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Optimal design of nanomagnets for on-chip field gradients
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The generation of localized magnetic field gradients by on-chip nanomagnets is useful for a variety of
technological applications, in particular, for spin qubits. To advance beyond the empirical design of these
nanomagnets, we propose a systematic and general approach based on the micromagnetic formulation of
an optimal field gradient source. We study the different field configurations that can be realized and find
out quantitatively the most suitable ferromagnetic layer geometries. Using micromagnetic simulations,
we then investigate the minimum requirements for reaching magnetic saturation in these nanomagnets.
In terms of either longitudinal- or transverse-field gradient, the results provide an optimal solution for
uniform, saturated nanomagnets, where the magnetic material can be selected according to the strength of
the external fields that can be used.

DOI: 10.1103/PhysRevApplied.20.044062

I. INTRODUCTION

On-chip lithographed nanomagnets find a demanding
application in the thriving field of quantum technologies,
where they are used to generate locally magnetic field
gradients. By shaping the energy spectrum of the elec-
trons trapped in quantum dots, they allow for addressing
spin qubits by microwave radiation, through the process
of electric dipole spin resonance (EDSR) [1–3]. A strong
and localized field gradient directly determines the cou-
pling rate of a spin qubit to the microwaves, and is thus a
key ingredient in several types of device operations [4–6].
Since the first successes of EDSR with nanomagnets, their
design has been optimized through iterative improvements
to increase the field gradients [7–11]. This enabled high-
fidelity (99.9%) one-qubit gates on spin qubits with EDSR
[12], reaching the threshold enabling successful error-
correction codes. A next step is to enable high-fidelity two-
qubit gates in devices hybridizing spins with single pho-
tons from on-chip microwave resonators [6,11,13], which
requires even stronger field gradients. However, obtaining
a strong inhomogeneity for the divergence-free, stray mag-
netic fields of the nanomagnets remains experimentally
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challenging, considering the length scale of around 100 nm
that is relevant to these devices.

Most of the previous efforts have consisted in finding
a suitable shape (commonly a split pair of aligned and
elongated bars) for the patterned magnets to be placed in
the vicinity of the quantum dot electrodes, in combination
with increasing their thickness as much as possible. This
has enabled significantly inhomogeneous magnetic field
profiles at the nanoscale, with values of the field gradient
approaching the order of 1 mT nm−1. Between quantum
dots typically separated by 60–120 nm, these gradients
translate into a difference of about 30 mT [14] or 40 mT
[11] for one of the field components, thereby modifying
the local spin projection axis.

One might still wonder whether this approach is opti-
mal in comparison to any possible geometry in general.
Other shapes than a split pair of bar magnets have indeed
been proposed and used in several contexts [15–18]. Opti-
mal designs for these magnetic elements remain to be
identified, even more when the nonuniformity of the inter-
nal magnetization is taken into account. We describe in
this paper the realization of nanomagnets as close as
possible from ideal magnetic field gradient sources, and
identify several design rules relevant for practical nano-
lithographed devices on chip. Even though we discuss
here the optimization of nanomagnets for spin qubits
more specifically, these findings could be used in other
domains where strong, nanoscale magnetic field gradients
are desirable, e.g., in spintronics, in topological supercon-
ductivity [19–22], for magnetic actuation of nanoelements
and nanobeads, or for scanning probe near-field magnetic
sensing [23].
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In an initial step, we identify the ideal magnetization
distributions that maximize a field or a gradient of any
component, when no constraints are imposed on the mag-
netization. Even though these ideal-field distributions are
not achievable in devices, they will allow us to deduce the
best nanomagnet shapes when the geometrical constraints
of nanofabrication are to be taken into account. These
shapes can be adapted, for instance, to the cases of a double
quantum dot defined in a two-dimensional electron gas or
along a nanowire. We then consider systems of nanomag-
nets that are uniformly magnetized under an external field,
as well as nanomagnets hosting magnetic domain walls,
and compare the achieved field inhomogeneity for all com-
binations of three orthogonal orientations of magnetization
and generated gradient.

The choice of the magnetic material composing the
nanomagnets, which could differ from the commonly used
elemental Co, is another aspect to consider. While a larger
saturation magnetization generates stronger field gradi-
ents in the saturated case, it might not be true anymore
when the internal dipolar interactions lead to the forma-
tion of inhomogeneous magnetic domains. We perform
micromagnetic simulations to assess the requirements for
keeping a uniform magnetization inside the nanomagnets,
and thus for ensuring that they efficiently produce the
desired field gradients. This provides, for a given satu-
ration magnetization, a minimal value required for the
external field, the resulting field gradients, and therefore
a figure of merit for the achieved field inhomogeneity. We
notably show that inhomogeneous components of the stray
fields larger than their homogeneous components can be
achieved, and predict a field difference of up to 500 mT
between sites for CoFe nanomagnets and nanowire dots
separated by up to 400 nm.

II. IDEAL-FIELD GRADIENT SOURCES

Along the following, we note B(r) the three-
dimensional stray fields obtained from an ensemble of
nanomagnets. Depending on the specific requirements of
the system, it might be desired to optimize, for exam-
ple, the absolute value of one component of the magnetic
field or its inhomogeneity over some region(s) of inter-
est. We write Q for this value to optimize, typically a
single component of B(r) or one of its derivatives. The
stray fields and their partial derivatives can be deduced
from the distribution of elementary magnetic dipoles that
fills the source nanomagnets, expressed by a volumic mag-
netization M(r) = MSm(r), where MS is the saturation
magnetization of the magnetic material and m(r) is the
unit vector giving the local orientation of the magnetiza-
tion. The optimization of Q can be conveniently performed
relying on the additivity of the magnetic stray fields with
respect to the source magnetization distribution.

For each point of space, the best orientation of the local
elementary dipole maximizing Q can be found. As long as
there is only one linear quantity to optimize (as opposed to
a ratio of them, for example), the problem remains linear
and the optimal distribution of the magnetization together
with the achieved field can be directly reconstructed. This
approach is, in particular, also valid for the optimization of
a field or a gradient difference between two regions, which
is the main focus of this work.

We show several examples of optimal distributions of
m(r) in Fig. 1. These differ by their polar profiles around
r = 0 where Q is evaluated, which originate from the form
and symmetry of the dipole fields. Into details, we consider
an elementary dipole located at rj and a quantity Q to opti-
mize at ri, their distance rji = ∣

∣ri − rj
∣
∣ and the orientation

vector eji = (ri − rj )/rji (see Appendix A for a schematic
description of coordinates), as well as dμ = MSd3rj the
magnetic moment contained in the elementary volume at
rj . Any field component, or its longitudinal and transverse
gradients along an arbitrary direction, can be expressed
after a choice of matching u, v, w Cartesian coordinates,
for which we express only a minimal set of equations. We
start from

dBji · û = μ0dμ
4πr3

ji

[

3(eji · û)(eji · mj )− mj · û
]

, (1)

d
∂Bji · û
∂u

= μ0dμ
4π

∂r−3
ji

∂u
[

3(eji · û)(eji · mj )− mj · û
]

+μ0dμ
4πr3

ji

[

3
∂

∂u
(eji · û)(eji · mj )

]

, (2)

d
∂Bji · v̂
∂u

= μ0dμ
4π

∂r−3
ji

∂u
[

3(eji · v̂)(eji · mj )− mj · v̂
]

+μ0dμ
4πr3

ji

[

3
∂

∂u
(eji · v̂)(eji · mj )

]

, (3)

where dBji is the field generated at ri by the elementary
moment dμ at rj . Equations (1)–(3) describe a field, a
longitudinal-field gradient and a transverse-field gradient
optimization, respectively. It appears from Eqs. (1) and (2)
that to maximize a field or longitudinal gradient, the local
vector mj at each rj needs to be contained within the
plane defined by eji and û. Indeed, for a given quantity
dQ obtained with any mj within this plane, letting a com-
ponent of mj transverse to this plane reduces all terms
by a common factor. This property is also easily checked
numerically. For Eq. (3) and a transverse gradient, the situ-
ation is more complex and leads to mj not contained in this
plane in the general case. For the simpler case of Fig. 1,
however, mj is still contained in the (u, v) plane. Hence,
the formulas below apply to any plane for a field or lon-
gitudinal gradient and, for simplicity, are restrained to the
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FIG. 1. Cut views in the (u, v) plane of the ideal magnetic distributions for optimizing (a)–(c) Bu(0), (d)–(f) ∂Bu/∂u(0), and (g)–(i)
∂Bv/∂u(0). (a),(d),(g) show the in-plane angle φ, (b),(e),(h) show mu, (c),(f),(i) show mv for these optimal distributions, while mw is
zero within this plane for these three cases. Axes arrows for u, v, and w have the same relative length.

(u, v) plane for a transverse gradient. Writing φ for the in-
plane angle between û and mj and θ for the in-plane angle
between û and eji, we obtain that

dBji · û = μ0dμ
4πr3

ji
[3 cos θ cos (φ − θ)− cosφ] , (4)

d
∂Bji · û
∂u

= −3μ0dμ
4πr4

ji

[

cos (φ− 3θ)+ cos2 θ cos (φ− θ)] ,

(5)

d
∂Bji · v̂
∂u

= −3μ0dμ
4πr4

ji
[− sin (φ − 3θ)

+ cos θ sin θ cos (φ − θ)] . (6)

Note that θ refers here to the polar angle of ri defined with
respect to rj . By defining θ ′ = π + θ , equivalent formu-
las as a function of rj with respect to ri can be obtained.
To maximize dQ = dBji · û, dQ = d∂Bji · û/∂u or dQ =
d∂Bji · v̂/∂u we find

φ = arctan
3 sin 2θ

3 cos 2θ + 1
, (7)

φ = arctan
−5 sin 3θ − sin θ

−5 cos 3θ − 3 cos θ
, (8)

φ = arctan
5 cos 3θ − cos θ
−5 sin 3θ − sin θ

, (9)

respectively, which are shown in Fig. 1. Here, arctan
implies that the quadrant of the angle is chosen by the signs
of the numerator and denominator.

This treatment resembles, but is not equivalent, to the
original realization of multipole magnetic fields using per-
manent magnets by Halbach [24]. It is well known, for
example, that the component of the field along the dipole
direction is positive only within a cone originating from the
dipole position, generated around the dipole axis with an
angle of arccos (1/

√
3) ≈ 54.7◦. This is contained in the

denominator of Eq. (7). In addition, Eqs. (7)–(9) explain
why the optimal distributions for maximizing a component
and a gradient of the stray fields see mj rotating, respec-
tively, 2 and 3 times when looping around the origin at ri
[24]. For more complex quantities Q that do not add up, a
similar approach is possible but would require a nonlinear
optimization [21,25].

These calculations reveal the ideal internal magnetiza-
tion distributions that nanomagnets should tend to repro-
duce to optimize the stray fields and gradients they cre-
ate. The full, three-dimensional optimal distributions are
deduced from Fig. 1 by rotation of the figure plane around
the u axis for the field and longitudinal gradient cases.
However, this rotation symmetry is absent for the trans-
verse gradient case (see the full representations of this
distribution in Appendix B). From these ideal distributions,
it is possible to get an intuition of what would constitute the
best magnet shapes, as we demonstrate below.
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Beyond the shape of the nanomagnets, one other key
aspect for field strength optimization is the minimal
nanomagnet-to-dot distance. This appears clearly by con-
sidering an exclusion zone around the dot, of radius r,
inside which no magnet can be present. This allows for
taking into account several kinds of nanofabrication con-
straints preventing from reaching infinitely small sizes or
strongly overlapping features. By performing the integra-
tion of dQ = d∂Bji · û/∂u (dQ = d∂Bji · v̂/∂u) over the
remaining space rji > r, we find that Q ≈ 3.353μ0MS/r
(Q ≈ 2.832μ0MS/r). For dQ = dBji · û, we have to intro-
duce also a maximum radius R, in which case we find Q ≈
1.380μ0MS ln (R/r). This sets a fundamental upper limit
on the achievable gradients, and shows that for creating a
large field difference between the dots, the nanomagnets
need to extend as close as possible from the dots.

III. REALIZATION WITH SATURATED
NANOMAGNETS AND DOMAIN WALLS

To progress further in the description of realistic mag-
netic field gradient sources, it is required to be more
specific on the quantity to optimize. We let aside the gener-
ation of a localized gradient in a single dot [26] and focus
on the generation of a field difference between two dots in
a double quantum dot (DQD) system [3,9,11,14,27–30], as
a similar approach works in both cases. An electron in the
DQD system is confined to within a local area or length
by an electrostatic potential. Considering dots placed sym-
metrically with respect to the field distribution, the fields
in the two dots of the DQD will be composed of both a
symmetric and an antisymmetric part. We may define, for
each field component i = u, v, w,

BS,AS
i = (BR

i ± BL
i )/2, (10)

where p = L, R stand for the left and right dot locations.
The effects of the stray fields on the energies in the left
and right part of the DQD can then be expressed by (see
Appendix C)

αS,AS = 2μB

∫ √
∑

i

(

BS,AS
i (r)

)2 ∣
∣ψp(r)

∣
∣
2 dr, (11)

where
∣
∣ψp(r)

∣
∣
2 is the probability of the presence of the

electron in dot p , the prefactor 2 stands for the Landé fac-
tor of the electron spin and μB is the Bohr magneton. This
supposes a spin quantization axis along BS or BAS and to
neglect the dots overlap. Due to the nanomagnet symme-
tries in some optimized cases, one of the three components
of BS,AS

i is possibly zero; otherwise, the different field com-
ponents containing a symmetric or an antisymmetric part
are combined into αS and αAS. This corresponds to finding
the symmetric and antisymmetric field quantization axes

for the two dots. The gradient should thus be seen as an
inhomogeneity between two sites of the fields averaged
over each dot. This extension modifies the optimal dis-
tributions shown above, due to their convolution with the
probability of presence functions

∣
∣ψp(r)

∣
∣
2. For simplicity,

in Sec. III A we first introduce the general concept by con-
sidering two punctual sites as ideal dots. We present later,
in Sec. III C, the effects of the average described above in
the optimization of αS,AS.

Most of the time, it will not be possible to impose the
distribution of dipoles within the nanomagnets as finely as
in Fig. 1, for two main reasons: the need for an external
magnetic field to be applied to the devices, and the distur-
bance from internal dipolar interactions. Both will favor
magnetic configurations inside the nanomagnets that are
different from the ideal ones for field and gradient genera-
tion. It is also necessary to consider the constraint of a pla-
nar film geometry, due to available deposition techniques
and integration of the nanomagnets in the device layout.
We may consider an in-plane magnetization (due to the
shape anisotropy of planar films, added to the requirement
of employing in-plane external magnetic fields to ensure
compatibility with standard superconducting microwave
resonators). Another avenue is to use magnetic materi-
als with strong out-of-plane magnetic anisotropy that do
not require out-of-plane external magnetic fields during
operation.

With these constraints in mind, a relevant design
approach to maximize the field difference between the two
dots is to consider uniformly magnetized nanomagnets
restrained to a finite thickness. Their uniform magneti-
zation can be easily ensured by saturation under a large
external magnetic field in the in-plane case, or a large
magnetic anisotropy in the out-of-plane case, which are
both able to overcome internal magnetostatic fields. In
this approach, the optimization simply consists in decid-
ing at each point of space whether part of a magnet
should be placed there. This choice naturally depends on
whether the corresponding elementary dipole increases Q,
given its externally imposed magnetization m. In turn, this
determines the optimal shapes for saturated nanomagnets.

A. Punctual dots

We first consider ideally punctual dots, such that
∣
∣ψp(r)

∣
∣
2 is nonzero only at the two points L and R and thus,

the value to optimize is simply Q = BR
i − BL

i . The shapes
generating the strongest field differences within such an
ideal DQD system are shown in Figs. 2(a)–2(i), for the
u, v, w magnetic orientations and a difference of Bu, Bv,
Bw fields. This example consists of a typical DQD system
where the dots are separated by 100 nm and buried 100 nm
below the magnetic layer of thickness 200 nm across w.
Results for other values of these parameters are provided
in Appendix D. The shapes appearing in Figs. 2(a)–2(i)
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j)

(k)

(l)

FIG. 2. (a)–(j) Three-dimensional views of optimal, uniformly magnetized nanomagnets generating a field difference in a double
quantum dot system. Uniform magnetization imposed along (a)–(c) u, (d)–(f) v, and (g)–(i) w directions maximizing field difference
for (a),(d),(g) Bu, (b),(e),(h) Bv , and (c),(f),(i) Bw. (j) Complementary shape to cases (c) and (g), maximizing a positive field difference of
Bu and Bw. (k),(l) Domain-wall nanomagnets maximizing field difference for (k) Bu and (l) Bw. The light (dark) color filling corresponds
to m along w (−w). Dot locations are indicated by the pair of points, and fields in the left and right dots by blue and magenta arrows,
respectively, with scale 1 µm /μ0MS . Axes arrows for u, v, and w have the same length, scale bar equals both the interdot distance and
dot depth of 100 nm.

are explained by the predictions of the ideal case pre-
sented above. Considering the ideal magnetic distributions
mopt from Figs. 1(e), 1(f), 1(h), 1(i), the suitable shape
for a uniformly magnetized magnet with mu,v,w = 1 can be
qualitatively found, with satisfying accuracy, by taking the
region of space for which u, v, w · mopt > 0.

In two cases, for a uniform magnetization along u gen-
erating a Bw field difference [Fig. 2(c)] and for a uniform
magnetization along w generating a Bu field difference
[Fig. 2(g)], the nanomagnets have a particular symmetry.
Their complementary shape, represented in Fig. 2(j), does
not generate an equal field difference with opposite sign,
but a lower difference instead. This is due to the finite
thickness across w of the nanomagnets and their location
above the dots.

It appears overall that two of these shapes are not eas-
ily realizable with common deposition and lithography
techniques [Figs. 2(a), 2(i)], due to the requirement of
having elevated portions compared to the reference plane
w = 0. Note that considering three-dimensional shapes of
nanofabricated magnets, as can be envisioned from recent

promising results in the field [31], would allow to go
beyond this restriction. Nevertheless, all the other config-
urations [Figs. 2(b)–2(h) and 2(j)] are close to a simple
shape that can be obtained from a single and uniformly
thick layer, avoiding the use of different thicknesses within
one design. This set of simple configurations covers the
needs for generating an asymmetric field component along
the three possible directions u, v, w relative to the DQD
axis.

The values of the symmetric and antisymmetric field
components, obtained for the specific dimensions consid-
ered in the present example, are summarized in Table I.
The space discretization has been set to cells of 5 nm to
reach the third digit precision in this estimation. To account
fully for cases (c) and (g), we complete the table with the
values obtained for their common complementary shape,
case (j). It appears that in-plane transverse gradients [cases
(d–f)] are more difficult to achieve, as revealed by their
lower values for αAS. Among the various results, the last
case (j) of a longitudinal gradient produced with out-of-
plane magnetization is noticeable. In comparison to all
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TABLE I. Estimated field components in the DQD system for the configurations of Fig. 2.

Fig. 2 m dir. αAS dir. BL
u BL

v BL
w BR

u BR
v BR

w αS/μB αAS/μB
panel (μ0MS) (μ0MS)

(a) u u −0.097 0.000 −0.075 0.022 0.000 −0.081 0.174 0.119
(b) u v −0.037 −0.035 0.003 −0.037 0.035 −0.003 0.075 0.071
(c) u w −0.137 0.000 0.064 −0.137 0.000 −0.064 0.274 0.129
(d) v u −0.035 −0.037 −0.038 0.035 −0.037 −0.038 0.106 0.070
(e) v v −0.000 −0.073 −0.000 0.000 −0.001 0.000 0.074 0.072
(f) v w 0.092 −0.037 −0.047 0.092 −0.037 0.047 0.198 0.094
(g) w u 0.064 −0.000 0.133 −0.064 −0.000 0.133 0.266 0.129
(h) w v 0.003 −0.047 0.074 −0.003 0.047 0.074 0.149 0.094
(i) w w 0.088 −0.000 0.016 0.082 −0.000 0.132 0.226 0.116
(j) u w 0.062 0.000 −0.058 0.062 0.000 0.058 0.124 0.116
(j) w u −0.058 0.000 0.016 0.058 −0.000 0.016 0.032 0.116
(k) w,−w u −0.078 0.000 −0.058 0.078 0.000 −0.058 0.116 0.156
(l) w,−w w 0.128 0.000 −0.088 0.128 −0.000 0.088 0.256 0.176

other configurations, it allows for a much larger asym-
metric component relative to the symmetric one, which
therefore creates the most inhomogeneous field distribu-
tion. Two patterns among the ones shown in Fig. 2 are
expected to be easier to implement in practice, cases (j)
of a transverse gradient and (d). This is because the shape
anisotropy from the different parts of the magnetic sys-
tem favors the intended uniform magnetization, as will be
shown later.

B. Nanomagnets with domain walls

An additional feature of nanomagnets is the possibility
to host a magnetic domain wall. By allowing for opposite
magnetization directions inside different domains, a larger
portion of space can be filled with magnetic material, pro-
ducing in turn a stronger gradient. Sharp and well-defined
domain walls are easier to obtain in perpendicularly mag-
netized systems, as in magnetic multilayers with interfacial
anisotropy, for example. By introducing a domain wall
inside a perpendicularly magnetized nanomagnet, and pro-
vided the wall width is narrow compared to the other
dimensions in the system, the magnetic system gets closer
to an ideal gradient source. We still consider here punctual
dots and Q = BR

i − BL
i . We present in Figs. 2(k), 2(l) the

optimized nanomagnets with perpendicular magnetization
and domain wall(s), now considering a nanomagnet width
of 200 nm as well. A constraint was added that the domain
wall is straight and contained within a plane perpendicu-
lar to u, which is the configuration observed in practice as
it minimizes the domain-wall energy. Thus, this optimiza-
tion consists in choosing a positive or negative m · w for all
positions along u. A domain-wall pair is obtained for the
case of a Bu field difference [Fig. 2(k)], while three domain
walls (a single domain wall would suffice in a shorter nano-
magnet) are obtained in the case of a Bw field difference
[Fig. 2(l)]. The corresponding field values are reported in
Table I as well. They confirm that a larger field difference
is obtained, despite the smaller width of the nanomagnets.

C. Dots with finite extension

We now address in more detail the impact of the spa-
tial extension of the individual dots of the DQD system.
A pair of dots with linear confinement is now considered,
as found in a nanowire DQD [32,33]. The dots are aligned
along x and defined between −250 and −150 nm for dot
L, and between 150 and 250 nm for dot R. The nanowire is
suspended at z = 200 nm, above a magnetic layer extend-
ing across −100 nm < z < 100 nm. Because the external
magnetic field is preferably applied along the nanowire,
while a transverse gradient is required, we rely on a uni-
form magnetization m along +x, and (u, v, w) matches
with (x, y, z). As we now consider dots located above
the magnetic system, we use Q = ∫

By,z(x) |ψL(x)|2 dx −
∫

By,z(x) |ψR(x)|2 dx to optimize αS,AS, where L and R are
exchanged, compared to the above. To ensure practical
shapes, a constraint was added that the magnet is homoge-
neous across z. Thus, this optimization consists in deciding
the presence or absence of magnet in cells of the full
thickness at all positions along x, y.

The resulting optimal nanomagnets for By and Bz differ-
ence are shown in Figs. 3(a)–3(d) and 3(e)–3(h), respec-
tively. Similar to before, the shapes are explained by the
ideal distributions, but are now convolved with the finite
extension of the dots. The negligible differences in the
present example are highlighted by Figs. 3(a), 3(e), which
display the corresponding magnet boundaries with and
without the finite size of dots for either By or Bz. This
shows that in standard cases, the finite extension of the dots
can be safely neglected in what concerns the design of the
nanomagnets. The linear profiles of B(x) obtained along
the nanowire are displayed in Figs. 3(c), 3(g). The relevant
part of these profiles, determining the energy levels in the
dots, is the one overlapping with

∣
∣ψp(r)

∣
∣
2 from each dot.

A relevant question beyond the shape of the nanomag-
nets is their expected footprint on a chip. It is thus desirable
to know which parts of the nanomagnets are crucial to
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(a) (b) (c) (d)

(h)(g)(f)(e)

FIG. 3. Optimal shapes of a saturated nanomagnet in the case of dots of finite extension. Uniform magnetization imposed along
x, maximizing (a)–(d) a By and (e)–(h) a Bz field difference. (a),(e) Limits of the optimized nanomagnets for two punctual dots (red
lines) or two dots with spatial extension (black lines), and identical locations. (b),(f) Three-dimensional views of the nanomagnets
obtained for finite-size dots. The nanowire location is indicated by the dark blue line. (c),(g) Profile of the stray magnetic fields along
the nanowire (Bx in red, By in green, and Bz in black) and overlap with the probability of presence

∣
∣ψp(r)

∣
∣
2 of an electron in the left

or right dot (respectively, in blue or magenta). (d),(h) Relative contributions, normalized to 1 for the largest value, of each part of the
nanomagnet to the maximized quantity Q.

generate the gradient, and which parts can be disregarded.
The significance of the contributions from each part of the
nanomagnets to Q are shown in Figs. 3(d), 3(h). It confirms
that the regions contributing the most to Q (or αAS) are
strongly localized near the dots. This highlights how crit-
ical mastering the nanofabrication processes is to achieve
well-defined geometrical shapes at these internal edges of
the nanomagnets.

IV. ACCURATE MODELING WITH
MICROMAGNETIC OPTIMIZATION

The stray fields exhibited above are only valid under the
condition of magnetic saturation of the nanomagnets. Even
though an external field is usually applied to orientate the
magnetic system, the internal magnetic interactions tend
to disfavor this uniform magnetization and may lead to
the formation of inhomogeneous domains inside the struc-
tures. For our previously optimized designs, we thus aim
to find what minimum external field is required to ensure
magnetic saturation, and to understand by how much the
stray field gradients are affected when this condition is not
met.

Having found optimal shapes for different uniform con-
figurations above, we now consider an accurate mod-
eling of all the magnetostatic interactions that will
shape the internal magnetization of the nanomagnets.
Micromagnetic simulations are able to capture the differ-
ences between a uniform magnetization and a spatially
varying magnetization, affected by finite-size effects and
internal interactions (direct exchange and dipolar terms).

To illustrate our approach, micromagnetic simulations are
performed with the MuMax3 software [34] for a magnet
of case (j) of Fig. 2 above. The simulated magnetic sys-
tem has dimensions of 7000 × 1000 × 200 nm3 and a cell
size of 4 × 4 × 4 nm3, see Appendix E for more details.
Following magnetic saturation with an external field of 1
T, the stable magnetic configurations [35] under different
values of the external field Bext are obtained by decreasing
steps of 100 mT.

Considering the saturation magnetization MS of the
magnetic material is useful for the present micromag-
netic modeling, as it sets the energy scale of the dipolar
interactions, entering as a quadratic term into the domain
formation energy. While a larger MS directly favors larger
stray fields and gradients, it also facilitates the formation
of magnetic domains in the nanomagnets and thus requires
a larger external field to reach saturation. This external
field adds up as a term αext = 2μBBext to αS from the
symmetric part of the stray fields in forming the dots’
energy levels. Defining the inhomogeneity of the fields
acting on the dots as αAS/(αS + αext), this figure-of-merit
value reduces when a large external field is employed. To
optimize the inhomogeneity, it is thus required to iden-
tify the pairs of MS and Bext values providing the strongest
αAS/(αS + αext).

Standard materials for nanomagnet fabrication include
FeCo, Co, or NiFe, with values of MS around 2000, 1450,
and 800 kA m−1 at < 4 K temperatures, respectively.
These values of MS can be further adjusted down by
alloying the ferromagnet with a nonmagnetic element, in
order to reach a precise MS requirement [36]. We present
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(a) (b) (c) (d)

A
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S

FIG. 4. Results of the micromagnetic simulations of an optimized shape for an inhomogeneous Bz component, with external field Bext
and magnetization along x. As a function of external magnetic field, (a) magnetization mx, (b) symmetric (αS), (c) antisymmetric (αAS)
coupling constants due to the nanomagnets, and (d) the ratio between the antisymmetric and the total symmetric field αAS/(αS + αext).
The different colors correspond to CoFe (red), Co (blue), and NiFe (green).

in Fig. 4(a) the evolution of the magnetization mx, in
Figs. 4(b), 4(c) that of the coupling terms αS and αAS,
and in Fig. 4(d) that of the inhomogeneity ratio αAS/(αS +
αext), as a function of the external field and for these differ-
ent MS materials. It appears that within the usual range of
employed external fields, the choice of magnetic material
is a key parameter of the system, as saturation is reached
at about 200 mT for NiFe, 300 mT for Co, and 600 mT for
CoFe. To ensure reproducible fields at given conditions, it
is necessary to ensure magnetic saturation. Depending on
the admissible range of external fields in the system, and on
whether a large inhomogeneity or a large nominal gradient
of field is required, a particular pair of MS and Bext values
might be more suitable. The example of Fig. 4(d), follow-
ing the geometry of case (j) from Fig. 2, shows that the
systems of nanomagnets presented here can reach a regime
where αAS ∼ (αS + αext).

V. CONCLUSION

Despite its rather straightforward concepts, the present
treatment provides a valuable and simple solution to the
design of field gradients with nanomagnets. These are also
compatible with rotated designs that allow for the differ-
ential tuning of the Zeeman energy splitting in different
DQDs with tilted external fields [13], or with quantum dot
arrays [37]. An extension of these ideas to the generation
of cycloidal periodic fields, also of interest to shape syn-
thetic spin-orbit coupling in quantum dots, nanowires, and
two-dimensional electron gases [19–21,38], can, in princi-
ple, be realized by considering a periodic space for this
optimization. The case of a perpendicularly magnetized
system hosting domains has also been briefly presented.
It may offer the opportunity of precisely controlling the
position of the domain walls, or moving them continu-
ously, in order to achieve reconfigurable magnetic field
profiles in the nanomagnets, either with the help of notches
[39] or of specific magnetic energy potential landscapes
[40]. Such functionalities would need to be demonstrated
in thick-patterned nanomagnets with perpendicular mag-
netic anisotropy. Taking into account also that a magnetic

multilayer, such as Pt/Co or Co/Ni, provides the required
out-of-plane anisotropy at the cost of a reduced MS (due to
the dilution of the magnetic moments inside a superstruc-
ture also containing less or nonmagnetic materials), it is
left to future investigation to distinguish whether this can
be beneficial overall.

The present approach is appealing for many material
platforms hosting spin qubits: two-dimensional, such as
silicon, germanium, graphene [41], or one-dimensional,
such as semiconducting nanowires and carbon nanotubes
[32,33], etc., as it does not rely on an intrinsic, defect-
dependent spin-orbit interaction but on an extrinsic spin-
orbit coupling tunable by the arrangement of nanomag-
net shapes. For each of them, the achievable gradients
are largely influenced by maximal interdot distance and
minimal dot-to-nanomagnet separation. For nanowire spin
qubits, this also provides an alternative to the use of
ferromagnetic contacts [32,42].

These results will contribute to efforts for applying gate
operations to distant spin qubits through their coupling to
microwave radiation in high-impedance resonators at low
powers (approximately single photon), in the framework
of circuit quantum electrodynamics [41]. By comparing
the benefits of strong spin-charge hybridization to deco-
herence contributions, it appears that a desirable regime
for these operations is found around αAS ∼ αS. This situ-
ation, where the strength of the antisymmetric component
reaches the strength of the symmetric component of the
stray fields, corresponds to a particularly high inhomogne-
ity. There, the effective fields acting over each dot point in
directions differing by an angle of almost 90◦. We find here
some optimal shapes for nanomagnets that achieve this
regime and that are feasible with standard nanofabrication
techniques, enabling different field-gradient orientations.
They offer an improvement of the magnetic field dif-
ference between dots by a factor at least 2 and up to
10, with respect to some earlier designs. As the energy
associated to these fields determines the addressability of
the spin qubits, improving the gradient will help moving
beyond the perturbative regime of operation that has been
commonly employed. With the results presented above,
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high-fidelity gate operations could be targeted in spin-qubit
devices, while the optimized designs can also be applied to
other research fields employing nanomagnets.
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APPENDIX A: DEFINITION OF THE
COORDINATE SYSTEM

In Fig. 5, the definitions for the coordinate system and
the different angles relevant for the ideal distribution cal-
culations are presented schematically, in the case of a Bu
or a Bv field, or gradient.

APPENDIX B: ADDITIONAL REPRESENTATIONS
FOR A TRANSVERSE GRADIENT IDEAL

DISTRIBUTION

Figure 6 contains additional representations of the dis-
tribution of m for the lower-symmetry case of a transverse
gradient generation with dQ = d∂Bji · v̂/∂u. The plots dis-
play different planes offset from zero. The other cuts with-
out offset, (u, w) and (v, w) planes, are not shown as they
are either uniformly 0, or +1 and −1 either side of zero for
mu, mv , and mw.

(a) (b)

FIG. 5. Definition of coordinates system, with plane and
angles considered. (a) Case of a Bu field or longitudinal gradient.
All relevant angles θ ′ and φ are obtained in the plane defined by
u and eij . (b) General case, used for a transverse gradient, where
no such plane reduction is possible.

APPENDIX C: DEFINITION OF THE MAGNETIC
SYMMETRIC AND ANTISYMMETRIC

COUPLINGS

A field BL in the left dot and BR in the right dot with
equal modulus are assumed. As appears from Table I, this
is the case for most geometries that we consider, at the
exception of (a), (e), (i). In these cases, where fields have
a different modulus, we can still define αS,AS to analyze
the homogeneous and inhomogeneous parts of the fields in
general, however, they are not sufficient to describe fully
the DQD energies. For DQD spin operations, transverse-
field gradients are required, i.e., all cases except (a), (e),
(i). The two vectors BL and BR define a plane and θB is the
angle between the two vectors, as depicted in Fig. 7. Then,
a spin quantization axis at half the angle between the two
magnetic field vectors BL and BR can always be chosen. By

(a) (b)

(c) (d) (e)

FIG. 6. Full views of the ideal magnetic distributions for optimizing ∂Bv/∂u(0): (a) in-plane angle ξ , (b) out-of-plane angle χ , (c)
mu, (d) mv , and (e) mw. Axes arrows for u, v, and w have the same relative length.
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θB

eS

eAS

BR BL

FIG. 7. Schematic representation of the spin quantization axes
for the DQD, eS and eAS, with respect to the left and right
magnetic field in the DQD, BL and BR.

doing so, the component on eS will be symmetric, while
the component on the orthogonal vector eAS will be anti-
symmetric. The potential associated to the magnetic field
is VB = 2μB �B · �σ , where �σ is the Pauli vector. Finally,
assuming that the wave functions are strongly localized in
each dot leads to the potential

VB = 2μB

∑

p

∫

BS(r)|ψp(r)|2dr σz

+ 2μB

∑

p

τp

∫

BAS(r)|ψp(r)|2dr σx, (C1)

where p ∈ {L, R} and τp = 1 − 2δp ,R. In Eq. (C1), BS is
defined as the projection of BL and BR on eS, and BAS as
the projection of BL on eAS, which are, respectively, (BL +
BR)/2 and (BL − BR)/2. Note that the use of σz as the spin
operator for the symmetric axis is arbitrary.

APPENDIX D: ROLE OF MAGNET THICKNESS
AND INTERDOT SPACING

The thickness of the magnetic layer and the spacing
between the dots are fixed parameters in what is presented
in the main text. In order to discuss the influence of these
parameters on the αAS term, we again consider a pair of
nanowire quantum dots with linear confinement along the x
axis, located 100 nm above a magnetic layer of finite thick-
ness. Similar to the example of the main text, we optimize
Q = ∫

Bz(x) |ψL(x)|2 dx − ∫

Bz(x) |ψR(x)|2 dx to take into
account the spatial extension of the dots.

The coupling constant αAS can be computed for differ-
ent values of the interdot separation distance and magnetic
layer thickness. The results are presented in Figs. 8(a)
and 8(b), respectively.

In Fig. 8(a), the interdot spacing is varied for a fixed
thickness of the magnetic layer of 200 nm. Starting from
low spacing values, increasing the distance between the
dots increases the amplitude of the antisymmetric compo-
nent field and thus of the coupling constant αAS, because
for a fixed magnet thickness, a similar gradient can be
extended over a longer length, until reaching a limit value.
This limit comes from the geometry: the field difference
is limited by the maximum values of the field that can
be reached, of order μ0MS at most when the dots are not
contained in the same layer than the magnetic patterns.

(nm) (nm)

(a) (b)

FIG. 8. Role of additional parameters in achieving a large field
difference between the dots. (a) αAS as a function of interdot spac-
ing, fixed thickness of the magnetic layer of 200 nm. (b) αAS as a
function of thickness of the magnetic layer, fixed interdot spacing
at 400 nm.

In practice, the spacing between the dots also cannot be
increased excessively, as we want the dots to have some
overlap, with a sufficient tunneling rate. For two dots con-
fined in a nanowire, 400 nm remains a reasonable value for
the spacing between the dots [33], which could enhance
further their field difference. In Fig. 8(b), the thickness
of the magnetic layer is varied for a fixed interdot spac-
ing of 400 nm. Increasing the thickness of the magnetic
layer improves αAS until it reaches a maximum. Above
a thickness of 500 nm, the evolution of αAS and thus the
amplitude of the antisymmetric component of the fields
starts to saturate with the thickness of the magnetic layer.
In the examples presented in the main text, a thickness of
200 nm is preferred as it simplifies the nanofabrication pro-
cess and the integration of the double quantum dot in the
designs.

APPENDIX E: MICROMAGNETIC SIMULATIONS

In order to obtain a uniform magnetization along any
axis despite internal demagnetizing fields, it is advisable
to induce a favorable shape anisotropy, while keeping
unchanged the regions of the magnet contributing the most
to αAS. This allows in turn to reduce the minimal exter-
nal field (here along x) required to saturate the magnet.
Comparing between the optimized shapes of saturated
nanomagnets, a shape anisotropy is easier to obtain with
the geometry optimizing the field difference along the Bz
component. We thus use this shape, keeping for MuMax3

simulations a width (along y) of 1 µm and a length (along
x) of 7 µm, which are the largest dimensions that could
be simulated considering our hardware access. To avoid
the effects of this finite length of the magnetic layer in

TABLE II. Magnetic parameters used in micromagnetic simu-
lations.

Material MS (kA m−1) A (pJ m−1) Shape Refs.

NiFe 800 13 Fig. 9 [43], [44]
Co 1450 56 Fig. 9 [45], [44]
CoFe 2000 20 Fig. 9 [46], [44]
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x (µm)
y 

(µ
m

)

FIG. 9. Dimensions and geometry (blue color surface) of the
simulated magnetic elements.

our simulations, while real magnets could be much longer,
periodic boundary conditions are chosen in the x direction.
The magnetic parameters considered for these simulations
are listed in Table II.

The micromagnetic configurations at equilibrium are
determined by reaching a configuration minimizing the
total energy resulting from the exchange interaction
between the spins, the internal dipolar interactions and the
Zeeman energy. It is done for decreasing values of the
external field, starting from magnetic saturation under a
field of 1 T. We present in Fig. S1 within the Supplemental
Material [35] two examples of minimal energy configu-
rations that have been obtained. When saturation is lost,
the reduction of the average mx below 1 corresponds to
the formation of closure domains at the extremities of the
nanomagnets, affecting drastically the resulting gradient.

The stray fields at 100 nm above the surface of the
magnetic layer can then be extracted from micromagnetic

B
 (

T
)

B
 (

T
)

x (nm)

x (nm)

(n
m

–1
)

(n
m

–1
)

(a)

(b)

FIG. 10. Profile of the stray magnetic fields obtained from
micromagnetic simulations in the case of CoFe nanomagnets, for
(a) Bext = 500 mT and (b) Bext = 100 mT. Bx in red, By in green,
and Bz in black, and overlap with the probability of the presence
∣
∣ψp(r)

∣
∣
2 of an electron in the left or right dot (respectively, in

blue or magenta).

configurations as for the case of saturated magnets. The
coupling constants αS and αAS are deduced from the linear
profiles of the magnetic field B(x), as shown in Fig. 10.
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