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We present a scheme of quantum repeater that uses entangled multimode coherent states that are
obtained by electro-optic modulation of symmetric and antisymmetric Schrödinger cat states. Part of the
generated entangled frequency modes is sent to a symmetric beam splitter at the central node, while the
remaining modes are stored locally in quantum memories. The entangled coherent states between remote
quantum memories are conditionally prepared by photon-counting measurements at the output channels
of the beam splitter. We study how the effects of decoherence in the quantum channel affect statistics of
photocounts and, for the heralding outcomes determined by the parity of photocounts, evaluate the prob-
ability of success and the fidelity of the prepared entanglement depending on the symmetry of input cat
states. It is demonstrated that the generated entanglement can be employed for teleportation of the phase
information from the modulated states that are utilized in quantum key distributions with subcarrier wave
encoding.
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I. INTRODUCTION

Transferring a quantum state between remote parties is
the primary purpose of quantum communication [1,2]. It
lies at the heart of a variety of applications that include
secure transfer of classical messages using quantum key
distribution (QKD) [3,4], quantum metrology [5–7], and
distributed computations [8,9].

One of the key problems of quantum communication
is the generation of high-fidelity quantum states entangled
between distant sites [1]. In the majority of approaches to
this problem, photons represent information carriers that
can function as flying qubits and the fundamental difficulty
is that the photons are subject to losses (optical absorption)
and other noise-induced perturbations present in photonic
channels such as optical fibers and a turbulent atmosphere.
This noise has a detrimental effect on the quality of entan-
glement generated between two remote parties leading to
exponential decay of the entanglement degree with the
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channel length. Owing to the exponential losses, for the
photons propagating in optical fibers, the achievable dis-
tances are limited to about 200 km and the transmission of
entanglement over global distances (thousands of kilome-
ters) becomes a challenging task. The concept of quantum
repeaters (QRs) was put forward in Ref. [10] as the method
to overcome this limitation.

The mode of operation of QRs assumes that the trans-
mission channel is divided into several segments (ele-
mentary links). The first step is to prepare entanglement
between the two nodes (at the ends) of each link. Then, at
the next step, entanglement swapping between neighbor-
ing links is used to transfer entanglement over significant
distances to the target points of a quantum network.

There is a number of reviews focusing on different
aspects of QRs [11–14]. For instance, the review in
Ref. [11] focuses on the so-called Duan-Lukin-Cirac-
Zoller protocol developed in Ref. [15] and its improve-
ments. In this protocol, linear optics is combined with
photon counting to perform needed operations and atomic
ensembles are used as quantum memories (see Ref. [16]
for a review). The primitives and fundamental components
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needed for QRs along with the classification of QR pro-
tocols into three relevant generations are reviewed in
Ref. [12]. Advantages and challenges of each generation
of QRs determined by the methods utilized to suppress
loss and operation errors are analyzed in Ref. [13]. A
more recent review in Ref. [14] additionally discusses
newly emerging classes of repeaters such as memory-
less, error-corrected, and all-photonic repeaters [17–19]
and puts particular emphasis on the increasingly impor-
tant role of QRs for the development of long-distance
quantum networks (quantum internet) [20–22]. For such
entanglement-assisted networks, the primary challenge is
to go beyond the limit of point-to-point quantum com-
munication, achieving high-rate secure communication
without using trusted relay nodes.

Among a variety of photonic quantum states used in
QR protocols, the coherent states have attracted consid-
erable attention [23–25] as the states that are relatively
easy to produce and control. The QR protocol analyzed
in Ref. [23] uses hybrid entanglement where the coherent
states are entangled with atomic (spin) qubits. On the other
hand, the entanglement generation and swapping proto-
cols studied in Refs. [24,25] are based on the entangled
coherent states.

These states were originally introduced in Ref. [26] (see
Ref. [27] for a review) and there is a number of quantum
information processing tasks that can be performed using
the entangled coherent states [28–32]. Multimode coher-
ent states also provide a potentially promising source of
multipartite entanglement [33,34] required by the quantum
networks. In this paper the approach to QRs based on such
states will be our primary concern.

More specifically, we present and theoretically study the
scheme of a quantum repeater that uses multimode coher-
ent states generated by the electro-optic modulation of
Schrödinger cat states. This is the method that produces
phase-coded multimode signals to perform the subcarrier
wave (SCW) encoding that is proved to be useful in point-
to-point [35–38], plug-and-play [39], continuous-variable
(CV) QKD [40–42], and twin-field QKD [43]. The scope
of this method is not limited to the above protocols and,
owing to its robustness to environmental distortion of fiber
line, interferometer-free scheme and multiplexing capac-
ity, the SCW encoding is one of the promising approaches
for quantum communication.

For such a electro-optic phase modulation–based
method, we examine both the heralded entanglement gen-
eration in elementary links and the entanglement swap-
ping procedures utilized for the creation and distribution
of entanglement between broadband quantum memories
(QMs) (reports on recent experimental developments in
the rapidly developing field of QMs can be found in, e.g.,
Refs. [44–55]). As compared with QR schemes based on
controlled beam splitters (see, e.g., [24]), the electro-optic
phase modulator provides a more flexible tool. In practical

implementation, using such a tool opens up new possibil-
ities such as the ability to control entanglement swapping
by choosing different sidebands and quick adjustment of
the mutual phase between Alice and Bob. An important
feature of our QR model is that it can be associated with
a real-life experimental detection scheme and its applica-
bility goes beyond the scope of QR protocols. In order to
demonstrate the latter, we additionally discuss the task of
teleportation of the coherent state phase.

The paper is organized as follows. In Sec. II we present
our modulator-based scheme of the elementary link and
analytical model for the heralded entanglement generation
procedure employed to produce coherent cat states entan-
gled between remote nodes of the link. In Sec. III we
analyze the performance of the proposed scheme and qual-
ity of the generated entanglement by evaluating the fidelity
and probabilities of photocounts for heralding events. In
this analysis we consider nonideal photodetectors and take
into account effects of decoherence using the decoher-
ence model that is typical for CV quantum channels with
energy transfer to environmental modes. In Sec. IV we
discuss the entanglement swapping technique used to cre-
ate long-distance entanglement and its performance. In
Sec. V we present a teleportation scheme that employs
created entangled coherent states to transfer phase infor-
mation encoded into SCW states between remote parties.
Finally, we discuss and summarize our results in Sec. VI.

II. ELEMENTARY LINK

Figure 1 presents the optical scheme of an elementary
link that creates entanglement between two remote nodes
(Alice and Bob) using the phase modulation method. In
this method, Alice and Bob utilize electro-optic phase
modulators to produce local multimode entangled states
by modulating superpositions of one-mode coherent states
known as the Schrödinger cat states. An important advan-
tage of using fast phase modulators is that Alice and Bob
can actively control the output states by changing the
modulation index and phase.

Referring to Fig. 1, after generation of the local mod-
ulated states, one of the frequency modes is sent to the
central relay via spectral filtering while keeping other
modes stored in quantum memories. In this section we
perform our analysis assuming that the input (nonmodu-
lated) state of the (central) carrier wave mode for Alice’s
and Bob’s modulators, |SA〉 and |SB〉, are generally two
different one-mode Schrödinger cat states of the form

|SA〉 = |�ν′(α)〉, |SB〉 = |�ν(β)〉, ν, ν ′ ∈ {+, −},
(1)

where |�+(α)〉 and |�−(α)〉 are the symmetric (even) and
antisymmetric (odd) Schrödinger cats, respectively. These
states were originally introduced in Ref. [56] as even and
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FIG. 1. Optical schematic of the subcarrier wave quantum repeater elementary link. Here source is a source of Schrödinger cat
states, PM is the electro-optic modulator, Circ is the circulator, SF is the spectral filter, QM is the quantum memory, BS is the beam
splitter, and PNRD is the photon-number-resolving detector. Diagrams in the circles show the absolute value of the signal spectrum
taking into account only the first-order sidebands.

odd coherent states given by

|�±(α)〉 = 1√
M±(α)

|α(±)〉, |α(±)〉 ≡ |α〉 ± |−α〉, (2)

where

M±(α) = 〈α(±)|α(±)〉 = 2(1 ± exp(−2|α|2)). (3)

There is a variety of experimental techniques used to gen-
erate optical Schrödinger cats [57–67]. It includes the
method based on photon subtraction from the squeezed
vacuum state [57–61], the protocol that uses homodyne
detection and photon-number states [62], reservoir engi-
neering [63–65], and the methods that involve making
quadrature measurements of one of the modes of a bipho-
ton NOON state [66] and reflecting coherent state photons
from a microwave cavity containing a superconducting
qubit [67].

According to the model of electro-optic modulator [68],
for the input states |±α〉A and |±β〉B, the modulated states
also known as the SCW states can be described as the
multimode coherent states given by

|±α〉A → |±α〉A = ⊗S
μ=−S|±αμ〉A,

|±β〉B → |±β〉B = ⊗S
μ=−S|±βμ〉B, (4)

αμ = U(A)
μ0

∗
α, βμ = U(B)

μ0
∗
β, (5)

where U(A,B)
μ0 are the elements of the evolution matrix. In

the large S limit, these elements can be approximated as
[68]

U(A,B)
μ0 ≈ e−iμφA,BJμ(mA,B), (6)

where φA,B and mA,B are the phases and the modulation
indices, respectively.

From Eq. (4) it can be readily seen that the electro-
optic modulator acts like a multiport beam splitter that
transforms the one-mode cat states (1) into the multimode
Schrödinger cat states of the form

|SA〉 → |�A〉 = |�(A)
ν′ (α)〉, |SB〉 → |�B〉 = |�(B)

ν (β)〉,
(7)

where

|�(A)
± (α)〉 = 1√

M±(α)
|α(±)〉A,

|�(B)
± (β)〉 = 1

√
M±(β)

{|β〉B ± |−β〉B}, (8)

|α(±)〉A = |α〉A ± |−α〉A, (9)

M±(α) = 2(1 ± exp(−2|α|2)), |α|2 =
S∑

μ=−S

|αμ|2.

(10)
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Thus, the modulated state shared by Alice and Bob,
|�AB〉, is the tensor product of two multimode Schrödinger
cat states after Alice’s and Bob’s modulators: |�〉AB =
|�(A)

ν′ (α)〉 ⊗ |�(B)
ν (β)〉. This state can be written in the

form

|�〉AB = 1
NAB

{|α, β〉AB + ν ′ν|−α, −β〉AB + ν|α, −β〉AB

+ ν ′|−α, β〉AB
}

=
√

Mν′ν(α, β)
Mν′(α)Mν(β)

{
|�(AB)

ν′ν (α, β)〉

+ ν|�(AB)
ν′ν (α, −β)〉

}
, (11)

M±(α, β) = 2
{
1 ± exp[−2(|α|2 + |β|2)]} , (12)

where NAB = √
Mν′(α)Mν(β) and |α, β〉AB represents

|α〉A ⊗ |β〉B rearranged into the tensor product of modes.

From now on we restrict our analysis to the impor-
tant special case where α = β and, following the general
approach [11,24] to the preparation of entangled states
shared by Alice and Bob, we assume that the modes α

that enter the modulated states, |�ν(α)〉 ≡ |�ν(αqm, αbs)〉,
are divided into two groups: the modes αqm stored in the
quantum memory and the modes αbs put to interfere onto
a symmetric 50 : 50 beam splitter with the output channels
C and D. The above modes brought into interference onto
the beam splitter appear to be transformed as

T̂αbsαbs→CD|±αbs〉A ⊗ |±αbs〉B = |±γ bs〉C ⊗ |0〉D,

T̂αbsαbs→CD|±αbs〉A ⊗ |∓αbs〉B = |0〉C ⊗ |±γ bs〉D,
(13)

where γ bs = √
2αbs.

We can now apply transformation (13) to the state
shared by Alice and Bob (see Eq. (11)). The result reads

T̂αbsαbs→CD|�(A)
ν′ (αqm, αbs)〉 ⊗ |�(B)

ν (αqm, αbs)〉 = 1
2
√

Mν′(αqm, αbs)Mν(αqm, αbs)

×
∑

μ=±

√
Mμ′(γ bs)Mμ(αqm, αqm)

{
|�(C)

μ′ (γ bs)〉 ⊗ ket0D ⊗ |�(AB)
μ (αqm, αqm)〉

+ν|0〉C ⊗ |�(D)
μ′ (γ bs)〉 ⊗ |�(AB)

μ (αqm, −αqm)〉
}

, μ′ = νν ′μ, (14)

where γ bs ≡ √
2αbs.

If, for instance, we now perform a measurement on
the output mode C to distinguish the states |�(C)

ν′ν (γ bs)〉
and |�(C)

−ν′ν(γ bs)〉, the multimode state will collapse onto
either |�(AB)

+ (αqm, αqm)〉 or |�(AB)
− (αqm, αqm)〉, respec-

tively. Thus, preparation of the entangled coherent cat
states is heralded by the parity of clicks of a photon-
number-resolving detector placed at the output channel
C.

Now we introduce the modified symmetric cat state

|�̃+(α)〉 = 1
√

M̃+(α)

[
|α̃〉 + |−α̃〉

]
,

|±α̃〉 ≡ |±α〉 − e−|α|2/2|0〉,
(15)

where M̃+(α) = M+(α)− 4 exp(−|α|2), defined in terms
of the coherent states renormalized by subtracting the
vacuum contribution. Then we have a set of three orthonor-
mal states: |�−(

√
2αbs)〉 ≡ |�−(γ bs)〉, |�̃+(

√
2αbs)〉 ≡

|�+(γ bs)〉, and |0〉 that can be conveniently used to render

state (14) into the form

T̂αbsαbs→CD|�(A)
ν′ (αqm, αbs)〉 ⊗ |�(B)

ν (αqm, αbs)〉

=
√

P(ν
′ν)

0 |0, 0〉CD ⊗ |�(A)
ν′ (αqm)〉 ⊗ |�(B)

ν (αqm)〉

+
∑

μ=±

√
P(ν

′ν)
μ {|�(C)

μ′ (γ bs)〉 ⊗ |0〉D

⊗ |�(AB)
μ (αqm, αqm)〉 + ν|0〉C ⊗ |�(D)

μ′ (γ bs)〉
⊗ |�(AB)

μ (αqm, −αqm)〉}, (16)

where P(ν
′ν)

μ is the probability for the states |�μ′(γ bs)〉C ⊗
|0〉D and |0〉C ⊗ |�μ′(γ bs)〉D to be detected at the output
ports of the beam splitter, whereas P(ν

′ν)
0 is the probability

to detect the vacuum state |0〉C ⊗ |0〉D. So, we have

2P(ν
′ν)

+ + 2P(ν
′ν)

− + P(ν
′ν)

0 = 1 (17)
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and the expressions for P(ν
′ν)

μ are given by

P(ν
′ν)

μ = Prob(μ|ν ′ν)

= 1
4

M̃μ′(γ bs)Mμ(αqm, αqm)

Mν′(αqm, αbs)Mν(αqm, αbs)
, μ ∈ {+, −},

(18a)

P(ν
′ν)

0 = Prob(0|ν ′ν)

= Mν′(αqm)Mν(αqm)

Mν′(αqm, αbs)Mν(αqm, αbs)
exp(−|γ bs|2).

(18b)

In the case where the modulated cat states are identi-
cal with ν = ν ′, Eqs. (18) can be simplified giving the
probabilities P(νν)μ ≡ P(ν)μ in the form

P(+)± = tanh2 |α|2P(−)± , (19a)

|α|2 = |α|2 = |αqm|2 + |αbs|2, |αbs|2 = rbs|α|2, (19b)

P(−)− (rbs, |α|2) = sinh(2(1 − rbs)|α|2) sinh(2rbs|α|2)
4 sinh2(|α|2) ,

(19c)

P(−)+ (rbs, |α|2) = cosh(2(1 − rbs)|α|2) sinh2(rbs|α|2)
2 sinh2(|α|2) ,

(19d)

P(−)0 (rbs, |α|2) = sinh2((1 − rbs)|α|2)
sinh2(|α|2) ,

P(+)0 (rbs, |α|2) = cosh2((1 − rbs)|α|2)
cosh2(|α|2) , (19e)

where the parameter rbs is the ratio of the average num-
ber of photons for the modes sent to the beam splitter,
|αbs|2/|α|2, and the input mean photon number, |α|2 =
|α|2. In the opposite case with modulated cat states that
differ in symmetry, the probabilities P(+−)

μ = P(−+)
μ ≡ P(c)μ

are given by

P(c)− (rbs, |α|2) = sinh(2(1 − rbs)|α|2) sinh2(rbs|α|2)
sinh(2|α|2) ,

(20a)

P(c)+ (rbs, |α|2) = cosh(2(1 − rbs)|α|2) sinh(2rbs|α|2)
2 sinh(2|α|2) ,

(20b)

P(c)0 (rbs, |α|2) = sinh(2(1 − rbs)|α|2)
sinh(2|α|2) . (20c)

From Eq. (19b), the probabilities for two antisymmetric
cat states P(−)± are higher than those describing the case of
two symmetric cats, P(+)± . In particular, at small values of

|α|, the latter is proportional to |α|2, whereas, for P(−)± , we
have

P(−)− ≈ rbs(1 − rbs), P(−)+ ≈r2
bs/2. (21)

Note that the relations

P(c)− ≈ rbs(1 − rbs)
2|α|4, P(c)+ ≈rbs/2 (22)

describe the behavior of P(c)± in the region of small ampli-
tudes |α|.

Now we briefly discuss how the photon-number ratio
rbs affects |α|2 dependence of the probabilities. Figure 2
shows the surfaces representing the probabilities P(−)± and
P(c)± plotted in the rbs-|α|2 plane.

At 0 < rbs < 1, all the probabilities P(+)± , P(−)± , and P(c)±
approach the value 1/4 in the limit of large amplitudes
with |α| → ∞. They also vanish provided the ratio rbs is
zero. Obviously, in this case, we cannot produce entangled
states.

From Eqs. (19) and (20), at rbs = 1, the probabili-
ties P(−)−,0 and P(c)−,0 equal zero, whereas P(−)+ = P(c)+ = 1/2.
Another case where the probabilities P(−)− and P(c)+ [see
Eqs. (19c) and (20b)] are independent of |α|, P(−)− =
P(c)+ = 1/4 occurs at the ratio equal to one half, rbs = 1/2.

III. PHOTODETECTION AND DECOHERENCE

In the previous section we found that generation of the
entangled cat states is heralded by outcomes of measure-
ments performed at the relay node in the orthonormal basis
{|�+〉, |�−〉, |0〉}. Such measurements would perfectly dis-
criminate between the states at the output ports of the beam
splitter producing the entangled states, |�(AB)

± 〉, shared by
the remote nodes of the link with the probabilities P(νν

′)
±

conditioned on the symmetry of the input local states:
|�(A)

ν′ 〉 ⊗ |�(B)
ν 〉. In this section we extend our analysis to

the cases where outcomes of the measurements are deter-
mined by the statistics of photocounts registered by the
photodetector and decoherence-induced effects are taken
into consideration.

A. Probability of photocounts

We begin with the decoherence effects for the states
transmitted through the fiber channels from Alice and Bob
to the beam splitter (central) node. The decoherence pro-
cesses will affect the output states of the beam splitter,
|�(S)

± (γ bs)〉 = |�(S)
± (γ )〉, where S stands for the output

channel of the beam splitter (S is either C or D), that
enter the right-hand side of Eq. (16). For simplicity, we
restrict ourselves to the one-mode case with |�(S)

± (γ bs)〉 =
|�(S)

± (γ )〉 and assume that the noisy channels are identi-
cal and represented by the well-known pure-loss bosonic
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(a) (b)

(c) (d)

FIG. 2. Probabilities P(−)± and P(c)∓ associated with the cat states |�±(γ bs)〉 at an output port of the beam splitter computed from
Eqs. (19) and (20) as a function of |α|2 and rbs = |αbs|2/|α|2.

channel that can be described by introducing an additional
environmental (ancillary) mode (see, e.g., Refs. [25,30]).
An isometry representing the Stinespring dilation of the
fiber channel where the signal mode is supplemented with
an extra system E (the channel’s environment) is given by
the mapping

|γ 〉S → |γs〉S ⊗ |γe〉E = |γs, γe〉 ≡ |γ 〉,
|γ |2 = |γs|2 + |γe|2,

(23)

where |γs|2 = η|γ |2 and |γe|2 = (1 − η)|γ |2; η =
exp(−L/Latt) is the fiber transmittance, L is the fiber
length, and Latt is the attenuation length. Note that, the
pure-loss channel provides a simplified model of light
propagation in a fiber, where a number of polarization and
dispersion dependent effects are not taken in account.

One of the methods to discriminate between the sym-
metric and antisymmetric cat states is to perform photo-
counting measurements that may distinguish the parity of
the photon number registered by a photodetector. For a
photon-number-resolving photodetector, the probability to
detect k photons in the signal mode conditioned on the
event that the initial state |�(A)

ν′ 〉 ⊗ |�(B)
ν 〉 is projected onto

the entangled state |�(AB)
μ 〉 is

Prob(k|μ, ν ′ν) = P(k|μ′), μ′ = ν ′νμ, (24)

which is expressed in terms of the probability of clicks
P(k|μ) determined by the statistics of photocounts for the
cat states |�μ(γ )〉. According to the well-known Kelley-
Kleiner formula [69,70], this probability reads

P(k|μ) = 〈�μ(γ )|
̂k|�μ(γ )〉, P(k|0) = δk0, (25)

where 
̂k is the positive operator-valued measure for a
number-resolving detector given by


̂k =:
(ξ n̂s)

k

k!
e−ξ n̂s :, n̂s = â†

s âs, (26)

where ξ is the efficiency of the detector. We can now apply
the algebraic identity

TrE |γ (±)〉〈γ (±)| = 1
4

{
M±(γe)|γ (+)s 〉〈γ (+)s |

+ M∓(γe)|γ (−)s 〉〈γ (−)s |} (27)
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to deduce the following expressions of probabilities (25):

P(k|+) = 1

4M̃+(γ )
{M+(γe)C+(k, γs)

+ M−(γe)C−(k, γs)} , k > 0, (28)

P(k|−) = 1
4M−(γ )

{M−(γe)C+(k, γs)

+ M+(γe)C−(k, γs)} , P(k|0) = 0. (29)

Here

Cμ(k, γs) = 〈γ (μ)s |
̂k|γ (μ)s 〉

= 2
(ξ |γs|2)k

k!
e−|γs|2

{
e(1−ξ)|γs|2

+ (−1)kμe−(1−ξ)|γs|2
}

. (30)

In what follows, we consider the heralding outcomes
described by the two different parity of clicks, pc ∈
{even, odd}, and thus, discriminate between the cases,
where the number of registered photons is either odd or
even. The sum of the corresponding probabilities

P(even|±, 0) =
∞∑

n=1

P(2n|±, 0),

P(odd|±, 0) =
∞∑

n=0

P(2n + 1|±, 0),

(31)

and the no-click probability, P(0|μ), gives unity and we
have the completeness identity

P(0|±, 0)+ P(even|±, 0)+ P(odd|±, 0) = 1. (32)

By substituting Eqs. (28)–(30) into relations (31) we obtain
the expressions for the probabilities of the detection out-
comes determined by the parity of clicks

P(pc|+) = 1

4M̃+(γ )
{M+(γe)C+(pc, γs)

+ M−(γe)C−(pc, γs)} , pc ∈ {even, odd},
(33a)

P(pc|−) = 1
4M−(γ )

{M−(γe)C+(pc, γs)

+ M+(γe)C−(pc, γs)} , P(pc|0) = 0, (33b)

where

C±(even, γs) = 2e−|γs|2(cosh(ξ |γs|2)− 1)

×
{

e(1−ξ)|γs|2 ± e−(1−ξ)|γs|2
}

, (34a)

C±(odd, γs) = 2e−|γs|2 sinh(ξ |γs|2)
×

{
e(1−ξ)|γs|2 ∓ e−(1−ξ)|γs|2

}
. (34b)

It can be checked that these relations meet the algebraic
identity

P(even|−)P(±)−
P(even|+)P(±)+

= P(odd|+)P(c)−
P(odd|−)P(c)+

. (35)

They can also be readily generalized to the case of a multi-
mode signal, where |γs〉 → |γ s〉 ≡ |γ (s)1 , . . . , γ (s)Ns

〉 and Ns
is the number of signal modes registered by a broad-
band detector, by replacing |γs|2 and ξ |γs|2 with |γ s|2 =∑Ns

i=1 |γ (s)i |2 and
∑Ns

i=1 ξi|γ (s)i |2.
Referring to Fig. 3, it is seen that, for the limiting

case of the ideal photodetector and the lossless channel
with the efficiency and the transmittance both equal to

ξ = 0.5 ξ = 1(a) ξ = 0.5 ξ = 1(b)

FIG. 3. Conditional probabilities (a) P(even|+) and (b) P(odd|−) plotted against the mean photon number |γs|2 and the channel
transmittance η at different values of the detection efficiency ξ .
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unity, ξ = η = 1, the probability of an odd (even) num-
ber of clicks vanishes for the symmetric (antisymmetric)
states, P(odd|+) = 0 (P(even|−) = 0), and thus, the cat
states are perfectly distinguishable with P(even|+) = 1
(P(odd|−) = 1). It can also be noted that low detector
efficiency ξ has a noticeable detrimental effect on the
conditional probabilities.

B. Performance and entanglement

We can now evaluate the probability of success for the
heralding outcomes labeled by the parity pc. Similar to all
other probabilities, this probability is conditioned on the
symmetry of the initial states and can be written in the
following general form:

P(ν
′ν)

s (pc) =
∑

μ=±
Prob(pc|μ, ν ′ν)Prob(μ|ν ′ν)

=
∑

μ=±
P(pc|μ′)P(ν

′ν)
μ . (36)

After substituting formulas given by Eqs. (19), (20),
and (33) into Eq. (36) and performing cumbersome but

rather straightforward algebra, it can be shown that P(ν
′ν)

±
with the photon-number ratio rbs replaced by the product
ζ = ξηrbs give explicit expressions for the probabilities of
success P(ν

′ν)
s as

P(+)s (pc) = tanh2(|α|2)P(−)s (pc), (37a)

P(−)s (odd) = P(−)− (ζ , |α|2), P(c)s (odd) = P(c)+ (ζ , |α|2),
(37b)

P(−)s (even) = P(−)+ (ζ , |α|2), P(c)s (even) = P(c)− (ζ , |α|2),
(37c)

where P(−)∓ and P(c)∓ are given by Eqs. (19c) and (19d) and
Eqs. (20a) and (20b), respectively.

These relations imply that the results presented at the
end of Sec. III are directly applicable to the success prob-
abilities. As is shown in Fig. 4, in the limit of vanishing α,
the largest probabilities of success P(−)s (odd) and P(c)s (odd)
take the values ζ(1 − ζ ) and ζ/2, respectively. As the
amplitude |α| increases, the probabilities vary approaching
the limiting value equal to 1/4.
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FIG. 4. The success probabilities P(−)s (pc) and P(c)s (pc)—the parity of photocounts is labeled by pc ∈ {even,odd})—of outcomes
that herald the generation of predominantly (a),(b) symmetric and (c),(d) antisymmetric cat states with F (ν′ν)

+ > 1/2 and F (ν′ν)
− > 1/2,

respectively. The curves are computed at rbs ∈ {r1/2, r1/2 ± 0.2} with η = 0.95 and ξ = 0.9, where r1/2 ≡ (2ξη)−1 (ζ = 1/2).
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Given the heralding event pc, the heralded state is
represented by the density matrix

ρ̂
(ν′ν)
AB (pc) =

∑

μ=±
F (ν′ν)
μ (pc)|�(AB)

μ (αqm, αqm)〉

× 〈�(AB)
μ (αqm, αqm)|, (38)

where F (ν′ν)
μ = 〈�(AB)

μ |ρ̂(ν′ν)AB |�(AB)
μ 〉 are the fidelities that

can be computed using the well-known Bayesian formula

F (ν′ν)
μ (pc) = Prob(μ|pc, ν ′ν)

= Prob(pc|μ, ν ′ν)Prob(μ|ν ′ν)

P(ν
′ν)

s (pc)

= P(pc|μ′)P(ν
′ν)

μ

P(ν
′ν)

s (pc)
(39)

and meet the symmetry condition

F (±)
μ (even/odd) = F (c)

μ (odd/even) (40)

that is a direct consequence of identity (35). Similar to
Eqs. (37a)–(37c), after tedious algebra, we derive the
following expressions for the fidelities:

F (±)
− (odd) = F (c)

− (even)

= tanh(2(1 − rbs)|α|2)
tanh(2(1 − rbs)|α|2)+ tanh(2(rbs − ζ )|α|2) , (41a)

F (±)
+ (even) = F (c)

+ (odd)

= 1
1 + tanh(2(1 − rbs)|α|2) tanh(2(rbs − ζ )|α|2) . (41b)

Note that, owing to the completeness condition F (ν′ν)
+ (pc)

+ F (ν′ν)
− (pc) = 1 and the symmetry relations in Eq. (40),

we need to specify only two fidelities. These fidelities
F (±)

− (odd) and F (±)
+ (even) are both above 1/2 and repre-

sent predominantly the antisymmetric and symmetric cat
states, respectively. From |α|2 dependencies of F (±)

− (odd)
and F (±)

+ (even) depicted in Fig. 5, both the fidelities start
from their zero-amplitude values

F (±)
+ (even,α = 0) = 1, F (±)

− (odd,α = 0) = 1 − rbs

1 − ζ
,

(42)

and decay approaching 1/2 with the amplitude |α|.
At rbs = r1/2 ≡ (2ηξ)−1, we have ζ = 1/2, so that

2P(c)s (odd) and 2P(−)s (odd) equal 1/2 (see Fig. 4) as the
probabilities of the most probable outcomes heralding gen-
eration of the symmetric and antisymmetric cat states with
the fidelities F (±)

+ (even) and F (±)
− (odd), respectively. In

this case, Eq. (42) gives unity and 1/(2 − ηξ) as the
maximum values of F (±)

+ (even) and F (±)
− (odd).

Interestingly, F (±)
+ (even,α = 0) does not depend on the

parameters, whereas the maximum value of 2P(c)s (odd) is ζ
provided the photon-number ratio rbs is above (2ηξ)−1. By
contrast, when rbs �= (2ηξ)−1, the probability 2P(−)s (odd)
[it equals (1 − (2ζ − 1)2)/2 at α = 0] cannot exceed one
half and the fidelity F (±)

− (odd,α = 0) grows as the ratio rbs
becomes smaller than (2ηξ)−1.

IV. ENTANGLEMENT SWAPPING

In this section we discuss the entanglement swapping
protocol that uses the heralded entanglement generation
procedure studied in the previous section to create entan-
glement between remote points of two elementary links,
A1 − B1 and B2 − A2, depicted in Fig. 6. In our subsequent
analysis we consider the structure where the neighboring
end nodes, B1 and B2, of the adjacent links, A1 − B1 and
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r1/2 = (2ξη)– 1

r1/2 + 0.2

0.0 1.0 2.0 3.0 4.0

0.6

0.7

0.8

0.9

1.0

|α | 2

F
+(±

) (e
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d
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FIG. 5. Fidelities of heralded symmetric and antisymmetric cat states: (a) F (±)
+ (even) and (b) F (±)

− (odd) as a function of |α|2
computed at different values of rbs (the parameters are listed in the caption of Fig. 4).
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B1 A2B2A1

FIG. 6. Entanglement swapping scheme. Here A1 − B1 and B2 − A2 are adjacent elementary links.

B2 − A2, are located at the repeater station (the repeater
node B1B2).

According to Eq. (38)), the phase-modulated entangled
states shared between the nodes of the links are described
by the density matrices of the form

ρ̂
(ν′1ν1)

A1B1
(pc) ≡ ρ̂1 =

∑

μ1=±
F (1)
μ1

|�(A1B1)
μ1

(αqm, αqm)〉

× 〈�(A1B1)
μ1

× (αqm, αqm)|, (43a)

ρ̂
(ν′2ν2)

A2B2
(pc) ≡ ρ̂2 =

∑

μ2=±
F (2)
μ2

|�(A2B2)
μ2

(αqm, αqm)〉

× 〈�(A2B2)
μ1

(αqm, αqm)|, (43b)

where F (i)
μi

≡ F
(ν′iνi)
μi , and ρ̂1 ⊗ ρ̂2 is the initial state of

the two-link system. So, the initial state is the statistical
ensemble of the quantum states

|�(A1B1,A2B2)
μ1μ2

〉 ≡ |�(A1B1)
μ1

(αqm, αqm)〉 ⊗ |�(A2B2)
μ2

(αqm, αqm)〉
(44)

with the probabilities F (1)
μ1

F (2)
μ2

.
When the modes stored in the quantum memories of the

sites B1 and B2 are released and sent to the beam split-
ter, the transformed state for each member of the ensemble
is given by the general formula in Eq. (16). Similar to
Sec. III A, we assume that the heralding events of the pho-
tocounting measurements are determined by the parity of
photodetector clicks, so that we may closely follow the line
of reasoning presented in Sec. III A and III B to deduce
the heralded state for each state |�(A1B1,A2B2)

μ1μ2 〉 in the modi-
fied form of Eq. (38) with |�(AB)

μ 〉 and (ν ′ν) replaced with
|�(A1A2)

μ 〉 and (μ1μ2), respectively.
As for elementary links, the fidelities, F̃ (μ1μ2)

μ (pc),
and the probabilities, P̃(μ1μ2)

s (pc), at the repeater node
can be evaluated using Eqs. (41) and (37), respectively.

Since, at this node, the modes are evenly partitioned with
αbs = αqm and |αbs|2 = |αqm|2 = (1 − rbs)|α|2, the param-
eters {rbs, |α|2} should be accordingly changed as follows:
{rbs, |α|2} → {1/2, 2(1 − rbs)|α|2}.

For the measurements performed locally at the repeater
node, the fiber transmission losses are negligible and the
bulk part of losses can be attributed to inefficiency of the
quantum memories. In order to take into account such
losses, we, following a widely used phenomenological
approach (see, e.g., Refs [21,71,72]), introduce the mem-
ory efficiency, ηm, as the parameter that replaces the trans-
mission coefficient η. The latter implies that, similar to the
effects of the fiber transmission losses and inefficiency of
the photodetectors, decoherence effects in quantum mem-
ories are modeled using a pure-loss bosonic channel [see
Eq. (23) in Sec. III A]. As a result, at the repeater node,
the parameter ζ appears to be equal to the product ηmξ/2:
ζ → ζm = ηmξ/2.

The final result for the entanglement swapping transfor-
mation reads

ρ̂1 ⊗ ρ̂2 → ρ̂12(pc) =
∑

μ=±
F (12)
μ (pc)|�(A1A2)

μ (αqm, αqm)〉

〈�(A1A2)
μ (αqm, αqm)|, (45)

where F (12)
μ (pc) is the fidelity given by

F (12)
μ (pc) = 1

P(12)
s (pc)

∑

μ1,μ2=±
P(pc|μ1μ2μ)P(μ1μ2)

μ F (1)
μ1

F (2)
μ2

= 1

P(12)
s (pc)

∑

μ1,μ2=±
F̃ (μ1μ2)
μ (pc)

× P̃(μ1μ2)
s (pc)F (1)

μ1
F (2)
μ2

. (46)
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It is rather straightforward to deduce the expression for the
probabilities of success

P(12)
s (pc) =

∑

μ,μ1,μ2=±

Prob(pc|μ,μ1μ2)Prob(μ|μ1μ2)Prob(μ1,μ2)

=
∑

μ,μ1,μ2=±
P(pc|μ1μ2μ)P(μ1μ2)

μ F (1)
μ1

F (2)
μ2

=
∑

μ1,μ2=±
P̃(μ1μ2)

s (pc)F (1)
μ1

F (2)
μ2

, (47)

where F̃ (μ1μ2)
μ (pc) (P̃(μ1μ2)

s (pc)) is the above discussed
fidelity (success probability) given by Eq. (41) [Eq. (37)]
with the parameters {rbs, ζ , |α|2} changed to {1/2, ηmξ/2,
2(1 − rbs)|α|2}, which determine the performance of the
protocol.

Our concluding remarks deal with analysis of the per-
formance of a repeater with two links. To this end, we
follow the method presented in Ref. [71] and start with the
probabilities of success for the links

2P
(ν′1ν1)
s (pc)|A1B1 ≡ p1, 2P

(ν′2ν2)
s (pc)|A2B2 ≡ p2 (48)

that give the joint probability distribution for numbers of
attempts as

P(n1, n2) = p1qn1−1
1 p2qn2−1

2 , (49)

where qi = 1 − pi. An important point is that the entangle-
ment swapping can be performed only after the entangle-
ment is established in both links. Similar to Ref. [71], we
take the assumption that the time required for each attempt
is T = L/c, where L is the distance between the end nodes
and the central node of an elementary link giving the length
of the fiber channel and c is the speed of light. In our
case, the length of the elementary link is L0 = 2L, whereas
the total repeater length is Ltot = NLL0, where NL is the
number of links.

From Eq. (48) it is not difficult to obtain the probabil-
ity distribution for the magnitude of the difference in the
number of attempts,

Prob(|n1 − n2| = k) = p1p2(qk
1 + qk

2)

2(1 − q1q2)
(2 − δk0) (50)

and evaluate the expectation values

〈nw〉 ≡ 〈|n1 − n2|〉 = p2
2 q1 + p2

1 q2

p1p2(1 − q1q2)
,

〈nt〉 ≡ 〈n1 + n2〉 = p1 + p2

p1p2
, (51)

〈nmax〉 ≡ 〈max(n1, n2)〉 = 〈nt〉 + 〈nw〉
2

,

〈nmin〉 ≡ 〈min(n1, n2)〉 = 〈nt〉 − 〈nw〉
2

(52)

that are related to the preparation and waiting times, Tprep
and Tw, as [71]

Tprep = 〈nmax〉T, Tw = 〈nw〉T, T = L
c

. (53)

For successful operation of the repeater, the waiting time
is required to be shorter than the lifetime (alternatively,
this time is called either the dephasing time or the coher-
ence time) of the quantum memory: Tw < Tm. Under this
condition, degradation of the generated entanglement has
a negligible detrimental effect on the swapping protocol.

Figure 7 shows the |α|2 dependencies of the waiting
times evaluated from Eqs. (51) and (53) assuming that
the success probabilities for the links are both equal to
either P(−)s (odd) (the waiting time is T(−)w ) or P(c)s (odd)
(the waiting time is T(c)w ). In our estimates, in addition to
rbs = 0.2 and ξ = 0.9, we used the transmittance η(L) =
10−κL/10 with the attenuation coefficient κ = 0.2 dB/km
describing losses in an optical fiber. It can be seen that
the estimated waiting times that fall within the range of
milliseconds may favorably compare with the lifetimes
reported in Refs. [71–73].

V. TELEPORTATION

It is well known that shared entanglement is a resource
of vital importance in fundamental quantum communica-
tion protocols such as quantum teleportation. The above
discussed entanglement generation procedure provides this
resource through the phase-modulated cat states entangled
between the remote nodes. In this section we demonstrate
how such entanglement can be utilized to teleport phase
information from an SCW state resulting from the output
state of the electro-optic modulator [see Eq. (4)]. In order
to develop some intuition on how the teleportation proce-
dure works, we consider the simplest case where Alice and
Bob share a single-mode entangled coherent cat state,

|�(AB)
ν (α,α)〉 = 1√

Mν(α,α)
{|α,α〉AB + ν|−α, −α〉AB} ,

(54)

where M±(α,α) = 2(1 ± exp[−4|α|2]) is the normaliza-
tion constant. Charlie at Alice’s site possesses the SCW
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FIG. 7. Dependence of waiting times, T(−)w and T(c)w , on |α|2
computed from Eq. (53) for swapping between identical links
with p1 = p2 = 2P(−)s (odd) and p1 = p2 = 2P(c)s (odd), respec-
tively. The quantum channel transmittance is taken to be η(L) =
10−κL/10 with κ = 0.2 dB/km, L = 25 km and the photon-
number ratio rbs is 0.2.

state [see Eq. (4)] with amplitude |α| and phase φc of the
SCW state that is targeted for teleportation,

|�SCW〉 = |γ 〉C, γμ = U(C)
μ0

∗
α ≈ Jμ(mC)eiμφcα, (55)

where we assume that the phase coherence between Alice
and Charlie is maintained. Thus, the joint state of the Alice,
Bob, and Charlie tripartite system is

|S(ν)CAB〉 = |�SCW〉 ⊗ |�(AB)
ν (α,α)〉, |�SCW〉 = |γ 〉C.

(56)

The scheme of the teleportation from Charlie to Bob is
depicted in Fig. 8(a). Transfer of phase information from
Charlie’s SCW state to Bob’s state can be implemented in
the following steps.

(1) Alice uses the modulator with the modulation fre-
quency and index identical to Charlie’s to modulate her
share of state (54) at phase φa.

(2) Charlie’s and Alice’s states are interfered on a 50 :
50 beam splitter.

(3) For the selected sideband, the presence of a sin-
gle photon at the output channels of the beam splitter is
monitored by two single-photon detectors, D1 and D2.

(4) After a photon is registered by a photodetector,
Alice communicates the result to Bob and he shifts the
phase of his state depending on which detector is clicked.
Charlie’s SCW phase thus appears to be transferred to the
phase of Bob’s single-mode coherent state.

Below we describe these steps in detail. Phase modulation
applied by Alice transforms the shared entangled state (56)
as follows:

|S(ν)CAB〉 �→ |�(ν)

CAB〉 = |γ 〉C ⊗ |�(AB)
ν (α,β)〉,

αμ = U(A)
μ0

∗
α ≈ Jμ(mC)eiμφaα.

(57)

Here the modulation indices of Charlie and Alice are
assumed to be identical, so that |U(A)

μ0 | = |U(C)
μ0 | ≡ |Uμ0|

and Jμ(mA) = Jμ(mC).
After Alice’s and Charlie’s modes are brought into inter-

ference onto the 50:50 beam splitter, the output state after
the beam splitter

T̂γα→D1D2 |�(ν)

CAB〉 = |�(ν)
D1D2B〉

= 1√
Mν(α,α)

{
|γ +〉D1

⊗ |γ −〉D2
⊗ |α〉B

+ν|γ −〉D1
⊗ |γ +〉D2

⊗ |−α〉B

}
,

(58)

where γ ± = 1√
2
(γ ± α), has the two modes |γ ±〉D1

and
|γ ±〉D2

monitored by the detectors D1 and D2, respectively.
For the sake of simplicity, in the limit of low ampli-

tudes |α| � 1, we truncate the Hilbert space up to a single
photon. For an ideal single-photon detector that mea-
sures the sideband with index μ at the D1 (D2) channel,
detection of a single photon will project state (58) onto
the one-photon state |�(1)

μ 〉 = |1μ〉D1
⊗ |0〉D2

(|�(2)
μ 〉 =

|0〉D1
⊗ |1μ〉D2

), where |1μ〉 ≡ |0, . . . , 0, 1μ, 0, . . . , 0〉 is
the μth sideband one-photon state, as follows:

|�(ν)
D1D2B〉 �→ |�(ν,μ,i)

B 〉 = 〈�(i)
μ |�(ν)

D1D2B〉/
√

P(ν)μ , (59)

P(ν)μ = |〈�(i)
μ |�(ν)

D1D2B〉|2 = |Uμ0|2P(ν), (60)

P(ν) = |α|2
1 + νe−4|α|2 e−2|α|2 . (61)

Here P(ν)μ is the probability to detect a single photon in
the μth sideband by a photodetector. Since γμ ± αμ =
|Uμ|α(exp(iμφc)± exp(iμφa)), the post-measurement
state of Bob (up to the global phase) can be written in the
following explicit form:

|�(ν,μ,1)
B 〉 ≡ |�(νφ)

B 〉 = cos(νφ/2)|α〉
+ i sin(νφ/2)|−α〉, φ = μ(φc − φa), (62)

|�(ν,μ,2)
B 〉 = |�(ν,μ,1)

B 〉
∣∣∣
α→−α

. (63)

When the clicked detector is changed from D1 to D2,
relation (63) shows that Bob needs to apply the π shift
changing α to −α so as to have the same teleported state.
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FIG. 8. (a) The teleportation scheme to transfer the SCW phase from Charlie to Bob using the entangled Schrödinger cat state. Here
PM is the phase modulator, FF is the frequency filter, PS is the phase shifter, and D1 and D2 are the photodetectors. (b) Fidelity between
|iα〉 and 1√

2
(|α〉 − i|−α〉) as a function of the amplitude |α| computed using Eq. (65). (c) Dependence of the fidelity given by Eq. (65)

between |αeiφ〉 and 1√
2
(|α〉B ∓ i|−α〉B) on the phase φ at |α| = 0.2.

For the special case, where φc − φa ∈ {0,π/2,π , 3π/2}
and μ = ±1, Table I summarizes how Charlie’s SCW
phase is mapped into the phase of Bob’s coherent state
provided Alice’s phase vanishes (φa = 0) and the cat state
is symmetric (ν = 1). Clearly, the teleported state exactly
reproduces Charlie’s phase when it is either 0 or π . In
this table we used the approximation 1√

2
(|α〉B ± i|−α〉B) ≈

|∓iα〉B with the fidelity plotted in Figs. 8(b) and 8(c).
More generally, in the low-amplitude (mean photon-

number) region where |α| is small, the teleported state can

TABLE I. Truth table for the heralded state at Bob’s site
|�B〉 after performing teleportation with entangled coherent state
|�(AB)

+ 〉 depending on the sideband registered, the photodetector
that clicks, and the value of Charlie’s SCW phase.

D1 clicks D2 clicks

φc

+1
sideband

−1
sideband

+1
sideband

−1
sideband

φa |α〉 |α〉 |−α〉 |−α〉
φa + π |−α〉 |−α〉 |α〉 |α〉
φa + π/2 |−iα〉 |iα〉 |iα〉 |−iα〉
φa + 3π/2 |iα〉 |−iα〉 |−iα〉 |iα〉

be well approximated by the coherent state

|�(φ)
B 〉 = cos(φ/2)|α〉 + i sin(φ/2)|−α〉 ≈ |e−iφα〉. (64)

The latter can be seen from the fidelity between |�(φ)
B 〉 and

|e−iψα〉 given by

|〈e−iψα|�(φ)
B 〉|2 = e−2|α|2∣∣cos(φ/2) exp(eiψ |α|2)

+ i sin(φ/2) exp(−eiψ |α|2)∣∣2 ≈ 1

+ 2(cos(φ − ψ)− 1)|α|2 + . . . , (65)

where the last equality is the fidelity expanded into a power
series over |α| up to second order. Figure 8(b) illustrates
that, at φ = −π/2, the fidelity can be higher than 99%
when the amplitude |α| is smaller than 0.25.

It is rather straightforward to generalize our analysis to
the nonsymmetric case, where the amplitudes, |γ |, |α|, and
|β|, which determine Charlie’s, Alice’s, and Bob’s states,
respectively, differ from each other. In this case, Alice and
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FIG. 9. Dependence of the success probabilities of teleportation, P(±)tlp , on the squared amplitude |α|2 computed from Eq. (70).

Bob share the state

|S(ν)AB 〉 = |�(AB)
ν (α,β)〉

= 1√
Mν(α,β)

{|α〉A ⊗ |β〉B + ν|−α〉A ⊗ |−β〉B},
(66)

where Mν(α,β) = 2(1 + ν exp[−2(|α|2 + |β|2)]), while
Charlie holds state (55) with γμ = U(C)

μ0
∗
γ .

Once Alice has applied the phase modulation to her
mode and interfered it with Charlie’s state on the 50:50
beam splitter, a single-photon detection in the sideband μ
heralds preparation of the following state at Bob’s node:

|�(ν,μ,1)
B 〉 = (γ eiφC + αeiφA)|β〉 + ν(γ eiφC − αeiφA)|−β〉

√
2(|γ |2 + |α|2 + (|γ |2 − |α|2)e−2|β|2)

,

(67)

|�(ν,μ,2)
B 〉 = |�(ν,μ,1)

B 〉
∣∣∣
β→−β

. (68)

In which the probability of success is given by

P(ν)μ,tlp = |Uμ0|2P(ν)tlp ,

P(ν)tlp = |γ |2 + |α|2 + (|γ |2 − |α|2)e−2|β|2

2(1 + νe−2(|α|2+|β|2))
e−|α|2−|γ |2 ,

(69)

Note that, since P(−)tlp > P(+)tlp , using the antisymmetric
entangled coherent state |�(AB)

− 〉 generally yields a higher
teleportation rate as compared with the symmetric one
|�(AB)

+ 〉, as can be seen from the curves shown in Fig. 9.

These curves represent |α|2 dependencies of P(±)tlp com-
puted at |α| = |γ | from

P(ν)tlp (|α|, |β|) = |α|2
2(1 + νe−2(|α|2+|β|2))

e−2|α|2 . (70)

Figure 9 presents the results for two cases: the curves
computed at |α| = |β| [P(ν)tlp (|α|, |α|) is given by Eq. (61)]
and those where the amplitude of β is fixed [see Eq. (70)].
From Eq. (70) it is not difficult to see that P(+)tlp (|α|, |α|) >
P(+)tlp (|α|, |β|) and P(−)tlp (|α|, |α|) < P(−)tlp (|α|, |β|) at |α| >
|β|. As shown in Fig. 9(a), for symmetric cats, all the
curves are qualitatively similar and the maximum value
of P(+)tlp (|α|, |α|) reached at |α| = |α|max gives the highest
probability provided |β| < |α|max.

For teleportation using antisymmetric cats, the behavior
of teleportation success probabilities is strikingly different.
Referring to Fig. 9(b), P(−)tlp (|α|, |α|) starts from its maxi-
mal value 1/4 [P(−)tlp (|α|, |α|) tends to 1/4 at |α| → 0] and
monotonically decays to zero as |α| increases. By contrast,
the curve for P(−)tlp (|α|, |β|) is similar to P(+)tlp . At sufficiently
small |β|, the maximum of P(−)tlp (|α|, |β|) is above 1/4 and
can be close to the limiting value 1/2. This is the case
giving the highest success probability of teleportation.

Our concluding remark concerns the small mean
photon-number approximation in Eq. (64) applicable to
Bob’s state at |β| < 0.2. Such an approximation may be
of practical value as a teleported Bob state appears to be
quasi-Gaussian with the corresponding benefits of a Gaus-
sian state control. In particular, the phase of Bob’s state
can be measured with moderate resources and designing
apparatus for the single-shot measurement of a phase for
the Schrödinger cat and coherent state simultaneously is
no longer required.
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FIG. 10. Elementary link of an SCW quantum repeater in a star topology.

VI. CONCLUSIONS AND DISCUSSION

In this work we proposed use of phase-modulated mul-
timode Schrödinger cat states for producing entanglement
between remote parties (Alice and Bob) and for entan-
glement swapping. This approach to quantum repeaters
is based on multimode coherent states generated by an
electro-optic modulator and may reveal a number of inter-
esting potential extensions.

For instance, as illustrated in Fig. 10, one of the advan-
tages of using entangled multimode states is that the modes
may, in principle, be distributed and stored in quantum
memories located at different nodes of a star topology net-
work. Since these modes differ in frequency, the dense
wavelength division multiplexing demultiplexer can be
employed to send them to different locations.

We analyzed the heralded entanglement generation
scheme assuming that Alice and Bob send part of the
modes that enter their multimode cat states, |�(A)

ν′ 〉 and
|�(B)

ν 〉, to the symmetric (50 : 50) beam splitter [see Fig. 1
and Eq. (16)] and computed the probabilities, P(ν

′ν)
μ , for

three orthogonal states (the vacuum state, |0〉, the antisym-
metric and modified symmetric cat states, |�−〉 and |�+〉)
to occur at the output ports of the beam splitter for different
couples (ν ′, ν) of input cats [see Eqs. (19) and (20)].

We modeled the optical fiber quantum channel with
the transmittance η using the Stinesping dilation based
on a beam splitter transformation for an enlarged sys-
tem supplemented with environmental (noisy) modes [see
Eq. (23)]. For the heralding events determined by the parity
of photons, pc ∈ {odd, even}, registered by a photodetector
with efficiency ξ , we found that the conditional probabili-
ties of detection (33) give the probabilities of success (36)

expressed in terms of P(ν
′ν)

± with the renormalized mean
photon-number ratio rbs → ζ = rbsηξ .

It is shown that the fidelities, F (ν′ν)
μ (pc), between the

density matrix of the heralded states (38) and the entan-
gled cat states, �(AB)

μ , can be described by two analytical
expressions for the fidelities of predominantly symmetric
and antisymmetric cats: F (±)

− (odd) and F (±)
+ (even) given

by Eqs. (41a) and (41b), respectively. It turned out that
these fidelities characterizing the quality of the generated
entanglement are monotonically decreasing functions of
the amplitude |α| (see Fig. 5).

Our key analytical results are Eqs. (36) and (41) for
the success probabilities and the fidelities describing per-
formance and quality of the entanglement generation pro-
cedure. These results imply that producing high-quality
entangled states requires the amplitude |α| to be suffi-
ciently small. In this region, the highest values of the prob-
ability of success correspond to an odd number of clicks for
either two antisymmetric input states (the heralded cat state
is predominantly antisymmetric) or two states of different
symmetry (the heralded cat state is predominantly symmet-
ric). By contrast, in the low-amplitude region, the success
probability for a couple of input symmetric cat states is
negligibly small [see Eq. (37a)].

Note that, in reality, we have two detectors and
each of the detectors registers the odd (even) num-
ber of photons with the same probability of suc-
cess P(ν

′ν)
s (odd) (P(ν

′ν)
± (even)). The difference between

the corresponding heralded states, |�(AB)
μ (αqm, αqm)〉 and

|�(AB)
μ (αqm, −αqm)〉, can be corrected by applying a

π shift to the phases of the modes at either Alice’s
or Bob’s site. It means that the total performance of
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entanglement generation can be characterized by twice the
success probability.

For the generation of antisymmetric cats, this probabil-
ity cannot be higher than 50% because P(−)s (odd) ≤ 1/4
(see Fig. 4). Interestingly, P(−)s (odd) is identically equal
to 1/4 when the product ζ ≡ rbsηξ is 1/2 [or, equiva-
lently, rbs = r1/2 = 1/(2ηξ)]. On the other hand, according
to Fig. 5, the photon-number ratio rbs should be lowered to
enhance the quality of entanglement with the maximum
value of fidelity F (±)

− (odd) exceeding 90%.
By contrast, when the input cat states differ in symme-

try and the heralded states are symmetric cats, double the
probability of success 2P(c)s (odd) is above 1/2 at rbs > r1/2
(see Fig. 4). In addition, as shown in Fig. 5, the maximum
value of F (c)

+ (odd) reached at |α| = 0 is unity. So, the pro-
cedure leading to entangled symmetric cats is superior to
that for the case of antisymmetric ones in both performance
and quality.

However, given the symmetric cat states efficiently pro-
duced to create entanglement between the nodes of ele-
mentary links, the success probability for entanglement
swapping given by Eq. (47) will be close to zero. There-
fore, antisymmetric cat states play an important part in
reaching a reasonably high performance of the repeater.
An important point is that there is a trade-off between the
probability of success and fidelity (46) that needs to be
optimized.

Part of our considerations assume that the modes can be
stored in a multimode quantum memory [46,50]. For the
repeater with two links, we estimated the so-called wait-
ing time (53) giving the lower bound for the storage time
of the quantum memory. The results presented in Fig. 7
show that the waiting time falls within the range of hun-
dreds of microseconds for tens of kilometer long distances.
For instance, according to Ref. [52], QMs based on atomic
frequency comb protocol with rare-earth-ion doped crys-
tals are promising multimode QMs that may tolerate such
waiting times. The efficiency of such QMs, however, still
needs to be improved.

Alternatively, our system may operate without a multi-
mode QM. In this approach, the carrier mode at the central
frequency is the only mode to be stored in the QM, whereas
the sidebands are distributed over the repeater nodes.
After extracting this mode from the memory, remodula-
tion can be carried out and then the carrier mode can be
stored again. High efficiency of the electro-optic modulator
allows such a process to be recurring in cycles.

Thus, our analysis suggests feasibility of the pro-
posed scheme for antisymmetric cat states and rela-
tively short distances to the central node. In general,
approaches to QRs using phase modulation to produce
and control multimode states may lead to promising
methods for the generation and distribution of entangle-
ment. The quantum teleportation protocol that uses the
entangled cat states to transfer the phase information

between remote parties discussed in Sec. V exemplifies
one such method. Interestingly, one of our findings is that
the antisymmetric cat states are superior to symmetric ones
in teleportation performance.
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