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Fock states are quantized states of electromagnetic waves with diverse applications in quantum optics
and quantum communication. However, the generation of arbitrary optical Fock states still remains elu-
sive. Most Fock-state-generation proposals rely on precisely controlling the atom-cavity interactions and
are experimentally challenging. We propose a scheme to distill an optical Fock state from a coherent state.
A conditional phase flip with arbitrary phase is implemented between the atom and light. The conditional
phase flip along with unitary rotations and measurements on the atoms enables us to distill the required
Fock state. As an example, we show the distillation of Fock state |100).
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I. INTRODUCTION

The second quantization of electromagnetic fields
reveals the equivalence of light modes with harmonic
oscillators [1]. The eigenstates of these oscillators are
called the “Fock states” and they describe the number of
photons present in a specific mode of a light field. Because
of their highly nonclassical nature, they are extremely
useful areas such as quantum metrology, quantum key
distribution protocols, and quantum computation [2,3].
However, their quantum nature also makes it difficult to
produce them. In existing experiments, optical Fock states
are produced with use of parametric down-conversion
and photon-number detectors. These techniques have been
shown to produce Fock states of up to five photons [4—
8]; however, it is still a challenging task to produce higher
Fock states in the optical regime.

Atom-cavity systems have been widely studied for the
deterministic generation of optical Fock states. Fock states
are created inside the cavity by controlling the interac-
tion between atoms and the cavity [9—11]. However, this
requires precise control that is limited by the coherence
time of the system. As the number of photons increases,
control becomes harder and the fidelity of the generated
Fock states decreases [12], making it difficult to generate
high-photon-number states.

In addition to control of the dynamics of atom-cavity
systems, schemes based on feedback mechanisms have
also been proposed for the deterministic generation of
Fock states [13,14]. These schemes involve the use of
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a controller to probe the cavity mode with weak mea-
surements, which provide information about the cavity
field. On the basis of the information obtained from these
measurements, an actuator applies feedback to the cav-
ity. By repeated measurement and application of feedback,
the cavity state can be prepared in any desired state.
This method has been experimentally verified with use of
Rydberg atoms and superconducting cavities [15].

Further, another method for Fock-state sorting has been
demonstrated that uses chiral coupling of a qubit to a
waveguide. In this method, the light acquires a Fock-
number-dependent delay, and the incident pulse is sorted
temporally by its Fock numbers [16,17].

In this article, we propose a protocol to distill Fock states
from a coherent state. It is based on repeated reflection of
light from the atom-cavity system. Unlike existing pro-
tocols, this does not require precise control or feedback
mechanisms. Also the Fock states in this scheme are gen-
erated outside the cavity, avoiding further extraction that
can effect the statistics of the light.

In Sec. II we discuss the conditional phase flip (CPF)
between the atom and the light mode and study effects
of cavity-light detuning on the CPF. In Sec. III the atom-
photon phase gate along with unitary rotations and mea-
surements is used to distill a Fock state from a coherent
state. Finally, we discuss possible implementations.

II. ATOM-PHOTON GATE

Atom-photon gates aim to create a CPF between an atom
and a flying photon. Typically this is confined only to a
phase of 7 as this is sufficient to implement a general uni-
tary operation on atom-photon and photon-photon systems.

© 2023 American Physical Society
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FIG. 1. Atom-cavity system for the CPF. A A-type atom with

only |e) <> |g) transition interacts with the cavity mode. g and
k are the coupling strength and the cavity decay rate of the cav-
ity mode. A is the detuning of the cavity mode with input light
and the atom. The second mirror is attached to a piezoelectric
actuator (PZT) to tune the cavity resonant frequency.

To obtain a conditional phase shift, we consider a three-
level atom with ground states |g) and |s) and an excited
state |e) as shown in Fig. 1. Here, only the transition (|e) <
|g)) is coupled to the cavity mode. The Hamiltonian of
such a system can be written as

H = hwa'a + hweg |e) (el + hg(oega + age&T), (1)

where w., (w.) is the transition frequency for the atom
(cavity), g is the atom-cavity coupling strength, 0., =
le) (g| is the atomic operator, and a is the cavity-mode
operator. Although we are considering a single three-
level atom interacting with the cavity mode, the following
results can be extended to dark states in N three-level
systems and N atoms under Rydberg-blockade conditions
[18,19].

Solving Eq. (1) for the dynamics yields reflection coef-
ficients 7| and r¢ (see Appendix A for details):

T
(1440) —iA 1 —iA
where 7| is the reflection coefficient for the coupled transi-
tion, 7y is the reflection coefficient for the decoupled tran-
sition (empty cavity) [20], C = g?/ky is the cooperativity,
and A = 2A./k, where A, = w. — wr, with w; being the
mean frequency of the input pulse. Assuming that C > 1
gives 71 ~ 1 and ry can be any phase ¢. For exam-
ple, numerically solving ry for ¢ = {n /2,7 /4,7 /8,7/16}

gives A = {—1,—-2.4142,-5.0273, —10.1531}.

By use of Eq. (2) under strong atom-cavity coupling,
the operation for the atom-cavity reflection can be written
as (see Appendix A)

D(g) = Ig) (g| ® L + |s) (s| @ explidn}.  (3)

Note that cavity-light resonance A =0 gives ryp = —1

[15(71)]. This resonance condition has been exploited to
generate atom-photon gates between atoms and a single
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FIG. 2. 25(45) operation attained from the steady-state dynam-
ics of the atom-cavity system. We set g =2m x 16 GHz,
k =2m x5 GHz, and y =27 x 0.05 GHz for the numerical
simulations.

photon [21]. Further, Eq. (3) transforms a coherent state
into

N 1
D(m)[Ya ® l)] = ﬁ(lg) ) +Is) [—a)), (4

where V, = %ﬂ g) + |s)). Performing a 7 /2 rotation and
a measurement on the atom projects the light to a cat state.
This has been experimentally verified by trapping ®’Rb to
generate cat states with strength o = 1.4 [22].

The reflection coefficients are derived under the assump-
tion that the atom-cavity system quickly attains a steady
state. Although this is true on resonance [23], detuning
can effect the dynamics. To verify that steady states are
attained even with detuning, we use input-output theory
with quantum pulses to solve for the complete dynamics
[23,24]. On reflection of light from the atom-cavity system,
the transformation

12) V) out + 18) €7 1) e
V2

reflection

1palw)in |0>0ut |0)in

)

is expected, and |¢);, = >, C, [n) and [yr) o = Y, Cu |n)
represent the quantum states of the input and output light
modes.

In Fig. 2 we plot the fidelity for various phases. Here,
input light is reflected from the atom-cavity system and the
quantum state of the atom and the output light is numer-
ically obtained. Then the fidelity is evaluated between
the obtained output state and the expected output state
[Eq. (5)] (see Appendix B for more details). From the
plot it is clear that reflection from the atom-cavity system
yields the operation 25(¢) on the output light mode and a
steady state is obtained even in the presence of cavity-light
detuning.
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I11. DISTILLATION OF FOCK STATES

We now use the phase-shift operation 75(¢), local uni-
tary, and measurement on an atom to distill a Fock state.
The protocol consists of the following steps:

(1) To prepare the Fock state |.4), we start with a
coherent state of amplitude o = VA.

(2) The atom is prepared in the state v, = %(lg} +
Is)).

(3) The light is reflected from the atom-cavity setup to

perform D(¢).

(4) A unitary rotation U, is performed on the atom.
The unitary rotation can be executed by stimulated Raman
adiabatic passage with errors below 10™* [25].

1 |:e’0 I ] 18) —> 57 1g) + Is)),
V2L =" ls) > J5dlg) — e 1s).

(5) A measurement is performed on the atom [22].

Ual6] =

The choice of & = +/A is not a stringent condition; rather
this choice is based on the fact that a coherent state has a
Poisson distribution with a peak value at o>. The state of
the “atom plus output light” after step 3 can be written as

1
U = ﬁ [Wl lg) + explidn}yy |S>] ) (6)

where y; = ), C, |n) is the state of light. By application
of an appropriate U,[#], the atom-cavity state can always
be cast in the form

V=) Clklg)+ ) Cills), (7)
k i

where k # [ and Z,€|Ck|2 + 21|Cl|2 = 1, and measure-
ment on the atom gives the photonic state

=) Gk or Y=Y G, (8)
k !

where >, |Cx|* and Y_,|C)|? are the probabilities for the
atomic measurements |g) and |s).

By repeating steps 2—5, one can distill a general Fock
state. We establish this by explicitly showing the distil-
lation of the Fock state |100). The atom is initialized in
the state v, and the input light is in the coherent state
| = 10). The initial state of atom and light can be written
as (see Appendix C)

130

v = Crlk) @ — + 9
;‘; 4 1K) f<|g> 1)), 9)

where the coherent state is approximated as |o = 10) ~

,13:070 Cy k). The explicit form Cj is irrelevant to the

distillation protocol and is used only to calculate measure-
ment probabilities. Performing D(r) on WV yields

130 130
W= Ge™ k) Is)+ Y Celk)Ig).  (10)
k=170 n=70

where W, represents the state of output hght after appli-
cation of the operation D(Z) Note that D(JT) is obtained
on resonance, i.e., A = 0. Performing the atomic unitary
U,[0] and measuring the atom in the state |g) removes the
odd photons to give the even cat state [22]

64
W =) Cul2Kk),

k=36

)

where the normalization is absorbed into Cy, i.e.,

Zk 36l Cul* = 1.
Preparing the atom in 1, and reflecting the state W,, with

D(r/2) yields

64

Wz =" Co [(—=DFIs) + Ig)] 124) .

k=36

(12)

Performing U,[0] and a measurement in |g) projects the
photonic state to W/, = Ziim Cy; |4k). Reflecting the
state W, » with D(xr/4) yields

32

Wz =) Cu[(=D"1s) +Ig)] 14k)

7
k=18

(13)

Applying U,[0] and a measurement in |s) projects the light
state to Wy /4 = 2115:9 Csi+4 |8k + 4). Reflecting W, /4 with
D(/8) yields

15

Vg = G [(=1)'e™2 1s) + 1g)] I8k +4).
k=9

(14)

To cancel the extra factor of /2, we perform U,[r/2].
Measuring the atom in |g) projects the light state to

7

Wy = Cighra |16k +4),
k_

= C3484) 4 Ci00 [100) + Cy16 |116) . (15)

Again reflecting W, /3 with ﬁ(n /16) gives

cx‘:'

7 .
=" Cigsa [ (=1 eF 1)+ 1) | 116k +4), (16)
k=5

and finally performing U,[r/4] and measurement in |s)
distills the Fock state |100).
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TABLE I.

Distillation of Fock states. First column shows the sequence of distilled Fock numbers after each iteration. Second column

shows the atom-cavity phase, 75((;5). Other columns show the unitary operation U,[6] and the measurement (M) on the atom. P is the
probability of the outcome after each iteration. Note that atom is prepared in v, after each iteration.

Distilled Fock nos. ¢ 0 M P

0% 70,71, ..., 100, ..., 129, 130 T 0 lg)

k)% 70, 72,..., 100, ..., 126, 128 /2 0 lg) 0.5
(4k)2 1 72,76, ...,100, ..., 124,128 /4 0 Is) 0.5
Bk + 42, 76,84, ...,100, ..., 116, 124 /8 /2 lg) 0.5
(16k + 4)]_s 84,100, 116 /16 /4 lg) 0.5
(16k + 4),_¢ 100 cos cos 0.64

The distillation protocol discussed above is summarized
in Table I, and it is clear that an arbitrary Fock state can be
distilled by multiple iterations. We started with a coherent
state with mean and variance of |«|2. For high A, the prob-
ability distribution can be approximated with a Gaussian,
and £3+/ A covers 0.997 of the total area of a Gaussian dis-
tribution (see Appendix C). Also from Table I, we notice
that in each iteration, the total Fock numbers reduce by
half. Thus, the total number of iterations (Q) required to
distill a Fock state from the coherent state can be written as

6VA=29" = Q=rTlog, (6(AAN] =1, (17)

where [-] is the ceiling function and (A#n) = [(#%) —
(7)2]'/? is the standard deviation of the coherent state.
Although Eq. (17) is obtained by our assuming high
coherent-state amplitude, it works even for small ampli-
tudes. Further, squeezed coherent states (SCSs) with opti-
mized squeezing [26] can be used to reduce the numbers
of iterations to @ — 1 (see Appendix C).

It is also interesting to note that a general CPF is not
required and that phase shifts of the form ¢ = /2" are
sufficient for the distillation protocol. Since every iteration
requires an atomic measurement, the total probability of
success is given by P ~ 1/22. For instance, with |100),
we obtain P ~ 1/32 without squeezing and P ~ 1/16
with squeezing. Despite this low probability, each iteration
guarantees a nonclassical state, and we can proceed with
iterations regardless of measurements, ultimately obtain-
ing a Fock state in the range [A — 3+/A, A + 3+/A]. For
example, through distillation with ’\/W), we achieve a

Fock state between |70) and |130) with unit probability.

Another special case of the distillation protocol is the
deletion of prime-numbered Fock states. Prime numbers,
by definition, cannot be factored by any other number,
and this can be exploited to delete a Fock number from
a given state. For example, reflecting the coherent state
W [Eq. (9)] with phase D(rr/101), performing U,[0], and
measuring the atom in |g) gives the photonic state W =
Y00 G 1) + 3,265 Cu ).

IV. IMPLEMENTATIONS AND DISCUSSION

Atom-cavity systems are used to implement a variety
of protocols [21]. To implement this protocol, the cavity
resonant frequency can be tuned to adjust the detuning
A. This can be achieved by attaching the cavity mirror
to a peizoelectric actuator [27]. Besides tuning of the cav-
ity frequency, multiple atom-cavity systems with different
detunings can also be considered. Waveguide QED is an
effective approach to study such systems, where an array
of atoms are trapped above waveguides or embedded in
photonic crystal waveguides to realize many atom-cavity
systems on a single chip [28,29]. Overall, the distillation
protocol can be verified with use of existing experimen-
tal techniques [22,29]. However, in practice, there is a
slight probability of photon loss due to unwanted scat-
tering. The scattering losses depend on the properties of
the noisy channel and loss-correction techniques. Further,
the amount of nonclassicality of the output light increases
after each iteration, which in turn can make the quan-
tum states strongly susceptible to transmission and photon
losses [30]. The effects of noise, loss corrections, and non-
classicality are intertwined and are beyond the scope of this
article. We intend to study them separately.

Also, the coherent state used in the distillation pro-
tocol typically has a narrow temporal width, and this
can be used to realize a highly nonclassical bath. When
the temporal width of the pulse is much narrower than
the cavity linewidth, the pulse can effectively act as a
bath for an atom-cavity system. This means that the first
Markov approximation, which assumes that the system-
reservoir coupling strength is frequency independent [31],
is satisfied.

Recently we became aware of study similar to ours that
also involves sequential application of controlled opera-
tion, unitary rotation, and a measurement on the qubit [32].
However, there are notable differences. That study used a
two-level system sensitive to decoherence, while we use a
stabler A-type system with a qubit based on two ground
states, differing from the ground-state-and-excited-state
approach used in the other study.

Our proposal operates in the optical regime in atom-
cavity setups, while the proposal in Ref. [32] focuses on
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the microwave regime in a superconducting platform. As
a result, the modeling is different. For example, we use a
Hamiltonian of the form o.a + o_a', while in Ref. [32] a
Hamiltonian of the form o.afa is used.

In the superconducting platform, the Hamiltonian is
evolved to obtain the Fock states as standing waves inside
a cavity, and the fidelity of these states is reduced by the
decay rate of the cavity, which is proportional to the Fock
state |n) [32]. In contrast, in our proposal, Fock states
are formed outside the cavity as traveling pulses, hence
making it robust with regard to cavity decay rates.
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APPENDIX A: REFLECTION COEFFICIENTS
FOR THE ATOM-CAVITY SYSTEM

Here we derive the reflection coefficients introduced in
the main text. To understand the reflection coefficients we
start with an initial state

@y)"

m—<cg|g>+cs|s>®z N

10), (AT)

where |¢g|* + |¢s|*> = 1 and |c,|? = 1. On reflection, the

state is transformed as follows:

Wou = (cg Ig) Z (na °“‘) +els) Z (°“°“t) ) 10)

= ¢ lg) (r)’ ch In) + ¢ ls) (ro)” ch ),

where r; is the reflection coefficient for the transition
le) <> |g) and ry is the reflection coefficient for the tran-
sition |e) <> |s). To explicitly derive the reflection coeffi-
cients, we begin with the Hamiltonian of an atom-cavity
system:

H = hodd'a + ho, |e) (el + g (0egii + 0ged").  (A3)

The dynamics of the system are governed by the
time-reversal Langevin equations and the input-output

relation [20]

< oo Y e Y e

TR [xH] + b [Xoeg] 0 — 5 Oz [%oee]

— ") (- 50+ Vi) + (-5aT+viab,) [,
(A4)

where X is any operator of the atom-cavity system, and y
and « are the decay rates of the atom and the cavity. Note
that the noise terms for atomic decay are omitted because
we 1s in the optical regime, and hence the noise can be
assumed to be vacuum noise. The dynamical equations are
obtained as

da PR
i —iwed — ig0ge — N/Kou + 24 (AS)
doge. ) . .
= —lWe0ge — lg(agg — Oge)d + —O'gg. (A6)
dr 2
The transformation [21, age5&0ut] — [&’ Oges &Out] oLt
gives
da €
= —iA, a-— lgage - \/_aout + = (A7)
dr 2
doge ) _ A
dr = _ZAaGge - lg(o'gg — Oee)a + E(ng, (A8)

where A, = w. — wr and A, = w, — wr. The input light is
on resonance with the atomic transition (A, = 0). Also, the
atom is assumed to be weakly excited, and hence 0, = 1.

By setting % = 0, we obtain the steady-state solutions as

_ﬁ
22 Qou-

lA — k)2 — £ v

Q)

(A9)

Use of the input-output relation Goy — Gin = +/ka, gives
the reflection coefficient for the transition |e) <> |g):

2
S [P A A10
a 1+4C—iA (A10)

where A =2A./k and the cooperativity C = g?/ky.
The reflection coefficient for the noninteracting transition
le) <> |s) is obtained by setting C = 0:

(All)

r1 >~ 1 and ry = € are the reflection coefficients in the
main text; see Table II. By use of Egs. (A2), (A10),
and (A11), the transformation under high cooperativity can
be formally written as

2) (2l ® T + Is) (s ® (o).

D(¢p) = (A12)
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TABLE II. Numerical solutions for reflection coefficients.
Here, the cooperativity C = 250. A represents the detuning
required for ry = €. We note that r; ~ 1.

A e 2]

-1 ei/2 0.998 +2 x 107
—2.41421 et/ 0.998 + 4.8 x 107%
—5.02734 e/8 0.998 + 1073
—10.15317 eim/16 0.998 +2.02 x 1073
—20.35547 em/32 0.998 + 4.06 x 1073

APPENDIX B: VERIFICATION OF THE GENERAL
PHASE

Here we discuss the verification of the general phase as
described in Eq. (A12). For this, we use the general input-
output theory with quantum pulses [23,24]. It is based
on a density-matrix formalism where the input and out-
put pulses are replaced by virtual cavities coupled to the
quantum system. This formalism explicitly incorporates
information about the pulse shapes and quantum states of
the input and output field modes. The Hamiltonian govern-
ing the dynamics of the virtual cavities and the quantum
system is given by

iR
Hy = fg + ’3 [Vick(Dea + Vik:(DaTe,

+ k(DK ()ele, —he.], (B1)

where Hy denotes the system Hamiltonian, a is the system
cavity operator, ¢, and ¢, represent the input and output
virtual cavity field operators with corresponding complex
time-dependent coupling strengths &, (¢) and k,(¢), respec-
tively, and « denotes the usual decay rate of the system
cavity.

The time-dependent coupling strengths in this formal-
ism are selected such that the input virtual cavity releases
an input field pulse with a required shape u(#), while the
output virtual cavity receives the output field with pulse
shape v(#). The coupling strengths of the virtual cavity are
related to the pulse shapes by [23,24]

I —
V1= [l @ar
. (B2)
k() = —

,/fotlv’(t)lzdt"

The dynamics of the system are obtained by solving the
following Lindblad master equation:

dowsy 174 5
— = — |H usv] D Le usvs
i ih[ Pusv | + D[Lest] o

where p,q, is the density matrix of the full system, includ-
ing the input virtual cavity, the system cavity, and the

(B3)

output virtual cavity, and D[Les] represents the time-
dependent Lindblad dissipator with
Len(t) = k@ + K ()2, + k2 (1)2,. (B4)
Using this, we can solve the master equation for the full
system given in Eq. (B3) to obtain the final state.
We consider the atom-cavity system as described in the

main text and numerically solve the corresponding master
equation using Eq. (B3) with Hy given by

Hr = hwa%a + ho, |e) (e] + hg (0o + 0g.a")

ih
+ ’3 [Vick(Dela + Viki(DaTe,

+ k(Oki(t)ele, —he]. (B5)
This gives the required state of the output field mode and is
used to calculate the fidelity of the output field with respect
to the state in Eq. (5).

APPENDIX C: DISTILLATION USING SQUEEZED
COHERENT STATES

In the main text, we demonstrated distillation using
coherent states. It is evident that the number of iterations
depends on the Fock distribution. However, use of SCSs
can squeeze the Fock distribution, potentially leading to
a reduction in the required number of iterations. Here,
we provide two examples using SCSs and compare them
with coherent states. These techniques can be applied for
a general SCS. First we define the mean and variance of
quantum light:

. ((AR?) = (%) — (A)?,
(C1)

TABLE III. Distillation of the Fock states |51) and [100). The
first column shows the distilled Fock numbers after each iter-
ation. The second column shows the atom-cavity phase, D(¢).
The other columns show the unitary operation U,[0] and the
measurement (M) on the atom.

Distilled Fock nos. ¢ 0 M
36,37,...,51,...,65,66 T 0 |s)
37,39,...,51,...,63,65 /2 /2 |s)
39,43,...,51,...,59,63 /4 3w /4 lg)
43,51, 59 /8 37/8 l2)
51
85,86, ...,100,...,114,115 T 0 lg)
86,88, ...,100,...,112,114 /2 0 lg)
88,92,...,100,...,108, 118 /4 0 |s)
92, 100, 108 /8 /2 )
100
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FIG. 3.

(a),(b) Number squeezing for the SCS. |«, r) and |a) represent the SCS and the coherent state. An optimal squeezing can

result in quantum states that are similar to a coherent state but with reduced variance. Because of the reduced variance, a SCS can be
useful in minimizing iterations. (c) The effect of photon-number oscillations for higher squeezing.

When Q < 0 (Q > 0), the light mode is said to obey sub-
Poissonian (super-Poissonian) statistics. The coherent state
is written as

_lo? > ok —y\1
@ =e" ) ek, Pr=eWTm (€
k=0 : ’

where P(k) is the probability for the kth Fock state and
(1) = ((An)?) = |a|?. For higher amplitudes, P(k) can
be approximated with a Gaussian. Further three standard
deviations are expected to include all the statistics:

00 ( )
ZPk A P, = 0.997.
n=0 (R)—=3(Ah)

A +3(AR
(C3)

A general SCS is written as |«, §) = 75(0/)3(5) |0) , where
£ =re” o =ae?, and ¢ = 0/2, where D(c') is the dis-
placement operator and S(r) is the squeezing operator.

The probability distribution, the variance, and the mean are
obtained as [26]

1 k 2
~ tanh r
- (3 " 201 b H, ‘?‘e . (CH
k! coshr ~/sinh 2r
(AR)?) = e + 2 sinh? r cosh? r, (C5)
(1) = o® + sinh? r, (C6)

where P! = |(n|o’, €)|* and Hj represents the kth-order
Hermite polynomial. With a large coherent contribution
(o > sinh7) and sub-Poissonian statistics ((A7n)?) < (7)),
a SCS can give rise to the nonclassical effect of num-
ber squeezing (see Fig. 3). Similarly to the coherent state

[Eqg. (C3)] the SCSs |10, 0.75) and ’\/51, O.65> are numer-
ically verified to satisfy

00 (n)+3(An)
dYoPix Y P =09995. (C7)
n=0 (R)y—3(AR)

Using Egs. (17) and (C4), we can determine that four
iterations are required to distill Fock states {|51),]100)}

from {|10,0.75), ‘\/ 51, O.65>}, while use of coherent states

{110) |«/ 5 1>} requires five iterations. We performed the dis-

tillation protocol to verify this; see Table III. Hence, by
optimization over the squeezing parameter, we can reduce
the number of iterations by 1. However, increasing the
squeezing beyond a certain level may cause oscillations
in the photon-number distribution and will require more
iterations [26]; see Fig. 3.
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