
this by calculating the Helmholtz free energy at elevated
temperatures for different lattice parameters. The obtained
results are presented in Fig. 7 for temperature values
0–1000 K. At low temperatures, all materials behave in
a similar way, with TEC increasing as the temperature
increases up to about 500 K. Above 500 K, the effect
of temperature on TEC is very small. Our calculated
average linear expansion coefficients from low to high
between 300 and 1000 K are 0.78 × 10−5 K−1 for Ti2InB2,
1.12 × 10−5 K−1 for Cr2AlB2, 1.15 × 10−5 K−1 for WAlB,
and 1.18 × 10−5 K−1 for MoAlB. We found an agree-
ment in the obtained values with previous experiments
for MoAlB, where 0.95 × 10−5 K−1 and 1.05 × 10−5 K−1

were reported [29], and Cr2AlB2 [8], respectively. As far
as we know, there are no experimental values for WAlB
and Ti2InB2. Nevertheless, we expect a similar behavior
between MoAlB and WAlB due to their identical crystal
structures and the chemical similarities between Mo and
W elements.

The average linear thermal expansions along the three
principal axes (a, b, and c) are 1.25 × 10−5 K−1, 1.10 ×
10−5 K−1, and 1.10 × 10−5 K−1 for MoAlB, and 0.87 ×
10−5 K−1, 0.90 × 10−5 K−1, and 1.29 × 10−5 K−1 for
Cr2AlB2. The order of the TEC values for MoAlB con-
tradicts that of the experiment, where the a direction
(perpendicular to the B—B chain) has the lowest average
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TEC value, followed by the c direction (parallel to the
B—B chain) and the b direction (parallel to the stack-
ing direction of the metal—boride units) [8]. Considering
the small differences between the TEC values for different
crystal directions, the computational parameters likely play
a role in these results. We obtained 1.45 × 10−5 K−1, 1.0 ×
10−5 K−1, and 1.1 × 10−5 K−1 for WAlB, and 0.67 ×
10−5 K−1 and 0.81 × 10−5 K−1 for Ti2InB2. These values
suggest a varying degree of anisotropy in different systems,
as the TEC values depend on the crystallographic direction
in line with experiment [8].

In order to quantify how the TEC depends on the axis,
we calculated the degree of anisotropy as

αanisotropy = αmax − αmin

αave
× 100, (7)

where αave is the average values along a, b, and c. Of all
the systems studied, MoAlB is the most isotropic (hav-
ing 13% anisotropy) consistent with experiment [8], fol-
lowed closely by Ti2InB2 (17%). The highest degree of
anisotropy is calculated for Cr2AlB2 (44%) followed by
WAlB with a value of 30%. The result of the TEC con-
firms a significant difference in bonding in the different
MAB phases despite the similarity in structural and chem-
ical properties. Moreover, it has been suggested that the
TEC is sensitive to the crystallographic direction [8]. Even
though negative Grüneisen parameters (a sign of negative
thermal expansion coefficient) were obtained, we did not
find any negative TEC values for all systems.

D. Mechanical properties

1. Elastic constants

Understanding the mechanical properties of a mate-
rial involves having insight into the elastic constants and
moduli of the system. In order to investigate the elastic
properties, the full set of independent second-order elas-
tic coefficients was calculated. Elastic response (elasticity),
which is related to the mechanical properties of a mate-
rial, can be defined as the reaction of the material to an
external force. There exist certain amounts of independent
elastic constants, depending on the point-group symmetry
of the crystals. For a system crystallizing in an orthorhom-
bic (hexagonal) symmetry, there are nine (six) independent

coefficients [30–33]. We present the calculated elastic con-
stants (Cij ) in Table II. Our obtained values are in good
agreement with previous studies [2,31].

The calculated elastic stiffness constants show that the
Cii (i.e., elastic constants along the principal symmetry
axes) are higher than all of the other combinations for all
systems. Specifically, C11, C22, and C33 are larger than the
shear elastic modulus, suggesting that the MAB phases
show more resistance to a linear deformation along the a,
b, and c axes. For MoAlB and WAlB, C22 is smaller than
the corresponding C11 and C33, implying that the system
is more compressible along the b axis (or stacking direc-
tion). A similar observation is also valid for Cr2AlB2. The
largest elastic constant is C11, which measures resistance
to linear deformations along the direction perpendicular
to the B—B zigzag chain running along the c direction.
For WAlB, C11 and C22 are quite close. MoAlB has a
more anisotropic elastic response as compared to WAlB.
Considering the principal symmetry axes, Ti2AlB2 is more
compressible along the c axis, which is perpendicular to
the hexagonal B plane.

We can see that C12, C13, and C23, which are the shear
elastic constants, are quite close to each other for all
cases we have reported. The elastic constants, C12 and
C13, calculate the stress component in the a direction
with a uniaxial strain applied along the b and c direction,
respectively. The larger value of the elastic component C13
implies that MAlB resists the shear along the c axis when
an external force is applied along the crystallographic a
axis. For Ti2InB2, C12 and C13 (also C23 due to symmetry)
are almost equal, and hence all axes are prone to similar
responses.

Among the three shear components C23 has the high-
est value for WAlB followed by MoAlB and Cr2AlB2. It
combines a uniaxial strain along the c direction to stress
along the b direction. The elastic constant C44 is connected
with the indentation hardness of materials. Thus C44 indi-
cates the material’s ability to resist the shear deformation
in the (100) plane and C66 reflects the resistance to shear
in the [110] direction. The highest C44 and C66 values
are computed for MoAlB and WAlB. The lowest value
of Ti2InB2 indicates that it is more prone to deformation
under external pressure.

Mechanical stability can be verified by checking the
Born-Huang criterion [34]. The full expressions of the
criterion for an orthorhombic structure are expressed

TABLE II. Calculated second-order elastic stiffness constants (GPa).

Compound C11 C12 C13 C22 C23 C33 C44 C55 C66

MoAlB 342.26 138.33 153.98 320.65 131.70 387.19 190.18 159.94 170.27
Cr2AlB2 451.40 113.19 117.29 422.42 104.59 522.82 161.64 216.28 164.30
WAlB 357.69 154.07 180.15 357.28 141.65 393.85 197.37 169.94 180.21
Ti2InB2 352.68 60.90 59.10 352.68 59.10 269.33 90.44 90.44 145.39

044064-7



AKANDE, SAMANTA, SEVIK, and ÇAKIR PHYS. REV. APPLIED 20, 044064 (2023)

as: (i) C11 > 0, (ii) C11C22 > C2
12, (iii) C11C22C33 +

2C12C13C23 − C11C2
23 − C22C2

13 − C33C2
12 > 0, (iv) C44 >

0, (v) C55 > 0, and (vi) C66 > 0. Similarly, a mechan-
ically stable hexagonal structure satisfies the following
relations between the elastic constants: (i) C11 > |C12|, (ii)
2C2

13 < C33(C11 + C12), and (iii) C44 > 0. We found that
the calculated elastic constants satisfy the above condi-
tions, indicating that all structures are mechanically stable
structures.

2. Bulk and shear moduli

For orthorhombic systems, the Cauchy pressure, used to
characterize the chemical bonding in a solid [35], can be
defined for the three crystal directions as Pa = C23 − C44,
Pb = C13 − C55, and Pc = C12 − C66 [36–38]. A positive
value signifies metallic bonding while a negative value
connotes covalent bonding character. The calculated Pa
values range between −58.5 and −55.7 GPa for the con-
sidered materials. Similarly, the Pc values vary between
−51.1 and −26.1 GPa. We obtained the largest difference
for Pb between MoAlB or WAlB and Cr2AlB2. The Pb
value is found to be −98.9 GPa for Cr2AlB2. However,
MoAlB and WAlB have values of −5.96 and 10.2 GPa,
respectively. As a result of their large negative values of
Pa and Pc, MoAlB, WAlB, and Cr2AlB2 exhibit signifi-
cant directionality in their covalent bonds along the x and
z directions. A negative Cauchy pressure also corresponds
to brittleness. Hence all the ternary borides reported here
are brittle in nature.

We also calculated the bulk modulus B, shear modu-
lus G, Young’s modulus E, and Poisson’s ratio ν for each
of the systems; the values obtained are summarized in
Table III. The Young’s modulus E was evaluated by uti-
lizing the Voigt-Reuss-Hill (VRH) approximation method,
where anisotropic single-crystal elastic constants can be
converted into isotropic polycrystalline elastic moduli via
the following expression [39]:

E = 9BVRHGVRH

3BVRH + GVRH
. (8)

In this approach, the effective bulk modulus for polycrys-
tals (BVRH) and the shear modulus (GVRH) become BVRH =
1
2 (BV + BR) and GVRH = 1

2 (GV + GR). Here, BV, BR, and

GV, GR are the Voigt and Reuss values for the bulk and
shear moduli, respectively. According to Hill, based on
energy considerations, the Voigt and Reuss equations set
the upper and lower limits of realistic polycrystalline con-
stants. Therefore, it is practical to estimate the bulk and
shear moduli as the average of the Voigt and Reuss values.

While the bulk modulus measures the capability of a
material to resist compression against forces applied to all
sides, the shear modulus quantifies its resistance to a shape
change or a plastic deformation. Our first observation is
that the differences between BV and BR, and between GV
and GR, are found to be small. Those differences may be
used to measure the degree of elastic anisotropy in the
MAB materials. From Table III, it is obvious that the bulk
modulus increases as Ti2InB2 −→ MoAlB −→ Cr2AlB2 −→
WAlB. However, this trend is not completely valid for the
shear modulus, such that Cr2AlB2 and Ti2InB2 possess the
highest and lowest G values, respectively. This implies that
Ti2InB2 exhibits the weakest resistance to shear deforma-
tion among the considered materials. However, all MAB
materials overall have large shear modulus values, which is
an indication of the more pronounced directional bonding
between atoms.

As the size of the bulk modulus correlates with the
nature and strength of the chemical bonds in solids,
the comparatively high bulk modulus values of MoAlB,
WAlB, and Cr2AlB2 indicate their ability to withstand
volume deformation. Mechanical failure of a material is
typically classified into two types as follows: brittle failure
(i.e., fracture) and ductile failure (i.e., plastic deformation).
A measure of the ductility of a material is Pugh’s ratio of
shear modulus to bulk modulus. The critical value of the
ratio BVRH/GVRH is about 1.75, indicating that materials
with BVRH/GVRH > 1.75 are ductile, whereas those with
BVRH/GVRH < 1.75 are brittle. We obtained BVRH/GVRH
values of 1.49, 1.29, 1.57, and 1.27 for MoAlB, Cr2AlB2,
WAlB, and Ti2InB2, respectively. These values imply that
Ti2InB2 (WAlB) is the most (least) brittle material. Note
that all ternary borides considered here are brittle in nature.

Another indicator of the strength of the material is
Young’s modulus (E), which measures a material’s resis-
tance to longitudinal stress. The higher the E of the mate-
rial, the stiffer it is. We present the E values (i.e., EVRH)
in Table III, from which it can be deduced that Cr2AlB2

TABLE III. Average mechanical properties of bulk polycrystalline MAB phases: bulk modulus BR (Reuss), BV (Voigt), and BH
(Hill) in GPa; shear modulus GR (Reuss), GV (Voigt), and GH (Hill) in GPa; Pugh’s ratio BVRH/GVRH, Poisson’s ratio ν, and Young’s
modulus E in GPa.

Compounds BR BV BH GR GV GH BVRH/GVRH ν E

MoAlB 209.20 210.90 210.05 136.05 145.82 140.93 1.49 0.23 345.53
Cr2AlB2 228.24 229.64 228.94 176.42 179.22 177.82 1.29 0.19 423.74
WAlB 228.02 228.95 228.48 139.92 151.69 145.80 1.57 0.24 360.69
Ti2InB2 145.68 147.88 146.78 112.64 118.16 115.40 1.27 0.19 274.31
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is the stiffest and Ti2InB2 the least stiff of the materials
considered. We may classify MoAlB, Cr2AlB2, and WAlB
as stiff materials owing to their Young’s modulus being
larger than 345 GPa. While experimental values of Cij are
not available, we compared our obtained E and G values
with data from experiment where available [11,40]. In par-
ticular, our obtained EVRH and GVRH values of 345.53 and
140, respectively, for MoAlB are about 7.3% lower than
the values of 373 and 151 obtained by Kota et al. [40]. Our
EVRH and GVRH values for MoAlB and Cr2AlB2 are larger
than those of MAX phases (layered hexagonal ternary car-
bides and nitrides, where M is an early transition metal, A
is a group A element, and X is carbon or nitrogen) such
as Ti2AlC and Ti3AlC2 [2]. Overall the elastic properties
reflect the behavior previously reported experimentally.

Next, we evaluated Poisson’s ratio (ν) using the follow-
ing expression:

ν = 3BVRH − 2GVRH

2(3BVRH + GVRH)
. (9)

It is a key quantity for assessing a material’s stability
against shear. Poisson’s ratio takes values in the range
from −1 to 0.5 dictated by the positivity requirement of
the stiffness for a stable material. With values lower than
0.26, a material is brittle; otherwise the material is duc-
tile. The observed trend here is in agreement with Pugh’s
ratio described above. Poisson’s ratio can be utilized to
characterize the type of chemical bonding in solids. Typ-
ically, a Poisson’s ratio as small as 0.1 implies covalent
bonding, whereas metallic materials have a Poisson’s ratio
value greater than 0.33. A low Poisson’s ratio indicates a
stronger degree of covalent bonding that gives rise to a
higher hardness. Our calculated Poisson’s ratio values fall
into a range of 0.19 to 0.24, which indicates a mixture of
covalent, metallic, and ionic interatomic bonding. Based
on Table III, the degree of covalent character is strongest in
Ti2InB2, which may be due to the B—B hexagonal lattice.

3. Mechanical anisotropy

Because of the crystal symmetry and different chemical
bonding along different crystal directions, an anisotropic
behavior in mechanical properties must be expected. Elas-
tic anisotropy is a major precursor for microcracks found in
solids, and hence it is a topic of interest in the description
of the mechanical properties of systems. One approach to
demonstrate elastic anisotropy in materials is the construc-
tion of mechanical moduli as a function of direction.

To measure the anisotropy in mechanical properties,
we calculated various metrics. Among them, the shear
anisotropy factors can be correlated with the anisotropy
in bonding between atoms [41]. The shear anisotropy
factors for an orthorhombic crystal can be expressed as

follows [41,42]:

A1 = 4C44

C11 + C33 − 2C13
(10)

for the (100) shear planes between the [011] and [010]
directions,

A2 = 4C55

C22 + C33 − 2C23
(11)

for the (010) shear planes between the [101] and [001]
directions, and

A3 = 4C66

C11 + C22 − 2C12
(12)

for the (001) shear planes between the [011] and [010]
directions.

Similarly, for hexagonal Ti2InB2, three shear anisotropy
factors involving elastic constants can be expressed
via [43]

A1 = C11 + C12 + 2C33 − 4C13

6C44
, (13)

A2 = 2C44

C11 − C12
, (14)

A3 = C11 + C12 + 2C33 − 4C13

3(C11 − C12)
. (15)

The values obtained from Eqs. (10)–(15) are summa-
rized in Table IV. A deviation from unity connotes elastic
anisotropy. From the values in Table IV, we can deduce
that the studied borides are elastically anisotropic. Also
observed is the significant difference in the in-plane (along
the transition-metal boride layer) and out-of-plane (per-
pendicular to transition-metal boride layer) interatomic
interactions.

Furthermore, elastic anisotropy can be measured as
percentage anisotropy in compressibility and shear. The

TABLE IV. Calculated shear anisotropy factors A1, A2, and A3,
and percentage anisotropy factors AB and AG. In the last column,
Au is the universal anisotropy index.

Compound A1 A2 A3 AB (%) AG (%) Au

MoAlB 1.62 1.44 1.97 0.41 3.46 0.37
Cr2AlB2 0.87 1.17 1.02 0.31 0.79 0.09
WAlB 1.84 1.45 1.94 0.20 4.04 0.42
Ti2InB2 1.32 0.62 0.82 0.75 2.39 0.26
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approach involves evaluating

AB = BV − BR

BV + BR
× 100%, (16)

AG = GV − GR

CV + GR
× 100%, (17)

where B and G indicate the bulk and shear moduli and
their subscripts V and R represent the Voigt and Reuss lim-
its, respectively. When BR = BV and GR = GV, then both
AB and AG become zero, which corresponds to a com-
pletely isotropic material. Again, the values presented in
Table IV indicate that all the MAB materials reported
here are highly anisotropic in compression as compared to
shear. The least anisotropic material in both compression
and shear is Cr2AlB2.

We also calculated the universal anisotropy index [44]:

Au = 5
GV

GR
+ BV

BR
− 6. (18)

The value of Au is zero for locally isotropic single crystals.
The departure from zero quantifies the extent of anisotropy
and accounts for both compressibility and shear contri-
butions. The highest and lowest values of Au are shown
by Cr2AlB2 and WAlB, respectively, which indicates that
the former and latter are the least and most anisotropic,
respectively.

4. Hardness

The hardness of a material is its ability to resist plas-
tic deformation when a load is applied to it. Even though
DFT is a powerful tool to compute various mechanical
properties, including elastic constants, bulk, shear, and
Young’s moduli, and Poisson’s ratio, a direct prediction
of hardness via first-principles calculations is challenging
and strongly correlates with the material type and prop-
erties. Therefore, various semiempirical relations (labeled
as Hi, where i = 1a, 1b, 2, 3, 4, 5, 6 and 7) have been
proposed to estimate hardness utilizing commonly known
elastic properties, such as bulk modulus B, shear modulus
G, Young’s modulus E, and Poisson’s ratio ν [47]. These
models include: H1a = 0.1475G [48], H1b = 0.0607E

[48], H2 = 0.1769G − 2.899 [49], H3 = 0.0635E [50],
H4 = (1 − 2ν)B/(6(1 + ν)) [51], H5 = 2(G3/B2)0.585 − 3
[52], and H6 = γ0χ(ν)E [53]. Note that H1a and H1b share
similar mathematical forms, but their expressions vary
based on the different mechanical constant used in the cal-
culations. In the last hardness expression (H6), χ(ν) =
(1 − 8.5ν + 19.5ν2)/(1 − 7.5ν + 12.2ν2 + 19.6ν3) and
γ0 = 0.096. Yet another expression, H7 = 740(P − P′)
v

−5/3
b , involves the volume of the bond (vb), Milliken bond

population (P), and metallic population (P′ = nfree/V) to
take into account the metallicity of partial metallic bonds
[54]. Here, nfree = ∫ EF

EP
N (E) dE, where N (E) is the density

of states (DOS) and EF is the Fermi level.
Table V lists computed hardness values from these

methods together with available experimental data. Hard-
ness relations from H1a to H5 overestimate the hardness of
MoAlB and Cr2AlB2. However, we obtained a very good
agreement with experiment for WAlB. These results imply
that the models up to H6, combining various mechani-
cal quantities, are incapable of predicting the hardness of
all MAB phases considered here. According to a recent
work, H1a works well for cubic metallic systems, whereas
H1b is good for hexagonal insulators [55]. Model H4 is
the best for metals with any crystal symmetry. Among
the models between H1a and H6, we obtained one of the
best performances from H4 for MoAlB, Cr2AlB2, and
WAlB.

Model H7, based on a detailed analysis of chemical
bonds, exhibits the best performance for most of the MAB
phases. The calculated hardness values of MoAlB and
Cr2AlB2 agree well with experiment. Generally, the hard-
ness of MAB phases is significantly lower than those
of transition-metal mono- and diborides due to their
nanolaminated structures. Even though all known super-
hard materials exhibit high bulk moduli, possessing high
incompressibility does not necessarily translate into high
hardness. For instance, while diamond and osmium are
both ultracompressible, diamond is significantly harder
than osmium [56]. Similarly, in spite of having the largest
bulk moduli among the considered MAB phases, Cr2AlB2
has a remarkably low hardness as compared to MoAlB and
WAlB. The resistance to plane slippage and dislocation
motion directly affects the hardness.

TABLE V. Vickers hardness values (GPa) of MAB compounds calculated with various relations, together with experimental
measurements.

Compounds H1a H1b H2 H3 H4 H5 H6 H7 Hexp

MoAlB 20.8 20.9 22.0 21.9 15.4 19.7 15.9 11.5 11.4–13.6 [1]
10.3 [45]

Cr2AlB2 26.2 25.7 28.6 26.9 19.9 27.8 24.1 7.0 6–7 [1]
10.4 [46]

WAlB 21.5 21.9 22.9 22.9 15.9 18.8 16.6 8.6 21.7 [1]
Ti2InB2 17.0 16.6 17.5 17.4 12.7 21.3 15.6 2.5 · · ·
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Low-temperature constant-pressure specific heat mea-
surements found that Cr2AlB2 has about four times larger
electronic density of states at the Fermi level than MoAlB,
which implies that the former is a better conductor. The
presence of enhanced metallicity may result in Cr2AlB2
being much more susceptible to slip, thereby a lower
hardness. By solely considering the calculated mechani-
cal constants, as in the case of MoB and WB, one would
expect MoAlB and WAlB to have similar hardness values
[1,45]. However, the experimental measurements revealed
that the latter has about two times larger Vickers hardness
value. Also, the experimental hardness values of WB are
between 20.8 and 26.7 GPa, being very close to that of
WAlB. Though MoAlB and Cr2AlB2 exhibit about 53%
and 64% lower hardness values, respectively, as compared
to their parent metal borides, WAlB only has a 20% reduc-
tion with respect to WB. Unfortunately, the H7 model
significantly underestimates the hardness of WAlB.

To gain insight into the nature of chemical bonding in
MAB phases and its relationship to hardness, we calcu-
lated: (i) Bader and Mulliken charges (which provide a
quantitative estimation for the extent of charge transfer
between atoms); (ii) the density of states at the Fermi level;
and (iii) the crystal orbital Hamilton population (COHP).
The first two quantities (i) and (ii) will be used to assess
the ionic bonding and metallicity. On the other hand, the
integrated COHP (ICOHP) mainly measures the strength
of the covalency of a bond. A larger −ICOHP value
corresponds to a stronger covalent bond. The calculated
Bader and Mulliken charges indicate a significant elec-
tron transfer from metal atoms to B atoms in all cases.
The Al atoms donate electrons and are therefore posi-
tively charged. Hence, there is also an ionic contribution
to the bond of these atoms. In Ti2InB2, In and B atoms
receive charge from the Ti atoms. All compounds exhibit
different degrees of ionic bonding that contributes to the
hardness and brittle nature of the MAB phases considered.
The greater the polarity of the M—B bond, the stronger the
ionic bond is.

The density of states at the Fermi level (N (EF))
is 0.92, 2.50, 0.51, and 1.44 (eV f.u.)−1 (f.u. = for-
mula unit) for MoAlB, Cr2AlB2, WAlB, and Ti2InB2,
respectively. Our results for MoAlB and Cr2AlB2
are about 50% of the experimental values obtained
from the low-temperature specific-heat measurements
via 3γcp/((1 + λ)π2k2

B), where electron-phonon coupling
(λ = 0) was not included, which could imply the presence
of a non-negligible role of electron-phonon coupling in the
MAB phases [2]. In this equation, γcp is the experimen-
tally measured electronic coefficient of heat capacity. In
this respect, we calculated the electron-phonon coupling
parameter λ for Cr2AlB2. We found that the λ value is
around 0.12 [57]. In an unpublished work, we obtained a
much larger λ value (= 0.6) for Tc2AlB2 in a Cr2AlB2-type
crystal structure. The larger atomic masses of transition

metals in comparison to Cr result in WAlB and MoAlB
having λ values of 0.14 and 0.18, respectively. This differ-
ence in λ values could potentially impact the experimental
density of states at the Fermi energy (N (EF)). Having a
low λ value verifies that Cr2AlB2 is a better conductor
compared to WAlB and MoAlB.

As high electrical conductivity is generally correlated
with the density of states at the Fermi level, Cr2AlB2 and
Ti2InB2 have higher electrical conductivity values than
MoAlB and WAlB. WAlB has the lowest N (EF) and is
expected to have the lowest metallic bonding contribution,
thereby lowest hardness weakening due to metallic bond-
ing. In fact, a lower resistivity was observed in Cr-doped
MoAlB as compared to W-doped one [2], providing indi-
rect support for our results. Among the considered MAB
phases, the existence of weakest metallicity in WAlB may
be the one of the factors that results in a high hardness and
signifies why hardness models H1a to H3 work well for this
compound.

In the COHP analysis, we split the band-structure energy
into bonding, nonbonding, and antibonding contributions
using localized atomic basis sets. The energy integration
of all COHP for a pair of atoms up to the Fermi energy
(ICOHP) can be used to qualify bond strength [58]. The
Local Orbital Basis Suite Towards Electronic-Structure
Reconstruction (LOBSTER) code is utilized for the COHP
calculations with the pbeVaspFit2015 basis set [59–61].
The B—B bonds have large values of the COHP func-
tion for all borides considered, meaning a strong covalent
bonding. The average of −ICOHP for B—B is 6.04 eV
for WAlB, 5.69 eV for MoAlB, and 4.80 eV for Cr2AlB2.
The M—Al and B—Al bonds are stronger in WAlB fol-
lowed by MoAlB and Cr2AlB2. The M—B bond strengths
are quite similar in WAlB, MoAlB, and Cr2AlB2.

In general, most of the interactions are stronger in WAlB
and MoAlB than in Cr2AlB2 and Ti2InB2, providing an
explanation as to why Cr2AlB2 has a lower hardness value
measured experimentally. Also, our COHP analysis sug-
gests that it is easier to delaminate Cr2AlB2, in line with
experiments. The M—M bonds have much lower values of
COHP, and hence reduced bond strength due to a reduced
wave-function overlap between orbitals centered on these
atoms. As evident from Table V, experimentally, WAlB
has the highest Vickers hardness, indicating that it is hard
to be deformed. But all the materials listed above have
hardness values much lower than 40 GPa, which means
that they are not superhard materials [62].

The fracture toughness KIC of a material is its resis-
tance to crack propagation and is one of the most important
mechanical properties of materials. Similar to hardness,
theoretical modeling of fracture toughness is challenging.
MAB phases exhibit metallic properties and bonding that
should be incorporated into fracture toughness prediction,
as the fracture toughness of metals is usually one or two
orders higher than that of ionic or covalent crystals. This
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can be attributed to the lower crack sensitivity of metallic
bonding compared with ionic and covalent bonds, since the
former can be easily broken and reformed.

We first adapted the following simple approach by com-
bining shear modulus and Pugh modulus to calculate the
fracture toughness [67]:

KIC = V1/6
0 GVRH(BVRH/GVRH)1/2, (19)

where V0 is the volume per atom (m3). A solid with a
large KIC means high resistance to crack propagation. In
spite of its simplicity, our calculated KIC value for MoAlB
is only 14.7% smaller than the experimental ones. Except
for Ti2InB2, the other MAB phases have similar KIC val-
ues. Equation (19) accounts only for covalent and ionic
crystals. As the MAB phases exhibit metallic properties
and possess metallic bonding to some extent, we need to
incorporate that metallicity.

Thus, an enhancement factor α is added to Eq. (19) to
obtain a new expression for intermetallic solids (composed
of two or more elements with metallic bonding) [68]:

KIC = αV1/6
0 GVRH(BVRH/GVRH)1/2, (20)

where α reflects the degree of metallicity. It was set equal
to α = 43g(EF)

1/4
R fEN. Here, fEN is the electronegativity

factor, which depends on the Allen-scale electronegativ-
ity of the elements and includes various parameters that
can be obtained by fitting it to experimental results. Also
here, g(EF)R is the relative DOS at the Fermi level and
is given by g(EF)R = g(EF)/g(EF)FEG, where g(EF)FEG is
the DOS for a free-electron gas. Because of the absence
of enough experimental data, we are unable to obtain α.
Comparison of KIC calculated via Eq. (19) with experi-
ment implies that α is larger than 1 for MAB phases. For
instance, it is equal to about 1.17 for MoAlB. The highest
fracture toughness is shown by Cr2AlB2, indicating that it
has the highest tolerance to crack extension, followed by
WAlB, MoAlB, and Ti2AlB2.

E. Debye temperature

Debye temperature is an important quantity in the deter-
mination of many physical properties of a solid, such as
melting temperature, specific heat, lattice vibration, ther-
mal conductivity, and thermal expansion. The Debye tem-
perature is calculated from the following equation using
the average sound velocity [69]:

θD = h
kB

[(
3n
4π

)
NAρ

M

]1/3

vs, (21)

where h is Planck’s constant, kB is Boltzmann’s constant,
NA is Avogadro’s number, ρ denotes mass density, M is
the molecular weight, and n is the number of atoms in the

TABLE VI. Calculated density ρ (g/cm3), longitudinal, trans-
verse, and average sound velocities vl, vt, and vs (km/s) and
Debye temperature θD (K).

Compounds ρ vl vt vs θD

MoAlB 6.33 7.93 4.72 5.22 685
Cr2AlB2 5.35 9.33 5.76 6.36 895
WAlB 10.46 6.36 3.73 4.14 542
Ti2InB2 5.90 7.14 4.42 4.88 616

unit cell. The average sound velocity vs in polycrystalline
solids is governed by [70]

vs =
[

1
3

(
1
v3

l
+ 2

v3
t

)]−1/3

, (22)

where vl and vt are the longitudinal and transverse sound
velocities in the polycrystalline material. These obtained
using the polycrystalline shear modulus GVRH and the bulk
modulus BVRH using the following equations [70]:

vl =
[

3BVRH + 4GVRH

3ρ

]1/2

(23)

and

vt =
[

GVRH

ρ

]1/2

. (24)

The calculated Debye temperature θD along with sound
velocities vl, vt, and vs are presented in Table VI. A higher
Debye temperature is associated with a higher phonon
thermal conductivity. This is attributed to the fact that
the Debye temperature is the temperature above which all
phonon modes are assumed to be excited, thereby giving
rise to enhanced phonon-phonon scattering. The calcu-
lated Debye temperature as well as the sound velocities for
Cr2AlB2 are higher than those for the rest of the studied
systems under investigation. This implies that Cr2AlB2 is
expected to be thermally more conductive than the other
studied compounds. The calculated Debye temperature for
MoAlB is in agreement with previous work [66].

F. Thermal conductivity

Slack suggested that thermal conductivity is governed
by four factors: (1) average atomic mass, (2) interatomic
bonding, (3) crystal structure, and (4) size of anharmonic-
ity [71]. The first three factors describe the harmonic
properties. The three-phonon scattering-dominated ther-
mal conductivity κph (i.e., ∼ 1/T) can be described as

κS
ph = Aγ VMavθ

3
D

γ 2Tn2/3 . (25)

Here V represents the volume per atom, Mav denotes the
average atomic mass per atom, T represents the absolute
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temperature, n is the number of atoms in the primitive cell,
γ is the Grüneisen parameter, and Aγ is the influence factor
dependent on γ . In this equation, the Grüneisen parameter
is a measure of the degree of anharmonicity, such that the
larger the Grüneisen parameter of the mode, the stronger
the anharmonicity is. In other words, a larger anharmonic-
ity means more frequent scattering of a phonon mode by
other phonon modes. The γ and Aγ above are calculated
using the following equations:

γ = 3(1 + ν)

2(2 − 3ν)
, (26)

where ν is the Poisson’s ratio, and

Aγ = 2.436 × 10−8

(1 − 0.514/γ + 0.228/γ 2)
. (27)

In these expressions, we considered an isotropic Poisson’s
ratio, which does not reflect anisotropy in the respective
systems.

We also computed the thermal conductivity using a
modified Slack model utilizing no fitting parameter [65,
66,72]. In this model, the contribution of optical phonons
to total thermal conductivity is neglected. By utilizing the
high-temperature limit for the heat capacity and assuming
Umklapp scattering as the dominant scattering mechanism,
the expression for the lattice thermal conductivity is as
follows:

κT
Ph = (6π)2/3

4π2

Mavv
3
s

TV2/3γ 2

1
nD

. (28)

Here vs is the average speed of sound, nD is the number
of atoms per unit cell, Mav is the average atomic mass per
formula unit, V is the volume per atom, and γ is the ther-
modynamic Grüneisen parameter given in Table VII. In
Ref. [72], a dependence of n−1/3

D was employed for struc-
turally complex materials. Here, we adopted the use of n−1

D ,
which provides a good fit to experimental results. Utilizing
n−1/3

D leads to thermal conductivity values that are even
higher than those predicted by the Slack model.

Table VII lists our calculated γ and Aγ values for the
Slack model. One can argue that γ is strongly correlated

with the mass of the transition-metal atom. For instance,
as the W atom is 3.84 times heavier than the Ti atom,
WAlB has the largest Grüneisen parameter. Therefore, it
is expected that the anharmonic effects should be strongest
in WAlB. Figure 8 shows the calculated lattice thermal
transport properties via the Slack model of all the stud-
ied compounds. It is evident that Cr2AlB2 has the highest
thermal conductivity, due to it having the largest Debye
temperature and relatively smaller Grüneisen parameter
value, followed by Ti2InB2, MoAlB, and WAlB. Also,
as seen from Fig. 3, the phonon group velocities are
overall larger in Cr2AlB2 and Ti2InB2. As we increase
temperature, the thermal conductivity decreases due to the
enhanced phonon-phonon scattering via the Umklapp pro-
cess as described by the 1/T dependence in the above
equations.

When comparing experimental results for MoAlB, the
Slack method (developed for nonmetallic solids) markedly
overestimates the thermal conductivity values. The calcu-
lated κph value at T = 300 K is around 34.8 W m−1 K−1

for MoAlB, which is far above the experimental value of
around 6.33 W m−1 K−1 [65,66]. Therefore, we attempted
to calculate thermal conductivity using a modified model
based on the Slack approach given in Eq. (28). As seen
from Fig. 8, this modified model reduces thermal conduc-
tivity values substantially. Thus, the κT

ph values are now
quite close to the experimental ones such that, at T =
300 K, the value decreases from 34.8 W m−1 K−1 (for κS

ph)
to 9.49 W m−1 K−1 (for κT

ph). A 1/T dependence observed
in experiment signifies the dominant role of the Umklapp
process in phonon-phonon scattering, which is included in
both models. Moreover, the slope of the calculated curves
agrees well with the experimental one at all temperatures.

The Slack equation provides a cost-effective alternative
to other expensive methodologies, including computing
the anharmonic force constants or time-consuming ab ini-
tio molecular dynamics. However, its accuracy relies heav-
ily on two variables: the acoustic Debye temperature, θa =
n−1/3θD, and the Grüneisen parameter, γ . Here, θD, calcu-
lated using the elastic properties, provides a characteriza-
tion of the entire vibrational spectrum. The term n−1/3 is
utilized to roughly distinguish the acoustic branches from
the overall vibrational spectrum. It is important to note
that different definitions of these variables can be used,

TABLE VII. Definition of the parameters used in our work: KIC, fracture toughness (MPa m1/2); δ, average atomic volume; Mav,
average atomic mass; γ , Grüneisen parameter; n, number of atoms in the unit cell; Aγ , numerical factor; κ t

ph, calculated lattice thermal
conductivity (W m−1 K−1) at 300 K; and κ

exp
ph , experimental lattice thermal conductivity (W m−1 K−1) at 300 K.

Compounds KIC Kexp
IC δ Mav γ n Aγ × 10−8 κ t

ph κ
exp
ph

MoAlB 3.92 4.3–4.9 [63,64] 2.27 44.58 1.39 12 3.25 9.49 6.33 [65,66]
Cr2AlB2 4.31 2.12 30.52 1.25 10 3.31 18.09
WAlB 4.16 2.27 73.88 1.44 12 3.23 7.29
Ti2InB2 2.61 2.36 46.43 1.24 5 3.31 23.53
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models. Experimental data are also plotted for MoAlB.

depending on the specific model or approximation being
employed. To exemplify, when determining the Debye
temperature, we employ vs, which is derived from the aver-
age of the longitudinal and transverse speeds of sound. In
addition, for a given Debye temperature and Grüneisen
parameter, the overestimation of thermal conductivity in
our work can be attributed to the Aγ parameter in the Slack
model.

In a recent work, it was shown that an optimized Slack
model incorporating a new Aγ parameter demonstrates a
significantly improved agreement between the predicted
κ value and the experimentally measured κ value, sur-
passing the accuracy of previous predictions [73]. Both
models exhibit the same dependence on the Grüneisen
parameter, and its determination was carried out in the
same way. However, it should be noted that the modified
model does not incorporate the parameter Aγ , which can
introduce errors in predicting the thermal conductivity. In
the Slack model, the thermal conductivity is dependent on
n−2/3, whereas in the modified model, it is governed by a
dependence on n−1. The latter leads to a more pronounced
reduction in thermal conductivity, owing to this particular
dependence.

The Grüneisen parameter and sound velocity likely
account for the source of discrepancy between theory and
experiment in the modified model. Moreover, since the
impact of structural defects and high-order phonon-phonon
scatterings are not included in the calculations, our val-
ues are larger than the experimental ones, as expected.
Also, we did not include the phonon lifetimes, requiring
third-order force-constant calculations, and the electronic
contribution to the thermal conductivity. Nevertheless, the
simple expression we used provides a surprisingly good
prediction for thermal conductivity properties of the MAB

phases, which can be improved further by using more accu-
rate Grüneisen parameter and sound velocity values. The
calculated Grüneisen parameters shown in Fig. 4 suggest
a large degree of anharmonicity and an anisotropic lattice
thermal conductivity in MoAlB in line with experimental
work where thermal transport is favored perpendicular to
the basal planes (or stacking direction) in MoAlB [65,66].

Finally, we examined the contribution of optical
phonons to thermal conductivity using the following
expression [65,66,72]:

κo = 3kBvs

2V2/3

(π

6

)1/3
(

1 − 1

n2/3
D

)
. (29)

We found that the contribution of optical phonons is about
three orders of magnitude smaller compared to that of
acoustic phonons. This suggests that acoustic phonons
dominate the thermal conductivity in the system stud-
ied, while the influence of optical phonons is relatively
negligible.

IV. CONCLUSION

A systematic investigation of the structural, vibrational,
mechanical, and thermal properties of MoAlB, WAlB,
Cr2AlB2, and Ti2InB2 was performed using a combina-
tion of density-functional theory (DFT) and the quasihar-
monic approximation (QHA). The calculated evolution of
structural parameters with temperature agrees well with
experimental findings. Further analysis revealed a varying
degree of thermal expansion coefficient (TEC) anisotropy.
While a mild TEC anisotropy was found in MoAlB,
Cr2AlB2 and WAlB possess the highest degree of TEC
anisotropy, suggesting differences in bonding character in
these systems despite structural similarities. Evaluation of
the Cauchy pressure, and the Pugh’s, and Poisson’s ratios
revealed that the systems are brittle. Determination of the
Bader and Mulliken charges, density of states at the Fermi
level, and the crystal orbital Hamilton population reveal a
mixed chemical bonding, which governs the mechanical
and thermal properties of MAB phases. Having a com-
plex chemical bonding and lamellar structure complicates
the description of hardness in this material family. Models
considering Young’s, bulk, and shear moduli or Pois-
son’s ratio substantially overestimate the hardness values
of MoAlB and Cr2AlB2. Interestingly, these models work
well for WAlB. This may be due to enhanced covalent
character and weak metallicity in this material.

The calculated electron-phonon coupling parameter
(λ) for some MAB compounds indicated that λ ranges
between 0.1 and 0.6, implying from weak to mild coupling
depending on the material. Another method involving
Mulliken bond population, metallic population, and den-
sity of states provides a very good estimation for MoAlB
and Cr2AlB2. We found that simple empirical relations
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combining Debye temperature, Grüneisen parameter, and
sound velocity, and incorporating solely Umklapp process
as the main phonon-phonon scattering mechanism, can
well describe thermal conductivities in the MAB phases.
Because of their lower Grüneisen parameters and larger
sound velocities, Cr2AlB2 and Ti2InB2 exhibit the largest
thermal conductivity values regardless of which relation
we used. We found that a 1/T dependence of thermal con-
ductivity perfectly matches with the experimental findings,
which indicates the dominant role of the Umklapp process
up to 1600 K.
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