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Current-controlled memristors: Resistive switching systems with negative
capacitance and inverted hysteresis
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Resistive switching in memristors is being amply investigated for different applications in nonvolatile
memory, neuromorphic computing, and programmable logic devices. Memristors are conducting devices
in which the conductance depends on one or more slow internal state variables, and they exhibit
strongly nonlinear properties and intense memory effects. Here, we address the characterization of current-
controlled memristors by small-perturbation frequency-resolved impedance techniques. We show that the
equivalent circuit obtained at different stationary points provides essential information about the dynamic
behavior in voltage cycling and transient response to a square perturbation. The general method enables
the analysis of stability and hysteresis in current-voltage curves. The current-controlled memristor very
naturally produces a negative capacitance effect, and we review several devices reported in the literature,
including discharge tubes and metal-oxide memristors, to expose the deep connections between the sign
of the capacitance and the type of hysteresis.
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I. INTRODUCTION

Resistive switching is a phenomenon where certain
materials change their resistance in response to an elec-
trical stimulus. It has applications in nonvolatile memory
(resistive RAM), neuromorphic computing, programmable
logic devices, analog computing, sensors, energy storage,
and radiation detection. These applications offer bene-
fits in high-density storage, low power consumption, fast
switching speeds, and potential advancements in various
fields.

Resistive switching systems have been investigated for
centuries, and ongoing research continues to explore and
expand the potential of resistive switching technology
[1–3]. In recent decades [4], these systems have been
broadly conceptualized as memristors, following Chua’s
suggestion [5,6]. Memristors can be defined as a nonlinear
system with memory affected by one or more state vari-
ables denoted xi [7]. These xi are variables necessary to
determine the future behavior of a system when the present
state and the inputs are known. Consider two complemen-
tary conjugate electrical variables Z, Y (meaning voltage
u, current I, charge, or flux). The most basic model of
a memristor satisfies a structural set of equations of the
type [5]

Y = F(Z, xi), (1)

τk,i
dxi

dt
= gi(Z, xi). (2)
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Equation (1) is a generalized conductance. But from the
dependence on x, the variable Y does not respond instan-
taneously to the changes of stimulus Z. The changes to
the “slow” state variable x are controlled by a driven
adaptation function, g(Z, x), with the characteristic time τk.

Resistive switching in memristors occurs with a volt-
age or current threshold, as shown in Fig. 1(a). An external
bias causes a modification of a high-resistance state to a
low-resistance state, and the initial state can be restored
by a stimulus of opposite polarity. We explore here the
main dynamic properties of current-controlled memristors
(CCMs), where Z = I in Eq. (2).

Memristors, defined as in Eqs. (1) and (2), constitute
a broad family of models with varied physical interpre-
tations, such as the Hogdkin-Huxley model of biological
neurons [8–12] and metal-oxide switching devices [13–
15]. Using the resistance-switching capabilities of mem-
ristors, data can be stored and retained even when the
power is turned OFF. This application can lead to faster
and more-energy-efficient storage solutions, as an alter-
native to traditional nonvolatile memory technologies like
flash memory. Memristors can also perform analog com-
putations by exploiting their resistance-modulation char-
acteristics [16–19]. This allows for the development of
circuits that can process continuous signals in a more
efficient and compact manner compared to traditional dig-
ital computation. In the application of a memristor as a
synapse for neuromorphic computational systems, it must
display distinct nonvolatile resistive states that can support
spike-timing-dependent plasticity, as shown in Fig. 1(b)
[20–32].
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(a) (b)

FIG. 1. (a) Onset of the memristor from a low-resistance state to a high-resistance state at positive voltage requires inverted (counter-
clockwise, inductive) hysteresis. Reset to the low-resistance state at negative polarity shows regular (clockwise, capacitive) hysteresis.
(b) Successive application of voltage-sweep cycles increases the conduction state, causing potentiation of the synapse by reaching
states of higher conductivity.

While the physical interpretation of memristors can be
widely different, their main properties are (a) highly non-
linear characteristics in the functions F and g; and (b)
a significant memory effect, which implies that the cur-
rent value of Y depends on the history of the sample and
the need to integrate Eq. (2). The memory effect causes
a hysteresis in current-voltage curves, which has been the
object of many recent discussions, for example, in photo-
voltaic halide perovskite devices and memristors [33,34],
where the hysteresis feature is generally attributed to the
combination of ionic and electronic transport [35–38].

The hysteresis in photovoltaic cells is connected to the
presence of negative capacitance [39,40]. A stabilized neg-
ative capacitance is a goal for the next generations of
low-consumption microelectronics. The role of the neg-
ative capacitor is to lower the power consumption in
field-effect transistors, by reducing the subthreshold-swing
factor below the thermodynamic limit of 60 mV/dec.
Recently, there have been extensive investigations into
ferroelectrics with negative capacitance [41–43]. But the
origin of negative capacitance in ferroelectric capacitors
or ferroelectric-based superlattices remains unclear and
is considered either a transitory product of polarization
switching or an intrinsic phenomenon related to the pres-
ence of ferroelectric polarization [44]. Negative capac-
itances in electrochemical systems were reported over
many years [45]. However, basic models indicate that
“equilibrium” states that result in predictions of C < 0 are
inherently unstable, representing local peaks in the ther-
modynamic potential. Consequently, predictions of C < 0
in open systems must be evaluated for stability and the
presence of alternative locally stable states [46].

Here, we address the connection of structural Eqs. (1)
and (2) to a negative-capacitance effect in current-
controlled memristors. In general, developing a system of
differential equations into a linear approximation at a spe-
cific stationary point is a valuable resource for gaining
a deeper comprehension of a nonlinear system [47]. By

keeping only linear terms, one can obtain a diagnosis of
the stability without solving the full nonlinear system [48].
The experimental method to measure a small perturbation
at steady state at different frequencies forms the basis of
impedance spectroscopy, a technique utilized in various
fields [49–51]. The method serves as a potent tool in elec-
trical engineering for establishing connections between
nonlinear models and linear data [52,53]. We employ the
method of small ac perturbation to derive equivalent cir-
cuits that inform us about stability, hysteresis, and other
dynamic characteristics [10,12,54,55].

In Sec. II, we introduce a typical model of current-
controlled memristors, and in Sec. III we develop a general
analysis of impedance, equivalent circuit, and stability of
the dynamic systems. In Sec. IV, we comment on the
main properties of hysteresis of current-voltage curves.
Thereafter, we analyze these properties in several rele-
vant examples, first, in a linear model system (Sec. V) and
then for some physical models that have been discussed in
different fields: the discharge tube (Sec. VI) and the tita-
nium dioxide memristor (Sec. VII). We finish with a list of
experimental recommendations and some conclusions.

II. GENERAL MEMRISTOR MODELS IN
CONDUCTING DEVICES

The memristor can be controlled by either voltage or
current, according to the forcing variable in Eq. (2). For
current Itot, with respect to voltage u, in a semiconduc-
tor device, a voltage-controlled memristor based on the
general expressions (1) and (2) takes the form [5]

Itot = Cm
du
dt

+ f (u, x), (3)

τk
dx
dt

= g(u, x). (4)

Here, f is a conductivity function. In Eq. (3), we also
include the capacitive-charging term of the geometric or
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(a)

(b)

FIG. 2. Equivalent-circuit representation of the impedance of
a chemical inductor (a) and a current-controlled memristor (b).
Square resistance is Rc = −RbCmCaω

2.

contact capacitance Cm > 0 that is present in electronic
devices.

There are many examples of applications of voltage-
controlled memristors [8–15]. In fact, most biological sys-
tems contain voltage-controlled memristors, since the ion
channels of cells are voltage gated [56,57], which produces
the dominant trend for artificial neurons and synapses
in neuromorphic computation [58]. It has been generally
shown that Eqs. (3) and (4) produce an equivalent-circuit
structure of a chemical inductor, as indicated in Fig. 2(a)
[11]. Therefore, voltage-controlled memristors produce
an inductive effect, as observed in many instances for
semiconductor devices [59–62].

The complementary possibility to Eq. (4) is a CCM
defined by Eq. (3) and

τk
dx
dt

= h(Itot, x). (5)

In comparison to voltage-controlled memristors, CCMs
have been relatively less exploited [4,5,63–65]. Some ac
impedance properties of CCM were described by Chua
and coworkers [5,66]. The remainder of this work focuses
on the two-dimensional dynamic system of the CCM
(including a single state variable).

It should be noted that Eqs. (3) and (5) form a mini-
mal model containing the main characteristics of memris-
tors. In practice, a device model can become much more
complicated, including internal voltages, such as at grain

boundaries; additional derivatives due to charge storage at
traps and interfaces; and a larger set of state variables that
can produce additional dynamic features [67–73]. Nev-
ertheless, the simple CCM of Eqs. (3) and (5) provides
insights into memristive properties that are obtained in the
context of larger or extended models.

III. IMPEDANCE AND STABILITY

To obtain understanding of the properties of the dynamic
system, Eqs. (3) and (5), we consider the small signal
expansion, where small perturbation quantities are denoted
ŷ. The ac impedance is the voltage-to-current relationship
at frequency ω [10,12]. The small signal perturbation and
Laplace transform, d/dt → s, where s = iω, give

Îtot = Cmsû + fuû + fxx̂, (6)

τksx̂ = hxx̂ + hI Îtot. (7)

The impedance has the form

Z(s) = û

Îtot
= 1

1 + RbCms

(
Rb + 1

(1/Ra) + sCa

)
, (8)

where the circuit elements are defined as follows:

Rb = 1
fu

, (9)

Ra = fxhI

fuhx
, (10)

Ca = − fu
fxhI

τk. (11)

We introduce the time constants

τm = RbCm, (12)

τa = RaCa = − τk

hx
. (13)

We consider that x is a slow variable provided that τa �
τm [10].

The equivalent circuit corresponding to Eq. (8) is shown
in Fig. 2(b) and typical spectra are shown in Fig. 3. The dc
resistance is

Rdc = Ra + Rb. (14)

In previous results on this topic [5,11,74], it was com-
mented on that the CCM produced no inductor but a
parallel RaCa connection. Figure 2 shows this feature but
extends the previous results by including capacitance Cm.
We note that elements of the equivalent circuit, Ra, Ca, Rc,
can be positive or negative. In particular, Fig. 2(b) can con-
tain a capacitive element with a negative sign, Ca < 0, i.e.,
a truly negative capacitance.
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(a)

(b)

FIG. 3. Impedance spectra of the model memristor for param-
eters Cm = 0.1, Rb = 3, for two cases: (a) Ra = 1, Ca = 10,
(b) Ra = −1, Ca = −10. Cyan point is the resistance at zero fre-
quency, Rdc, and the dashed line arc is the parallel combination,
RdcCm.

In Eq. (3), we add the passive capacitor Cm for physi-
cal reasons, but we note that it leads to a two-dimensional
dynamic system capable of complex behavior, such as self-
sustained oscillations [10,12]. Rb < 0 (giving τm < 0) is
a well-known cause of instability and oscillatory behav-
ior, as in the FitzHugh-Nagumo neuron model [75]. Let us
assume Rb > 0 to focus on the properties that are specific
to the CCM.

We observe in Fig. 2(b) that the model produces a
negative-frequency-dependent resistor given by

Rc = −RbCmCaω
2. (15)

The negative elements in the equivalent circuit are often a
cause of instability and self-sustained oscillatory behavior
related to Hopf bifurcations [10,12]. In fact, the element Rc
in Eq. (15) has been shown to produce dynamic instability
[76]. For a general analysis of the stability of the system in
Eqs. (3) and (5), we calculate the Jacobi matrix of Eqs. (6)

TABLE I. Sign of the equivalent-circuit elements (> or < 0)
of the current-controlled memristor.

Rb hx fx hI Ra Ca Rc τa

1 + − + + − − − +
2 + − + − + + + +
3 + − − + + + + +
4 + − − − − − − +
5 + + + + + − − −
6 + + + − − + + −
7 + + − + − + + −
8 + + − − + − − −

and (7). We obtain the determinant

� =

∣∣∣∣∣∣∣∣
− fu

Cm
− fx

Cm

0
hx

τk

∣∣∣∣∣∣∣∣
= − fuhx

Cmτk
= 1

τmτa
, (16)

and the trace of the matrix is

Tλ = − 1
τm

− 1
τa

. (17)

Instability occurs if � < 0 or Tλ > 0, leading to differ-
ent classes of behavior [47,77–79]. Since we assumed that
τm < 0, the system is stable provided that τa > 0; hence,
the condition for stability is hx < 0, which is composed of
cases 1–4 in Table I.

The fixed point becomes an unstable source and gen-
erates a limited cycle trajectory when � > 0 and Tλ > 0,
with the Hopf bifurcation occurring at Tλ = 0. But such
conditions cannot coexist in our system, even if Rb < 0.
The oscillatory behavior involving the dynamic negative
resistance has been obtained in a more complex voltage-
controlled three-dimensional system (with two state vari-
ables) [76]. Alternatively, the current system allows stable
situations, � > 0, in which the dc resistance is Rdc < 0, as
previously found for negative inductors [10].

In summary, the simple two-dimensional CCM produces
a positive or negative capacitance when it is stable but not
self-sustained oscillations.

IV. HYSTERESIS

The types of hysteresis in the current-voltage curves and
their physical interpretation have been recently discussed
[68,70,80], as mentioned above. The hysteresis loop can
be clockwise in “regular hysteresis” or counterclockwise
in “inverted hysteresis.” Figure 1(a) summarizes the sit-
uation for a bipolar switching device, in which the set
operation takes place on one polarity of the voltage or cur-
rent, and the reset operation requires the opposite polarity
[1]. We observe that the set cycle produces an inverted
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hysteresis loop. This is characterized by a forward current
that is smaller than the reverse current, and it is associated
with the inductive characteristic in Fig. 2(a) [39,40,68].
Notably, the chemical inductor is not a “parasitic element”
[72]; rather, it is the intrinsic fingerprint of the memristor
device [11].

Alternatively, in the reset operation, the current at
reverse bias is higher than that in the forward direction,
as it corresponds to a (positive) capacitive element. Deter-
mining the current at increasing scan rates is the standard
method of measuring capacitance in electrochemistry [81].

From Fig. 1(a), we conclude that semiconductor mem-
ristors display a large inverted hysteresis loop in the set
cycle, where the current rises at a certain voltage or cur-
rent threshold [68,70,80]. In Fig. 1(a), the set cycle is at
positive voltage, but Fig. 4 shows an example [82] where
the switch to high current occurs at negative polarity with
inverted hysteresis. In general, the current-voltage curve
can be self-crossing, as in Fig. 1(a), or not [7,66]. If it is
self-crossing, then the hysteresis changes from inverted in
the set region to regular in the reset polarity, as in the case
of Fig. 4.

The current-voltage curves can become more com-
plex, according to the internal dynamics of the memristor,
as represented by additional equivalent-circuit elements
[66,72]. Figure 5 shows the hysteresis properties of
a methylammonium lead iodide (MAPbI3) perovskite
memristor [83] in which there are two crossings. Region
A is a large inverted hysteresis loop due to the set cycle.

(a)

(b)

FIG. 4. (a) Schematic of the TiO2 memristor device and four-
wire time-sampled current-voltage test setup used for the state-
test protocol. w and Rs represent the tunneling barrier width and
electroformed channel resistance, respectively. (b) Example of
a switching I -V curve. Positive polarity turns the device OFF,
while negative polarity turns the device ON. Blue curve corre-
sponds to the fit for a conducting-channel series resistance of
Rs = (215 ± 6) D. Reproduced with permission from Ref. [82].
Copyright 2009 American Institute of Physics.

(a)

(b)

FIG. 5. Current-voltage characteristic for a fluorine-doped tin
oxide (FTO)/poly(3,4-ethylenedioxythiophene) (PEDOT):
polystyrene sulfonate (PSS)/MAPbI3/2,2′,7,7′-Tetrakis
[N,N-di(4-methoxyphenyl)amino]-9,9′-spirobifluorene (Spiro-
MeOTAD)/Au memristor device at a scan velocity of 0.5 V/s.
Reproduced with permission from Ref. [83]. Licensed under a
Creative Commons Attribution (CC BY 4.0) license.

Then B is a capacitive region, and the next crossing causes
yet another inductive loop at the reset voltage. We note
that the capacitive property around the origin is related to
the capacitance introduced in Eq. (3), whereby the current-
voltage curve cannot pass through the origin, a feature
that is found in different types of systems [84]. In Fig. 6,
we show similar results for another memristor [85], but
under different levels of illumination. We observe that
the capacitive loop around the origin becomes more pro-
nounced at higher light intensity, Fig. 6(b). This is due
to the property of the large increase in the capacitance of
halide perovskites with illumination [49,86], as shown in
Fig. 6(c).

The changes in hysteresis from capacitive to induc-
tive indicate a transition of the dominant properties of the
equivalent circuit according to the ranges of applied volt-
age or current [68]. Analysis of these features requires
more complex models than the basic one shown in Eqs. (3)
and (5) [67].
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(a) (b)

(c)

FIG. 6. (a) Current-density–voltage characteristic of a FTO/PEDOT:PSS/MAPbI3/Au memristor measured from 0 to 100 mW/cm2

using a blue-light source (470 nm) and 0.1-cm2 active area. (b) Magnified view of the scale. (c) Low-frequency capacitance enhance-
ment with illumination intensity. Reproduced with permission from Ref. [85]. Licensed under a Creative Commons Attribution (CC
BY 4.0) license.

V. MINIMAL MODEL OF THE
CURRENT-CONTROLLED MEMRISTOR

To explore the basic dynamic properties of CCMs, we
present a simple linear model as follows:

Itot = u
Rb

+ c w + Cm
du
dt

, (18)

τk
dw
dt

= aItot − w
b

. (19)

Here, w is a slow current variable and a, b, c, and Rb are
constants. The dc current is

Idc = 1
1 − abc

u
Rb

. (20)

We obtain the derivatives fw = c, hI = a, and hw = −1/a;
hence,

Ra = −abcRb , (21)

Ca = − τk

acRb
, (22)

τa = RaCa = bτk. (23)

Let us assume that a, b, c > 0 and abc < 1. Then the
model generates a negative Ra and negative Ca quite nat-
urally. The linear-sweep voltammetry results for voltage
u = vst at sweep rate vs are shown in Fig. 7. We observe
that the hysteresis is inverted, similar to systems domi-
nated by the chemical inductor in Fig. 1(a) [68]. In fact,

it is plausible that the inductor and negative capacitor pro-
duce the same type of effect, since a larger sweep velocity
produces a decreasing current for them both, in contrast
to the positive capacitor (in which current increases with
scan rate). The role of negative Ra is to equilibrate the
negative-capacitance response by the resulting positive τa,
as mentioned before.

Another important dynamic feature is the current in
response to a voltage pulse of magnitude Vapp and
duration �t, as indicated by gray lines in Fig. 8. For

FIG. 7. Current-voltage curves at constant voltage sweep of
velocity, vs, starting at equilibrium, Iss(u0) (gray line, orange
point), from u0 = 0.1 to u1 = 1.4. d = 0.5, VT = 0.5; Is =
1; a = 1, b = 1, τk = 0.01, Rb = 0.5, Rs = 0, Cm = 0.
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(a)

(b)

FIG. 8. (a) Transient charging current for the linear mem-
ristor model for a square voltage pulse, Vapp = 1.5, of
duration �t. d = 0.5, VT = 0.5; Is = 1; a = 1, b = 1, τk =
0.01, Rb = 0.5, Rs = 0.1, Cm = 1. Gray line is �I = Vapp/Rs,
green line is Vapp/(Rs + Rb), and purple line is Idc(Vapp). (b) Evo-
lution of the internal voltage. Gray line is Vapp.

this measurement, we consider the effect of the series
resistance, Rs, as in Fig. 2(b), taking a voltage drop, ItotRs,
as follows:

Vapp = RsItot + u. (24)

We solve Eqs. (18), (19), and (24) for the square volt-
age perturbation, and the result is shown in Fig. 8(a). The
response of the CCM with negative capacitance is similar
to that of the voltage-controlled memristor that has been
described recently [54]. These features can be understood
by reference to the equivalent circuit in Fig. 2(b). In the
first instant (A), capacitor Cm does not have a charge and
the applied voltage drops at the series resistance. There-
after, positive capacitor Cm charges over characteristic
time τs = RsCm. Negative capacitor Ca has no charge yet
due to longer time constant τa. Hence, the current goes to
the lowest point (B) until Ca starts charging and then rises
again, since associated resistance Ra is negative and the
overall resistance decreases.

The rise of the current, which in voltage-controlled
memristors is due to the intrinsic chemical inductor,
as shown before [55], is the essential property of the

potentiation of artificial synapses, in which the conduc-
tivity increases by external impulses [25–32], as shown
in Fig. 1(b). These transient behavior properties are well
known in biological neural systems [87]. Figure 8(a) shows
that the same effect can be obtained for the negative capac-
itance and negative resistance that are intrinsic properties
to the CCM.

Continuing the description of the response to the pulse,
after stage B, the current aims to reach the stationary value
given by the purple line. However, if the negative capac-
itance time is τa > �t, the current does not reach the
maximum possible value at point C. The next feature is
the inverted peak when the voltage is disconnected, D [88].
This is due to the inversion of the voltage in the series resis-
tance to cancel out the remaining u, as shown in Fig. 8(b).
We observe that the internal voltage maintains a negative
value in the disconnected pulse time, �t, which will cause
a larger response in the next voltage step, producing the
potentiation effect [55].

The previous discussion uses a simple linear model of
Eqs. (18) and (19). Normally, memristors show highly non-
linear properties, but the linearized equations that give the
impedance spectra and stability properties will be qualita-
tively similar in most cases, according to the general theory
of dynamic systems [47]. For example, let us consider a
more realistic current form of exponential dependence on
voltage [13,15,65,82] related to the Simmons tunneling
model [89]:

Itot = I 1−d
s wdeu/VT , (25)

where d is a constant, and Eq. (25) is combined with
Eq. (19). In the steady state,

ISS(u) = Is(ab)(d/1−d)eu/(1−d)VT . (26)

The resulting current-voltage curves are shown in Fig. 9,
and again we obtain the inverted hysteresis property, since
the signs of the equivalent-circuit elements are the same as
in Fig. 7 (negative Ca and negative Ra).

VI. THE DISCHARGE TUBE

The following model was used by Francis [90] to
describe the behavior of discharge tubes:

Itot = xu
k

, (27)

dx
dt

= αItotu − βx. (28)

Here, x is the electron density in the tubes and α, β, and k
are constants. Notably, the equilibrium voltage is given by
the unique value u1 = (kβ/α)1/2 and the current reaches
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FIG. 9. Current-voltage curves at constant voltage sweep of
velocity, vs, starting at equilibrium, ISS(u0) (gray line, orange
point), from u0 = 0.4 to u1 = 1.4. d = 0.5, VT = 0.5; Is =
1; a = 1, b = 1, τk = 0.01, Rs = 0, Cm = 0.

any equilibrium value Iapp = (β/αk)1/2x1, according to the
internal value x1. Chua and Kang [5] wrote Eq. (28) as

dx
dt

= αk
x

I 2
tot − βx, (29)

and they present the model as an example of a CCM [66].
If we apply Eqs. (9)–(11) to the model in Eqs. (27)

and (29), we obtain the equivalent circuit shown in
Fig. 10(a), which corresponds to Fig. 2(a) with Cm = 0.
The circuit parameters are

Rb = k
x

, (30)

Ra = − 1
(x/2k) + (βx/2αu2)

, (31)

Ca = − x
2αu2 . (32)

Clearly, the model directly generates negative resistance
Ra and capacitance Ca; the resulting spectrum is shown in
Fig. 10(c). Since hx = −β < 0, the model is stable, with
time constant

τa = RaCa = 1
β + (αu2/k)

. (33)

The current-voltage curves at constant voltage sweep rate
are shown in Fig. 11(a); these are associated with the
changes in electron density shown in Fig. 11(b). It is
clear that a large inverted hysteresis is observed, due to
the negative capacitance effect [68,85]. Furthermore, the
full diagram is not self-crossing at the origin, so inverted
hysteresis occurs at both polarities [66].

The definition of the current-controlled memristor in
Eq. (29) is not precise. In fact, one can easily exchange the

(a)

(b)

(c)

FIG. 10. Equivalent circuit of (a) current-controlled memris-
tor and (b) a mixed-voltage and current-controlled memristor
model. (c) Impedance spectrum with Cm = 0, Rb = 3, Ra = −1,
Ca = −10.

current- or voltage-controlled property as desired, apply-
ing Eq. (27). If we calculate the impedance using Eq. (28),
we obtain the equivalent circuit in Fig. 11(b), where

RB = βk2

αxu2 , (34)

LB = k2

αxu2 . (35)

Both circuits in Figs. 10(a) and 10(b) are fully equiv-
alent. We see that Fig. 10(a) has been split into two
identical halves in Fig. 10(b) and one of them has been
transformed into an inductive circuit using the transforma-
tion presented by Klotz [91]. This is a general feature of
impedance models, associated with the possibility of the
transformation of internal variables [92]. We note, how-
ever, that the presence of the geometrical capacitance in
Eq. (3) removes the freedom to convert between voltage-
and current-controlled memristors. Therefore, the configu-
ration depicted in Fig. 2(b) is more challenging to modify,
and the components take on a tangible meaning.

VII. THE TITANIUM DIOXIDE MEMRISTOR

We analyze the titanium dioxide film reported as a
memristor [4,93]. The memristive property is the variation
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(a)

(b)

FIG. 11. (a) Current-voltage curves and (b) carrier density at
constant voltage sweep of velocity, vs. Parameters α = 50, k =
1, β = 5, x0 = 100.

of dopant concentration in the semiconductor film that
switches between low (OFF) and high (ON) conduction
states. The doped-region thickness is x, which satisfies
xOFF < x < xON, with a total thickness D = xOFF − xON. The
model is defined by the following equations, including
material constants RON, ROFF, and μ :

Itot = u
R0(x)

, (36)

R0(x) = RON + �R
D

(x − xON), (37)

dx
dt

= μ
RON

D
Itot. (38)

Here, �R = ROFF − RON. The partial derivatives have the
expressions

fu = 1
R0(x)

, (39)

fx = − 1
R0(x)2

�R
D

u, (40)

hI = μ
RON

D
, (41)

hx = 0. (42)

The equivalent circuit elements are

Rb(x) = R0(x), (43)

Ca(x) = R0(x)
RON�R

D2

μu
. (44)

We also obtain Ra = ∞, owing to the strange result of
hx = 0. This implies that, in Fig. 2(c), Ra is an open-circuit
element, so the device has no dc conduction channel. In
fact, in Eq. (38), there is no x dependence, and the only
solution at steady state is Itot = 0. This is not in agreement
with the fact that the model has an intrinsic large resistance
ROFF. The problem of a vanishing current-voltage curve is
inherent to the definition of a memristor in Ref. [94].

To solve this problem, a better definition of memristive
systems incorporating the slow state variables was intro-
duced, according to Eqs. (1) and (2) [5]. The model of
Eqs. (38)–(40) has also been completed in this fashion
[82], so that it has a stationary current-voltage characteris-
tic, and different versions have been developed to explain
the dynamic characteristics. One model suggested in the
literature has the following equations [65] for the current
(i) controlled slow variable x of Eq. (38):

dx
dt

= kOFF

(
i(t)
iOFF

− 1
)αOFF

× exp
[
−exp

(
x − aOFF

wc

)]
, 0 < iOFF < i, (45)

dx
dt

= 0, iON < i < iOFF, (46)

dx
dt

= −kON

(
i(t)
iON

− 1
)αON

× exp
[
−exp

(
−x − aON

wc

)]
, i < iON < 0. (47)

A number of kinetic constants have been introduced. The
exponential terms have the role of confining the variable x
in the segment (aOFF, aON).

Applying the method of Sec. III to calculate impedance
parameters, we find the results reported in Table II. There-
fore, we find that both current regions for ON (i < iON) and
OFF (iOFF < i) states are stable. But the signs of the capac-
itances are opposite in them. The ON region has a negative
capacitance, while the OFF region has a positive capaci-
tance. Correspondingly, the first region shows inductive
hysteresis and the second region shows capacitive hystere-
sis. This is the case shown in Fig. 12(a). Consequently,
the impedance structure of the model is able to predict the
dominant dynamic characteristics.
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TABLE II. Sign of impedance components of the model from
Eqs. (45)–(47).

fu fx hI hx Ra Ca τa

0 < iOFF < i − − + − + + +
i < iON < 0 + − − − − − +

VIII. EXPERIMENTAL PROTOCOL

To summarize the analysis explained here, we suggest
that the study of a system should contain the following
complementary measurements:

(a) Establish the steady-state current-voltage curve (at
a very slow measurement speed).

(b) Measure the current-voltage curves at different
voltage-sweep rates. This procedure can identify the dom-
inant sectors of regular and inverted hysteresis and their
combinations.

(c) Measure the impedance spectroscopy response at
different points of the stationary current-voltage curve.

(d) Measure the transient decay for a perturbation of
current or voltage at different points of the stationary
current-voltage curve.

(a)

(b)

I (
A)

FIG. 12. Memristor model of Eqs. (45)–(47) driven with a
sinusoidal input of 1 V. (a) I -V curve, RON = 50 �, ROFF = 1 k�,
and (b) state variable x. Reproduced with permission from
Ref. [65]. Copyright 2013 IEEE.

As we have remarked, step (c) provides the elements of
the equivalent circuit that determine the local properties of
hysteresis and enables an interpretation of the large voltage
excursions of step (b). However, the impedance measure-
ment is very long if low frequencies are probed. It may be
difficult to perform in the region of the I -V plane close to
the resistive switching, where a steady state cannot be sta-
bilized [95]. Therefore, the measurement in step (d) can be
used, as it reveals the dominant elements of the equivalent
circuit in a faster measurement.

IX. CONCLUSION

The general analysis of the impedance properties
of current-controlled memristors shows that equivalent-
circuit elements of different signs emerge, depending on
the derivatives of the dynamic equations. We obtain the
criteria for stability, and we show that the negative capac-
itance emerges very easily in the current-controlled mem-
ristors. When it is combined with a negative resistance,
the system is stable, and produces an inverted (induc-
tive) hysteresis in the onset of the low-resistance state of
the memristor. The method is applied to several devices
reported in the literature, and we show that it is quite useful
for obtaining insights into the dynamic behavior of these
highly nonlinear systems.
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