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Minnaert resonance in an array of two-dimensional bubbles
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Transmission and reflection of sound across a dense layer of long rectangular quasi-two-dimensional
bubbles in a polymeric matrix are measured over two frequency ranges, 150–260 and 670–1130 kHz. Con-
trary to what is expected, considering the high acoustic impedance contrast between air and the matrix,
there is high transmission across the layer, especially in the lower-frequency range. These results are
explained by a monopolar Minnaert-like resonance of bubbles, which radiates sound in both directions
of the bubble layer. The Minnaert resonance is computed for two-dimensional bubbles, revealing a reso-
nance frequency within the lowest-frequency range used. The transmission and reflection coefficients are
theoretically computed by considering the bubble array as a homogeneous layer with a resonant acoustic
impedance.

DOI: 10.1103/PhysRevApplied.20.044007

I. INTRODUCTION

Due to their high compressibility, air bubbles in a liquid
medium are monumentally efficient sound scatterers. For
this reason, air bubbles contained in a fluid medium can
dramatically affect the values of sound velocity and acous-
tic attenuation, even for very low gas fractions [1]. These
properties make bubbles relatively easy to identify, making
acoustic measurements an important and nondestructive
tool to characterize the presence of bubbles in different
media, such as dough [2] or the sea [3], and bubbles are
excellent contrast agents in ultrasound measurements [4].

Resonant scattering for a bubbly medium can happen
over a very wide frequency range, resulting, for exam-
ple, in multiple band gaps for acoustic waves related
to the existence of multiple Mie resonances in bubble
metacrystals [5], which even survive positional disorder
[6,7]. One of the most prominent features of bubbles is
their lowest-frequency resonance, usually known as the
Minnaert resonance [8]. The Minnaert resonance causes
bubbles to radially oscillate in response to the incident
pressure wave, which typically occurs for wavelengths
much larger than the bubble size. As a reference, a 1-
mm-radius bubble in water has a Minnaert resonance at
a frequency of around 3 kHz, which corresponds to a
wavelength of, approximately, 0.5 m.

Interestingly, the Minnaert resonance is maintained
when bubbles are trapped in a yield-stress fluid [9,10] or
even a soft elastomer [11]. Treatment of air-filled spher-
ical cavities embedded in an elastic matrix can be found,
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for example, in Refs. [12–14]. As long as the shear modu-
lus of the elastic medium is low enough, the low-frequency
response of the bubble, characteristic of the Minnaert reso-
nance, remains. Since trapping and localization of bubbles
in soft elastomers are possible, the intelligent design of
bubble-based acoustic metamaterials is feasible. For exam-
ple, ordered arrays of bubbles have been proposed and used
for the fabrication of two- and three-dimensional metacrys-
tals, exhibiting a band gap associated with the resonant
nature of the bubbles [15,16]. Another example consists
of the development of superabsorptive metascreens, which
are demonstrated with a very thin polymeric layer con-
taining an array of encapsulated bubbles, that decrease not
only sound transmission [17] but also its reflection [18].
Also, almost perfect absorption of two counterpropagat-
ing sound waves, a phenomenon known as coherent perfect
absorption, is demonstrated in a similar setup by carefully
designing the bubble size and spacing [19]. These results
are important for soundproofing and the development of
acoustic cloaking covers.

Many of the examples presented above use short cylin-
drical cavities, the characteristic sizes of which are in
the range of 10–100 µm and that are replicated in poly-
mers from molds made by optical lithography. However,
for practical applications, long cavities resembling quasi-
two-dimensional bubbles might be simpler to replicate in
polymers from molds fabricated through more affordable
manufacturing methods, such as 3D printing or micro-
machining. Accordingly, a description of the Minnaert-
like resonance of two-dimensional bubbles is of interest.
Despite knowing the resonant behavior of spherical bub-
bles for almost a century, its extension to two-dimensional
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bubbles has scarcely been studied. The main problem is
that direct application of Minnaert’s argument for calcula-
tion of the resonance frequency in two dimensions leads
to a logarithmic divergence of the kinetic energy associ-
ated with the velocity field outside the radially oscillating
bubble. In other words, the effective mass of this har-
monic resonator diverges in the two-dimensional case [20].
Although the frequency of the Minnaert resonance for a
two-dimensional bubble was studied by Ammari et al. in
terms of a transcendental equation [21], no experimental
confirmation of this phenomenon has been reported so far.

Here, we study sound propagation across a thin layer of
very long cavities of rectangular cross section embedded in
a polymeric matrix. In practice, the cavities can be consid-
ered as two-dimensional rectangular bubbles. When forced
by a sound wave, we measure an important transmis-
sion and reflection across the bubble layer, and we argue
that this behavior can be tracked to a Minnaert-like reso-
nance of the two-dimensional bubbles. These results might
be important for the future development of bubble-based
metamaterials.

II. EXPERIMENTAL METHODS

A. Fabrication of the array of two-dimensional
bubbles

A periodical array of long rectangular air inclusions
was fabricated in a polydimethylsiloxane (PDMS) matrix.
The acoustic properties of PDMS are similar to those of
water [22–25]. In particular, we measure a sound speed
of cPDMS = 1046 m/s for PDMS using two transducers,
an arbitrary waveform generator (Agilent) and an oscil-
loscope (TiePieSCOPE HS805), sending an echo pulse
of frequency 1 MHz. The PDMS density is ρPDMS =
920 kg/m3.

The array of bubbles was fabricated using standard
lithography and soft lithography techniques [26]. First, a
negative mold was patterned through optical lithography
in SU-8 on top of a 150-mm-diameter silicon wafer using
a maskless laser writer (Heidelberg MLA100). PDMS and
the curing agent (Sylgard 184, Dow Corning) were mixed
in a 10:1 ratio (in weight) and degassed for 45 min over
the counter. The mold was coated with a thin layer of
PDMS using a spin coater at 500 rpm, and then baked for
40 min at 65 ◦C in a convection oven to obtain a partially
cured but manipulable texturized film. In the same way, a
thin PDMS layer was obtained by spin coating a flat sil-
icon wafer, which was baked for 20 min. The texturized
PDMS film was peeled off the mold and placed against
the flat PDMS thin film. The whole material was baked
for 8 h at 65 ◦C in a convection oven to irreversibly bond
both surfaces, resulting in a periodical array of air bubbles
inside a thin film of PDMS. Cavities are naturally filled
with air during the fabrication process. The curing process
of PDMS does not produce any gaseous byproduct, but, in
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FIG. 1. (a),(b) Top and front views, respectively, of the peri-
odical array of rectangular air bubbles on a PDMS matrix. (c)
Schematic of the experimental setup used to measure the acoustic
response of the bubble array.

the event of that happening, gas contamination will eventu-
ally dissipate through PDMS, which is permeable to gases.
Also, residual stresses are avoided as far as possible during
assembly, and they are expected to relax during the final
bake. Thanks to the photoelastic nature of PDMS, resid-
ual stresses can be revealed by illuminating the sample
with polarized light and observing through a perpendicu-
lar polarizer. Inspection of the bubble array in this way did
not show any residual stresses.

The resulting array has a periodicity of d = 20 µm, void
fraction of ϕ = 0.5, and height of h = 18 µm [Fig. 1(c)],
where each of the air cavities, with a width of ϕd = 10 µm,
has an extension of 90 mm along the z axis. The over-
all bubble array spans a square with 90-mm sides, and
the thickness of the resulting PDMS layer containing the
bubble array is approximately 0.6 mm. Pictures of top
and lateral views of the assembled array are displayed in
Figs. 1(a) and 1(b), respectively. The lateral view of the
structure is obtained by cutting a thin slice perpendicular
to the array. The pictures were acquired using a camera
mounted to a microscope and placing the samples on a
microscope slide.

B. Experimental setup

The PDMS layer with the bubble array was placed
between two PDMS semicylinders, as shown in Fig. 1(c).
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The sealing between the PDMS semicylinders and the
layer with bubbles was reversible, taking advantage of the
conformal PDMS-PDMS adherence that produces stable
full contact between the surfaces [26].

To measure the transmission across a homogeneous air
layer, two 5-mm-wide 37-µm-thick paper strips were used
as spacers between the two semicylinders by placing them
at opposite extremes of the gap.

The whole PDMS cylinder, with a diameter of D =
94 mm and length of 105 mm, was placed on a home-
made acrylic setup that also held two acoustic transducers
around the cylinder, pointing to its center [Fig. 1(c)]. Two
pairs of transducers were used to work at two different
frequency ranges. The first one was a pair of homemade
transducers that worked in the range 150–260 kHz (TP1),
and the second pair (Olympus V303) worked between 670
and 1130 kHz (TP2). Couplant gel (Olympus D12) was
used between the transducers and the surface of the cylin-
der. One of the transducers acted as an emitter and was
excited with a continuous sinusoidal signal of frequency
f . The other transducer acted as a receiver to measure the
reflected and transmitted acoustic signals.

The emitting and receiving transducers were placed at
angles of θin and θout with respect to the normal to the bub-
ble array, x (see Fig. 1). The position of the two transducers
was controlled independently in 5◦ steps. The measure-
ments were performed by varying the position of both
transducers and gradually changing the frequency of the
incident wave.

A signal generator (Rigol DG1022), set with a contin-
uous sinusoidal signal of constant amplitude, was used to
excite the emitter transducer, and the response was mea-
sured by changing the signal frequency in steps of 0.1 kHz.
In the case of TP1, the emitter was directly connected to
the signal generator, and the sinusoidal signal was set at
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FIG. 2. Frequency response of transducers normalized by their
maximum value.

7 Vpp. In the case of TP2, 2 Vpp was amplified 20 times by
a high-speed bipolar amplifier (HSA 4011) placed between
the signal generator and the emitter transducer. The receiv-
ing transducer was directly connected to an oscilloscope
(Tektronix TBS1102B) to analyze the acoustic signal.

The frequency response of the transducers was mea-
sured with the two transducers in direct contact through
the couplant gel and using a continuous sinusoidal signal
for the excitation. These normalized responses are shown
in Fig. 2.

Note that for the two frequency ranges used in this study,
the wavelength is always larger than the characteristic size
of the bubbles. In PDMS, the wavelengths range between
4 and 7 mm for TP1 and between 0.9 and 1.6 mm for TP2.
In air, the wavelengths range between 1.3 and 2.3 mm for
TP1 and between 0.3 and 0.5 mm for TP2.

III. RESULTS

A. Background

First, the acoustic response of the PDMS cylinder with-
out the bubble layer was characterized to establish a back-
ground to compare the response of the bubble array. For
each pair of transducers, we measure the beam profile,
which is the intensity of the acoustic signal measured by
the receptor transducer along the surface of the cylinder
for a fixed position of the emitter transducer. Figures 3(a)
and 3(b) show the normalized beam profiles measured in
the solid cylinder as a function of θout and f for fixed θin =
10◦ for TP1 and θin = 0◦ for TP2. The beam profiles were
normalized by the corresponding frequency response of the
transducers shown in Fig. 2. Also, the signal was corrected
for attenuation in PDMS by dividing the received signal
by e−αD, where α = 0.023f 1.54 mm−1, with f in MHz, is
the attenuation coefficient for sound in PDMS, as obtained
from Ref. [27]. As shown in Fig. 3(a), the beam profile
for TP1 is quite wide. Nevertheless, as shown by dashed
lines in Fig. 3, a marked maximum is observed around
θout = 180◦ − θin = 170◦, which accounts for transmission
of the acoustic wave across the solid PDMS cylinder.
As expected, no reflections were measured at θout = θin,
proving that the quality of conformal contact between the
PDMS surfaces was good. Figure 3(b) exhibits a more
focused beam profile for TP2, showing a maximum at the
exact opposite of the incident angle, θout = 180◦.

B. Transmission and reflection coefficients at low
frequencies

Next, we study the interaction between a sinusoidal
acoustic wave and the layer of air bubbles for frequen-
cies between 150 and 260 kHz with TP1. The transmitted
and reflected signals were measured as a function of the
incident angle, θin, by placing the receiving transducer at
angles of θout = 180◦ − θin and θout = θin. The measured
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FIG. 3. (a) Beam profile measured with TP1 for incident angle
θin = 10◦. (b) Beam profile measured with TP2 for normal inci-
dence, θin = 0◦. Black dashed lines mark the angles for the
expected transmitted and reflected acoustic beams, which would
be at angles θout = 180◦ − θin for the transmitted wave and θout =
θin for the reflected wave.

signals, corrected by the frequency response of the trans-
ducers (Fig. 2) and by sound attenuation in PDMS, were
normalized by the background signal at θout = 180◦ − θin
for transmission and at θout = θin for reflection.

Figure 4 shows the resulting transmission and reflection
coefficients, |T| and |R|, as well as

√
|T|2 + |R|2, as a func-

tion of both frequency and incident angle. In general, for
θin > 55◦, little acoustic signal is transmitted across the
bubble layer and most is reflected. Conversely, for θin <

55◦, transmission is important. Overall, the total intensity,
|T|2 + |R|2, remains roughly constant, except for a very
oblique incidence of θin = 85◦, when most of the acoustic
signal is absorbed over the whole frequency range.

A frequency modulation in both |T| and |R| is observed.
This modulation might be caused by internal resonances of
the semicylinders, since this modulation is also present in
the background of Fig. 3(a).

To put these results into context, we performed simi-
lar measurements with the bubble array replaced by a thin
homogeneous air layer. In this case, the transmission coef-
ficient is much lower than the reflection coefficient, and

20

40

60

80

in
 (d

eg
)

20

40

60

80

in
 (d

eg
)

160 180 200 220 240 260
Frequency (kHz)

20

40

60

80

in
 (d

eg
)

0.0

0.5

1.0

0.0

0.5

1.0

0.0

0.5

1.0(a)

(b)

(c)

FIG. 4. (a) Transmission coefficient |T|, (b) reflection coeffi-
cient |R|, and (c)

√
|R|2 + |T|2 as a function of frequency and

incidence angle.

most of the acoustic signal is reflected, for all incidence
angles. As an example, the transmission and reflection
coefficients measured for θin = 20◦ across the homoge-
neous air layer (Tair and Rair) are shown in Fig. 5(a).
These results can be contrasted with the classic result of
transmission and reflection of an acoustic wave across a
homogeneous layer of thickness h [28], as presented in
Appendix A. Accordingly, the theoretical reflection and
transmission coefficients across an air layer for oblique
incidence, Eqs. (A4) and (A5), are shown in Fig. 5(a) (Ttheo
and Rtheo). The thickness of the layer was varied between
18 µm (the thickness of the bubble layer) and 37 µm (the
measured thickness of the air layer). One can observe that
reflection and transmission across the homogeneous air
layer is reasonably well described by the classical theory
of reflection and transmission across a layer of different
specific acoustic impedance than the outer medium, and
that the transmission coefficient in this case is 3 orders of
magnitude lower than the reflection coefficient. However,
the agreement is not quantitative, since theory predicts an
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FIG. 5. (a) Experimental transmission and reflection coeffi-
cients in the bubble array (T, R), and in a 37-µm-thick homoge-
neous air layer (Tair, Rair). Theoretical transmission and reflection
coefficients for an incident wave across the homogeneous air
layer are shown as Ttheo and Rtheo. Ttheo is a band representing
the theoretical results for an air layer of thickness between 18
and 37 µm. (b) Same experimental measurements in the bubble
array (T, R) are compared with theoretical results of transmission
and reflection through an effective medium of 18 µm thick (Thom
and Rhom).

even lower transmission. The difference might be due to
the resonances of the whole cylinder causing frequency
modulations, also observed here, but this could also be due
to a poor signal-to-noise ratio when the acoustic signal is
low.

The low transmission across the homogeneous air layer
can be well explained by the high acoustic impedance con-
trast between air and PDMS, as explained in Appendix A.
Therefore, it seems surprising that the bubble layer, which
has a similar thickness to the air layer and is formed
by 50% air, has a much larger transmission coefficient.
The transmission and reflection coefficients for the same
θin = 20◦ across the bubble layer (T and R) are shown
in Fig. 5(a). In this case, the transmission and reflection
coefficients across the bubble array are comparable to each
other in magnitude, with the transmission coefficient being
much larger than expected for an 18-µm-thick air layer.

The same theoretical calculation can be used to predict
the transmission and reflection coefficients for the bubble
layer but using a homogenization method to consider the
bubble layer as an effective medium [29–31], thus tak-
ing into account the spatially varying acoustic properties
within the bubble layer. The transmission and reflection

coefficients through the effective medium that replaces the
bubble layer obtained from this method are presented in
Appendix B, see Eqs. (B6) and (B7). It is clear from
Fig. 5(b) that this approach is not adequate. Here, the
same experimental transmission and reflection coefficients
obtained with θin = 20◦ (T and R) are compared to the
theoretical results obtained for the reflection and trans-
mission coefficients through the effective medium for an
oblique incident wave at θin = 20◦ (Thom and Rhom). The
transmission predicted by the homogenization method is
much lower than the measured transmission across the
bubble layer. In fact, for our geometrical parameters, the
homogenization method yields an effective medium with
an acoustic impedance approximately twice the acous-
tic impedance of air, which is still much lower than the
acoustic impedance of PDMS. Thus, the homogenization
method predicts very low transmission through the effec-
tive medium, and an alternative explanation should be
considered.

C. Transmission and reflection coefficients at high
frequencies

Similar measurements were performed using TP2. The
results are shown in Fig. 6. In this higher-frequency range,
the transmission coefficient is significantly lower than the
reflection coefficient.

Figure 7 compares the experimental results for an inci-
dent angle of θin = 20◦ with the results of homogeniza-
tion theory (Thom, Rhom). Again, there is poor agreement
between the theoretical predictions for the transmission
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FIG. 6. (a) Transmission and (b) reflection coefficients in the
bubble array measured using TP2.
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FIG. 7. Transmission and reflection coefficients in the bubble
array (T, R) and those obtained using homogenization theory
(Thom, Rhom).

coefficient and the measured one, with experimental data
showing a much higher transmission than that predicted
by the theoretical results. However, in comparison with
data obtained at lower frequencies, the transmission coef-
ficient is 1 order of magnitude lower than the reflection
coefficient.

IV. MODEL

A. Minnaert resonance in two dimensions

Our results confirm that the bubbles cannot be consid-
ered as simple scatterers of the acoustic wave. This is to
be expected, since gas bubbles are well known for their
high scattering efficiency, which mostly comes from low-
frequency resonances, such as the Minnaert resonance.
Therefore, we propose here that the origin of high trans-
mission at low frequency is a Minnaert-like resonance of
the two-dimensional bubbles and determine its frequency.
Our derivation is based on the work by Devaud et al. for
the resonance of a three-dimensional bubble [32], which
determines the bubble radial oscillations in response to
an incident sound field and computes the accompanying
scattered sound field due to these oscillations.

Consider a circular gas bubble in a two-dimensional infi-
nite medium. Suppose that an external acoustic wave is
incident on the bubble, causing it to radially pulsate around
an equilibrium radius, R0. This oscillation will, in turn, pro-
duce a scattered acoustic wave in the outer medium and
a pressure wave inside the bubble. The acoustic pressure,
both outside and inside the bubble, satisfies the Helmholtz
equation:

∇2pj + k2
j pj = 0, (1)

where the subindex j = out indicates quantities outside
the bubble and j = int is for those inside the bubble. A
dependence in time of the form e−iωt is assumed, such that
kj = ω/cj , where cj is the sound speed in each medium.
The displacement field both inside and outside the bubble

can be computed from the pressure fields as

�uj (r) = 1
ρj ω2 ∇pj , (2)

where ρj denotes the density of each medium.
Using polar coordinates (r, θ) centered in the bubble,

and focusing on the monopolar response of the bubble, the
solution of Eq. (1) for p is a combination of Bessel func-
tions of the first and second kind and zero order, J0(kj r)
and Y0(kj r). Regularity of the solution inside the bubble
requires, for r ≤ R,

pint = AJ0(kintr), (3)

uint = − Akint

ρintω2 J1(kintr), (4)

where A is the pressure amplitude of the inner wave. Out-
side the bubble, a more suitable solution for p is written in
terms of Hankel functions of first and second kind and zero
order, which yields

pout = WscH (1)

0 (koutr) + WinH (2)

0 (koutr), (5)

uout = − kout

ρoutω2

(
WscH (1)

1 (koutr) + WinH (2)

1 (koutr)
)

, (6)

for r ≥ R. These expressions are useful as the first terms
on the right-hand sides represent an outgoing (to r → ∞)
radially symmetric wave, while the second terms represent
an incoming (to r = 0) radially symmetric wave. Accord-
ingly, Win corresponds to the pressure amplitude of the
monopolar contribution to the incident wave and is consid-
ered to be given, while Wsc corresponds to the amplitude
of the pressure wave associated with radial oscillations of
the bubble.

Continuity of pressure and displacement at r = R0 yield
the pressure amplitudes of the scattered and internal waves,
both normalized by the amplitude of the incident pressure
field:

A
Win

= q
−H (1)

1 (αxint)H
(2)

0 (αxint) + H (1)

0 (αxint)H
(2)

1 (αxint)

J1(xint)H
(1)

0 (αxint) − qJ0(xint)H
(1)

1 (αxint)
,

(7)

Wsc

Win
= −J1(xint)H

(2)

0 (αxint) + qJ0(xint)H
(2)

1 (αxint)

J1(xint)H
(1)

0 (αxint) − qJ0(xint)H
(1)

1 (αxint)
. (8)

In these expressions, we defined xint = kintR0, and the con-
trasts of sound velocity and acoustic impedance between
the internal and the external medium, α = cint/cout and
q = ρintcint/ρoutcout, respectively.

At this point, one notices that an internal and a scat-
tered wave exist for any frequency of the incident wave,
and therefore, there are no resonances in the strict sense
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shows several peaks for a wide range of xint, while the main figure
shows a magnification of the first peak.

of the term. However, one can look for situations where
the inner pressure amplitude is maximized; this was previ-
ously related to resonancelike behavior [32]. The inset in
Fig. 8 shows the normalized pressure amplitude inside an
air bubble in PDMS, which presents a series of maxima.
Most of these maxima are associated with small wave-
lengths (xint > 1), where the monopolar approximation for
the bubble response is inadequate. However, the first one
is a low-frequency peak, at x∗

int ≈ 0.0218 � 1, see Fig. 8.
The corresponding resonance frequency is thus given by
f0 = cintx∗

int/(2πR0).
For a bubble of radius Req

0 = 7.6 µm (that is, a circu-
lar bubble with the same area as the rectangular bubbles
of the experiment), this corresponds to a frequency of
f th
0 = 157 kHz. In comparison, the Minnaert frequency for

a spherical bubble of the same radius is approximately 450
kHz, almost 3 times larger.

B. Resonant layer

The resonant nature of the bubbles allows us to under-
stand the system of a single two-dimensional bubble as
being a standard resonator with natural (angular) frequency
ω0 = 2π f0, just as in the three-dimensional case of the
Minnaert resonance [33–35]. The scattering function for
this resonant system is

Fs = R0

(ω0/ω)2 − 1
, (9)

such that, given an plane incident pressure wave travel-
ing in the x direction, p0ei(kx−ωt), the radially symmetric
radiated pressure wave will be described as Fs/r p0ei(kr−ωt)

[10]. If we now consider the bubble layer, formed by
N such resonant bubbles per unit volume, then Foldy’s
law [36] states that the wave number in the layer will be
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FIG. 9. Predicted transmission and reflection coefficients for
oblique incidence across a layer composed of resonant bubbles.
For evaluation, the following values were used: f0 = 157 kHz
and R0 = 7.6 µm (solid lines); f0 = 157 kHz and R0 = 15.2 µm
(dashed lines); f0 = 314 kHz and R0 = 7.6 µm (dotted lines).
Gray regions mark the frequency ranges studied in the experi-
ment.

given by

k2
layer = k2

out + 4πNFs. (10)

Foldy’s prediction amounts, in our case, to having a
layer with a resonant specific acoustic impedance, Zlayer =
ρlayerclayer, with clayer = ω/klayer. Therefore, one can com-
pute the transmission and reflection coefficients by using
the classical theory for oblique incidence of an acoustic
wave at a homogeneous layer, Eqs. (A4) and (A5). The
results are plotted in Fig. 9. For the evaluation, an aver-
age mass density for the layer ρPDMS/2 was considered,
because the void fraction of our bubble layer was ϕ = 0.5
and the air density was negligible in comparison with the
PDMS one. The number of bubbles per unit volume is
estimated as

N = λout/d
hλ2

out
= kout

2πhd
, (11)

i.e., the number of bubbles that fit within a volume given
by a parallelepiped of square base of length equal to
the wavelength, λout = 2π/kout, and height equal to the
bubble-layer thickness, h.

A quantitative comparison between the model and
experiments is difficult, since several approximations are
in place, see Sec. V. However, the results presented in
Fig. 9 for transmission and reflection across the reso-
nant layer, in contrast with the results of transmission and
reflection across a homogeneous air layer, and across an
effective homogenized layer, predict high transmission at
low frequencies, f � f0, and at high frequencies, f � f0.
A minimum of transmission, coinciding with a maximum
of reflection, is predicted at the resonant frequency, f0. This
minimum was not observed in our measurements, which
would indicate that the exact values of f0 and R0 were not
the ones found above.
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The effect of varying f0 and R0 is shown in Fig. 9. The
solid line is computed with f0 = f th

0 and R0 = Req
0 , the

dashed line with f0 = 2f th
0 and R0 = Req

0 , and finally the
dotted line is for f0 = f th

0 and radius R0 = 2Req
0 . One can

confirm that the location of the transmission minimum fol-
lows the position of f0. On the other hand, increasing R0
causes, in general, an overall decrease in T and an increase
in R. Based on this, it seems possible to find appropriate
values of f0 and R0 to obtain transmission and reflection
coefficients of similar magnitude in the first frequency
range explored in the experiment, just as in our measure-
ments. Conversely, it appears that, in the second frequency
range, |T| is predicted to be larger than |R|, in contradic-
tion to the experiments. However, at larger frequencies, the
monopolar response of the bubbles assumed here becomes
a progressively worse approximation. A dipolar response
of the bubbles to the incident sound wave could play a rel-
evant role in explaining the acoustic response of the bubble
layer in the higher-frequency range studied here [37].

V. DISCUSSION

For a thin layer of two-dimensional bubbles, such as
the one studied in the present work, a calculation based
on homogenization predicts low transmission and high
reflection. Our experimental results reveal that it is a poor
prediction, with the layer being as transmissive as it is
reflective in the lowest-frequency range used, between 150
and 260 kHz. At the higher-frequency range used in this
study, between 670 and 1130 kHz, the layer is signifi-
cantly more reflective than transmissive, with the transmis-
sion coefficient being approximately 1 order of magnitude
lower than the reflection coefficient, but still much higher
than that predicted for a homogenized medium.

These results are not surprising when the resonant nature
of air bubbles is taken into account. Indeed, it is well
known that bubbles are highly efficient scatterers, even for
wavelengths much larger than the bubble size, and this is
because bubbles show low-frequency resonances. In par-
ticular, the Minnaert resonance is associated with a radially
oscillating mode, in which the high compressibility of air
with respect to the external medium allows the bubble
to expand and contract with a non-negligible amplitude.
This phenomenon explains the observed high transmission
at low frequency, since radial oscillations of the bubbles
radiate sound equally at both sides of the bubble layer.
To confirm this idea, the Minnaert resonance of the two-
dimensional bubbles used here should occur at a frequency
comparable to the ones used in the measurements.

Our calculation for the Minnaert resonance of a two-
dimensional bubble is limited to circular bubbles in an
infinite fluid medium. When considering a circular bubble
of the same area as the rectangular bubbles of our setup, we
find a resonance frequency of 157 kHz, which is within the
lowest-frequency range studied. This value is to be taken

only as an order of magnitude, since a number of approx-
imations are considered in the model, as explained in the
following.

First, the exact rectangular cross section of the bubbles
was not taken into account. The shape of the bubble is
expected to affect the resonance frequency, although to a
moderate amount, as demonstrated before [20]. Since in
our case the rectangular bubbles have an aspect ratio close
to one, we do not expect this effect to be dramatic, but it
would add a correction factor on the order of unity.

Second, the model was evaluated for bubbles in a fluid,
while in the experiments the bubbles were embedded in
an elastomeric medium. It is known that the Minnaert fre-
quency of bubbles in an elastic medium also depends on
the shear modulus of the latter, which contributes, together
with the gas compressibility, to the restitutive response
of the system [12,14]. Considering reasonable values for
the PDMS shear modulus in the frequency range used in
the experiments, between 0.6 and 1.5 MPa [22,27], and
the expression for the Minnaert resonance frequency of a
spherical bubble in an elastic medium, this correction is
estimated to increase the resonance frequency between 2.5
and 4 times.

Third, for determining the resonance frequency, a single
isolated bubble was considered, while in the layer the bub-
bles were very close to each other. Interactions between
bubbles are shown to affect the resonance frequency. On
one hand, the presence of multiple bubbles renders the
layer a system of coupled oscillators, with as many eigen-
frequencies as bubbles. Small differences in size between
the bubbles cause the eigenfrequencies, otherwise degen-
erate, to spread over a range of frequencies [38]. On the
other hand, it is also shown that a layer of identical bubbles
behaves as an oscillator, the natural frequency of which
can be expressed in terms of the resonance frequency of
each bubble times a correction factor that accounts for
multiple scattering [19]. It is difficult to assess the degree
of spread of the resonance-frequency range due to dif-
ferences in bubble sizes, but, for multiple scattering, we
estimate a correction factor of 2 for our experimental
parameters.

Finally, all damping mechanisms were neglected in the
model. There are three sources of damping: viscous dissi-
pation in the outer medium, thermal losses due to nona-
diabatic radial oscillations of the bubble, and radiative
damping [33,34]. In experiments, we already normalize by
viscous attenuation in PDMS but not for thermal or radia-
tive losses. As for any oscillator, dissipation both slightly
increases the resonance frequency and widens the peak of
the scattering function around the resonance frequency.

In summary, all of these effects produce correction fac-
tors on the order of unity that increase the actual resonance
frequency of the bubble layer. A detailed model consider-
ing all these neglected elements could be addressed with
numerical simulations, but this is beyond the scope of
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this work. However, overall, they sustain the possibility
of finding appropriate parameters to validate the proposed
model and explain the experimental results.

VI. CONCLUSIONS

We studied the transmission and reflection of sound
across a layer of very long rectangular bubbles contained
in a polymeric matrix, finding high transmission at low fre-
quencies, which we related to the low-frequency resonance
of the bubbles. This Minnaert-like resonance was theoret-
ically determined for a circular two-dimensional bubble in
an infinite medium, and the resonance frequency for a sin-
gle isolated bubble of the same area as the bubbles used
in this study was determined to be in the lowest-frequency
range studied. Based on this, the bubble array was treated
as a homogeneous layer with a resonant-specific acous-
tic impedance to determine the transmission and reflection
coefficients, which showed behavior consistent with the
experimental results. Although we could not find direct
evidence of this resonance, a minimum of transmission
should be detectable by fine-tuning the frequency of the
incident wave. These results could be useful for the design
and fabrication of absorptive layers.
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APPENDIX A: TRANSMISSION AND
REFLECTION COEFFICIENTS ACROSS A

HOMOGENEOUS LAYER: CASE OF OBLIQUE
INCIDENCE

The transmission and reflection coefficients across a
homogeneous layer of thickness h in the case of normal
incidence is a classic result that can be found in many
textbooks, see, for example, Ref. [28]. The analysis con-
siders incident, reflected, and transmitted pressure waves
in the outer medium (of density and sound speed ρout and
cout, respectively), and two pressure waves inside the layer
(of density and sound speed ρint and cint, respectively), of
amplitudes A and B, traveling in the +x and −x direc-
tions, respectively. The x coordinate is defined as being

perpendicular to the layer plane. The final expressions are

|T|2 = 1
1 + 1/4 sin2(kinth)(Zint/Zout − Zout/Zint)2

, (A1)

|R|2 = 1/4 sin2(kinth)(Zint/Zout − Zout/Zint)
2

1 + 1/4 sin2(kinth)(Zint/Zout − Zout/Zint)2
, (A2)

where kint is the wave number in the homogeneous layer,
and Zout = ρoutcout and Zint = ρintcint are the specific acous-
tic impedances of the outer and inner media, respectively
(PDMS and air in our case, respectively). Equations (A1)
and (A2) predict that transmission is negligible, and the
wave is mostly reflected as long as sin(kinth)Zmax/Zmin �
1, where Zmax (Zmin) is the maximum (minimum) between
Zint and Zout. Interestingly, if the system satisfies

kinth � 1 and kinth Zmax/Zmin � 1, (A3)

then most of the acoustic intensity would be reflected and
almost nothing transmitted, meaning that a very thin layer
(of thickness much lower than the wavelength) would act
as a perfect reflector, as long as the ratio of specific acous-
tic impedances is large enough. This is indeed the case
for our measurements with a homogeneous 37-µm-thick
air layer, for which, in the frequency range of TP1, kinth ∈
[0.10, 0.18] and ZPDMS/Zair ≈ 2338.

The case of oblique incidence can be treated with the
same approach. The incidence angle, θin, defined as the
angle between the x axis and the incident wave vector,
�kout, is assumed to be known, while the reflected, trans-
mitted, and internal angles, defined analogously, θR, θT, θA,
and θB are, in principle, unknown. Then, continuity of pres-
sure and normal velocity leads to a linear system that can
be solved for the transmission and reflection coefficients,
as well as the amplitude of the inner pressure waves, A
and B. As a necessary condition, one finds directly the
relationship between the angles:

θR = θT = θin; θA = θB,

and Snell’s law:

cint sin θA = cout sin θin.

The transmission and reflection coefficients in this case are
found to be

|T|2 = 1
1 + 1/4 sin2(kx

inth)(Zx
int/Zx

out − Zx
out/Zx

int)
2

, (A4)

|R|2 = 1/4 sin2(kx
inth)(Zx

int/Zx
out − Zx

out/Zx
int)

2

1 + 1/4 sin2(kx
inth)(Zx

int/Zx
out − Zx

out/Zx
int)

2
. (A5)

In these expressions, kx
int = kint cos θA is the component of

the internal wave vector perpendicular to the layer, Zx
out =

Zout/ cos θin, and Zx
int = Zint/ cos θA.
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APPENDIX B: TRANSMISSION AND
REFLECTION COEFFICIENTS ACROSS A

PERIODICAL GRATING

Here, we summarize the results of the homogenization
method, which describes a heterogeneous medium with a
spatially varying density and bulk modulus, such as our
bubble layer, as an effective medium [29,31]. The effective
acoustic properties of the effective medium will depend on
the matrix and inclusion densities, ρout and ρint, and bulk
moduli, Bout = ρoutc2

out and Bint = ρintc2
int, as well as the

volume fraction of inclusions, ϕ. Homogenization yields
the effective bulk modulus Be, given by

1
Be

= ϕ

Bint
+ 1 − ϕ

Bout
, (B1)

and effective anisotropic mass density:

1
ρe

=
(

1/ρx 0
0 1/ρy

)
, (B2)

where

1
ρx

= ϕ

ρint
+ 1 − ϕ

ρout
, (B3)

ρy = ϕρint + (1 − ϕ)ρout. (B4)

Thus, inside the bubble layer, the sound equation is

∇ ·
(

1
ρe

∇p
)

+ ω2

Be
= 0. (B5)

By solving the sound equation in the external and homog-
enized media, and imposing continuity of pressure and
normal velocity, one finds the transmission and reflection
coefficients across the effective medium, in a similar way
to that for a homogeneous layer:

|T|2 = 1
1 + 1/4 sin2(kxh)(Zx/Zx

out − Zx
out/Zx)2

, (B6)

|R|2 = 1/4 sin2(kxh)(Zx/Zx
out − Zx

out/Zx)
2

1 + 1/4 sin2(kxh)(Zx/Zx
out − Zx

out/Zx)2
. (B7)

In these expressions, the component of the internal wave
vector perpendicular to the layer is given by kx, and
satisfies the dispersion relationship:

k2
x

ρx
+ k2

y

ρy
= ω2

Be
, (B8)

in which ky is defined by Snell’s law, ky = kout sin θin.
By defining the sound velocities, cx,y = ω/kx,y , the nor-
mal specific acoustic impedance of the homogenized

medium is

Zx = ρxcx. (B9)

The meaning of Zx
out is the same as that in Eqs. (A4)

and (A5).
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