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Recently, three-dimensional (3D) metamaterials have undergone a revolution driven mainly by the pop-
ularization of 3D-printing techniques, which has enabled the implementation of modern microwave and
photonic devices with advanced functionalities. However, the analysis of 3D metamaterials is complex
and computationally costly in comparison with the analysis of their one-dimensional and two-dimensional
counterparts due to the intricate geometries involved. In this paper, we present a fully analytical framework
based on Floquet-Bloch modal expansions of the electromagnetic fields and integral-equation methods for
the analysis of 3D metamaterials and metagratings. Concretely, we focus on 3D configurations formed
by periodic arrangements of rectangular waveguides with longitudinal slot insertions. The analytical
framework is computationally efficient compared with full-wave solutions and also works under oblique-
incidence conditions. Furthermore, it comes associated with an equivalent circuit that allows one to gain
physical insight into the scattering and diffraction phenomena. The analytical equivalent circuit is tested
against full-wave simulations in CST. Simulation results show that the proposed 3D structures provide
independent polarization control of the two orthogonal polarization states. This key property is of potential
interest for the production of full-metal polarizers, such as the one illustrated here.
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I. INTRODUCTION

Modern analog microwave and photonic devices, such
as frequency-selective surfaces, waveguide devices, fil-
ters, absorbers, antennas, or polarizers, are based on the
use of metamaterials [1–8]. Metamaterials are artificially
engineered devices that allow arbitrary control and manip-
ulation of the propagation of electromagnetic waves [9,10].
Traditionally, metamaterials have comprised periodic or
quasiperiodic arrangements of subwavelength insertions,
i.e., structures whose constituent elements repeat period-
ically in space [11], time [12], or space-time [13,14].
Historically, scientific and engineering communities have
paid special attention to one-dimensional (1D) and two-
dimensional (2D) metamaterial configurations due to the
simplicity related to their analysis, design, and manufac-
turing [15]. Nonetheless, 1D and 2D metamaterials have
fundamental limitations inherent to their geometry, such
as independent orthogonal polarization control [16]. These
limitations are mainly due to the fact that 1D and 2D
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configurations do not exploit the degrees of freedom asso-
ciated with the longitudinal direction, the spatial direction
in which the wave actually propagates. In that sense, three-
dimensional (3D) metamaterials are required to overcome
the limitations of 1D and 2D configurations [17], leading
to a new era in the metamaterial field from which wireless
communication systems can benefit.

The popularization of 3D metamaterials is recent. At
the cost of increasing the cell thickness, a new degree
of freedom is introduced, which can be used to improve
the performance of the device. This is associated with the
exploitation of the longitudinal direction (z direction) in
the design. The different homogeneous longitudinal sec-
tions, i.e., waveguide regions, can be modified by the
insertion of longitudinal slots. The inclusion of longitu-
dinal slots allow the electromagnetic response of the 3D
device to be tuned in an effective manner, with poten-
tial application in reflectarray and transmitarray technol-
ogy and other microwave and photonic devices [16,17].
For instance, this inclusion often increases angular stabil-
ity, allows dual-band frequency responses, increases the
operational bandwidth, and provides structural robustness.
This should be considered a valuable asset not present
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in flat 2D metasurfaces or in stacks of 2D devices (2.5D
metastructures).

For the aforementioned reasons, 3D metamaterials are
starting to be applied in microwave and photonics engi-
neering for the realization of advanced polarizers [18],
absorbers [19], beam-forming systems [20], and wide-
angle impedance-matching layers [21] and to control
orthogonal linear polarizations in reflectarray and transmi-
tarray cells [22]. This has been made possible thanks to
the evolution of 3D-printing techniques and the impres-
sive increase in computational resources in recent years
[16,17,23–25]. Nonetheless, 3D metamaterials are bulkier
than flat devices and, usually, more difficult to analyze
due to their complex geometry. Robust and generalist full-
wave tools, such as the finite-elements method or finite-
difference time-domain techniques [26], can be used for
the analysis of 3D metamaterials. Normally, the use of the
previously mentioned methods comes at the cost of great
computational resources and a lack of physical insight
into the electromagnetic behavior of the structure. Some
more-efficient and more-physically-insightful alternatives
to full-wave methods were discussed in Ref. [16], among
which homogenization theory [27,28], modal analysis [29,
30], ray optics [31,32], transfer-matrix analysis [33,34],
circuit models [35,36], or some specific combination of
these can be found.

Among the methods mentioned above, circuit models
are of particular interest. Complex physical phenomena
can be described in a straightforward manner with the
use of equivalent circuits ruled by basic circuit theory
and its main components: voltage and current sources,
impedances, admittances, and transmission lines [37,38].
Furthermore, circuit models are remarkably more com-
putationally efficient than other numerical techniques.
Without loss of generality, we can classify equivalent
circuits into two main types: (i) heuristic and (ii) analyt-
ical. Heuristic approaches need the support of an external
method or simulator, such as CST STUDIO or Ansys HFSS, to
calculate the value of their circuit components. There are
many examples in the literature where heuristic equivalent
circuits were used to model and characterize complex elec-
tromagnetic phenomena in metamaterials and frequency-
selective-surface structures [39–43]. On the other hand,
analytical circuit approaches do not need external support,
i.e. they are fully operational by themselves [44–48]. This
fact constitutes a major difference between heuristic and
analytical equivalent circuits. Nevertheless, analytical cir-
cuit models are often restricted to canonical geometries
since complex geometries may not be easily modeled with
analytical mathematical expressions.

In this paper, we propose a rigorous and systematic ana-
lytical framework based on integral-equation techniques
and Floquet-Bloch series expansions of the electromag-
netic fields to analyze 3D metamaterials and metagratings.
Related formulations have been successfully applied for

the analysis of 1D [49–52] and 2D [44,53–56] metamate-
rial structures and, more recently, to time-varying systems
[57–59]. Similarly to previous approaches, the analytical
formulation is connected to an analytical equivalent circuit
that models the 3D structure.

In all cases, we are dealing with thick (nonflat) metama-
terials with a 3D profile, formed by 2D-periodic arrange-
ments of slotted waveguides (SWGs). The insertion of
longitudinal slots modifies the electromagnetic response of
the 3D metastructure, allowing us to control and manip-
ulate the transmission and reflection of electromagnetic
waves. The proposed 3D metastructures are fundamentally
based on metallic waveguide geometries. Thus, their inte-
rior is essentially hollow, filled with air. This reduces the
weight of the structure, since the volume of metal or met-
allized material is small compared with the total volume of
the metadevice.

The equivalent circuit is constituted by lumped ele-
ments that describe higher-order wave coupling between
the different waveguide sections, and transmission lines
that characterize the wave propagation in the different
regions. To the best of our knowledge, this is one the
first times that a rigorous fully analytical equivalent cir-
cuit is proposed to model a 3D metamaterial. Some of the
previous approaches found in the literature have purely
heuristic [21,35,60] or quasiheuristic (mixture of heuristic
and analytical) [61] rationales, but none is purely analyt-
ical. Fully analytical schemes are preferred over heuristic
or quasiheuristic ones, as they are independent of external
full-wave simulations. Thus, the present analytical equiv-
alent circuit can be used as an efficient surrogate model
and can be combined with artificial-intelligence or con-
ventional optimization techniques for the design of 3D
devices.

All of the structures considered are of fully metallic
nature. Nonetheless, the inclusion of dielectrics in the hol-
low waveguide sections can be easily treated from an
analytical perspective with the circuit approach, if neces-
sary. There are many commercial applications where fully
metallic structures are preferred over dielectric ones. For
instance, the use of dielectrics is not recommended in
space applications, as the thermal-expansion coefficients
of dielectrics differ from those of metals, resulting in an
uneven, nonuniform volume expansion, which can lead
to structure failure. In general, fully metallic structures fit
very well in scenarios where systems are subjected to large
thermal variations, both in space and on Earth. Addition-
ally, the use of fully metallic configurations, such as the
ones presented in this work, is beneficial for operation at
high frequencies. This is motivated by two main reasons.
Firstly, dielectrics increase structure losses significantly
as the frequency increases. Fully metallic structures are
much more robust with regard to losses, as Ohmic losses
are much easier to control provided that proper fabrica-
tion processes are applied. Secondly, fully metallic designs
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can be easily scaled in frequency compared with mixed
metallodielectric or fully dielectric designs.

The paper is organized as follows. The derivation of the
analytical equivalent circuit that models 3D metamaterials
is presneted in Sec. II. Then, some numerical computations
are performed to check the correct operation of the circuit
approach, including for reflective and transmitting struc-
tures. A relation between the original 3D metagrating and
advanced configurations is shown in Sec. III. It is shown
that, in certain circumstances, related advanced configura-
tions can be also analyzed with the present approach. The
use of the present circuit model for the efficient design of
polarizer devices is detailed in Sec. IV. Finally, some gen-
eral conclusions obtained from the work are presented in
Sec. V.

II. THEORETICAL FRAMEWORK AND RESULTS

The original metamaterial considered is illustrated in
Fig. 1(a). It is a thick 3D metastructure formed by a 2D-
periodic arrangement (periodicities px and py along the x
and y directions, respectively) of metallic waveguides with
slot insertions placed along the longitudinal direction z.
The unit cell of the 3D metamaterial is highlighted in blue
and the main geometrical parameters are indicated. The
corresponding unit cell is bounded by periodic boundary
conditions in the x and y directions.

The 3D metagrating (with 2D periodicity) shown in
Fig. 1 shares some similarities with multilayer devices
formed by stacks of 2D metasurfaces (commonly named
“2.5D structures”), especially from an analytical perspec-
tive. In 2.5D structures, each (meta)layer that form the
stack is homogenized and modeled as a shunt impedance
or admittance, while the connecting homogeneous media
between layers (typically air or generic dielectrics) are
modeled as transmission lines [55,56]. A similar approach
is followed here for the analysis of the proposed 3D
metadevice. The transitions between different waveguide
sections are modeled as shunt admittances, while the con-
necting media (homogeneous waveguides) are modeled as
transmission lines. Although the applied rationale could
seem to be rather similar in both the 2.5D case and the 3D
case, the homogeneous waveguide sections discussed here
are significantly more complex to describe analytically, as
are the transitions between them. More importantly, the
main difference between a 2.5D device (multilayer stack)
and the proposed 3D device lies in the fact that in a mul-
tilayer stack the longitudinal direction cannot be exploited
from a design perspective. This is not the case in the 3D
device shown here, where the homogeneous waveguide
sections can be modified by the insertion of longitudi-
nal slots, which allows us to control and manipulate in a
more-efficient manner the transmission and reflection of
electromagnetic waves.

Thus, the longitudinal structure of the cell can be
split into several homogeneous regions: on the one hand,
regions where there are no perforations, emulating con-
ventional metallic rectangular waveguides (RWGs) with
dimensions wx × wy ; on the other hand, regions where per-
forations exist, emulating homogeneous hard waveguides
(HWGs) with dimensions px × h1 or px × h2, and where
the TEM mode can propagate. As the cross-section view
in Fig. 1(b) shows, HWG regions are stretched along the
y axis. In general, HWGs can be regarded as parallel-
plate waveguides whose lateral walls are periodic bound-
ary conditions. When normal incidence is considered, the
symmetry of the cell with respect to the principal planes
reduces the periodic boundary conditions on the walls
to perfect-magnetic-conductor (PMC) or perfect-electric-
conductor (PEC) conditions. For an incident electric field
vector polarized along ŷ (according to the frame of coor-
dinates in Fig. 1), periodic boundary conditions in the Y-Z
plane become PMC conditions. This situation is the most
interesting since slot resonators may exhibit their resonant
conditions. We henceforth focus on this scenario.

The equivalent circuit that describes the physical phe-
nomenology associated with the 3D metagrating is illus-
trated in Fig. 1(c). Each discontinuity is modeled as a shunt
equivalent admittance that takes into account all relevant
information about higher-order coupling between evanes-
cent modes/harmonics. For the present 3D structure, we
have three main discontinuities, labeled as I, II, and III.
Discontinuity I models the transition between the input
medium (typically considered here to be air) and the RWG.
Discontinuity II models the transition between the RWG
and the lowest hard waveguide (RWG-HWG transition).
Discontinuity III models the transition between the low-
est and highest hard waveguides (HWG-HWG transition).
Discontinuities IV, V, and VI are of the same type as dis-
continuities III, II, and I, respectively. This is discussed
later in more detail. Finally, each waveguide section (rect-
angular and hard) is circuitally modeled as a transmission
line of length di, with specific values of the characteris-
tic admittance and propagation constant (they depend on
the waveguide nature). It is always assumed that the prop-
agation is performed by the fundamental mode/harmonic
of each of the regions. Input and output media are semi-
infinite spaces characterized by semi-infinite transmission
lines with characteristic admittance Y(in)

00 and Y(out)
00 , respec-

tively.
Circuit parameters will be dependent on the geometry

of the 3D structure. As explained below, the admittances
associated with the rest of the transmission lines (and other
shunt admittances participating in the equivalent circuit
in Fig. 1) are multiplied by a factor of αi, denoting the
degree of coupling at the discontinuity planes. This fac-
tor is circuitally interpreted as a transformer with turn ratio
1:

√
αi, as explicitly shown, for example, in Refs. [52,62].
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(a)

(b)

(c)

In Out

FIG. 1. (a) Three-dimensional metamaterial formed by periodic repetitions of rectangular waveguides with longitudinal cross-shaped
slot insertions. The unit cell of the 3D structure is highlighted in blue. (b) Cross-section view of a unit cell. (c) Analytical Floquet
equivalent circuit.

The current circuit version sketched in Fig. 1(c) is equally
valid and is selected to reduce the matrix-formalism com-
plexity when different transmission-line sections are being
cascaded (see the Appendix).

As reported in Refs. [18,61], slots in the Y-Z plane
are easily excitable by ŷ-polarized waves, and exhibit no
effects for the opposite polarization. An identical ratio-
nale can be used for resonators on the X -Z plane and
x̂-polarized incident waves. We henceforth focus on cells
with resonators on the Y-Z plane and fed by ŷ-polarized
plane waves. The conclusions obtained are valid for the
resonators on the X -Z plane fed by x̂-polarized incident
electric fields.

A. Input-medium–waveguide discontinuity (I)

For the derivation of the circuit parameters, we consider
the case of a plane wave having the transverse electric
field vector oriented towards ŷ. This scenario can be cov-
ered by TM- (Ey , Ez, Hx) and TE- (Ey , Hx, Hz) polarized
plane waves impinging obliquely (angle θ ), as illustrated
in Fig. 1(a). Time-harmonic variation (ej ωt) is present
in all the electromagnetic fields considered and thus is
suppressed from now on.

The characterization of the discontinuity departs from
the knowledge, a priori, of the electromagnetic field
expansion at both sides of the discontinuity. In the input

region, referenced by the superscript “(in),” the trans-
verse electric field can be expressed by a Floquet series
of harmonics. Each of these harmonics is excited after the
interaction of the incident wave and the discontinuity.

Assuming TM incidence, the field expansion in the air
region can be written at the discontinuity plane (z = 0) as
follows [53,55]:

E(in)(x, y)

= 1√pxpy
(1 + ETM,(in)

00 )e−jkty ŷ

+ 1√pxpy

∑

∀n,m �=0,0

ETE,(in)
nm

kmx̂ − knŷ
knm

e−j (knx+kmy)

+ 1√pxpy

∑

∀n,m �=0,0

ETM,(in)
nm

knx̂ + kmŷ
knm

e−j (knx+kmy), (1)

with the unity being the normalized amplitude of the
incident wave and ETM,(in)

00 the unknown reflection coeffi-
cient. The coefficients ETE,(in)

nm and ETM,(in)
nm are the unknown

amplitudes associated with TE/TM nm harmonics. The
transverse wavevector of an nmth harmonic is referred to
as knm, defined as

knm =
√

k2
n + k2

m, (2)
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with

kn = 2πn
px

, (3)

km = 2πm
py

+ kt. (4)

The longitudinal component of the wavevector of an nm
harmonic is denoted by βnm:

βnm =
√

k2
0 − k2

nm, (5)

with k0 = ω/c.
Similarly, the magnetic field expansion may be

expressed as follows [53,55]:

H(in)(x, y)

= −YTM,(in)
00√pxpy

(1 − ETM,(in)
00 )e−jkty ŷ

− 1√pxpy

∑

∀n,m �=0,0

YTE,(in)
nm ETE,(in)

nm
kmŷ + knx̂

knm
e−j (knx+kmy)

− 1√pxpy

∑

∀n,m �=0,0

YTM,(in)
nm ETM,(in)

nm
knŷ − kmx̂

knm
e−j (knx+kmy),

(6)

with

YTE,(in)
nm = β(in)

nm

η0k0
, (7)

YTM,(in)
nm = k0

η0β
(in)
nm

(8)

being the nmth-order TE and TM admittances, respec-
tively, where η0 is the free-space impedance.

In the RWG region, the field expansion is written in
terms of the modal solutions of the RWG. However, in
frequency ranges far below the excitation of higher-order
modes, the electromagnetic field description inside the
RWG may be represented in terms of a single mode—say,
the fundamental TE10 mode:

E(RWG)(x, y) = ETE,(RWG)
10

2√
2

1√wxwy
cos(k(RWG)

10 x)ŷ, (9)

H(RWG)(x, y) = YTE,(RWG)
10 [E(RWG)(x, y) · ŷ]x̂, (10)

with ETE,(RWG)
10 the unknown amplitude of the TE10 mode,

k(RWG)
10 = π/wx, and YTE,(RWG)

10 = β
(RWG)
10 /η0k0. The propa-

gation constant β
(RWG)
10 is similarly obtained as in Eq. (5),

by replacement of knm by k(RWG)
10 .

The analytical derivation of the equivalent circuit
requires an a priori estimation of the field profile at the dis-
continuity. Given the geometry considered, the field profile
(spatial distribution) is expected to be similar to the funda-
mental or TE10 mode at lower frequencies. Thus, the field
at the discontinuity may be described as

Edis = A cos
(

π

wx
x
)

ŷ, (11)

where A is a frequency-dependent constant to be deter-
mined. This estimation is good enough for frequencies
below the onset of higher-order modes inside the RWG.
For normal incidence, the second mode excitable is the
TE30 mode, whose cutoff frequency f30 = 3f10, with f10 =
ck(RWG)

10 /2π being the cutoff frequency of the TE10 mode.
The analytical expressions for the unknown ampli-

tudes of each of the modes/harmonics in both regions are
obtained after imposition of the following conditions at the
discontinuity:

E(in)(x, y) = Edis, (12)

E(RWG)(x, y) = Edis, (13)

Edis × [H(in)(x, y)]∗ = Edis × [H(RWG)(x, y)]∗, (14)

where Eqs. (12) and (13) refer to the continuity of the
electric field and Eq. (14) describes the continuity of the
Poynting vector.

By developing the above equations after introducing the
harmonic/modal expansion inside, and after several math-
ematical calculations, we obtain the following expression
for the reflection coefficient ETM,(in)

00 :

ETM,(in)
00 = Y(in)

00 − α
TE,(RWG)
10 YTE,(RWG)

10 − YI
eq

Y(in)
00 + α

TE,(RWG)
10 YTE,(RWG)

10 + YI
eq

, (15)

with

YI
eq =

∑

∀n,m �=0,0

[
αTE,(in)

nm YTE,(in)
nm + αTM,(in)

nm YTM,(in)
nm

]
. (16)

The factors α
TE,(in)
nm , α

TM,(in)
nm , and α

TE,(RWG)
10 represent the

coupling among all the harmonics/modes and Edis, whose
expressions are given by

αTE,(in)
nm =

[
π2 kn

knm

cos(knwx/2)

(knwx)2 − π2

sin(kmwy/2)

sin(ktwy/2)

kt

km

]2

,

(17)

αTM,(in)
nm = k2

m

k2
n
αTE,(in)

nm , (18)

α
TE,(RWG)
10 = π2

8
pxpy

wxwy

[
ktwy/2

sin(ktwy/2)

]2

. (19)
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The above expressions and the reflection-coefficient
equation (15) lead to the identification of a transmission-
line model where Y(in)

00 and α
TE,(RWG)
10 YTE,(RWG)

10 are the char-
acteristic admittances of the input and output transmission
lines in discontinuity I, respectively. They are formally the
transmission lines in white and gray in the equivalent cir-
cuit in Fig. 1. Henceforth, the parameter multiplying the
admittance of the TE10 mode is redefined as follows:

α1 = α
TE,(RWG)
10 . (20)

The admittance YI
eq is the shunt admittance connecting

both transmission lines.
A similar derivation can be done for TE incidence. In

this case the transverse electric field vector points towards
ŷ (this plane wave is completed by magnetic field com-
ponents pointing towards x̂ and ẑ). The rationale used
is identical, but some of the expressions must now be
redefined. Equations (21) and (22) are rewritten as

kn = 2πn
px

+ kt, (21)

km = 2πm
py

(22)

since the transverse component of the wavevector is point-
ing towards x̂, as mentioned above.

Furthermore, by applying the same method, we achieve
the following expressions for the factors multiplying the
TE and TM admittances in YI

eq:

αTE,(in)
nm

=
[

kn

knm

cos(knwx/2)

cos(ktwx/2)

(ktwx)
2 − π2

(knwx)2 − π2

sin(kmwy/2)

kmwy/2

]2

,

(23)

αTM,(in)
nm = k2

m

k2
n
αTE,(in)

nm , (24)

α
TE,(RWG)
10 = 1

8π2

pxpy

wxwx

[
(ktwx)

2 − π2

cos(ktwx/2)

]2

, (25)

which contribute to redefining the admittances occurring in
the equivalent circuit. The factor associated with the TE10
mode, α1, is the same as in Eq. (20).

B. Rectangular-waveguide–hard-waveguide
discontinuity (II)

To model discontinuity II, we assume the RWG is the
input medium and the HWG with dimensions px × h1 is the
output medium. That is, the feeding port is set on the RWG
side. In Sec. II A, it was assumed that the TE10 mode was
the dominant field inside the RWG (both in the evanescent

state and in the propagative state). This approximation is
valid for frequencies below and above the cutoff frequency
of this mode, and it is also applied in this section. Thus, the
incident field is now the TE10 mode of the RWG.

The interaction of this mode with the discontinuity
excites all the possible modal solutions in both waveg-
uides. In the RWG region, the TE10 mode is highly domi-
nant and thus the modal expansion is exactly the same as
that in Eqs. (9) and (10). In the HWG, the excitable modal
solutions under the incidence of the TE10 mode are those
that respect the same symmetric conditions imposed by
this mode. After some mathematical and physical analysis,
it can be concluded that modal solutions with even orders
n and m can be excited only at the discontinuity. The elec-
tric field expansion in the HWG region therefore may be
described as

E(HWG)(x, y) = 1√pxwy
E(HWG)

00 ŷ

+

⎡

⎢⎣
∑

∀n>0∀m≥0

γ (HWG)
nm ETE,(HWG)

nm k(HWG)
n

× cos(k(HWG)
n x) cos(k(HWG)

m y)
]

ŷ

−

⎡

⎢⎣
∑

∀n≥0
∀m>0

γ (HWG)
nm ETM,(HWG)

nm k(HWG)
m

× cos(k(HWG)
n x) cos(k(HWG)

m y)
]

ŷ (26)

for n and m even numbers and with

γ
(HWG)
n0 = 2√

2

1

k(HWG)
n

1√pxwy
, (27)

γ
(HWG)
0m = 2√

2

1

k(HWG)
m

1√pxwy
, (28)

γ (HWG)
nm = 1

2
1

k(HWG)
nm

1√pxwy
, (29)

k(HWG)
n = nπ

px
∀n even, (30)

k(HWG)
m = mπ

h1
∀m even. (31)

The field profile at the discontinuity is that used
in Sec. II A, specified in Eq. (11). Taking this into
account, and imposing similar continuity conditions as
Eqs. (12)–(14), we obtain the expression for an equivalent
admittance for discontinuity II that includes the effect of
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all the higher-order harmonics in the HWG:

YII
eq =

∑

∀n>0∀m≥0

αTE,(HWG)
nm YTE,(HWG)

nm

+
∑

∀n≥0
∀m>0

αTM,(HWG)
nm YTM,(HWG)

nm , (32)

where the factors α can be defined as

α1α
TE,(HWG)
n0 = 32π2 wxwy

pxh1

[
cos(k(HWG)

n wx/2)

(k(HWG)
n wx)2 − π2

]2

, (33)

α1α
TE,(HWG)
nm

= 64π2 wxwy

pxh1

×
[

k(HWG)
n

k(HWG)
nm

cos(k(HWG)
n wx/2)

(k(HWG)
n wx)2 − π2

sin(k(HWG)
m wy/2)

k(HWG)
m wy/2

]2

,

(34)

α1α
TM,(HWG)
0m = 32

π2

wxwy

pxh1

[
sin(k(HWG)

m wy/2)

k(HWG)
m wy/2

]2

, (35)

αTM,(HWG)
nm =

[
k(HWG)

m

k(HWG)
nm

]2

αTE,(HWG)
nm . (36)

The parameter α1 is as defined in Eq. (20). The admittance
YII

eq is connected to the input and output transmission lines
in gray and orange in Fig. 1. They are the input and output
lines of this discontinuity, corresponding to the TE10 and
TEM modes, respectively. The characteristic admittances
are given by α1YTE,(RWG)

10 and α2Y(HWG1)
TEM , with

α1α2 = 16
π2

wxwy

pxh1
(37)

and Y(HWG1)
TEM = 1/η0.

C. Hard-waveguide–hard-waveguide discontinuity
(III)

To model this kind of discontinuity, we take into account
the previous conclusions obtained from the other disconti-
nuity types. Now, two different HWGs are in contact at
the discontinuity. The input HWG, being the output region
in the previous section, has dimensions px × h1. The out-
put HWG has dimensions px × h2. The feeding mode is
now the TEM mode coming from the input HWG. At
the discontinuity, the field at both sides is expressed as in

Eq. (26), but with use of the correct dimensions (px and h1
for the input region, and px and h2 for the output region) in
the wave numbers kn and km.

The field profile at the discontinuity is proportional to
the TEM mode in the lowest-height HWG:

Ed = Aŷ. (38)

Assuming h1 < h2, and applying again the boundary con-
ditions in Eqs. (12)–(14), we obtain

ETE/TM,(HWG1/HWG2)
nm = 0 if n �= 0 or m �= 0, (39)

indicating that no higher-order modes are considered under
this approximation. This approximation works well up to
the excitation of the first higher-order mode. Therefore, the
fundamental modes (TEM modes) of each of the waveg-
uides are represented by transmission lines with charac-
teristic admittances Y(HWG1)

TEM = Y(HWG2)
TEM = 1/η0, being the

transmission lines in orange and yellow, respectively, in
Fig. 1. The parameter α3 is defined as follows:

α1α2α3 = h1

h2
. (40)

It is worth remarking that in case that h1 > h2, Eq. (40)
becomes

α1α2α3 = h2

h1
. (41)

In a first approach, the shunt admittance connecting both
transmission lines can be ignored, YIII

eq = 0, since it is for-
mally formed by all the higher modes ETE/TM,(HWG1)/(HWG2)

nm ,
which are not excited under the conditions imposed at the
discontinuity according to Eq. (39). This constitutes an
approximation, which is expected to work well up to the
excitation of the higher-order modes in any of the HWGs.

D. Numerical examples: reflective structures

We now present some numerical results to validate and
test the capabilities of the analytical equivalent circuit. We
initially consider the 3D metamaterial structure included
as an inset in Fig. 2(a), with its associated circuit shown in
Fig. 2(d). It is a fully metallic device, short-circuited at its
end, that operates as a reflective structure. From the circuit
point of view, the input admittance seen from discontinuity
III through the short-circuited line can be represented as

Y(HWG2)

in = −j α3Y(HWG2)
TEM cot(k0d3). (42)

The longitudinal cross-shaped slots and the associated
waveguide stretches allow one to control the phase of the
reflected wave in an efficient manner.
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FIG. 2. Reflection coefficient R of a reflective 3D structure for
d1 = 4 mm and h1 = 1 mm. (a) Phase and amplitude. (b) Effect
of varying d1. (c) Effect of varying h1. In all cases, solid col-
ored lines and colored circles correspond to the analytical and
full-wave results, respectively. (d) Analytical circuit model. Geo-
metrical parameters px = py = 6 mm, wx = wy = 5 mm, d2 =
4 mm, d3 = 0.5 mm, and h2 = 3 mm. Normal incidence.

Figure 2(a) provides a comparison between results
obtained by our approach (solid lines) and by the full-wave
simulator CST STUDIO (circles). The parameters computed
are the phase (black) and amplitude (red) of the reflec-
tion coefficient R. As observed, there is good agreement
between the analytical and full-wave-simulator results
over a wide range of frequencies. For the dimensions of
the unit cell (6 × 6 mm2), the onset frequency of the first
higher-order harmonic is 50 GHz for normal incidence.
Naturally, the computation time for the analytical circuit
(order of seconds) is much less than that of CST (order of
minutes or hours could be needed). For 1001 frequency
points, the circuit approach took less than 2 second to give
the solution, while CST took more than 400 second in the
simplest case.

The cutoff frequency of the square-waveguide section
is 30 GHz for the selected dimensions (5 × 5 mm2). This

implies that only evanescent modes are excited inside
the 3D metagrating below 30 GHz. Nonetheless, in cases
where the RWG length is short enough, modes of evanes-
cent nature in the RWG (e.g., TE(RWG)

10 ) may couple to the
HWG section. This is due to the slow decay rate of the
amplitude of the TE10 mode along the short RWG section.
The HWG is therefore excited by the evanescent TE10
mode, manifested by the propagation of its fundamental
mode, now identified as a propagating TEM mode. This
excitation via evanescent waveguides is analogous to the
well-known tunnel effect in quantum physics [63], and is
particularly relevant to design transmitting structures via
opaque waveguides. Such is the case described in Sec. II E.

The spectral evolution of the reflection coefficient plot-
ted in Fig. 2(a) exhibits a rich phenomenology, especially
for frequencies higher than 30 GHz. However, a sud-
den resonance jump appears at around 22 GHz, identified
as a sudden λ/2 resonance in the HWG regions. The
total length of the two HWG sections (transmission-line
sections) D = d2 + d3 = 4.5 mm. The corresponding λ/2
resonance would be expected at 33.3 GHz if the HWGs
were isolated. However, the HWGs sections are coupled
to a RWG section, whose common discontinuity junction
is modeled by the admittance YII

eq, predominantly capaci-
tive. The presence of this capacitance is responsible for the
resonance shifting to lower frequencies, in this case down
to 22 GHz. The rest of the RWG section contributes as an
inductive load, although its influence over the rest of the
structure is not very relevant. The phase evolution starts to
vary faster beyond 30 GHz, frequency at which the TE10
mode becomes propagative. Both the λ/4 peak and this
fast evolution of the phase at higher frequencies are well
captured by the equivalent circuit, since it predicts all this
phenomenology.

In Fig. 2(a), the red curve and circles show the ampli-
tude evolution of the reflection coefficient. As expected,
the reflective character of the cell invokes full reflection
up to 50 GHz. Above 50 GHz, the first higher-order har-
monic in the air region becomes propagative, and thus the
reflected power is split in two: part is carried by the inci-
dent wave and part is carried by the higher-order harmonic.
This is the reason why the reflection coefficient represented
in Fig. 2(a) is no longer one beyond 50 GHz. Again, this
phenomenon is well captured by the equivalent circuit.

Figures 2(b) and 2(c) illustrate the spectral evolution of
the reflection phase when some geometrical parameters of
the structure are modified. As expected, the increase of
the lengths of the RWG and HWG sections has a direct
impact on the phase response of the system. Figure 2(b)
shows the phase modification when the length of the RWG
section d1 is varied. A comparison is made between the
analytical circuit results (solid lines) and the CST results
(circles), showing very good agreement in all cases. Slight
differences can be appreciated at high frequencies, due
to the complexity of the structure. Moreover, the model
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seems to be more accurate for larger values of d1. For
d1 = 2 mm, differences between the CST approach and the
circuit approach can be appreciated at lower frequencies in
comparison with cases with higher values of d1. The reason
for this disagreement is related to the lack of information
associated with higher-order modes inside the RWG. The
model assumes the excitation of the TE10 mode (both of
evanescent nature and of propagative nature nature), and
avoids the excitation of the rest of the higher-order modes.
When d1 is large and the TE10 mode is evanescent (under
30 GHz), its amplitude decays along the RWG and it does
not reach the end of the RWG. As d1 decreases, this ampli-
tude may not decay along the RWG length and the modal
field can reach the end of the waveguide, coupling to the
next waveguide (HWG). For d1 � λ, the TE10 mode does
arrive at the end, but neither do some of the higher-order
modes that have not been taken into account. When the
frequency is higher than 30 GHz, the TE10 mode becomes
propagative and its amplitude stops decaying. The model
captures well this fact. However, the presence of the other
higher-order modes is not considered in the circuit model,
and thus a lack of accuracy is expected when d1 � λ. As
can be appreciated from Fig. 2(b), this disagreement from
30 GHz is not visible for d1 = 4 and d1 = 8 mm.

Figure 2(c) shows the phase variation when h1 is modi-
fied. The smaller h1 is, the greater the observed phase shift
is. Physical insight into this phenomenon can be achieved
by means of the analytical circuit model. For HWGs with
short lengths (d2, d3 � λ), the short-circuited HWG sec-
tions contribute to the circuit model with a pure inductive
term L = L1 + L2. In addition, the equivalent admittance
that models the RWG-HWG discontinuity, YII

eq, contributes
with a pure capacitive term C at frequencies above the
RWG cutoff. Thus, the RWG-HWG-short section, whose
input admittance is Yin [see Fig. 2(d)], can be simply
described as an LC tank. Decrease of the height of the
HWG results in its lower and upper metallic plates being
closer. As a consequence, the associated capacitance C
increases, shifting down in frequency the position of the
curves in Fig. 2(c). Note that this effect is not apprecia-
ble near the cutoff of the square waveguide (30 GHz for
the selected geometry), as the capacitive term C is not
dominant yet.

Finally, results considering oblique incidence are plotted
in Fig. 3. TE and TM incidences are included, manifested
by the incidence of a plane wave with incidence angle
θ = 15◦. The results provided by the circuit model fit well
with those obtained by CST up to 40 GHz approximately.
Beyond this frequency, the agreement notably deterio-
rates, due to the excitation of additional modes that are
not included in the analytical circuit derivation. Specially,
higher-order modes inside the RWG are now determinant,
as the TE11 mode, with cutoff frequency f11 = 42.43 GHz.
Since this mode is excluded from the circuit derivation,
the degradation manifested in Fig. 3 near and beyond f11 is
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FIG. 3. Reflection coefficient R of a reflective 3D structure
under oblique-incidence conditions (θ = 15◦). (a) Amplitude.
(b) Phase. Geometrical parameters px = py = 6 mm, wx = wy =
5 mm, d1 = d2 = 4 mm, d3 = 0.5 mm, h1 = 1 mm, and h2 =
3 mm.

expected. Although it constitutes an important limitation
of our approach, the model is still wideband, exhibiting
good performance for cell dimensions larger than λ/2. It
is worth remarking that all the physical phenomena below
f11 are well captured, as the resonance in the phase around
22 GHz.

E. Numerical examples: transmitting structures

The proposed 3D metastructure can operate in reflec-
tion and transmission modes. By minor modifications of
the geometry of the waveguides that form the 3D metas-
tructure, a design initially proposed for reflection operation
can be converted into one with transmission operation.
From a practical point of view, this is an interesting feature
of the proposed 3D structure. When we normally con-
sider other types of structure, specific designs are made for
reflection and transmission, which can sometimes be very
different from each other. In transmission mode, the 3D
device can control both the amplitude and the phase of the
scattered waves by properly adjustment of the geometrical
parameters of rectangular and hard waveguides.

Figure 4 shows the transmission coefficient T (phase and
amplitude) in the 3D transmitting structure. The perfor-
mance of the analytical equivalent circuit is tested against
full-wave results obtained with CST. Good agreement is
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(a)

(b) (c)

FIG. 4. (a) Transmission coefficient T (phase and amplitude)
of a transmitting 3D structure (h1 = 1 mm). (b) |T| for h1 =
2 mm. (c) |T| for h1 = 3 mm. The analytical circuit model cor-
responds to that shown in Fig. 1(c). Geometrical parameters
px = py = 5 mm, wx = wy = 4 mm, d1 = 4 mm, d2 = 4 mm,
d3 = 1 mm, d4 = 4 mm, d5 = 4 mm, and h2 = 3 mm. Normal
incidence is assumed.

generally observed in a wideband range. For the calcula-
tion of 5001 frequency points, the circuit approach took
less than 4 seconds, while CST took more than 10 min.
Time-domain full-wave solvers such as CST are highly
dependent on the size of the structure being analyzed.
Transmitting structures are longer than reflective struc-
tures, so computation times notably increase. Remarkably,
our circuit approach is, for all practical purposes, inde-
pendent of the size considered. Even-odd excitation tech-
niques [45,62] can be considered for the analysis of longi-
tudinally symmetric transmitting structures such as the one
considered here (symmetric with respect to the plane Z =
d1 + d2 + d3/2), approximately halving the computation
time.

In Fig. 4, two resonant transmission peaks appear below
the cutoff frequency of the RWG (37.5 GHz for the selected
geometry). As previously discussed, evanescent waves
travel along the RWG and, at some particular frequencies,
may couple to the HWG sections, led by the fundamental
TEM mode. Thus, narrowband transmission occurs below
the cutoff of the RWG. The two narrowband transmission
peaks are caused by λ/2 and λ resonances in the HWG
sections. Ideally, for the selected length of the HWG sec-
tions (9 mm in total), the λ/2 resonance would be located
at 16.67 GHz if the HWG sections were isolated from the
RWG and uniform in height. In practice, Figs. 4(a)–4(c)
show that the λ/2 resonance is located at 11.2, 12.4, and 13
GHz, respectively, for increasing height h1. As the height
of the HWG increases, the simulated resonance approaches
the theoretical estimation, as the capacitive contribution
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FIG. 5. Amplitude of the reflection coefficient of a reflective
3D structure. Copolarization (Exx, Eyy ) and cross-polarization
(Exy , Eyx) terms are plotted. Geometrical parameters px = py =
6 mm, wx = wy = 5 mm, d1 = 4 mm, d2 = 6 mm, hx = 1 mm,
and hy = 2 mm.

of YII
eq and YV

eq (RWG-HWG transitions) is less prominent.
The same rationale holds for the λ resonance created by
the HWG.

The circuit approach stops being accurate beyond 60
GHz. This coincides with the onset of the first higher-
order mode in the HWG, at 60 GHz (larger dimen-
sion/periodicity px = 5 mm). In any case, the accuracy of
the model is quite good below this frequency, covering a
large bandwidth.

F. Independent polarization control

Another interesting property of the proposed 3D meta-
material is the independent polarization control of its two
orthogonal linear states (X and Y polarizations). This is a
key feature that can be exploited for the efficient design
of polarizer devices. Independent polarization control is
possible thanks to the use of the longitudinal direction
as an additional degree of freedom. As shown in Refs.
[18,61], resonators perforated on the waveguide walls in
the X -Z plane control X polarization and are opaque for
Y polarization. The opposite situation is achieved when
the resonators are perforated on the Y-Z wall. Specific 2D
metasurface designs may achieve a certain degree of polar-
ization independence [64,65]; however, this independence
is highly sensitive to the scatterer shape and geometry.
In 3D architectures, the resonator shapes do not break
the polarization-independence property. Focusing on the
structure under consideration in the present paper, one can
easily achieve independent polarization control by placing
an additional perpendicular HWG section. Thus, the HWG
section in the 3D structure is now stretched along the x and
y directions, as the insets in Fig. 5 illustrate.

In Fig. 5, the orthogonal polarization independence is
tested in a reflective structure (short-circuited at its end).
Figure 5 shows the amplitude of the reflection coefficient
R for two perpendicular polarizations at normal incidence.
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In the legend, Eij (i, j = {x, y}) represents the electric field
associated with input i-polarized (horizontal) and output
j -polarized (vertical) waves. Thus, subindexes ii and jj
represent the copolarization terms, while ij and ji represent
the cross-polarization terms. The cross-polarization level is
less than −40 dB in a wideband range. Therefore, a great
polarization independence can be claimed for the hori-
zontal and vertical polarizations. Note that from 50 GHz
onwards, the single-mode behavior of the structure ceases
as the second mode of the HWG becomes propagative, as
do the first-orders harmonics in the air region.

For a visual representation, the inset in Fig. 5 depicts the
electric field profile of the fundamental mode for the hor-
izontal and vertical polarizations. The electric field profile
was obtained by full-wave simulations in CST. When the
incident wave is polarized along the y axis, the entire elec-
tric field is confined within the horizontal HWG. Cutting of
the structure at the center part does not significantly affect
the electric field pattern, which still shows a TEM-like
profile. This fact leads to the low cross-polarization cou-
pling level evidenced in Fig. 5. The scenario is identical for
an x-polarized incident wave. Most of the electric field is
confined in the vertical HWG, also leading to a TEM-like
profile. Polarization independence can be advantageously
used for the design of polarizer devices, by simply tuning
the length of the vertical and horizontal slots. Thus, a 0◦-
phase or 180◦-phase resonance can be achieved when the
length of the short-circuited slot is λ/4 or λ/2, respectively
[60].

In addition, the polarization independence is also advan-
tageous from the circuital point of view, since an individual
and independent circuit approach can be used for the con-
trol of each of the polarizations (x and y). The global
problem, involving both polarizations, is split into two
independent subproblems (one for the x component and
one for the y component).

III. RELATED 3D STRUCTURES

In this section, we show that the proposed analytical cir-
cuit approach can be used not only for the analysis of the
original 3D device shown in Fig. 1 but also for the charac-
terization of related 3D metastructures and metagratings.
As we show, in some circumstances, related 3D structures
exhibit electromagnetic behavior similar to that of the orig-
inally proposed 3D metamaterial, and thus the analytical
equivalent circuit is still applicable.

Specifically, we focus on the alternative version of the
original 3D metamaterial shown in Fig. 6. The alternative
structure is similar in all aspects to the original one, except
for the waveguide sections where the longitudinal slots
are inserted. In the alternative 3D structure (Fig. 6), the
upper and lower metallic walls are not stretched along the
y direction in the slotted waveguide (SWG) region. This
leads to a different field excitation in the SWG [66].

FIG. 6. “Alternative” 3D metamaterial formed by RWG and
SWG sections. Note that its internal structure differs from that
of the “original” 3D metamaterial (RWG and HWG sections)
shown in Fig. 1(a). Geometrical parameters px = py = 6 mm,
wx = wy = 5 mm, w(SWG)

x = 3 mm, d1 = 4 mm, and d2 = 6 mm.
wy is identical for the RWG and SWG regions.

In general, electromagnetic fields within the SWG
region are different and of more-complex nature than for
a HWG. Note that a HWG is bounded with PEC condi-
tions at the upper and lower walls and PMC conditions
at the lateral walls, which simply excites a TEM mode
at low frequencies. The situation is different in a SWG
section, where the electric field profile shows a TEM-like
profile within the slotted region but does not vanish out-
side this region. However, in certain circumstances, it can
be demonstrated that the SWG can behave effectively as a
HWG, i.e., E(HWG) ≈ E(SWG). In those cases, the original
and alternative 3D metastructures will show similar elec-
tromagnetic responses and, therefore, both can be analyzed
with the analytical equivalent circuit. This scenario is illus-
trated in Fig. 7. The reflection coefficient R is plotted for
the original (solid lines) and alternative (dashed lines) 3D
structures versus the height of the longitudinal slots.

Figures 7(a) and 7(b) present scenarios where wide and
narrow longitudinal slots are considered, respectively. The
results suggest that wide slots in the SWG (hSWG � 0.6wy)
lead to similar electromagnetic responses between the orig-
inal and alternative 3D metastructures. This is observed
for a wide range of frequencies. On the other hand, the
frequency range where the original and alternative 3D
structures show similar electromagnetic behavior signif-
icantly reduces when narrow slots (hSWG � 0.6wy) are
inserted. This can be qualitatively explained by looking at
the electric field profiles of the HWG and SWG shown in
Fig. 7. The electric field must vanish at the upper and lower
metallic walls in the SWG region. In the extreme case
hSWG = wy , the SWG section transforms into an actual
HWG governed by the fundamental TEM mode. For this
extreme case, the electromagnetic response of the origi-
nal 3D structure and the electromagnetic response of the
alternative 3D structure are indistinguishable.
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FIG. 7. Comparison of the phase of the reflection coefficient
for two different reflective metastructures: original (RWG and
HWG sections) and alternative (RWG and SWG sections). Solid
and dashed colored lines correspond to full-wave results, while
colored circles correspond to analytical results. The height of the
slotted regions is varied. (a) hSWG = 3 mm, hHWG = 3.42 mm.
(b) hSWG = 1 mm, hHWG = 1.375 mm. The original and alterna-
tive 3D structures show similar electromagnetic responses when
the slot height is large [(a)]. Geometrical parameters px = py =
6 mm, wx = 5 mm, wy = 5 mm, w(SWG)

x = 3 mm, d1 = 4 mm,
and d2 = 6 mm.

As the slot becomes progressively narrower (hSWG
decreases), differences between both configurations start
to appear, mainly at high frequencies. In cases where the
slot is wide [Fig. 7(a)], the electric field in the SWG is
mainly of TEM nature, as the edge of the slot is close to the
upper and lower metallic walls. From a practical perspec-
tive, the complex SWG can be reduced to an equivalent
HWG section for operation. The equivalent HWG would
be of same width (px) as the SWG and effective height heff.
The concept of effective height is heuristically introduced
after inspection of the excited fields in the SWG. It can be
observed that the electric field is fundamentally confined
in the slot (hSWG) plus a tiny vertical region 
hSWG, and
thus heff = hSWG + 
hSWG. By analysis of the SWG in the
alternative 3D structure as an equivalent HWG, the circuit
model is able to provide accurate results for the scattering
phenomena, as Fig. 7(a) illustrates.

The situation is not so simple when narrow SWG slot
insertions (hSWG � 0.6wy) are considered. In this case,
as Fig. 7(b) illustrates, the excited fields in the SWG
depart from the TEM profile seen in the HWG. This
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FIG. 8. Line impedance in the SWG and HWG as a function
of the height h. Geometrical parameters px = py = 6 mm, and
w(SWG)

x = 3 mm. Results obtained with CST STUDIO.

fact becomes especially noticeable at high frequencies,
where the original (solid lines) and alternative (dashed
lines) 3D structures no longer show similar electromag-
netic responses. Consequently, as discussed at the end of
Sec. II E, the results obtained with the circuit approach
(circles) and CST (solid line) slightly differ from each other
when narrow slots are considered. This is due to the intense
capacitive effects introduced by YII

eq in the HWG, thus lead-
ing to the resonant frequency obtained by CST (38.16 GHz)
being somewhat lower than that calculated by the circuit
approach (39.26 GHz). The distance between the top and
bottom walls at the center of the SWG region (set by wy)
results in the capacitance of the SWG being smaller than
that of the HWG.

To estimate the effective height heff, Fig. 8 depicts the
line impedance at 30 GHz of the HWG and SWG struc-
tures. Note that the line impedance is plotted as a function
of the height of the slot (h). These results were obtained
from port information in CST (version 2022). It is worth
noting that Z is the impedance associated with the prop-
agative TEM mode through the uniform line. In the SWG,
these curves were obtained for three different values of wy :
3 mm (dashed green line), 4 mm (dashed blue line), and
5 mm (dashed red line).

Naturally, when the values of wy and h are identical
in the SWG structure, the impedance obtained coincides
with that of the HWG. As a result, the impedance curves
cross each other. However, the impedance values that are
of particular interest in this work are those above the
HWG curve (solid black line). In these cases, the orig-
inal and alternative 3D structures are expected to show
similar electromagnetic responses and, therefore, both can
be analyzed with the present analytical circuit approach.
Thus, it can be seen that for any selected height of the
SWG, there is another (greater) effective height of the
HWG where their impedances coincide. As an example,
a SWG region with h = 3 mm and wy = 5 mm will have
the same line impedance (at 30 GHz) as a HWG region
with heff = 3.42 mm.
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IV. APPLICATIONS: FULL-METAL POLARIZER

One of the main advantages of the proposed 3D meta-
materials is the independent control of the two orthogonal
polarization states. This became evident after evaluation of
the results presented in Figs. 5 and 7. Independent polariza-
tion control is a remarkable feature, rarely found in 1D and
2D implementations, that can be advantageously exploited
for the design and prototyping of full-metal polarizers.

As an example, the proposed analytical approach is
applied for the design of a reflective polarizer that oper-
ates from 35 to 43.2 GHz. The proposed 3D device rotates
the polarization plane of the reflected wave by 90◦ in the
selected frequency range. Consequently, the direction of
rotation of a circularly polarized incident wave will also
change. This is one of the main applications in which the
analytical circuit study can be used from an engineering
perspective. It is worth noting that the purpose of this
section is not to design a state-of-the-art polarizer but to
show the applicability of the circuit approach in real-world
scenarios.

Figure 9(a) shows a sketch of the fully metallic 3D
reflective polarizer. As can be appreciated, the 3D polar-
izer is composed of all the regions described above: RWG,
SWG, and HWG. Note that with this configuration it is
possible to achieve slots of different lengths in the vertical
and horizontal walls, and thus the resonances can be tuned
by modification of d2 and d3.

Reflective fully metallic 3D structures allow simple but
efficient polarizer designs due to the low Ohmic losses
involved. As the polarizers are short-circuited at the end
of the structures, only the phase shift between the orthog-
onal components of the incident electric field needs to
be set for the design of polarizers of different nature. To
polarize an incoming wave whose electric field vibrates
along the û direction [shown in Fig. 9(a)], it is sufficient
to set the phases separately from the reflection coeffi-
cient R of its main components Ex and Ey . Therefore,
if the reflection coefficient of Ex and Ey in their copo-
larization direction (Exx and Eyy) has a phase shift of
180◦, a rotator is achieved. From a design perspective, it
is common to assume a maximum error of (180 ± 37)◦
[67,68]. This error band fixes the operation bandwidth of
the polarization rotator.

The operation of the polarizator rotator is as follows. For
the Exx and Eyy components, the incident wave impinges
on the RWG section, whose dimensions prevent the prop-
agation of the fundamental mode below 30 GHz. Subse-
quently, the propagative TE(RWG)

10 mode is guided from 30
to 50 GHz by the SWG and the short-circuited HWG as
a TEM-like mode and a TEM mode, respectively. Thus,
single-mode operation is guaranteed from 30 to 50 GHz.
Above 50 GHz, the amplitude decays as the second prop-
agative mode is excited. A center frequency of 37.4 GHz is
assumed as a starting design point. At this frequency, the
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FIG. 9. (a) A 3D reflective polarization rotator. (b) Phase
difference between the reflection coefficient of the vertical copo-
larization (Eyy ) and the reflection coefficient of the horizontal
copolarization (Exx). (c) Amplitude of the reflection coefficient R,
showing the copolarization (black) and cross-polarization (blue)
components for Eu and Ev . The shadowed region (in gray) indi-
cates the operative range of the polarization rotator. Solid and
dashed lines correspond to full-wave results, and circles and
crosses correspond to analytical results. Geometrical parame-
ters px = py = 6 mm, wx = wy = 5 mm, w(SWG)

x = 3 mm, d1 =
4 mm, d2 = d3 = 2 mm, h = 3 mm, and hx = hy = 3 mm.

shorter vertical slot insertion (SWG-HWG-short section)
creates a λ/4 resonance, while the larger horizontal slot
insertion (HWG-short section) creates a λ/2 resonance.
The λ/4 and λ/2 resonances both produce a relative phase
shift of 180◦ between the horizontal and vertical compo-
nents, which leads to a rotation of the polarization plane
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for the reflected wave. The study realized in Sec. III has
made it possible to simulate the SWG region as a HWG
with parameters that approximate their electromagnetic
responses.

Figure 9(b) illustrates the phase difference of the reflec-
tion coefficient R of the two orthogonal components Exx
and Eyy . The shadowed region indicates the simulated
bandwidth where the 3D polarization rotator is operative.
In Fig. 9(c), the rotation of the electric field is directly
visualized. It shows the amplitude of the reflection coef-
ficient R for an incident wave whose electric field vibrates
according to Eu. The shadowed region sets the previous
bandwidth where the copolarization reflection coefficient
is below to −10 dB on a logarithmic scale. Consequently,
the power is transmitted to the orthogonal component Ev .
As can be seen, the bandwidth obtained by the circuit
model is slightly lower than the simulated bandwidth.
Despite this, good agreement is observed between the
full-wave numerical results obtained with CST and the ana-
lytical circuit results taking into account the variations
from the original structure shown in Fig. 1. Naturally, it
is important to note the difference in computational times
between CST and the circuit in the design stage, beyond
the physical insight that the circuit may also provide. For
the extraction of the two orthogonal components, CST took
approximately 10 min and the analytical circuit tool only 2
s.

It is interesting to highlight the reduced weight of the
3D polarizer. As the polarizer is based on the use of peri-
odic waveguides (RWG, HWG, and SWG), the interior of
the structure is essentially hollow and filled with air. This
causes the weight of the structure to be much less than
originally suspected, since the volume of metal (or met-
allized material) is small compared with the total volume.
Of the total volume of the polarizer, approximately 63%
is air, while only 37% is metal. This leads to a reduced
weight of the polarizer, as well as for the other 3D metas-
tructures presented in this work, which is of great interest
for potential commercial applications.

Additionally, the proposed 3D polarizer is smaller than
one may initially think. The dimensions of its unit cell
are 0.75λ × 0.75λ × λ (width times height times thick-
ness), considering a central frequency of 37.5 GHz. A
fabricated functional polarizer would require, at least, a
structure formed by 10 × 10 unit cells so the real-world
finite implementation can be approached as periodic and
analyzed with the present mathematical framework. Thus,
the dimensions of the fabricated finite structure would be
7.5λ × 7.5λ × λ. If we compare these dimensions with
those required in a lens-type antenna or with other reflec-
tarrays and transmitarrays based on 2D configurations, we
see that the 3D polarizer has a relatively compact size. A
compact size is a great practical advantage when one is fab-
ricating and using 3D metastructures, e.g., for integration
into mobile communication platforms.

V. CONCLUSION

Analytical modeling of complex 3D metastructures has
been elusive due to the intricate geometries involved. In
this paper, we have derived an analytical framework for the
analysis of 3D metamaterials formed by periodic arrange-
ments of rectangular waveguides with longitudinal slot
insertions. The proposed approach comes with an asso-
ciated analytical equivalent circuit. The analytical circuit
model is constituted by transmission lines that model wave
propagation through the different homogeneous waveg-
uide sections and shunt equivalent admittances that model
higher-order harmonic excitation at the discontinuities.
It is shown that the slotted-waveguide sections can be
modeled as a general waveguide with periodic boundary
conditions. For the selected input excitation, and especially
for normal incidence, periodic boundary conditions can
be relaxed to PMC conditions. Thus, slotted-waveguide
sections can be modeled as “hard waveguides.” We have
tested the analytical framework against full-wave numer-
ical results. Good agreement is observed in all cases
when reflective (short-circuited) and transmitting (open)
3D configurations are considered in normal-incidence and
oblique-incidence conditions. In the 3D metagrating, nar-
rowband transmission is observed at frequencies below
the cutoff. In cases where the RWG is short, evanescent
waves may couple to the HWG (led by its fundamen-
tal TEM mode) and may be transmitted without losses
along the 3D structure. The analytical circuit model has
proven to be a powerful tool to gain physical insight into
complex scattering and diffraction phenomena. Addition-
ally, the results show that the proposed 3D metamaterial
is suitable for the efficient design of full-metal polarizer
devices with advanced or complex functionalities. This
is attributed to the reliable independent polarization con-
trol of the two orthogonal states that the 3D metamaterial
exhibits. An example is the polarization rotator shown
in this work, which operates from 35–44 GHz approxi-
mately. The good agreement exhibited by the full-wave
and circuit results makes the circuit approach a rapid
design tool. We hope that the analytical method developed
in this work will be a step forward in the analysis and
design of more-advanced and, surely, more-attractive 3D
metastructures.
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APPENDIX: TRANSMISSION MATRICES

In the way that the analytical circuit model is defined
in Fig. 1(c), the computation of the scattering parame-
ters is based on the use of transmission (ABCD) matrices.
Shunt equivalent admittances Yeq can be modeled with the
following ABCD matrix [69]:

[
TY(Yeq)

] =
[

1 0
Yeq 1

]
. (A1)

Note that a short circuit in reflective structures can be
modeled with the previous expression by simpling select-
ing Yeq → ∞. Waveguide sections (RWG and HWG) are
modeled as lossless transmission lines according to [69]

[
TL(Y0, β, d)

] =
[

cos(βd) j 1
Y0

sin(βd)

jY0 sin(βd) cos(βd)

]
, (A2)

where Y0, β, and d are the characteristic admittance,
propagation constant, and length of the transmission line.

The global transmission matrix
[
T

]
is computed by cas-

cading (multiplying) the individual transmission matrices
that form the complete circuit. Then the global scattering
matrix

[
S
]

is extracted from
[
T

]
by use of the formulas

detailed in Ref. [70], which take into consideration that the
input and output media (impedance and admittance of the
reference ports) could be different.
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