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We show how to generate Bell states and N-partite W states of long-distance superconducting (SC)
qubits in a SC waveguide QED system, where SC qubits are coupled to an open microwave transmission
line. In the two-qubit case, the Bell state of two long-distance qubits can be a dark state of the system by
choosing appropriate system parameters. If one proper microwave pulse drives one of two qubits, the two
qubits will evolve from their ground states to a Bell state. Further, we extend this scheme to the multiqubit
case. We show that W states of N long-distance qubits can also be generated. Because both the Bell and
W states are decoupled from the waveguide (i.e., dark states of the system), they are steady and have very
long lifetimes in the ideal case without decoherence of qubits. In contrast to the ideal case, the presence
of decoherence of qubits limits the lifetimes of the Bell and W states. Our study provides an alternative
scheme for generating Bell states and N-partite W states in SC waveguide QED, which can be used to
entangle long-distance nodes in waveguide quantum networks.
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I. INTRODUCTION

Due to its fundamental significance for showing quan-
tum nonlocality and diverse applications in quantum tech-
nologies, quantum entanglement has attracted substantial
interest in the last decades [1,2]. The Bell state refers to
the maximally bipartite entangled state [3,4]. Correspond-
ingly, there are two key classes of multipartite entangled
states, i.e., Greenberger-Horne-Zeilinger (GHZ) state [5]
and W state [6], where the latter is more robust against the
loss of excitation [7]. Besides Bell states, GHZ states and
W states, the NOON states [8] and Affleck-Kennedy-Lieb-
Tasaki (AKLT) states [9] are two useful types of entangled
states. Compared to the Bell state, the W state is more
favorable in quantum information processing, because it
entangles more qubits. To date, Bell states, GHZ states, and
W states have been widely studied in, e.g., cavity quantum
electrodynamical (QED) systems [10—12], cavity-magnon
systems [13,14], superconducting (SC) circuit systems
[15-24], and cold neutral atoms [25], where the entangled
qubits are short distance. However, in practical applica-
tions, it is vital to entangle distant nodes in a quantum
network [26—36]. Therefore, generating Bell states, GHZ
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states, and W states of long-distance qubits is urgent and
necessary [37—41].

The waveguide QED provides an excellent platform for
generating long-distance entanglement [42—48], where dis-
tant atoms, both natural and artificial, interact with the
continuous traveling modes in a one-dimensional (1D)
waveguide [49,50]. Experimentally, the waveguide QED
has been implemented in quantum dots coupled to a metal-
lic nanowire [51], SC qubits coupled to an open microwave
transmission line [52—54], natural atoms coupled to an
optical fiber [55-58], nanoparticles coupled to a silica
nanofiber [59], and so on. Compared with other waveg-
uide QED systems, the SC waveguide QED system has
its unique merits, such as the achievable strong coupling
(even ultrastrong coupling) of SC qubit to the open trans-
mission line, the small dissipation of SC qubit, good
scalability, and easy controllability [49,50]. Based on SC
waveguide QED systems, many exotic phenomena have
been explored, such as resonance fluorescence [52], giant
SC atoms [60—62], collective Lamb shifts [63], and three-
state dressed states [64]. Here, the giant SC atom means
that an artificial SC atom is coupled to a SC waveg-
uide at several points, where the dipole approximation is
invalid because the distance between different points is
comparable to (or larger than) the wavelengths of traveling
microwave modes in the waveguide. In optical waveguide

© 2023 American Physical Society
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QED systems, the Bell [65,66] and four-partite W states
[67] can be prepared with the assistance of photon counting
detection or homodyne detection. Very recently, Ref. [68]
has proposed to generate the Bell state with giant SC atoms
in a SC waveguide.

In this paper, we propose a scheme for generating the
Bell and N-partite I states with long-distance SC qubits in
a SC waveguide without need of any measurements. First,
we consider two identical SC transmon qubits, O; and
(0>, coupled to a 1D SC transmission line [see Fig. 1(a)].
Under the Born-Markovian approximation, the considered
SC waveguide QED system can be described by a Lind-
blad master equation [69]. With proper system parameters,
we find that the Bell state of O; and O, is exactly a dark
state of the waveguide QED system. By driving the qubit
0, with a proper microwave pulse, the two-qubit ground
state will evolve into a dark state (i.e., the Bell state).
Further, the proposed scheme can be easily extended to
the multiqubit case. In a SC waveguide QED system with
N (N = 3) long-distance transmon qubits [see Fig. 1(b)],
the N-partite W state can also be a dark state of the sys-
tem by properly choosing the coupling strength of each
qubit to the waveguide. Under the drive of an appropriate
microwave pulse, the N-partite W state of long-distance
qubits can also be generated. In the absence of the intrinsic
decoherence of qubits, the generated Bell and N-partite W
states are steady because they are decoupled from the SC
waveguide. However, in realistic experimental conditions,
the decoherence from the qubits determines the lifetimes
of the Bell and N-partite W states.
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FIG. 1. Schematic diagrams of the considered waveguide

QED systems. (a) Two transmon qubits and (b) N (> 3) trans-
mon qubits are coupled to a 1D SC transmission line, where the
location of the j th qubit O; is denoted as x;. To generate the Bell
and N -partite I states, one microwave pulse with Rabi frequency
Q4 drives the qubit Q.

Note that our work is different from Ref. [68] in the
following two aspect. First, Ref. [68] is for the generation
of Bell states, while our study discusses how to prepare
not only Bell states but also N-partite ¥ states. Second,
our scheme is based on transmon qubits instead of giant SC
atoms used in Ref. [68]. As compared with giant SC atoms,
transmon qubits are commonly used and easily fabricated
in SC-circuit experiments [50,61]. Because no measure-
ment is required and the initial state is the ground state of
the waveguide QED system, our scheme can be easily per-
formed in experiments. The generated Bell and N-partite
W states in waveguide QED have potential applications in
constructing waveguide quantum networks [65—68].

The paper is organized as follows. In Sec. II, we derive
the effective non-Hermitian Hamiltonian of the SC waveg-
uide QED system from the Lindblad master equation.
Using the obtained non-Hermitian Hamiltonian, we ana-
lyze the eigenvectors and eigenvalues of the waveguide
QED system. In Sec. III, we present the scheme for gen-
erating Bell states of two long-distance qubits and explain
the related physical mechanism using the system eigenvec-
tors. In Sec. IV, we extend the scheme to the multiqubit
case and show how to prepare W states of N long-
distance qubits. Our discussions and conclusions are given
in Sec. V. In addition, three appendices are included. In
Appendix A, we derive the master equation of the waveg-
uide QED system with transmon qubits. In Appendix B,
we give the parameters used in numerical simulations. In
Appendix C, we discuss the effects of the position devi-
ations and the higher levels of transmon qubits on our
scheme.

II. MODEL

As illustrated in Fig. 1, N (> 2) identical transmon
qubits, Q; located at x; (j =1,2,...,N), are coupled
to a 1D SC transmission line. When Q) is driven by a
microwave pulse with Rabi frequency €24, the total Hamil-
tonian of the N transmon qubits is (hereafter assuming
h=1)

N
H =y Z 0 0 +0(ty — )Q(0] e + o ),
j=1

(1)

where w, is the |0;) <> |1;) transition frequency of Q;
with the ground state |0;) and the excited state |1;),
crj+ = |1;)(0;| and o, = |0;)(1;| are the ladder operators
of 0, to is the duration of the drive pulse, wy is the fre-
quency of the drive pulse, and ©(z) — ¢) is the Heaviside
function.

By taking trace over the degrees of freedom of the
waveguide (i.e., the SC transmission line) at zero tem-
perature, we find that the density operator p of N qubits
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satisfies the following Born-Markovian master equation
(see Appendix A) [69]:

N N
= —i[H,p]+ )Y %D[oj—

j=1 m=1
LY al Vo o
+5 2 _Dloj oI+ ) (07 pof = p), (2)
= =

with the Lindblad superoperator

Dlo; 0, 1p = 20; po, =00, p—poya; . (3)
Note that Eq. (2) is only valid when the location of O;
is given by x; = £in/k (1=0,1,2,...), where k = w,/v
is the wave vector, and v is the speed of the microwave
at frequency w, in the waveguide. Here the second term
in Eq. (2) presents both the cooperative dissipations and
the local dissipations of N qubits caused by the waveg-
uide, where «;,, = 2cjcy« is the cooperative decay rate of
O; and Q,, for j # m (local decay rate of Q; for j = m),
k = 2w gw, is the collective decay rate of N qubits, ¢; =
(gi/ g)e "M characterizes the relative coupling strength of
O; to the waveguide, and g (g;) is the coupling strength
between N qubits (Q;) and the waveguide. In addition, the
two terms in the second line of Eq. (2) denote the intrinsic
decoherence of N qubits, where y (y,,) is the energy relax-
ation rate (pure dephasing rate) of the individual qubit, and
of = [1;)(1;] — 10;)(0;] is the Pauli operator related to Q;.

In the absence of both the drive pulse and the intrinsic
decoherence of N qubits (corresponding to the case with
Qg =y =y, = 0), the master equation in Eq. (2) can be
rewritten as [70—72]

p =i (Hewo — pHJ;) + ijma poy, (4

where Hg is the effective non-Hermitian Hamiltonian of
the waveguide QED system given by

j=1
N N c:

=iy ) oo taran). ()
j=1 m=j+1

For simplicity and clarity, we have ignored the intrinsic
decoherence of N qubits in deriving the above effective
Hamiltonian. Due to y, y, < kju, it is enough to explain
the related physical mechanism of preparing Bell states
and W states via using the eigenvectors of Heg (cf. Secs. 111
and IV). In the effective Hamiltonian H.g, the diago-
nal non-Hermitian term —i(k;; /2)0]+0f denotes the local

dissipation of the qubit Qj, while the off-diagonal term
—i(fcjm/2)(0 0, +0;0, +) presents the dissipative cou-
pling between the qublts O; and O, [73,74]. By solving
Heg|g) = E|@) in the one-excited subspace, we can obtain
the N eigenvectors {|@1), [¢2), ..., |on)} of Hes,

|(pn>:Cn+1|¢l>_Cl|¢n+l>a I’l:1,2,...,N—1,

N
lon) = ch|¢j), (6)
=1

with |¢;) =10105---0;_11;0;41---0y), and the corre-
sponding eigenvalues £y =E, = .- =Ey_| = w, and
Ey =wy—i Z?/:l kji /2. Note that the higher-excited sub-
space is barely involved in preparing the Bell and N -partite
W states. Thus, the numerical results related to generating
the Bell and W states, which are obtained by numerically
solving the master Eq. (2) in the whole Hilbert space, can
be well explained by using the eigenvectors (6) in the one-
excited subspace (cf. Secs. III and IV). This demonstrates
the reasonability of the assumption of the one-excited
subspace. From Im[E,]=0 (n=1,2,...,N —1) and
Im[Ey] # 0, the decay rate of the eigenvector |¢,) is zero
while the decay rate of the eigenvector |¢y) is nonzero.
This indicates that the eigenvectors {|¢1), |@2), ..., |@n—1)}
are dark states of the waveguide QED system, and |¢y)
is a bright state. The dark state |¢,) is a steady state of
the waveguide QED system due to dp/dt = 0 with p =
|@n) {(@nl [75—77]. In contrast, owing to dp/dt # 0 with
o = lon){pn|), the bright state |@y) is a nonequilibrium
state. In the present work, we use dark states to prepare
Bell states and N-partite W states in SC waveguide QED.
In addition to preparing entangled states, the dark states
also have other potential applications in quantum infor-
mation processing, including protecting quantum systems
from dissipations [75], building gradient memories to store
quantum information [76], realizing quantum information
protocols in open quantum systems [77], etc.

III. GENERATION OF BELL STATES

In order to generate the Bell states

1
W) = ﬁ(llo) +101)), (7

we consider a driven waveguide QED system with two
transmon qubits, as schematically shown in Fig. 1(a). In
the one-excited subspace, the considered waveguide QED
system has two orthonormal eigenvectors, the dark state
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|D) and the bright state |B) [cf. Eq. (6)],

1
|D) = (c2]10) — ¢1|01)),
Ja + 6 (ea/lel)
1
|B) = (c1110) + c2[01)) . (8)

e+ a3 (c1/lerl)

For ¢;=—c; (1 =c2), |D)=|¥;) and |B)=|W¥_)
(ID) = |W_) and |B) = |W,,)).

For clarity, we first show the numerical results related to
preparing the target state |V, ) in the absence of the intrin-
sic decoherence of the two qubits (i.e., y =y, = 0). By
numerically solving the master equation in Eq. (2) with
c1 = —c3 [78,79], we plot the time evolution of the fidelity
Fo=Tr (p|Wy) (W] in Fig. 2. As shown in Fig. 2(a),
under the drive of the microwave pulse on Q1, the fidelity
F, evolves from 0 to its maximum value F3™ = 0.804
at fmax = 0.042 ps (indicated by the green dot), where we
assume that the duration of the microwave pulse is infinite,
i.e., fo = 400. This evolution process can be explained
using the eigenvectors of the waveguide QED system in
Eq. (8). At the initial time ¢ = 0, the system of two qubits is

1.0 1.0 -
(a) (max) (b) (tmaxvfpz(m(“j)
0-8’ (tlnaxv:]:z N ) 08’
N 0.6f 0.6f
0.4} 0.4
0.2f 0.2+
0.0 Qd(2ﬂ=§MHZ ‘ 0.0 Qd/2n=? Hz ‘
0.00 0.05 0.10 0.15 020 00 0.1 02 03 04
1 0 [ max 1 '0 [ cocsassssastocecannasns]
(C) max’ Tz( )) ,'— - —
0.8} o8lf; (d)
N 0.6f 0.6 . : !
0.47 0.4 — Q4/2m = 4 MHz
02t 021! ---Q4/2m = 1.5 MHz,
0.0/ a/2m = 0.1 MHz 0.0F." 7 Qa/2m = 03 MHz
0 2 4 6 § 00 05 1.0 1.5 20
t (us) t (us)

FIG. 2. Time evolution of the fidelity F, of the Bell state W )
in the absence of the intrinsic decoherence of the two qubits (i.e.,
y =¥, = 0). (a)(c) Time evolution of the fidelity J, for differ-
ent shapes of the drive pulse, where the duration of the drive
pulse is fyp = +oo, while the Rabi frequency is (a) Q2,/27 =
8 MHz, (b) ©24/2m =3 MHz, and (c) /27 = 0.1 MHz. In
(a)—(c), the green dots denote the maximum value ]_—2<max) of the
fidelity J> at ¢ = fpax. (d) Time evolution of the fidelity J, for
different values of the Rabi frequency €2,;, where the duration
iS 1) = tmax. Here /27w = 4 MHz and #) = 0.087 s for the
(black) solid curve, 2;/27 = 1.5 MHz and ¢, = 0.235 s for the
(red) dashed curve, and Q2,;/27 = 0.3 MHz and #) = 1.176 ps for
the (blue) dotted curve. Other parameters are chosen as w, /27 =
wgq/2m =5 GHz, k11 /2mr =40 MHz, and ¢ = —c; = 1.

in the ground state |00) (corresponding to F, = 0). Due to
the drive pulse on Qj, the qubit Q; will be excited, and the
two-qubit system undergoes the state transformation from
the ground state |00) to the one-excited state |10). With the
eigenvectors {|D), |B)} (with |D) = |V, ) and |B) = |V_)),
the state |10) can be expressed as

1 1
10) = — — 9
10) ﬁID>+ﬁ|B>, ©)

where the component of the bright state |B) will decay to
the ground state |00), while the component of the dark
state |D) is steady, i.e., the state [10) will evolve to the
mixed state of |00) and |D). For the component of |00) in
the mixed state, it will be pumped to the one-excited state
[10) again, and the process [00) — [10) — {]00), |[D)} is
repeated continuously. Ultimately, the waveguide QED
system will evolve from the ground state |00) to the dark
state | D) (i.e., the Bell state |\, )). It should be noted that
the eigenvectors {|D), |B)} are obtained by neglecting the
drive pulse. Obviously, if the drive pulse is considered, | D)
is not the dark state of the waveguide QED system. As a
result, the maximum fidelity is significantly smaller than
one (i.e., Fi™ =0.804 < 1 ) and F; oscillates versus
time ¢ [cf. Fig. 2(a)]. To decrease this adverse effect, we
can use a weaker drive pulse to achieve a higher fidelity
fz(max), while the time #y,, for reaching fz(max) is longer
[see Figs. 2(b) and 2(c)]. In the weak-drive limit 2; — 0
with t.x — +00, we can, in principle, generate the Bell
state |W) with F\™ = 1. For example, 7™ = 0.997
for Qu/27 = 0.1 MHz with 2, = 3.518 ws. Further, by
setting fo = fmax, 1.€., the duration of the drive pulse is #ax
rather than infinite, the steady Bell state with a fidelity
Fi™ can be prepared [see Fig. 2(d)].

Further, we consider the intrinsic decoherence of the
two qubits, i.e., y # 0 and y, # 0. In this case, there is

a specific drive strength ©, = Q™ (with Q™ /27 =
0.57 MHz) to reach the optimal fidelity F, = F.°*" (with
FI® = 0.968) [cf. Figs. 3(a)-3(c)]. The reason is that if

Q< Qg’pt), the decoherence of Q; and O, will dominate
the dynamics of the waveguide QED system and spoil the
process of generating the target state |\, ). To obtain a
long-lived Bell state |W. ), we set the duration of the drive
pulse as #y = top. Now the lifetime of the long-lived Bell
state |\, ) is determined by the decoherence times of Q;
and @, [see Fig. 3(d)]. Obviously, the lifetime of the long-
lived Bell state |W_ ) is far longer than that of the transient
W) [cf. Figs. 3(b) and 3(d)].

With the similar procedures of preparing the Bell state
|W. ), we can also generate the other Bell state |W_) given
in Eq. (7) by setting ¢; = ¢;. In the ideal case without deco-
herence of O; and Q,, the waveguide QED system will
evolve from the ground state |00) to the Bell state |W_)
with F,_ — 1 in the weak-drive limit €, — 0, where
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FIG. 3. Time evolution of the fidelity F, of the Bell state | W, )

in the presence of the intrinsic decoherence of the two qubits
(e.g., y~ ! = 60 us and )/(;1 = 25 us). (a)«c) Time evolution of
the fidelity J; for different shapes of the drive pulse, where the
duration of the drive pulse is ) = +00, while the Rabi frequency
is (2) Qq = 7.02Q5™, (b) @, = Q. and (c) Qg = 0.14Q™,
with Q" /27 = 0.57 MHz and fop = 0.623 ps. In (a),(c), the
green dots denote the maximum value F.™ of the fidelity
at t = fyax, and the red dot denotes the optimal fidelity 71" at
t = top in (b). (d) Time evolution of the fidelity F, with Q; =
Qg’pt) and g = top. Other parameters are the same as in Fig. 2.

Fr—=Tr (p|W_)(W_]|) [see Fig. 4(a)]. Here the gen-
erated |W_) is steady, because it is a dark state of the
waveguide QED system. When the decoherence of O; and
(0, is considered, the long-lived target state |W_) with
F,— = 0.968 is obtained, where the qubit Q; is driven by a
microwave pulse with an appropriate shape [see Fig. 4(b)].
Now the lifetime of the generated |W_) depends on the
decoherence times of the two qubits.

1.0F 1.0

(a) (b)
0.8} 0.8}
1.0.6r 0.61
N
& 0.4} 0.4}
02} 0.2}
Y=Y,=0 y#+0,y,#0
0.0 ‘ N 0.0 A
0 2 4 6 8 00 05 1.0 1.5
t (us) t (ns)

FIG. 4. Time evolution of the fidelity F, _ of the Bell state
|W_) in (a) the absence of the intrinsic decoherence of Q; and
0, with y =y, = 0 and (b) the presence of the intrinsic deco-
herence of O and Q with y~! =60 s and y, ' =25 ps,
where ¢; = ¢; = 1. Here Q4/27 = 0.1 MHz and fp = 3.53 ps
in (a), while Q;/27 = 0.57 MHz and ¢y = 0.623 ps in (b). Other
parameters are the same as in Fig. 2.

IV. GENERATION OF N-PARTITE W STATES

The scheme proposed in Sec. III can be easily extended
to the multiqubit case for preparing the following N -partite
W state

1 N
Wy) = — N, N > 3. 10
W) Wj;'d”)’ > (10)

Here, we consider N identical transmon qubits coupled
to a common waveguide, as depicted in Fig. 1(b). In the
absence of both the drive field and the intrinsic decoher-
ence of qubits, the effective non-Hermitian Hamiltonian
H.r of the waveguide QED system in Eq. (5) has N
eigenvectors, i.e., the eigenvectors {|¢1), |@2), ..., |on—1)}
and the eigenvector |¢py) given in Eq. (6), which are
the dark states and the bright state of the waveguide
QED system, respectively. While these dark states and the
bright state are orthogonal (i.e., (¢,|¢y) = 0), any two
of these dark states are not orthogonal (i.e., (@,|@n) #
0 with n % m). Using the Gram-Schmidt orthogonaliza-
tion, we can obtain a set of orthonormal eigenvectors,
{ID1),|D2), ..., |Dn—1),|B)}, where the full expressions
for the dark states {|D;), |D;), ..., |[Dy_1)} are cumber-
some and not shown, and the bright state |B) is given by

1 N

1B) = ———
V2= G i=

Now we consider that the N qubits are in the ground
state |0;0,---0y) at the initial time ¢ = 0. By driving
the qubit O, this qubit is excited and the state of the N
qubits becomes the one-excited state |¢;), which can be
expressed as

cilo). (11)
1

N-1

61) = Y p;|D;) + pylB),

j=1

(12)

with p; = (D;|¢1) and py = (Bld1) = c1/\/ 3 ¢ For

convenience, we define a dark state |D) = Z]N:_ll pi|D;) =
|¢1) — pp|B). In the basis of |¢;), the dark state |D) can be
rewritten as

N
D) =Y Sl (13)
Jj=1
where
2
c
ﬁ = 1 - —19
Zszl‘/}g
J?z_i\}—cjz’ ]:2,3,,N (14)
Zj:lcj
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If i =f, =--- =fy, the dark state |D) can be related to
a standard N-partite W state |Wy) given in Eq. (10), i.e.,
|D) o |Wy). Solving fi =f, = --- = fy, we have

1= _(N - 1)027
(15)

=c3=---=cy,
corresponding to fj =f = --- = fy = 1/N. When ¢; sat-
isfies Eq. (15), the dark state |D) in Eq. (13) is reduced to

D) = (1/\/]V> [Wy). Now Eq. (12) can be rewritten as

o) = 1) — -2 1 - Lipy
VN T el N

which has the same form as Eq. (9). Here the component
of the dark state |Wy) in |¢;) is steady, but the compo-
nent of the bright state |B) will decay to the ground state
|0,0; - - - Oy). Therefore, we can generate the N-partite W
state |Wy) by setting ¢c; = —(N — 1)c; with ¢; = ¢3 =
.-+ =cy and driving the qubit O, with an appropriate
microwave pulse.

To demonstrate the above analyses, we take the cases
of N =3, 5, and 7 as an example. We plot Fig. 5, which
shows the maximum value ™ of the fidelity Fy =

(16)

1.0 — 1.0F

a ..........____-_:::\ (C)
0.8 ( ) o] 0.8F e,
3 06! —N=3 o6 fiOFEE)
£ o N=5
=04t v 0.4/
02} 02F
=y, = #0,y,#0
0.0 YoYe ™ ool Y707
0.001 001 0.1 1 001 0.1 1 10
60
600 Y=Yp=0 y;tO,yq,;tO
401

(b) N ‘:: ‘
0.001 0.01 0.1 1 0.01 0.1 1 10
Q4/2m (MHz) Q4/2m (MHz)

S

FIG. 5. The maximum fidelity 7" of the N-partite I state
[Wy) (N = 3,5,7) versus the Rabi frequency 2,;/27 in (a) the
absence of the intrinsic decoherence of N qubits with y = y,, =
0 and (c) the presence of the intrinsic decoherence of N qubits
withy ~! = 60 usand y, ' = 25 us, wherec; = N — land¢; =
¢3 = --- = ¢y = —1.For both cases, the corresponding time #;,x
for reaching F\" is shown in (b) and (d), respectively. In (c),
the red dots denote that there exists a specific drive strength Q; =
Q;Opt) to realize the optimal fidelity ‘7_—]%0130 , and the needed time
topt for reaching F**" is also marked by the red dots in (d). Other
parameters are the same as in Fig. 2.

Tr (p|Wy){(Wy]|) of the N-partite W state |Wy) and the
time fya for reaching f]f,max) as functions of the Rabi
frequency 24/2m. It should be emphasized that the fol-
lowing discussions and conclusions related to Fig. 5 are
valid for any value of N. For N =3, 5, and 7, both the
maximum fidelity ™ and the corresponding time Zpay
versus $24/2m monotonically decrease in the ideal case
without the intrinsic decoherence of qubits [see Figs. 5(a)
and 5(b)]. In the weak-drive limit Q4/k; — 0, one has
f]f,max) — 1 but ty — +00. By choosing the duration
to = tmax Of the weak-drive pulse (with, e.g., Q,/27 =
0.01 MHz), a steady W state |Wy) with fidelity Fy =
FA") (> 0.995) can be prepared [cf. Fig. 6(a)].

When the intrinsic decoherence of qubits is consid-
ered, there is a specific value Q; = Qg’pt) of the Rabi

frequency for obtaining the optimal fidelity Fy = flf,om)

1.0F — =
(a) //"'/I',' ]/:]/(p = 0
0.8 1.0
/,' /I'll — N —
/- )
0.6 r I" '{,I — e - N — 4
I i L N =
L N
04 I~',.,"' N =
I (XA
02F /,:"," ——e—-e N =
- e _
J./ N
00 . 1 + | L 1 X |
0 30 60 90 120 150
1.0F
(b) Y #0,7, # 0
/ ST -
0.8} / ‘/' ’,—"‘~::;_—_'.?-_:—_._:;:
/ s '/. /'4 -
0.6 | I/ ‘,/"'/'
EHZ [ / ,/ 'll
0.4+ 10
//-" ,"/'
02F [1/0
/".,’:"
oollE . .
0 1 2 3 5
t (us)

FIG. 6. Time evolution of the fidelity Fy of the N-partite W
state |Wy) (N = 3,4,...,8) in (a) the absence of the intrinsic
decoherence of N qubits with y =y, =0 and (b) the pres-
ence of the intrinsic decoherence of N qubits with y~! = 90 s
and y(p‘l =40 ws, where «;/27 =90 MHz. Here Q,/27 =

0.01 MHz and #y = tmax in (a), while Q; = Qg’pt) and 1) = fop

in (b). The values of £y, Qf;pt) and fo are given in Appendix B.
Other parameters are the same as in Fig. 5.
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at time 7 = oy [see Figs. 5(c) and 5(d)]. This character-
istic is similar to the case of N = 2 [cf. Figs. 3(a)-3(c)].
Under the action of the drive pulse with €, = Q™ and
fo = topt 0N Oy, the system of N qubits evolves from the
ground state |0;0,---0y) to the target state |Wy) with
fidelity Fy = F. ™ [cf. Fig. 6(b)]. Contrary to the ideal
case of y =y, =0, the intrinsic decoherence of qubits
limits the lifetime of the generated W state |Wy), and

the optimal fidelity ]—",f,o ™ s smaller than the ideal value
1. Interestingly, we find that after the drive pulses are
shut down, the fidelity Fy versus time decrease at the
same rate for different qubit number N. This phenomenon
can be explained using an effective non-Hermitian Hamil-
tonian. Because the generated W state |Wy) is a dark
state that decouples from the waveguide, here we con-
sider only the intrinsic decoherence of qubits. Now we
can write the effective non-Hermitian Hamiltonian of
N qubits as Heg = Z]N:l(a)q - iy/2)oj+aj_ —iy,070; /4
[70]. Under this effective Hamiltonian, the system of N
qubits evolves from the initial state |y (0)) = |Wy) to
1Y (1)) = e M|y (0)) = e~ '~ /ZHre /Dy at time 1.
Correspondingly, the time evolution of the fidelity is given
by Fv = |(Wn|y(@)|> = e~ *+7/2" which is indepen-
dent of the qubit number N.

V. DISCUSSIONS AND CONCLUSIONS

It should be noted that the optimal fidelity ]-'Zf,()p Y of
the Bell and N-partite W states versus N monotonically
decreases when the intrinsic decoherence of qubits is con-
sidered [cf. Figs. 6(b) and 7]. This is because the used value
of k11 is the same, while the parameter «;; = k11 /(N — 1)?
(f = 2) depends on the qubit number N (satisfying «; <
k11). For given values of k11, y, and y,, a smaller N (corre-
sponding to a larger «;; ) makes the conditions y /k; — 0
and y,/k; — 0 better satisfied, which results in a larger
fji,om). In the limit y /k; = y,/k;; =0, .7-"},01’0 ~ 1 can be
obtained [cf. Fig. 6(a)]. Therefore, as shown in Fig. 7, the
optimal fidelity ]:ji,Op Y for a specific N can be improved
by increasing the coupling strength of the SC qubit to the
waveguide (i.e., larger values of x;;) [80—82] or using SC
qubits with longer decoherence times (i.e., smaller values
of y and y,) [83—86].

Considering the experimentally accessible parameters,
we choose w,/27 =5 GHz, k; /27 <90 MHz, y~! <
90 s, yqjl < 40 ps, and 4/27 < 10 MHz in the numer-
ical simulations (cf. Figs. 2—7). Note that the specific drive
strength Q" (for reaching the optimal fidelity Fr*") is
smaller than 1 MHz, cf. Table II in Appendix B. Experi-
mentally, the strong coupling between the transmon qubit
and the waveguide has been demonstrated, where the
decay rate «;; /2w = 99.5 MHz of a transmon qubit, solely
induced by a waveguide, is reported [82]. In addition,
the typical frequency of a transmon qubit is on the order

1.0F
0.8}

o 0.6

a,

S

[:5204 | Y 1 =90us,y," =40 ps, k1/2m = 90 MHz

- —@—y 1 =60us,y," = 25us, k11/2m = 90 MHz

0.2 —A— y~1 =60 ps,y," = 25 ps, ky1/2m = 40 MHz
O'O 1 " 1 " 1 " 1 " 1 " 1 " 1

2 3 4 5 6 7 8
N

FIG. 7. The optimal fidelity .7-';,0 ™ of the Bell state W) and
N-partite W states |Wy) (N = 3,4,...,8) versus the qubit num-
ber N for different energy relaxation rate y, pure dephasing rate
¥, and local dissipation rate k11, where Q; = fopt) and ty = top.
The values of 2 and 7,y can be found in Appendix B. Other
parameters are the same as in Fig. 5.

of 1-10 GHz, and the decoherence times y~! and y(;l

of the state-of-the-art transmon qubit are on the order of
10—-100 ps [50,87—89]. As for the microwave field acting
on the qubit, the drive strength of 10 MHz can be easily
obtained in experiments [50]. With these experimentally
accessible conditions, our scheme can be implemented in
the SC waveguide QED system. If transmon qubits are
replaced by other types of SC qubits, our scheme is also
valid. However, compared with other types of SC qubits,
the transmon qubit has its unique advantages, e.g., the
simplicity and the flexibility of circuit architectures [90].
Currently, the transmon qubit is the most popular SC qubit.
Thus, we use transmon qubits in our scheme.

In our scheme, the generated Bell states |W.) and N-
partite W state |Wy) are in the one-excited subspace. In
contrast, other two Bell states |B+) = 1/\/5(| 11) 4 |00))
and N-partite GHZ states involve the higher-excited states
[11) and |1;1;,---1y), which are not in the one-excited
subspace. The higher-excited states |11) and [1;15--- 1)
can leak into the one-excited subspace, where there are
many stable dark states. This implies that it is difficult to
engineer Bell states |B1) and N-partite GHZ states using
the present scheme. In addition, it is worth noting that
we have ignored the non-Markovian effect in our scheme
[cf. Eq. (2) and related discussions], which requires that
the distance between any two transmon qubits cannot be
too long (i.e., |x; — x,,| < 10 m). If the distance between
two transmon qubits is on the order of 10 m, the non-
Markovian effect in this system should be considered [61].
The impact of non-Markovian effect on our scheme is an
interesting topic, which will be investigated in the future.
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To summarize, we have presented an alternative scheme
for preparing the Bell and N-partite W states of long-
distance SC qubits in a SC waveguide. With appropriate
system parameters, we find that the Bell state or the N-
partite W state is a dark state of the considered SC waveg-
uide QED system. If we drive one of the qubits by a proper
microwave pulse, the qubits will evolve from their ground
states to the Bell state or the W state. In the ideal case
without decoherence of qubits, the prepared Bell and W
states are steady since they are decoupled from the waveg-
uide. When the decoherence of SC qubits is considered, the
lifetimes of the Bell and W states are on the order of the
decoherence times of the qubits. The generated Bell and
N-partite W states can be used to entangle long-distance
nodes in waveguide QED networks, which is useful in
quantum information processing.
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APPENDIX A: THE MASTER EQUATION OF THE
WAVEGUIDE QED SYSTEM WITH TRANSMON
QUBITS

As shown in Fig. 1, N transmon qubits are coupled to
a 1D waveguide (i.e., a SC microwave transmission line)
with a continuum of left- and right-propagating microwave
modes. For the coupled system, the total Hamiltonian Hi
contains three parts:

Hiot = Hsys + Hyes + Hint. (Al)

Here, Hgys is the Hamiltonian of N transmon qubits
given by

N
Hyo =Y w00, (A2)
j=I1

where w; is the transition frequency between the ground
state |0;) and the excited state |1;) of O;, and o, =
10;)(1;| and ajJr = [1;)(0;| are the lowering and raising
operators of Q;, respectively. The Hamiltonian H. of the
waveguide reads [91]

+o00
His = / dv veb] ()b () + B (vObR 0T, (A3)
0

where the creation and annihilation operators by (v;) and
bz(vk) [br(vy) and bz(vk)] denote the leftward (rightward)

traveling microwave mode at frequency vy in the waveg-
uide. Lastly, the electric dipole interactions between the
N qubits and the continuum of propagating microwave
modes in the waveguide can be expressed as [69]

N oo
Ho= 3 [ dvglbooo) + b1 000 ). (a4
j=170

with b(vy) = by (vp)e ™57V 4 bp(vp)e™ /Y, where g is
the coupling strength of Q; to the waveguide, x; is the loca-
tion of Q;, and v is the velocity of the microwave in the
waveguide.

In the coupled system, the waveguide with continuous
propagating modes b, (v;) and bg(vg) acts as a common
reservoir. At zero temperature, we take trace over the
degrees of freedom of the waveguide under both the Born
approximation and the Markov approximation. The Born-
Markovian master equation for the N qubits can be derived
as [69]

ap
ar

_i[Hsys + qua p]
NN
£33 0 po ot o~ poer )
j=1 m=1
(AS)
where p is the reduced density operator of the N qubits,

N N
— P
Hyg =3 2 Jmoj O

j=1 m=1

(A6)

describes the interactions among N transmon qubits due
to the waveguide, and A, (x;,) is the coherent coupling
strength between (cooperative decay rate of) O; and O,
given by

)ij = —ingign (a)j etk 1 —xml _ wmefzkmlxj- 7xm\) ,

Kjm = 271 Gm (w; €19 7! 4 @, =ml) (A7)
Here, kj = w; /v is the wave vector of the microwave
at frequency w;. Note that the Markov approximation is
reasonable when the distance between any two transmon
qubits is on the order of meters [61]. From Eq. (A5), we
find that the waveguide has two effects on N qubits. On
the one hand, the waveguide mediates the coherent cou-
plings between different qubits and induces the frequency
shifts of qubits [corresponding to the Hamiltonian H,, in
Eq. (AS5)]. On the other hand, the waveguide can cause the
cooperative dissipations of different qubits and the local
dissipations of qubits [cf. the second term in Eq. (A5)].
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When the N qubits are resonant, i.e., 0] = wy = -+ =
wy = Wy, Ajm and kj, in Eq. (A7) become

Aim = 21 g @mwg sin(k|x; — xpl),

Kim = 47 gj gy cos(k|x; — x,|), (A8)
with k =k =k, =--- = ky = wy/v. Obviously, A;, =
Amj and kj, = K. Further, in the case of kx; = +in (I =
0,1,2,...), one has 4, = 0 but «;,, can be expressed as

ik(xj —xm) _ 26] Cmks

Kim = 4T gj gmwye (A9)
where we have introduced the collective decay rate x =
27 g’w, of N qubits, the collective coupling strength g
of N qubits to the waveguide, and the relative coupling
strength ¢; = (g;/g)e™ of Q; to the waveguide. Note that
¢ isreal (i.e., ¢; = ¢f) due to ¢ = 41. Now the coherent
coupling between Q; and Q,, disappears due to A;, =0,
and only the cooperative dissipation of Q; and Q,, exists
with &, # 0. In this case, Eq. (A5) is reduced to the mas-
ter equation in Eq. (2) without both the drive pulse and the
intrinsic decoherence of N qubits (i.e., Qg = y =y, = 0).

APPENDIX B: THE PARAMETERS USED IN FIGS.
6 AND 7

In Table I, we give the values of 7.y, Q;Op Y and fopt used

in Fig. 6. In addition, the values of Q"

Fig. 7 are also given in Table II.

and fop used in

APPENDIX C: THE EFFECTS OF THE POSITION
DEVIATIONS AND THE HIGHER LEVELS OF
TRANSMON QUBITS ON OUR SCHEME

1. The effect of the position deviations of transmon
qubits on our scheme

To prepare Bell states and N-partite W states in our
scheme, the location of the qubit Q; is given by x; =
+In /k = £Ilko, where Ay = 7 /k = mv/w,. Given that the
velocity of the microwave in the waveguide is v = 108 m/s
[69], we find Ao =1 cm for w,/2m =5 GHz. With the
experimentally accessible technologies, the position devi-
ation 8x of the SC qubits from the ideal position x; = £/
can be controlled within 1 pm (i.e., x < 1 wm). Since

TABLEIL The values of fmax, Qflom)’ and 7, are used in Fig. 6.
Qubit

number N 3 4 5 6 7 8
o (115) 433 501 558 614 661 709
Q9 2x 0370 0301 0265 0233 0221 0202
(MHz)

fopt (I1S) 1.165 1.645 2.09 2606 2.878 3.149

TABLE II.
where the second and third lines correspond to the case of y ~

60 s, y(ﬂ‘l =25 us, and k1, /2w = 40 MHz, the fourth and fifth
1

The values of Qg’pl) and 7o are used in Fig. 7,
1

lines correspond to the case of y =" = 60 s, y(p’l = 25 s, and
k11/2m = 90 MHz, and the sixth and seventh lines correspond to
the case of y = = 90 ps, y, ! = 40 ps, and «11 /27 = 90 MHz.

Qubit
number N 2 3 4 5 6 7 8

Qg’pt)/Zn 0.570 0.310 0.257 0.227 0.205 0.188 0.180
(MHz)
fopt (118) 0.623 1.390 1.924 2.431 2.925 3.394 3.530
Qg)pt)/Zn 0.86 047 037 0.333 0306 0.279 0.224
(MHz)
fopt (118) 0.413 0917 1.338 1.662 1.974 2.279 2.842
Qg’pt)/Zn 0.69 037 0.301 0.265 0.233 0.221 0.202
(MHz)
fopt (118) 0.515 1.165 1.645 2.09 2.606 2.878 3.149

the position deviation 8x is very small (§x/1y < 107%), its
effect on our scheme is tiny.

To demonstrate the above analyses, we consider an
example, i.e., the second qubit O, deviates from the ideal
position as an example. In Fig. 8, we plot the optimal
fidelity .7-"]5,0 " of the Bell state |V, ) and N-partite IV state
[Wy) (N = 4,6) as a function of the position deviation éx
of O0,, where the position of O, is given by x, = 7 /k + x.
It can be seen that 7, ji,()pt) versus éx varies slowly around the
ideal value dx = 0. This implies that our scheme is robust
to small position deviations of the qubits.

1.0
08 f
> 06°F
&
& 04t — N=
- N=4
o2L N =6
0.0 " 1 " 1 " 1 "
10 -5 5 10

FIG. 8. The optimal fidelity F** of the Bell state |¥) and
N-partite W state |Wy) (N =4,6) versus the position devia-
tion 8x of the second qubit Q,, obtained by numerically solving
Eq. (AS). In the numerical simulation, the location of O, is set as
x, = 7 /k + 8x, and other parameters are the same as in Fig. 5(c).
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2. The effect of the higher levels of transmon qubits on
our scheme

In the main text, we neglect the effect of the higher levels
of transmon qubits on our scheme. In the following, we
will give some explanations.

When a transmon qutrit is driven by a microwave field
with frequency w,, the Hamiltonian of the driven qutrit is

H = wiol 1) (1] 4+ (w10 + w21)]2) (2]

+ Q4 [(I1)(0] + 12)(1De” ™" + H.c.],  (Cl)

where |j),j =0, 1,2, denotes the lowest three eigenstates
of the transmon circuit, wig (w;) is the |0) < |1) (|1) <
|2)) transition frequency of the qutrit, and 2, is the Rabi
frequency of the drive field. For the transmon qutrit, wg
is larger than w;, i.e., wjg > wy; [92]. In the presence of
the decoherence of the qutrit, the dynamics of the qutrit
is determined by the following Born-Markovian master
equation:

0
8_'(; = —i[H, p] + yo L[10)(1[]p + y12L[I1)(2[]p
+ 02 L110)(2[]p + v00LL10){01]p + y11 LII1)(1]]p
+ ¥ L[12)2l]p, (C2)
where  L[o]p = opo’ —o0Top/2 — poTo/2, with o=

1) (21, j1 <Jj2 € {0,1,2}, and the coefficient y;;, is the
corresponding dissipation rate. Note that in Eq. (2), we
write the dephasing term as o,p0, — p, which is equal to
LI {1]p + 3L[|0){0]]p if we consider only the ground
state |0) and the first-excited state |1).

In our scheme, the drive field is resonant with the
|0) <> |1) transition (i.e., wjg = wy) but far detuned from
the |1) <> |2) transition, where the detuning |w;; — wy|
between the drive field and the |1) <> |2) transition is equal
to the anharmonicity n = wj9 — wy; of the transmon cir-
cuit. Experimentally, the typical anharmonicity n/2m is
on the order of 200300 MHz [92], which is far larger
than the optimal drive strength Q;Opt) /27 (< 1 MHz; cf.
Table II in Appendix B) in our scheme. This indicates that
the second-excited state |2) is barely occupied in preparing
Bell states and N-partite W states. To enhance this point,
we numerically simulate the dynamics of the driven qutrit
by numerically solving Eq. (C2). As shown in Fig. 9, even
if the qutrit is driven, the second-excited state |2) is nearly
not occupied, where the probability p, = Tr(p|2)(2]) of
the qutrit in the state |2) is always smaller than 0.00005
(i.e., p» < 0.00005). Thus, it is reasonable to neglect the
higher levels of transmon qubits in our scheme.

1.0
.......... Po
0.8 |
----- P1
0.6} — P2
T~
. 0.00005
04+ )
oY
02r
% 5o 180( 1)50 200 250
us
OO C : 1 1 1 1
0 50 100 150 200 250
t (us)

FIG. 9. Time evolution of the probability p; = Tr(p|j){j|) that
the qutrit is in the level |j), obtained by numerically solving
Eq. (C2), where j = 0 (black dotted curve), j = 1 (red dashed
curve), and j =2 (blue solid curve). The inset displays the
enlarged view of the time evolution of p;. In the numerical simu-
lation, we assume that the qutrit is in the ground state |0) at# = 0,
and other parameters are w;o/27 = wy/2w =5 GHz, w;, /27w =
4.76 GHz [92], Qq/27 = 1 MHz, y,,' = v;;' =60 us, y5,' =
150 s, ¥, = v, = 25 us, and yo0 = 311
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