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Quantum remote implementation with polarization-temporal hyperentanglement
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Remote implementation of quantum operation between two distant nodes is crucial for many quan-
tum applications. Here we consider the implementation of an arbitrary single-photon operation upon a
remote quantum system exploiting photon pairs simultaneously entangled in the polarization and tempo-
ral degrees of freedom, which is a fascinating resource in long-distance quantum communication with its
outstanding merits. To improve the level of security for the above protocol, we also consider a controlled
implementation of quantum operation scenario by adding a supervisor, which is necessary for distributed
quantum computation in a quantum network. Both of the protocols can be fulfilled by bidirectional state
teleportation with the aid of the effective cross-Kerr interaction. Furthermore, the simple construction cir-
cuits together with available existing optical elements and common single-photon detectors facilitate the
realization of our protocols with current sufficient technologies.
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I. INTRODUCTION

Remote implementation of quantum operation (RIO) is
a crucial component for building scalable quantum net-
works. The application of RIO plays a crucial role in
long-distance quantum information processing and com-
munication tasks, such as distributed quantum computa-
tion [1,2], blind quantum computation [3,4], and quantum
program [5,6]. Similar to conventional quantum state tele-
portation (QST) [7], RIO can transmit a quantum operation
of the sender from a local quantum system and apply on a
remote receiver’s state through a pre-established entangled
channel, local operations and classical communication.
Thus we also refer to it as quantum operation teleportation.
In 2001, Huelga et al. [8] proposed the remote implementa-
tion of a quantum operation in the case of one qubit. Such
a RIO protocol can be fulfilled by bidirectional quantum
state teleportation (BQST) consuming two bits of entangle-
ment (e bits) plus four bits of classical information (c bits),
which is the maximum total amount of required resource.
In the same year, the remote implementation of a con-
trolled NOT (CNOT) operation was given by the authors of
Ref. [9] using one e bit and two c bits. Next, Huelga et al.
[10] showed that the single-qubit operators belonging to
one of the two restricted sets can be remotely implemented
with the same overall resource as that needed in Ref. [9].
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Here, those operations that belong to some restricted sets
are usually called partially unknown operations. Indeed,
the resource cost in the remote implementations of par-
tially unknown quantum operations is significantly fewer
than that consumed in the remote implementations of
completely unknown quantum operations. In addition, the
remote implementations of partially unknown quantum
operations can satisfy the requirements of some practical
applications. Considering these advantages, it is very use-
ful to investigate the extension of RIO to the cases of mul-
tiqubits. In 2006, Wang [11] developed the idea of RIO and
proposed the RIO protocol for partially unknown quan-
tum operations of multiqubits belonging to restricted sets.
Moreover, the experimental implementation scheme in the
cavity QED has been considered [12]. In 2007, Wang also
put forward a combined and controlled RIO scheme for
partially unknown quantum operations with Greenberger-
Horne-Zeilinger (GHZ) states [13]. Since then, a series of
works on RIO have appeared and made some interesting
progresses. For example, Chen and Hwang [14] studied
multiparty RIO of single-qubit partially unknown opera-
tions based on a shared entanglement of GHZ states. In
2014, Chen and Lu [15] proposed a protocol for multiparty
remote implementation of quantum rotation via partially
entangled quantum channels. Soon after, Hu et al. [16] dis-
cussed the remote implementation of a three-qubit Toffoli
gate via optical microcavities. In 2018, Lv et al. [17] pre-
sented the joint remote control of an arbitrary single-qubit
operation with multiparticle entangled states. Recently,
RIO in quantum multihop networks has also been
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presented by Wu et al. [18]. In experiment, teleporting a
CNOT operation [19] and a rotation angle [20] have been
demonstrated.

In recent years, there has been great interest in using
entangled photons as quantum resources for quantum
information processing tasks. Particularly, hyperentangled
state [21], which means photons are simultaneously entan-
gled in multiple degrees of freedom (DOFs), has captured
much attention. To date, the use of various photonic DOFs
and hyperentangled states has already shown advantages
in optical quantum computing [22–24] and quantum com-
munication, such as state discrimination [25–29], entan-
glement concentration and purification [30–36], entangle-
ment distribution [37,38], superdense teleportation [39,
40], quantum key distribution [41], and quantum secure
direction communication [42,43]. Diverse kinds of hyper-
entangled states in different DOFs have been demonstrated
through the processes of waveguide-based spontaneous
parametric down-conversion, e.g., polarization-spatial
[44], polarization-frequency [45], polarization-momentum
[46], polarization-time-bin [47], and polarization-orbital
angular momentum [48].

Based on a polarization-spatial hyperentangled Bell
state, Jiao et al. [49] have proposed a developmental RIO
protocol, where the sender implements an arbitrary single-
qubit operation upon the remote partner’s quantum state
encoded in the path DOF. As we all know, the polariza-
tion of the photon is the most popular DOF since it is easy
to manipulate with current technology. Although the spa-
tial mode is also easy to operate, measure, and distinguish
with linear optical elements, each photon requires two
paths during the transmission, which will cause the circuit
to become more complicated in long-distance multipho-
ton communication. Particularly in the case of transmitting
photons using optical fibers, where two paths of pho-
tons merge into one path, the temporal DOF of photons
with two different times of arrival as the basis is now a
much better choice. In this paper, we propose a feasible
RIO protocol with the polarization-temporal hyperentan-
gled Bell state. In order to improve the level of security
for the above RIO proposal, we also consider a RIO sce-
nario by adding a supervisor acting as a controller who
has the right to decide on completion of the RIO task.
Controlled remote implementation of operator (CRIO) is
a key multipartite extension of bipartite quantum remote
control, which becomes an integral part of the design of
quantum networks. Both of the two tasks can be fulfilled
in two steps by BQST. First, the polarization-DOF part of
the maximally polarization-temporal hyperentangled Bell
(GHZ) state is exploited to transfer the state encoded in the
polarization DOF from one node, Alice, to another remote
node, Bob, so that Bob can implement the general oper-
ator on it. Second, Bob applies the temporal-DOF part of
the quantum channel to transfer his state to Alice. With
the conversion technique using some optical elements,

Alice can get the desired target state in the polarization
DOF.

The rest of this paper is organized as follows. In Sec. II,
we introduce our RIO protocol using the hyperentan-
gled Bell state in polarization and temporal DOFs in
detail. Section III investigates the controlled RIO with the
polarization-temporal hyperentangled GHZ state. We dis-
cuss the success probability and feasibility on the practical
RIO (CRIO) in Sec. IV. Finally, we make a discussion and
conclusion in Sec. V.

II. RIO PROTOCOL EXECUTION WITH THE
POLARIZATION-TEMPORAL

HYPERENTANGLED BELL STATE

Before our protocol, let us first simply review the exper-
imental method of producing polarization and temporal-
entangled photons by using nondegenerate spontaneous
parametric down-conversion [40,41]. As shown in Fig. 1,
an 80-MHz mode-locked 532-nm laser with a pulse width
of about 7 ps is sent through an unbalanced Mach-Zehnder
interferometer (MZI) to split each pulse into two time bins,
the early and late pulse, separated by 2.4 ns. After the
MZI, the polarization of the pump beam is prepared using
wave plates, then the pump is directed into a polarizing
Sagnac interferometer (PSI) with a dichroic mirror (DM)
that is highly reflective for the pump and highly transmis-
sive for the signal (idler) output. The PSI [50,51] consists
of a polarizing beam splitter (PBS), a periodically poled
lithium niobate (PPLN) crystal, a Fresnel rhomb, and a cal-
cite crystal. PBS transmits the horizontal state and reflects
the vertical one. After PBS, the horizontal (vertical) pump
component traverses the interferometer clockwise (coun-
terclockwise) and undergoes type-0 phase-matched SPDC
inside the PPLN crystal, resulting in a pair of horizon-
tally polarized photons (the signal photon and the idler
photon) with wavelengths 810 and 1550 nm, respectively.
The Fresnel rhomb, acting as a broadband half-wave plate
(HWP), causes the output of the clockwise path to be ver-
tically polarized, and hence polarization entanglement has
been prepared. A 4.1-cm piece of calcite crystal in the PSI
(after the transmitted port of the PBS) is used for tem-
poral compensation, to cancel the wavelength-dependent
delay of the Fresnel rhomb. For more information on
this generation setup, see Refs. [40,41]. And hence, this
Sagnac polarization entangled photon source produce the
hyperentangled state in polarization and time bin

|ψ〉AB = 1
2
(|Ht1〉810|Ht1〉1550 + |Vt1〉810|Vt1〉1550

+ |Ht2〉810|Ht2〉1550 + |Vt2〉810|Vt2〉1550), (1)

where |H 〉 (|V〉) refers to the horizontally (vertically) polar-
ized photon state, t1 and t2 denote two time bins, the
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FIG. 1. Optical setup for generation of time-bin and polarization entanglement via SPDC in the Sagnac polarization-entanglement
source. Green lines denote the 532-nm pump (and stabilization) beam, red and yellow represent the signal (810 nm) and idler (1550
nm) photons, respectively. BS, beam splitter; PBS, polarizing beam splitter; HWP, half-wave plate; QWP, quarter-wave plate; DM,
dichroic mirror; PPLN, periodically poled lithium niobate.

early and the late arrival time of a photon. The two wave-
lengths of photons are 810 and 1550 nm, respectively.
So far, a few of quantum communication applications
using time-bin and polarization-entangled photons have
been achieved, such as superdense teleportation [40], high-
dimensional quantum key distribution [41], remote prepa-
ration of time-encoded single-photon states [52–54], and
nonlocality verification [55].

In the following, we will consider the RIO protocol
adopting the polarization-temporal hyperentangled state in
Eq. (1), which can be rewritten as

|ψ〉AB = |ψP〉AB|ψT〉AB

= 1√
2
(|HH 〉 + |VV〉)AB ⊗ 1√

2
(|t1t1〉 + |t2t2〉)AB,

(2)

where the superscripts P and T stand for the polarization
and time-bin DOF, respectively. Photon A is owned by
Alice while photon B belongs to Bob. Alice has another
photon A1 in the polarization-DOF state |φ〉 = δ|H 〉 +
η|V〉 with |δ|2 + |η|2 = 1. Bob’s goal is to send a general
unitary operation UB to Alice and help her transform the
state |φ〉 to UB|φ〉 = δ′|H 〉 + η′|V〉. Initially, the state of
the three photons can be written as

|�0〉A1AB = |φ〉A1 ⊗ |ψ〉AB

= (δ|HHH 〉 + δ|HVV〉 + η|VHH 〉
+ η|VVV〉)A1AB ⊗ (|t1t1〉 + |t2t2〉)AB. (3)

For lightening the mathematical formulation, we omit the
normalization coefficients of formula (3). We will also
ignore any common factors in all of the following for-
mula. As illustrated in Fig. 2, the RIO task consists of two
main procedures. The first procedure is the application of
polarization entanglement and cross-Kerr effect, while the
temporal-DOF part of the quantum channel is exploited in
the second procedure.

Figure 2(a) shows a schematic diagram of the first step
consisting of four noncentrosymmetric (NCS) calcite crys-
tals, two Kerr nonlinear media, and two wave plates. A pair
of NCS calcite crystals acts as the beam displacer and the
beam combiner, respectively. Calcite beam displacers are
used to orientate the photon into the lower or upper path
in terms of the polarization states of the photon, and cal-
cite beam combiners can recombine the two arms of the
photon. After photons (A1, A) pass through the first beam
displacer, one arm of each qubit interacts with the coher-
ence state |α1〉 via the first Kerr medium, with a further
linear phase shifter and the first beam combiner, the state
of the system composed of three photons and the probe
light evolves to

|�1〉nθ ,Kerr1 = (δ|HHH 〉 + η|VVV〉)A1AB|α1〉
+ δ|HVV〉A1AB|α1e−iθ 〉
+ η|VHH 〉A1AB|α1eiθ 〉. (4)

Here we do not write the time-bin entanglement part to
evade unnecessary cumbersomeness. This equation indi-
cates there are two results corresponding to the phase shifts

044016-3



WANG, GUO, YAN, and GAO PHYS. REV. APPLIED 20, 044016 (2023)

QWP

2

beam 
displacer 

1

A1

A

2

A1

A

beam 
displacer 

beam 
combiner 

beam 
combiner 

PBS

BS 

A

B 

(a)

(b)

FIG. 2. A schematic diagram of the RIO protocol with polarization and time-bin DOFs. (a) The physical implementation of the first
procedure. Initially, the state of photon A1 is encoded in polarization DOF. The calcite beam displacer orients photons A1A into either
the upper or lower path based on their polarization modes. The calcite beam combiner, which can recombine the two paths, is the
same as the calcite beam displacer, only rotated by 90◦ to keep the symmetry of the two paths. (b) The physical implementation of
the second procedure. X is a NOT gate on the time-bin state. PC is a Pockels cell, which can perform polarization bit-flip operation
corresponding to arrival time of the photons. Di is the common single-photon detector. The optical circle on the different path denotes
time delay t1 or t2.

±nθ , (n = 0, 1) if an X -quadrature measurement is per-
formed on the coherent state. It needs to be noted that the
phase shift ±θ are not be distinguished from each other,
but a classical feed-forward operation can eliminate the
phase shift [56,57]. The probability of misidentifying |α〉
as |αe±iθ 〉 is depicted by the complementary error func-
tion 1

2 erfc[α(1 − cos θ)/
√

2], which is less than 10−5 with
a constraint condition αθ2 ∼ 9.

The cross-Kerr nonlinearity has been studied exten-
sively and has well-known applications in numerous opti-
cal quantum information processing [58–66]. In light of
this, over the past years, there have been many theo-
retical and experimental studies endeavoring to generate
the fantastically strong interactions to implement a Kerr

nonlinearity. So far, a large cross-Kerr phase shifts up
to 13 µrad/photon [67], 0.3 mrad/photon [68], and 3
mrad/polariton [69] have been reported. Particularly, meth-
ods using electromagnetically induced transparency [70–
72] or sequential photon-atom interactions [73,74] achieve
π -phase shift using microsecond pulse sequences and mil-
liwatt ancilliary beams. These experimental results are
promising not only for the development of nonlinear optics
but also for applications in information processing and
transmission based on cross-phase modulation.

To simplify description in the later processes, we take
the scenario of zero phase shift as a representative exam-
ple. In this case, three photons are in the state |�2〉A1AB =
(δ|HHH 〉 + η|VVV〉)A1AB. Two QWPs are placed into the
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TABLE I. The relations between X -quadrature measurement results of two coherent probe beams, the final polarization state of
photon B, and Bob’s feed-forward operations, where ZP = |H 〉〈H | − |V〉〈V| and X P = |H 〉〈V| + |V〉〈H |.
Measurement of |α1〉 Measurement of |α2〉 Polarization state of B Feed forward on B

|α1〉 |α2〉 δ|H 〉 + η|V〉 None
|α1〉 |α2eiθ 〉 δ|H 〉 − η|V〉 ZP

|α1〉 |α2ei2θ 〉 δ|H 〉 − η|V〉 ZP

|α1〉 |α2ei3θ 〉 δ|H 〉 + η|V〉 None
|α1e±iθ 〉 |α2〉 δ|V〉 + η|H 〉 X P

|α1e±iθ 〉 |α2eiθ 〉 δ|V〉 − η|H 〉 ZPX P

|α1e±iθ 〉 |α2ei2θ 〉 −δ|V〉 + η|H 〉 ZPX P

|α1e±iθ 〉 |α2ei3θ 〉 −δ|V〉 − η|H 〉 X P

paths of photons (A1, A) to implement the Hadamard trans-
formation, i.e., |H 〉 → 1√

2
(|H 〉 + |V〉), |V〉 → 1√

2
(|H 〉 −

|V〉). Subsequently, photon A1 and A pass through the sec-
ond beam displacer, the second Kerr medium and interact
with the coherence state |α2〉, as a result, the state of the
whole system can be expressed as

|�3〉mθ ,Kerr2 = |HH 〉A1A(δ|H 〉 + η|V〉)B|α2〉
+ |VH 〉A1A(δ|H 〉 − η|V〉)B|α2eiθ 〉+
+ |HV〉A1A(δ|H 〉 − η|V〉)B|α2ei2θ 〉
+ |VV〉A1A(δ|H 〉 + η|V〉)B|α2ei3θ 〉. (5)

After the X -quadrature measurement is performed on the
coherent state |α2〉, there exist four groups of measure-
ment outcomes corresponding to four scenarios of phase
shifts mθ (m = 0, 1, 2, 3). When Alice sends her measure-
ment outcomes to Bob, who then performs some classical
feed-forward operations, so that the original state |φ〉 can
be reconstructed on photon B. For the other results of X -
quadrature measurements on two coherent states |α1〉 and
|α2〉, the similar description is omitted because of space

and clarity. Table I lists the relations between X -quadrature
measurement results of two coherent probe beams, the final
polarization state of photon B, and Bob’s feed-forward
operations.

In the following, the second procedure of RIO begins
after Bob implements a general unitary operation UB on
photon B, as a result, UB|φ〉 = δ′|H 〉 + η′|V〉. It is worth
mentioning that the feed-forward operations applied on
photon B at the end of the first step can be absorbed by
UB. Without loss of generality, we assume the alternative
state of photons (A, B) including the time-bin-DOF part is

|�4〉AB = |H 〉A(δ
′|H 〉 + η′|V〉)B ⊗ (|t1t1〉 + |t2t2〉)AB. (6)

The second RIO schematic setup is shown in Fig. 2(b). X
is a NOT gate on the time-bin state, which can be completed
by the active switches [75]. The PCti(i = 1, 2) refers to the
Pockels cell (PC) [76], which is used to flip the polariza-
tions of photon B when the time is ti. Each MZI composed
of a pair of PBSs can adjust the time-bin state such that the
optical path-length difference between the two arms can-
cels the time difference between the two time bins. The
state that arrives at the BS evolves as

|�5〉AB = δ′|H t1〉A|H t1〉B + δ′|H t2〉A|H t2〉B + η′|H t1〉A|Vt1〉B + η′|H t2〉A|Vt2〉B

PBS−−→ δ′|H t1〉A|H t1〉b2 + δ′|H t2〉A|H t2〉b2 + η′|H t1〉A|Vt1〉b1 + η′|H t2〉A|Vt2〉b1

X−→ δ′|H t1〉A|H t1〉b2 + δ′|H t2〉A|H t2〉b2 + η′|H t1〉A|Vt2〉b1 + η′|H t2〉A|Vt1〉b1

PCs−−→ δ′|H t1〉A|Vt1〉b2 + δ′|H t2〉A|H t2〉b2 + η′|H t1〉A|H t2〉b1 + η′|H t2〉A|Vt1〉b1

MZIs−−→ δ′|H t1〉A|Vt1+t2〉b2 + δ′|H t2〉A|H t2+t1〉b2 + η′|H t1〉A|H t2+t1〉b1 + η′|H t2〉A|Vt1+t2〉b1 . (7)

It is obvious that the time interval between the two time bins of photon B does not exist, so we will omit it in subsequent
expression.

Under the operation of a polarization preserving 50: 50 BS and by dropping the global phase, we obtain
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|�6〉AB = |H 〉b′
1
(δ′|H t2〉 + η′|H t1〉)A + |V〉b′

1
(δ′|H t1〉 + η′|H t2〉)A

+ |H 〉b′
2
(η′|H t1〉 − δ′|H t2〉)A + |V〉b′

2
(η′|H t2〉 − δ′|H t1〉)A

= |H 〉b′
1
|φ′

1〉A + |V〉b′
1
|φ′

2〉A + |H 〉b′
2
|φ′

3〉A + |V〉b′
2
|φ′

4〉A. (8)

At the terminals, Bob measures photon B with four pho-
todetectors D1, D2, D3, D4. When either photodetector
clicks, photon A is projected onto one of the group
{|φ′

1〉A, |φ′
2〉A, |φ′

3〉A, |φ′
4〉A}, which is encoded in the tempo-

ral DOF. So Alice should perform a series of conversion
operations from the temporal DOF to the polarization
DOF, as illustrated in the dotted box of Fig. 2(b). Finally,
the precisely target state, (δ′|H 〉 + η′|V〉)A, is obtained by
applying one of the Pauli operators. Therefore, Bob suc-
cessfully implements a general unitary operation UB on
Alice’s quantum state |φ〉.

III. CRIO VIA POLARIZATION-TEMPORAL
HYPERENTANGLED GHZ STATE

CRIO is similar to the standard RIO protocol with an
added step. The objective is Bob implements an arbi-
trary single-qubit operation upon Alice’s quantum system
only with the permission of the controller, Charlie. Sup-
pose Alice, Bob, and Charlie share a polarization-temporal
hyperentangled GHZ state of the form

|ψPT〉ABC = |ψP〉ABC|ψT〉ABC,

|ψP〉ABC = |H 〉A|H 〉B|H 〉C + |V〉A|V〉B|V〉C,

|ψT〉ABC = |t1〉A|t1〉B|t1〉C + |t2〉A|t2〉B|t2〉C.

(9)

Initially, the total state of photons (A1, A, B, C ) is written
as

|�′
0〉A1ABC = |φ〉A1 ⊗ |ψPT〉ABC

= (δ|HHHH 〉 + δ|HVVV〉 + η|VHHH 〉
+ η|VVVV〉)A1ABC ⊗ (|t1t1t1〉 + |t2t2t2〉)ABC.

(10)

Similar to the case of RIO described in Sec. II, this task can
also be completed in two steps. In the first step, since Alice
performs the same operations as in Fig. 2(a), hence, this
process is omitted here. At the same time, the temporal-
DOF part of the quantum channel will be put aside until
when the second step starts. Now assume that, after two X -
quadrature measurements on the coherent states |α1〉 and
|α2〉, the collapsed state is

|�′
2〉ABC = |H 〉A(δ|HH 〉 + η|VV〉)BC. (11)

Clearly, photon A is no longer entangled with photons
(B,C) in the polarization-DOF part. To control the task,

Charlie will apply some operations as in Fig. 3(a). The
resulting state is

|�′
3〉β,Kerr = |H 〉A(δ|H 〉 + η|V〉)B|H 〉C|β〉

+ |H 〉A(δ|H 〉 − η|V〉)B|V〉C|βeiθ 〉. (12)

Being performed an X -quadrature measurement on the
coherent state |β〉, photon C is disentangled from pho-
ton B. For simplifying the description in the later pro-
cesses, we shall take the zero-phase shift for example,
so we may obtain the three-photon state |H 〉A(δ|H 〉 +
η|V〉)B|H 〉C. Subsequently, Bob applies the operation UB
on photon B, adding the temporal-DOF part |ψT〉ABC, the
entire system is

|�′
4〉ABC = |H 〉A(δ

′|H 〉 + η′|V〉)B|H 〉C ⊗ (|t1〉A|t1〉B|t1〉C

+ |t2〉A|t2〉B|t2〉C). (13)

Now the second step begins with Bob’s operations shown
in Fig. 2(b). These operations transform |�′

4〉ABC to

|�′
5〉ABC = |H 〉b′

1
(η′|H t1〉A|H t1〉C + δ′|H t2〉A|H t2〉C)

+ |V〉b′
1
(δ′|H t1〉A|H t1〉C + η′|H t2〉A|H t2〉C)

QWP

C

beam 
displacer 

C

beam 
combiner 

PBS 

M 

QWP 

C 

¢

¢

(a)

(b)

FIG. 3. Charlie’s operation in the whole CRIO process. (a)
Charlie’s operation in the first step of CRIO. (b) Charlie’s
operation in the second step of CRIO.
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+ |H 〉b′
2
(η′|H t1〉A|H t1〉C − δ′|H t2〉A|H t2〉C)

+ |V〉b′
2
(η′|H t2〉A|H t2〉C − δ′|H t1〉A|H t1〉C).

(14)

If either of four detectors fires, photon B will be disentan-
gled from photons (A, C) and we should forget it from now
on. Assume that the collapsed state is δ′|H t1〉A|H t1〉C +
η′|H t2〉A|H t2〉C, Charlie again exercises his power as a con-
troller by executing what is shown in Fig. 3(b). By doing
so, the state of photons A and C changes to

|�′
6〉AC = |H 〉C(δ

′|H t1〉 + η′|H t2〉)A
+ |V〉C(η

′|H t2〉 − δ′|H t1〉)A. (15)

Upon measurement, Charlie sends his results to Alice,
correspondingly, Alice should perform a series of conver-
sion operations from the temporal DOF to the polarization
DOF, as illustrated in the dotted box of Fig. 2(b). Finally,
with X P or X PZP, the precisely target state is obtained, and
hence the RIO task involving Alice and Bob is completed
with Charlie’s permission.

IV. CHARACTERIZATION OF THE RIO (CRIO)

A. Effect resulting from photon dissipation of the
coherent state

When an X -quadrature measurement is performed in the
RIO (CRIO) process, it is necessary to analyze the effect
resulting from photon dissipation of the coherent state,
which can not be avoided. The model of photon dissipa-
tion could be described by the standard master equation
[77]

∂ρ(t)
∂t

= γ aρ(t)a† − γ

2
[a†aρ(t)+ ρ(t)a†a], (16)

where ρ(t) stands for the density matrix of the system,
a (a†) denotes the annihilation (creation) operator of the
probe mode. The decay constant γ quantifies the dissipa-
tion of the coherent state.

With the solving method adopted in Ref. [61], after
performing the first X -quadrature measurement on the
dissipated coherent state |α1〉, the error probability is
modified to 1

2 erfc[Aα1(1 − cos θ)/
√

2] with A = e−γ /2t.
While when detecting the second position quadrature X
of the dissipated coherent state |α2〉, there are four Gaus-
sian functions f (x, Aα2 cos nθ) = (2π)−1/4 exp[− 1

4 (x −
2Aα2 cos nθ)2], n = 0, 1, 2, 3. The partial overlap between
two adjacent Gaussian curves induces a measurement

error rate εi = 1
2 erfc(xdj /2

√
2) with xdj = 2Aα2[cos j θ −

cos(j + 1)θ ], j = 0, 1, 2. Since the overlap between the
two adjacent curves of n = 0, 1 is much bigger than that
between the other two neighboring curves with n = 1, 2, or
n = 2, 3, so we consider only the error probability caused
by the tiny overlap between the two adjacent curves with
n = 0, 1. Therefore, under the condition that the initial
amplitudes of both the coherent states are the same, the
success probability of our RIO protocol by applications of
two X -quadrature measurements is calculated by

Psuc = (1 − Perr)
2 = {1 − 1

2
erfc[Aα(1 − cos θ)/

√
2]}2.

(17)

For CRIO, this success probability is (1 − Perr)
3. In Fig. 4,

we plot the success probability of our RIO (CRIO) pro-
posal when the following physical parameters are set: the
phase shift, θ = π rad, the initial amplitude of all used
coherent states, 0 ≤ α ≤ 1, and the decoherence factor A
ranging from 0 to 1. It is easy to see that the success
probability can be improved by increasing the original
amplitude α and decreasing the photon dissipation γ of the
coherent state. Particularly, the success probability chang-
ing with the decoherence factor A under the condition of
α = 1 is shown in Fig. 4(b). Based on the analyses above,
the success probability of practical RIO (CRIO) can be
achieved satisfying the current attainable cross-Kerr phase
shifts, low-intensity coherent states and weak-decoherence
environment.

B. Effect resulting from a real single-photon detector

The effect resulting from the efficiency of a real single-
photon detector also needs to be considered. Two main
parameters, the quantum efficiency η and the dark count
rate λ, are important for characterizing the performance
of the real detector. In general, the dark counts approxi-
mately follow the Poisson distribution [78,79], therefore,
during the measurement interval τ , we can give the dis-
tribution probability of having d dark counts as P(d) =
(λτ)d/d!e−λτ . Furthermore, the conditional probability of
responding to k-photon events when l photons are pre-
sented is calculated by

P(k | l) =
k∑

d=0

Cd
l P(k − d)ηd(1 − η)l−d. (18)

The success probability of our RIO (CRIO) protocol at the
final detection stage is thus written as

P′
suc =

{
P(1 | 1)P(0 | 0)3 = e−3λτ [λτe−λτ (1 − η)+ e−λτ η], for RIO,
P(1 | 1)2P(0 | 0)6 = e−6λτ [λτe−λτ (1 − η)+ e−λτ η]2, for CRIO.

(19)
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FIG. 4. Illustration plots of the success probabilities considering photon dissipation of the coherent state with the phase shift being
set θ = π rad. (a) The curved surface where the success probabilities Psuc1 (RIO) and Psuc2 (CRIO) vary with the initial amplitude α
of the coherent state and the decoherence factor A. (b) The success probability changes with A under the condition of α = 1.

At present, among non-photon-number-resolving detec-
tors, the ultrasensitivity avalanche photodiodes (APDs)
have been widely used in the field of long-distance quan-
tum communication due to their advantages of high quan-
tum efficiency, low dark counts, and room-temperature
operation. For Si-APD, the quantum efficiency can reach
0.6–0.8 and the dark count rate is 0.1 kHz. Assume that
η = 0.8, λτ = 10−7, then the probability of a success-
ful readout for the proposed RIO (CRIO) is P′

suc1 = 0.8
(P′

suc2 = 0.64).

V. DISCUSSION AND CONCLUSION

The remote implementation of quantum operation is
closely associated with nonlocal quantum operations
through local implementation. RIO or CRIO will thus be
helpful for the design of distributed quantum computing

within a quantum network, among which some quantum
computers located at different places are connected and the
remote implementations of quantum communication and
computations are performed over all the relevant quan-
tum nodes. In this paper, we have investigated remote
implementation of a general operator between two nodes
enabled by Kerr media, hyperentangled states, available
existing optical elements, and mature single-photon detec-
tion techniques. This optical RIO task can be completed
in two steps. In the first step, with the aid of cross-Kerr
interaction and X homodyne measurements of the coherent
states, the state encoded in the polarization DOF is trans-
ferred from Alice to Bob via the polarization-DOF part of
the hyperentanglement so that Bob can implement the gen-
eral operator on it. In the second step, using available opti-
cal elements and common single-photon detectors, Bob
exploits the temporal-DOF part of the hyperentanglement
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to teleport his state to Alice. With the conversion technique
using some optical elements, Alice can get the desired tar-
get state in the polarization DOF. To raise security and
increase variety, we have also considered a controlled
RIO scenario, which is a key multipartite extension of
bipartite RIO. Moreover, CRIO becomes the fundamental
component of a large-scale practical quantum communi-
cation network that could form the backbone of the future
quantum internet.

Considering a realistic condition, we analyze the effect
resulting from photon dissipation of the coherent state
and the efficiency of a real single-photon detector. Both
results show that our method has potential to complete the
RIO tasks. Meanwhile, the time-of-flight difference of the
MZI and the current Pockels cells can meet the require-
ment for the order of a few nanoseconds, which is much
less than the time of fluctuation in the fiber. It should
be pointed out that here we do not take into account the
imperfection of the optical elements, such as PBS, BS,
HWP, and QWP, which may decrease the fidelity of the
input state. For example, when the photons enter the cal-
cite beam displacer (combiner), the deviation of mirror
mounts and the polarization extinction ratio of the calcite
beam displacer (combiner) will deviate the real quantum
state from the original input state. We will investigate the
effect from the inevitable imperfection of these optical ele-
ments in our future work. Alternatively, it is interesting and
significant to discuss parallel RIO of partially unknown
operations on photon state simultaneously encoded in both
polarization-DOF and temporal-DOF since it contains high
capacity long-distance quantum information processing
and communication. We will study these in the future.
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