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Universal device for two-qubit entangled measurements via photonic quantum
walks
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Sophisticated positive-operator-valued measures (POVMs) are fundamental to obtain a quantum advan-
tage in many informational problems but are difficult to implement. We design a universal measurement
device composed of cascaded quantum-walk modules able to realize arbitrary entangled POVMs on two
qubits. Only parameters in the modules need reprogramming for different POVMSs. We apply our device
to the task of direction guessing, realizing nine different five-outcome entangled measurements (fideli-
ties above 0.9850) via nine-step photonic quantum walks, recovering optimal direction guessing from
nonideal input states. Our work marks an important step toward building a universal versatile quantum
measurement device able to implement optimal measurements for various quantum information tasks.
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L. INTRODUCTION

The manipulation of quantum information outperforms
the manipulation of classical information for many infor-
mational problems [1-8]. Being able to implement pow-
erful quantum measurements to extract information is
fundamental to obtain such a quantum advantage [9—13].
This requires the ability to realize nonprojective entan-
gled positive-operator-valued measures (POVMs). On one
hand, entangled (or joint) quantum measurements are rep-
resented by measurement operators containing at least
one entangled eigenstate [5]. A prominent example is
collective measurements on identically prepared quantum
systems [14,15], which view the ensemble as a whole
and manipulate entanglement between the copies dur-
ing the measuring process. Entangled measurements offer
advantages over separable measurements in information
extraction [14—16]. It is entanglement in the measure-
ments rather than in the states that provides the advantage.
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Entangled measurements enhance the estimation of quan-
tum states [9,12,15,16] and lead to higher precision in
quantum metrology [17,18]. They have also found applica-
tions in numerous tasks such as entanglement purification
[19], overlap estimation [20] and quantum change point
detection [21]. Moreover, they can be used to suppress
measurement backaction in quantum thermodynamics [22,
23]. On the other hand, POVMs [2] are the most-general
description of quantum measurements. A POVM is a set
of positive but not necessarily orthogonal operators sum-
ming up to the identity. In many scenarios, nonprojective
POVMs are more powerful than projective measurements
owing to their diverse forms and capabilities [12,14,22,24—
28]. A paradigmatic example is a skill called “abstention,”
where the measurements include an inconclusive outcome
as in unambiguous discrimination [29,30] and probabilis-
tic quantum metrology [27]. This is relevant in a context
where postselection is allowed, or if a noncooperative
agent is using apparent losses to increase its estimation
score. If a POVM contains entangled operators, it is an
entangled POVM. Experimental realization of the pow-
erful entangled POVMs is of paramount importance in
practical quantum tasks.
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However, how to implement arbitrary entangled
POVMs is still an experimental challenge. What is more
challenging but desirable is to realize all entangled mea-
surements with one universal measurement device. So far,
even for simple two-qubit cases, there exist only some
special entangled measurement devices [23,31-33], whose
versatility is limited. In particular, there is a recent experi-
mental advance [34] that implements arbitrary two-qubit
projective entangled measurements on superconducting
and trapped-ion systems. Nevertheless, an experimentally
amenable method to realize arbitrary nonprojective entan-
gled measurements is still lacking.

In this work, we develop a general recipe for implement-
ing arbitrary two-qubit entangled POVMs using quantum
walks [35]. We use cascaded quantum-walk modules with
programmable coin operators to construct a universal mea-
surement device. Our measurement device is universal in
the way that we just reprogram the parameters (wave-
plate rotation angles) to realize different entangled mea-
surements. As an experimental application, we focus on
the fundamental problem of direction estimation [15,16,
28,36-40]. We consider the probabilistic protocol where
abstention is used to increase the measurement accuracy.
Here, the optimal measurement is described by a five-
output entangled two-qubit POVM including an abstention
operator, and varies with the code state, so it cannot be
performed on previous special measurement devices. Our
universal design makes it possible to implement differ-
ent optimal measurements on a single device containing
a nine-step photonic quantum walk, experimentally recov-
ering the maximal guessing score even with states which
are suboptimal in the standard deterministic protocol [16,
33,36]. Note that our design uses two degrees of freedom
(DOF) of a single photon to encode two qubits [41—44].
However, it can be extended to collective measurements on
two photons by applying the technique of quantum joining
[45] at the beginning, where the polarization state of two
input photons is transferred into a quantum state of a sin-
gle output photon in the Hilbert space of its polarization
and path DOF.

II. REALIZING ARBITRARY TWO-QUBIT
ENTANGLED POVMS VIA QUANTUM WALKS

Quantum walks are a powerful tool for implement-
ing general POVMs [35,46]. A one-dimensional discrete-
time quantum walk is a process in which the evolution
of a quantum particle (walker) on a lattice depends on
the state of a two-level system (coin). The joint sys-
tem is characterized by two DOF labeled as |x, ¢), where
x=...,—1,0,1,... denotes the walker position and ¢ =
0,1 denotes the coin state. The dynamics correspond to
several unitary steps. At step ¢, the unitary operator is
given by U(t) = TC(f), where C(¢) =) |x) (x| ® C(x, 1)
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FIG. 1. General method for implementing an arbitrary two-
qubit entangled POVM via cascaded quantum-walk modules.
The coin qubit and the walker in positions 1 and —1 are taken
as the two-qubit system of interest. (a) Each POVM element E;
is implemented by a quantum-walk module iteratively. (b) Each
module contains a four-step quantum walk. Positions 3, 2, 0, and
—2 act as ancillary levels. Coin operators C}’) G=1,...,4) are
programmable and are determined by the target POVM.

is determined by site-dependent coin operators C(x,?)
representing coin toss and

T=> lx+ 1000+ x—11)x1 (1)

is the conditional translation operator, updating the walker
position on the basis of the coin state. After n steps, the
evolution is given by U = [[,_, TC(?).

It is proven that any POVM on a single qubit, con-
cretely the coin qubit, can be realized by measuring the
walker position after certain steps by choosing the coin
operators properly [35]. This has been implemented exper-
imentally [47,48]. However, for two-qubit systems, the
general method is still lacking.

Here we devise an experimental recipe for implementing
arbitrary two-qubit entangled POVMSs via quantum walks,
as illustrated in Fig. 1. We take the two-level coin qubit and
the walker in positions 1 and —1 as the two-qubit system of
interest, while other positions of the walker act as ancillary
levels. Consider a rank-1 POVM {E\, E,,...,E,} ,where
E; = a;|y;) (Y], |¥;) are normalized two-qubit states and
0 < a; < 1. Each element E; is implemented by a four-step
quantum-walk module. The fixed coin operators NOT and
1 refer to the NOT gate and the identity operator. We adapt
the method in Ref. [46] to find the algorithm for calculating
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the programmable coin operators C](.i)(/' =1,...,4) in the
ith module, which is elaborated as follows.
Let Cf() be a real matrix in the form of

= %) @

where o; and B; are parameters to be determined.

Suppose |¢) is the two-qubit input state to be mea-
sured. Let |1,0) = 1), |1,1) =|2), | —1,0) =|3), and
| — 1,1) = |4). Introduce a matrix K;, which is defined by
the relation that the component of the input state entering
the ith module reads K;|¢). Thus, K; = 1l and

0 01 0 00 1 0
K__ﬁi000c§f>01000
=10 o 0o 1J\o nJlo 0o 0 1
0 1 0 0 01 0 0

c” 0
aye 3
(5 &) v

Introduce a normalized ket |n;) = b;lKj +|1//,<), where
b; = ||Kf+|1p,»)|| and K;H is the Moore-Penrose general-
ized inverse of Kj_. Then we can determine all the coin
operators C]@ recursively. The coin operators C(li), Cg), and
Cgi) are chosen such that

c o
0 1

implying that after the third step of the ith module, the
amplitude entering position 2 is b; 1(1//,~|Kl.+K,~|g0). The
parameters «; and S; are given by

o = bi«/a_i, Bi = Vi 1 — b?ai_ (5)

Therefore, after the fourth step, the probability of finding
the walker at detector “E;” reads

¢’ 0
( 6 Cg')) ni)=[1), (4)

S o~ O
— o O O
(=
(=l e e

2 2
pi = |Vai(il K Kile) |” = [Vai(il Py, p) |

= a; [(Yilp)|* = Tr (Eilp){pl) (6)

demonstrating that the desired POVM is realized. Here P,

is the projector onto supp(K;). The third equality follows
from the fact that |;) € supp(K;), which can be obtained

from the inequality
i1
Ei=aily) (il <1 =Y E =K/K; (7
=1

Additionally, this inequality also implies that
of = aib} =@l KWWK I <L ®)

thus, Cf") is well defined. For the last element E,,, we just
sum the probabilities of finding the walker in positions 1
and —1 at the exit of the (» — 1)th module.

It is worth noting that we design a “SWAP” structure that
implements a unitary operator

= (I ® NOT)SWAP, ©)

SO = O
—_o O O
SO O~
S = OO

which makes the originally difficult walker operation easy
by swapping the walker qubit for the operation-friendly
coin qubit. Additionally, under some specific conditions,
the construction in Fig. 1 can be further simplified.

A universal measurement device with reprogramming
can realize a series of measurements without the setup
needing to be rebuilt. As we show in the task of direction
guessing assisted by abstention, to recover the maximal
guessing score for different code states, different entan-
gled POVMs are required, which is difficult to realize with
previous special measurement devices tailored to a single
measurement.

II1. OPTIMAL DIRECTION GUESSING ASSISTED
BY ABSTENTION

As an application, we consider the task of optimal direc-
tion guessing assisted by abstention. Concretely, Alice is
given a rotated two-spin-1/2 state |Wy,) := U,|W¥,), where
|W,) is the initial state, U, is the unitary representation
of a rotation mapping states of direction +z into states of
direction n, and n is selected uniformly at random. She
measures it to guess its direction and is allowed to not
answer with probability O = 1 — Q. The measurement is
characterized by POVM IT = {I13} U {I1,ps}, Where I1j
generates a guess n and I, corresponds to abstention.
The abstention operator I,y is taken to be rotation invari-
ant, i.e., Iapst = Aol + A1 1y, [27,28], where H) is the
singlet space spanned by | ™), H; is the triplet space
spanned by |yt), |¢%), in which |¢F) = 1/4/2(]00) +
I11), [¥E) = 1/4/2(|01) & ]10)), and Ao, A; € [0,1] can
be optimized to obtain the best guess. We measure Alice’s
performances with two scores s € {f,8}. The first is the
fidelity score f (n,fi) = 1/2(1 + n - n). The second is the
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maximum likelihood score characterized by a Dirac dis-
tribution &(n, i) [49], which measures only the likelihood
to perform a perfect guess. The average guessing score is
computed only for the cases in which she answers, given
by

1
=15 / dndis(n, A)Tr (M3 %,),  (10)

where W, = |W,)(W,| and O = [ dnTr (TpsWn). We
write a general initial state as

[Wz)=coly ™) +ci[y™™), an

where |y¥™) € H;.

It can be proven that in the standard deterministic pro-
tocols where abstention is not allowed, i.e., Ao = A; = 0,
the optimal fidelity fiax = (3 4+ +/3)/6 is obtained only
for co = ¢; = 1/3/2, |¥¥™) = |¢) and the optimal max-
imum likelihood score 8.y = 4 is obtained only for ¢y =
1/2 and ¢; = +/3/2 independently of |y™) € H,. By
contrast, in our probabilistic protocol, which succeeds with
probability O, abstention acts as a filter to discard unfa-
vorable outcomes and makes it possible to recover the
optimal guessing score even from suboptimal states (see
Appendix A). Concretely, Alice can always reach fiax
under the condition that ¢y, ¢; # 0, |¥*¥™) = | T) and that
she is allowed to not answer with probability O > 1 —
2min(c2,c?), by taking Ay = 1 — A = Q/2c7. She can

State preparation

Universal measurement .
| Algorithm|
Vi

also reach §,,,,x under the condition that ¢(, ¢; # 0 and that
she is allowed to not answer with probability O > 1 —
4min(c3, c3/3), by taking ro = Q/4c% and A; = 3Q/4c%.
The condition ¢y, ¢; # 0 is intuitive because the code states
should explore the full Hilbert space H = Ho @ H; to
obtain a good encoding property [16]. In both cases, Alice
simulates the behavior of an optimal initial state using
abstention.

We now assume that |¢®»™) = |yy+). The optimal
POVM elements (in addition to I1,) can be taken to be
four rank-1 operators I;, = |®5,) (P4, |, where

Vo JsT

| =—|1ﬁ,,l ), i=123,4, (12)

are subnormalized vectors and n; points at the four extrem-
ities of a tetrahedron. With use of the method in Fig. 1, the
above two-qubit entangled POVM with any Xg, A; € [0, 1]
can be implemented on a single device containing four cas-
caded quantum-walk modules (16-step quantum walks).
Under the restriction A; = 1, i.e., abstention is applied only
in Hy, the construction can be simplified to a nine-step
quantum walk for experimental ease (see Appendix B).

IV. EXPERIMENTAL SETUP

We experimentally build the measurement device to
implement the entangled POVM of Eq. (12) and demon-
strate the optimal direction guessing with abstention (see

control

Trigger

a

D J

PBS BDO

" 0

HWP QWP Mirror

FIG. 2. Experimental setup for implementing two-qubit entangled measurements and its application in abstention-assisted direction
guessing. In the state-preparation module, the direction to be estimated is encoded into a two-qubit state in the path and polarization
degrees of freedom. Then the universal measurement device performs the optimal POVM via a nine-step quantum walk. The coin
operators are realized by a sequence of HWPs and QWPs, whose rotation angles are controlled and programmed to implement different
measurements. The conditional translation operator 7 is realized by BDs, each of which includes three PBS coatings separated by 2
mm. The “SWAP” structure contains a compact two-step-quantum-walk architecture, which is composed of three HWPs and two BDs.
The five single-photon detectors correspond to the five POVM elements. BBO, B-barium borate; SHG, second-harmonic generation.
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TABLE 1.  Overall fidelities of the implemented POVMs. A, = 1 is fixed and X, is determined by ¢y according to the optimization
conditions. Each data point is the average over 25 repetitions of 20 000 runs. The error bars indicate the standard deviation of 25
repetitions.
Likelihood score Co 0.5 0.6 0.7 0.8 0.9
Ao 1 0.5926 0.3469 0.1875 0.0782
Overall fidelity 0.9854(1) 0.9857(5) 0.9852(7) 0.9893(7) 0.9850(7)
Fidelity score Co 0.7071 0.7571 0.8071 0.8571 0.9071
Ao 1 0.7446 0.5351 0.3612 0.2153
Overall fidelity 0.9854(1) 0.9876(9) 0.9866(8) 0.9856(7) 0.9870(6)

Fig. 2). We fix 1; = 1 and optimize A, to recover the max-
imum score. The polarization and path DOF of a single
photon act as the coin and the walker, respectively. The
site-dependent coin operators are realized by a sequence of
half-wave plates (HWPs) and quarter-wave plates (QWPs).
The conditional translation operator is realized by interfer-
ometrically stable beam displacers (BDs), which displace
the component with horizontal polarization away from the
component with vertical polarization. In our experimen-
tal setup, we use a structure composed of three bonded
polarizing beam splitters (PBSs) as a BD.

The direction n is encoded into a two-qubit state in the
path and polarization DOF through a state-preparation pro-
cess (see Appendix C). Next, the universal measurement
device performs the optimal POVMs via a nine-step pho-
tonic quantum walk. We reprogram the rotation angles of
some wave plates to implement different measurements
(see specific angles in Appendix D). To reduce the phase
instability of the interferometers, which is the main prob-
lem leading to the decrease of precision as the number
of steps of walks increases, we concatenate two BDs and
three HWPs respectively set at 45°, 0°, and 45° as a
compact “SWAP” structure. This compactness makes the
structure more robust with regard to environmental per-
turbations. The five single-photon-counting modules at the
end correspond to the five POVM elements. On the basis
of the measurement outcome, Alice gives her answer n or
abstains.

V. EXPERIMENTAL RESULTS

Because we fix A; = 1 and optimize A9, The maximum
likelihood (fidelity) score can be recovered for 1/2 < ¢y <
1 (1/4/2 < ¢y < 1). We choose five points of ¢, in each
situation (see Table I), corresponding to a total of nine
measurements.

We first perform quantum measurement tomography to
accurately characterize the measurements that were actu-
ally realized. We prepare and send 20 input states (the
mutually unbiased bases for two qubits) to the measure-
ment device. We reconstruct the measurements with the
method in Ref. [50], obtaining overall fidelities above
0.985 for the implemented POVMs, demonstrating a high-
quality realization (see Table I).

Next we implement the optimal direction guessing
scheme. The experimental results are illustrated in Fig. 3
(red circles). The scores we obtain coincide well with the-
oretical predictions (solid red line). Note that the deviation
between the experimental score and the ideal score tends
to increase with increase of ¢y, due to the term 1/(1 — Q)
in Eq. (10), which increases with ¢( (see Appendix E). We
also plot the theoretical scores in the no-abstention case
(solid blue line). Hence, for the maximum likelihood score,
our experiments almost achieved the maximum &y,,x =
4 for suboptimal states using abstention, which with-
out abstention would be possible for co = 1/2 only. The
abstention advantage increases with the distance between
the suboptimal states and the optimal state. Specifically,
for the suboptimal state corresponding to ¢y = 0.9, we
obtain an experimental score of 3.9162, to be compared
with the theoretical value of 2.7390 without abstention:

(a) (b)
40 © 5 5 1.0
S
L 0.8
g 35
& abstention advantage
2 ¢ D6
<]
= .
5 7 & abstention—expt. 04 _
= —— abstention-ideal 13 O-expt.
——no abstention-ideal —— Q-ideal
25 0.2
05 0.6 0.7 038 0.9 05 0.6 0.7 038 0.9
c, c,
(c) (d)
0.79 10
E D
> 08
2076 . ’
8 abstention advantage
@ I
> 0.6
S "B § abstention-expt. 04 ~
= —— abstention-ideal ’ & O—expt.
——no abstention-ideal —— O-ideal
0.70 0.2
0.75 080 085 0.90 0.75 080 085 0.90
= %
FIG. 3. Experimental results for the optimal direction guess-

ing. For (a) the likelihood score and (c) the fidelity score, it
is experimentally proved that the suboptimal states can also
achieve the maximum score with abstention. The corresponding
acceptance rate O in each case is shown in (b),(d) respectively.
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we reduce the deviation from &y, by a factor of about 15.
Similarly, for the fidelity score, we almost recover the max-
imum fimax = (3 + +/3)/6 ~ 0.7887 for suboptimal states
using abstention. For the suboptimal state corresponding to
co = 0.9071, we obtain an experimental score of 0.7831, to
be compared with the theoretical value of 0.7204 without
abstention: we reduce the deviation from f,,x by a factor of
about 12. The corresponding acceptance rates Q are shown
in Figs. 3(b) and 3(d).

VI. SUMMARY

We proposed a universal method for realizing arbi-
trary two-qubit POVMs using quantum walks. We
experimentally implemented nine optimal measurements
in the direction-guessing task on a single device with high
fidelities, demonstrating the malleability of our method for
concretely implementing complex many-output POVMs.

The application is focused on optimal orienting with a
two-qubit input state. Here, a nonzero component of the
state in the singlet space allows better encoding of the
direction in the full Hilbert space. An effect is theoreti-
cally predicted for three-qubit input states. In that case,
the Hilbert space decomposes into a spin 1/2 with mul-
tiplicity 2 and a spin 3/2. One can, in principle, exploit
the multiplicity of the spin 1/2 to perform a dense coding
encryption of the rotation in the input state, which results
in better direction-guessing scores [39,40]. Being able to
witness this nonintuitive effect (it was overlooked in the
literature [40]; see, e.g., Refs. [36-38]) is an interesting
experimental challenge, which would require manipula-
tion and measurement of three-qubit states. By use of
more paths for the walker or use two-dimensional quantum
walks, our method can be further extended to realize entan-
gled POVMs on multiqubit states. Integrated optics [51]
is a potential platform for more-sophisticated many-path
quantum walks.
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APPENDIX A: OPTIMAL STATES AND
MEASUREMENTS IN DIRECTION GUESSING
TASKS

In this appendix, we provide details for computing the
maximum score and the optimal states and measurements
in the direction-guessing tasks mentioned in Sec. II1.

1. Standard deterministic direction guessing

The rotation operator can be written as U, = up ®
Un, where u, € SU(2) takes the direction 4z into
n. The guessing score s € {f,§} is group invariant,
ie., s(n,n) = sy, uz) = s(u;lun, 1 = s(u;lun). One
can restrict Alice’s POVM measurement to be covariant,
1e., [Ty = UiII, UE [52]. The mean score is given by

Say = /dndﬁs(n, n)Tr (MW,
= / dndiis (i3 ) Tr (U T U}-Un .U} )

= f dns(n, +2)Tr (TL.U, .U},

= Tr(IL,F), (A1)

where F = f dns(n, +z) U, W, Uj,. In the third equality we
perform the substitution uglun — Up.

Let TII, =|n)(n]. The normalization condition
fdﬁUﬁHng = 1l gives
=1y ) +v/3]¢™™), (A2)

where only [¢*¥™) € H, can be optimized. Note that as we
perform integration over some probability density, |1) is
un-normalized.

a. Maximum likelihood score

With the maximum likelihood score §(n, n), we have

Fs = / dns(n, +z) Uy W. Ul =W.. (A3)
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For the average score §,,, we have

8ay = Tr (I.F5) = Tr (T.W.) = |(n|W.)[?

= [co + ~/3ei (@Y™ Y™ (A4)
Hence, for a given initial state |\V,) described by Eq. (11),
the corresponding optimal measurement is given by impos-
ing ™) = |¥¥™) in |n). Then we have

Sav = lco + V31 (A5)

Hence, optimal states are for ¢ = 1/2 and ¢; = V3 /2,
with which we obtain the optimal maximum likelihood
score

Smax = 4. (A6)

b. Fidelity score
[y™) = algp®) + BIYT) +

For the general case
y|¢p~), we have

F _|Co|2 lc1[? Lo s
7, B,y) —THHO + THH‘ + 6(6‘06‘1/3 [V ) (™|
2 *
+ "”'%(mw L1676
+He). (A7)

Let |¢%™) = a|¢p™) + bl ™) + c|¢p™). The average score
is given by

j[av(Ol, 18’ V) =Tr (HzFf (Ol, ﬂ’ J/))

1 3
= E + %(CoCT,B*b + \/§|01 |2ay*Re(a*c)
+ c.c.). (A8)

To maximize f,,, we can restrict ourselves to real positive
coefficients (due to the triangular inequality). Then

Jav = % + ?(Coclﬂb + V3ayac)
= % + ?(Coclﬂb + ?C%(l — BH(1 —b%), (A9)

where we used ay < (@*>+y?)/2=(1—-p5%/2 and a
similar bound over ac. The inequality is saturated if @ =
y =4/ (1 —p8%/2and a =c= /(1 —b?)/2. We param-
eterize ¢y and ¢ as ¢g = cos O and ¢; = sin0, where 0 €
[0, r/2]. To optimize f;y, we need to find the maximum of

the ternary function

Jav(B,b,0) = % + ?(cos@ sin 0Bb

3
+ \/T_ sin0(1 — B2)(1 —b%).  (A10)
The only stationary points is
fav  Ofay  Ofav 1 1
ap ab a6 3 J3 J3

However, fi (B =1/v3,b=1/v3,0 =7/3)=2/3 is
not maximal. Indeed, the global maximum is obtained on
the boundary (the surface) of the domain [0, 1] x [0, 1] x
[0,7/2], for B=1,b=1,0 =m/4, with the optimal
fidelity score being fm.x =fw(B=1,6=1,0 = 7/4) =
(3 ++/3)/6.

Hence, the optimal state is given by |V,) =
(™) + |W+>)/\/§= |01), corresponding to two anti-
aligned spins, and the optimal measurement is given by
imposing [¢™™) = [+) in |).

¢. Measurements with a finite number of outputs

Here we consider the problem of finding an optimal
measurement that only requires a finite number of out-
puts. Suppose we have a finite POVM {O;} given by O; =
Uzl ,u)(,u,|U§, where |1) is a normalized state and ¢; are
positive numbers. Then the average score is given by

S = / dns(n, £)Tr (0;Vy)

=>"Tr (/ dns(uflun)Cfo|,u)(,u|UzUn\IJzUi>

= Tr (c;|u)(u|/dns(n, +z)Unszj,)
= > aTr(lu)(ulF)

= ATr (Ju)(ulF). (A1)
The last equality follows from the completeness condition
> . 0; = 1, which gives ) .c; =4 by our tracing both
sides. Taking |u) = 1/2|y ™) + \/§/2|¢>Sym), we reach the
same result as Eq. (Al). Thus, the optimization of |¢*¥™)
and the initial state gives the same results as the covariant-
POVM case. We just need to find a set of {U;} and {c¢;} to
generate a finite POVM from ) (u].

In the case of |¢¥™) = |¥™T), ie., |u) =1/2|¢y ™) +
V3/2|y 1), the POVM can be taken to be the elegant joint

044032-7



WEN-ZHE YAN et al.

PHYS. REV. APPLIED 20, 044032 (2023)

measurement 1 = |®9 )(®? |, where
1 1 1

J_§

Lo .
O3 )=3 e )+ va), i=1,234 (A2

and f; points at the four extremities of a tetrahedron.

2. Direction guessing assisted by abstention

Let Mypy = 1 — Mope = )_»oﬂHO + 5»1]1711, where )_»j =

1 — ;. Introducing the new POVM elements
-1/2 -1/2
H“ - 1_Iabs{ I4 Habs{ (A13)
and the new family of states
- 1/2
- I
|w,.>=( Q") W), (Al4)

we can rewrite the average score given by Eq. (10) as
Say = f dndiis(n, i)Tr (F13 9,

= / dndiis iy ' un) Tr (Vs F1.UL- Un 9.0}

_ / dns(n, +7)Tr (ﬁz Un. Uj,) , (A15)

implying that we are back at the standard estimation prob-
lem with POVM seed I1, and initial state |V,) = ¢o|v ™) +

C1| ™), where
N A
Ci = 50,’.

a. Maximum likelihood score

(A16)

Similarly to the standard estimation problem, it is best
to take 1. = |)(n| with |n) = [ ") + +/3|¢¥»™), and the
optimization problem becomes

|20 + /3¢ 2.

Smax =  mMax

12 1<Ic; 1/+/@

o2 +le117=1

(A17)

Hence, Alice cannot increase the maximum score Sy = 4
whatever the initial state and the abstention rate. However,
with O < min(4c}, %c%), Alice can always reach 8, when

she tunes A¢ and A; such that &y = 1/2 and ¢, = «/5/2.
This is obtained for
fo= 2. 1= —Q. (A18)
4c; 4cl

Hence, Alice can reach 6§, if she is allowed to not
answer sufficiently often, under the unique condition that
co,c1 # 0.

FIG. 4. Simplification of the combination of module 1 and
module 2 of the measurement device under the condition of
Eq. (B1).

b. Fidelity score

It is best to take |\il = 1/f|w )+ 1//2]y)
and II, = In)<n| with |n) = [¥ ) + /3]¥t). With O <
min(ZCO, 2¢2 1), Alice can always reach Jmax = G+ V3) /6
when she tunes A and A; such that &y = & = 1/\/5. This
is obtained for

=2

A= , 1=1,2, Al9
2 (A19)

under the unique condition that ¢y, ¢; # 0.

¢. Optimal measurements with a finite number of
outputs

Using Egs. (A12) and (A13), one can show that in the
case of |¢Y™) = | T), the optimal POVM elements (in
addition to IT,ps) can be taken to be four rank-1 elements
Hnl = |CI>ﬁl.)((I>f,i|, where

s

3
a)= g+ Ik

i=1,2,3,4. (A20)

APPENDIX B: SIMPLIFICATION OF THE
MEASUREMENT DEVICE FOR THE OPTIMAL
ABSTENTION POVM

In this appendix, we explain how we simplify our uni-
versal measurement device to realize the optimal absten-
tion POVM given in Eq. (12) [also in Eq. (A20)] with A; =
1. Figure 1 shows a quantum-walk construction for imple-
menting an arbitrary two-qubit POVM {E|, E,...,E,},
where E; = a;|y;)(¥;]. According to the algorithm pre-
sented in Sec. I, the first three steps in module 1 can be
seen as a projection on |y1) (because K; = 1l and b; = 1),
where the component of |y} is completely transformed
into |1) and then enters path 2 after the third step. Using
this projection, we decompose |y,) as |¥,) = plvy) +
qW%). Then the combination of module 1 and module 2
can be simplified into the structure shown in Fig. 4 under

044032-8
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BD4

D llanse

FIG. 5. Realization of the two-qubit abstention POVMs with
A1 = 1 using nine-step photonic quantum walks. H, horizontal
polarization; V, vertical polarization.

the condition

ap|? _

1—a1

1.

arlql* + (B1)

Here, coin operators Cgl), C;l) Cgl), and Cfll) are still
determined by the algorithm in Sec. II. 4; and A, are
chosen such that

1 0
0 0 0 0 1 0\/c o
A 3
0 0 01 00 0 A,
0 1
0010(1) 1
1000(c1 o)lo
Y )= , (B2
OOOlng)l 0
01 00 0

implying that the component of |y{") is transformed into
|1) after the fourth step. The coin operator 43 is set as

NG
i NCY e )
3= Jap _@q*
4/1—01

Thus, the amplitude entering path 2 after the fifth step reads

(Jag (| + @\/1 —a (Y])le)
— U]

Considering the optimal abstention POVM ({I1;} U
(s}, if A = 1, the quantum-walk construction can be
simplified because the condition in Eq. (B1) is satisfied.
Additionally, the fourth step in module 3 and module 4
can be removed because Cf) = Cf) = 1. Moreover, not-

ing that C(14) = Cg‘) = NOT, we find that the first two steps
in module 4 can be removed by replacing the coin operator
1 in the third step of module 3 with a NOT gate. Finally,
the optimal abstention POVM with A; = 1 can be realized
with a nine-step quantum walk, shown in Fig. 2 (also in
Fig. 5).

APPENDIX C: EXPERIMENTAL STATE
PREPARATION

In this appendix, we give experimental details about
how we prepare the encoding state using the state-
preparation module shown in Fig. 2. A light pulse from a
mode-locked Ti:sapphire laser at 780 nm passes through
a frequency doubler, and then pumps a 2-mm-long B-
barium borate crystal. After the type-II phase-matched
spontaneous-parametric-down-conversion process, a pair
of photons at 780 nm is created. The two photons are
coupled to two single-mode fibers. One photon acts as a
trigger, while the other is used as a single-photon source
and is initialized with horizontal polarization by a PBS.
After it has passed through a HWP and a QWP, any
polarization state can be generated. BDO translates the
polarization state into the path DOF, and thus the walker
qubit is prepared. The following combinations of the five
wave plates transform the Bloch vectors {4z, —z} of the
polarization state at positions 1 and —1 into the desired
{my, m,} to prepare the coin qubit.

Note that for the maximum likelihood score, only the
ability to perform perfect guesses matters. Hence, we con-
sider only sending each of the four tetrahedral directions
{f, Ny, N3, 04} to the measurement device [53]. For the
fidelity score, we restrict the input states to be one of the
six directions {%x, £y, £z}, which is an alternative to the
direction randomly selected from the unit sphere. This way
to select the input direction of the state corresponds to the
same operator Fy (™) = |y T)):

1
Fry™™=ly' =3 ¢S mUn.U,

\/—a ne{+£x,ty,*z}
2 2 *
c c coc
= Jar (q(¥i| + p (Y1) - %HHO + %HHI + %(wr)(x/fﬂ +c.c),
= Jax(Y2le), (B4) (CDH
demonstrating the implementation of £,. giving the same result as Eq. (A7).
TABLE II. Rotation angles (degrees) of the wave plates in Fig. 5 that are constant.
HWP1 HWP2 HWP3 HWPS5 HWPS HWP10 HWP12 QWP1 QWP2 QWP3 QWP4
0 45 67.5 45 0 45 135 0 0 0 0
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TABLE III. t]
rotation angles (degrees) of the wave plates dependent on Ag.

Specific ¢y of the input state we choose for the maximum likelihood score and the corresponding optimized Ao and the

o Ao HWP4 HWP6 HWP7 HWP9 HWP11 HWP13 HWP14
0.5 1 37.5 —17.6322 0 0 90 67.5 135

0.6 0.5926 344812 —14.9358 9.3055 —9.8396 76.5853 63.7945 154.832
0.7 0.3469 31.8908 —12.2404 11.9161 —13.107 72.5750 60.2494 161.9564
0.8 0.1875 29.5181 —9.4659 13.3941 —15.1616 70.2017 56.7066 167.1705
0.9 0.0782 27.0854 —6.3509 14.3445 —16.5887 68.6211 52.8111 81.8811

APPENDIX D: ROTATION ANGLES OF THE
WAVE PLATES IN THE MEASUREMENT DEVICE

In this appendix, we present the specific rotation angles
of the wave plates in the measurement module in Fig. 2
(also in Fig. 5). In our experiment, we choose the tetrahe-
dral directions as

A)=10), (A =—=(|0)+~/2]1))

NG
|ﬁ3>=%<|0>+e%”"f2|1>> (D1)
|ﬁ4>=%<—|0>+e%"f2|1>>

Because we let A; = 1, for the maximum likelihood score,
the optimization condition [Eq. (A18)] is achievable when
1/2 < ¢y < 1, and for the fidelity score, the optimization
condition [Eq. (A19)] is achievable when +/2/2 < ¢y < 1.
WE choose the coefficient ¢ of the input state in the exper-
iment, and the corresponding rotation angles of the wave
plates are specified in Tables II-1V. Here some rotation
angles are constant whatever X, is taken, and some are
dependent on 1.

APPENDIX E: ERROR ANALYSIS OF THE
EXPERIMENTAL SCORE

In Fig. 3, the experimental deviation of the average
score |As| = |Sexpt — Sideal| increases with increase of the
abstention rate . We show here that this comes from
the amplification of the experimental error by the term
1/(1 — Q) in Eq. (10).

As mentioned in Appendix C, for the maximum
likelihood score we input each of the four directions
{n;, N, N3, 04} into the measurement device, and for

the fidelity score, we input each of the six directions
{£x, +y, +z}. Therefore, the ideal score is given by

Sideal =

ko4
I_Qldea ;; (n;,n,)Tr Hn,‘l’nj), (E1)

where Qigeal = 1/k Z Tr (Mapst W, ) and k = 4 (k = 6) for

the maximum hkehhood (fidelity) score.

In our experimental setup, we prepare Np, = No =
20000 photons for each input direction n;, and we
obtain either a guess f; or an abstention output. Let
{{Nnj’ﬁi},Nni,abst} be the respective number of times
these events happened (W, y = D N, +Nnj,abst). The
experimental score is given by

Z‘/]FZI Z?:] S(nj:ﬁi)Nn n
k 4
Zj:l pr Nﬂjsﬁi
_ ij IZ? 1S(Ilj, Ai)Nn N,

Sexpt. =

Z (NO n] abst)
- 1 n ,abst Zzs(nj’nl) - "
1— % Zj:l ] =1 i=1
1 k
=T Q . Z sy, 8)p(ny, ), (E2)
- Yexpt.
j=1i=1

where p(n;, ;) = Nu; i;/No is the frequency of guess
n; when the input dlrectlon is mj, and Qexpr =

1/k Z Nu; abst/No = 1/k Zp(nj abst) 1S the experimental
j=1

TABLE IV.  Specific ¢o of the input state we choose for the fidelity score and the corresponding optimized Xo and the rotation angles
(degrees) of the wave plates dependent on 1.

co 2o HWP4 HWP6 HWP7 HWP9 HWPI11 HWP13 HWP14
0.7071 1 375 —17.6322 0 0 90 67.5 135

0.7571 0.7446 35.7409 —16.1181 7.3188 —7.5701 79.5303 65.3951 150.1793
0.8071 0.5351 33.9481 —14.4101 9.9664 —10.6312 75.5878 63.0929 156.4935
0.8571 0.3612 32.0684 —12.4365 11.7771 —12.9225 72.7939 60.5034 161.5285
0.9071 0.2153 29.9985 —10.0501 13.1451 —14.8025 70.6083 57.4457 166.1771
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FIG. 6. Experimental errors of the probabilities Tr (IT;Wy, ),
where IT; =I5, for i =1,...,4 and IT5s = Iu. The coordi-
nates of the x axis represent all the combinations (lIJ,,]., I1,).
Experimental errors for different abstention rates are marked in
different colors, which shows approximate independence of Q.

abstention rate, where p (n; abst) is the abstention frequency
forn;.
i

To analyze the deviation, we introduce rldeal =

k 4 4
1/k )" s, h)Tr (Hﬁi\llnj) and  regp = 1/k Z >
j=li=1 j=li=1
s(n;,1;)p (n;, 0;). Then we have
AS = Sexpt. — Sideal
1 1
= ——Vexpt. — 77—~ Tideal
1 - Qexpt. et 1 - Qideal o
1
= 1_—%(7” expt. — Fideal)
Qexpt. - Qideal
Videal
1 - Qexpt.)(l - Qideal)
1
= ——(Ar + sideat AQ), (E3)
1- Qexpt.
where sigear 1s independent of Q, Ar = rexpt. — Fideal =

kK 4
1/k ) Zs(nj,ﬁi)[ﬁ(nj,ﬁi)

j=li=1
Qexpt Qldeal - l/k Z[P(n/ abst) ( abst'Un )] Ar

and AQ depend only on the experimental error of the prob-
abilities Tr (Hﬁi lIJ,,j) and Tr (I'Iabst lllnj ), which come from
the imperfection of the experimental apparatus and are to a
good approximation independent of Q, as shown in Fig. 6.
However, the term 1/(1 — Qexpt.) amplifies this experimen-
tal error, and thus |As| tends increase with increase of

Qexpt. .

—Tr (I'If,,.\lfnj)], and AQ =
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