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Nonlocal metasurface based on the multiport structural model
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Recent progress on metasurfaces has revealed the nonlocal features of this kind of multiunit artificial
structure. It has been shown that there is always intercoupling between the constituent units, which must
be considered in their design. Such an intercoupling makes the design process difficult, especially when
the number of constituent units becomes large. We show in this paper that a metasurface can be generally
described by a multiport structural model, based on which an efficient design method can be established.
To show the main idea of the model and the adaptability of the method based on it, nonlocal metastructures
with various target fields, including an anomalous reflector, mode convertor in waveguide, wave focuser,
and structure for a bound state in a continuum are designed. The successfully designed metastructures
show that the suggested method is generally valid for structures with various target fields and is also
efficient enough for structures with a large number of constituent units. The model gives not only an
efficient method for designing metasurfaces, but also a general understanding of metastructures, based on
which nonlocal metastructures for field control in complex environments, such as in organic tissue and

architectural structures, can be expected.
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I. INTRODUCTION

Highly efficient wave manipulation via artificial struc-
tures is greatly desired in the materials physics and engi-
neering communities. As thin compact structures, acous-
tic metasurfaces have attracted significant attention in
recent years because of their unique properties and capa-
bilities in controlling and transforming wave fronts [1].
Many fascinating and exotic properties, such as anomalous
refraction and reflection [2—4], asymmetric transmission
[5-7], focusing [8-10], acoustic cloaking [11—13], and
acoustic holography [14,15], have been realized by use
of such inhomogeneous two-dimensional (2D) artificial
structures.

The devices designed to realize those properties and
physical effects are mostly constructed according to the
generalized Snell’s law (GSL) [16]. For acoustic waves,
a typical structure based on this principle is the planar
anomalous reflector [4], which is designed to reflect a
plane wave from the direction with incident angle 6; into
the direction with a reflective angle 6,(# 6;). As has been
shown in Ref. [4], to design such a structure we first need
to obtain a position-dependent phase difference @ (x) along
the surface direction x, so that the condition kjsin6, =
ko sin®; + (d®P(x)/dx) can be satisfied, where kj is the
wave vector. This step can be done according to the analyt-
ical expression of the incident and desired reflective waves.
After this step, constituent units with a substructure that
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can realize the phase jump ®(x) at different values of x
are accordingly designed. It can be found from the method
that the constituent units at different values of x relate only
to the local @ (x) and can be individually designed. There-
fore, we refer to the device based on the principle as the
local structure.

However, further investigations have shown that the
local structure usually has the intrinsic problem of low
efficiency [17], especially for structures designed for
large d®(x)/dx. To understand the underlying physics,
the power-flow-conservation law in a wave reflection
procedure was checked in Ref. [18]. It was shown
that, for a reflector with planar surface, when 6, # 6;
is required, the surface-normal component of the local
intensity of the total field varies from positive to neg-
ative values along the surface, while the integration
over the periods [x + na,x + (n+ 1)a] is zero, where
x is any position on the surface, n is an integer, and
a =21 /(ko|sin B, — sin#;|). This means a lateral energy
exchange along the surface direction must be considered if
we try to transfer perfectly the incident energy into the tar-
get field via a passive structure. To design such a device,
the constituent units in each period need to be designed
cooperatively rather than independently. To emphasize the
fact that the constituent units cannot be designed individ-
ually from the local ®(x) obtained in the method based
on the GSL framework, we refer to this kind of struc-
ture as a nonlocal metasurface. It is obvious that this is a
common feature of most metastructures because a metas-
tructure is usually designed to steer the wave front into an
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anomalous direction, and the power-flow-conservation law
in the surface-normal direction cannot usually be locally
satisfied.

Up to now, various methods have been suggested
to design nonlocal metasurfaces [19—22]. For example,
Epstein and Eleftheriades have shown in Ref. [22] that the
lateral energy exchange can be realized by an explicitly
introduced auxiliary evanescent wave on the surface, and
the constituent units can then be independently designed
based on the total field including the auxiliary one. Mean-
while, Diaz-Rubio et al. have shown in Ref. [23] that
the power-flow-conservation condition along the surface-
normal direction can be locally satisfied on a so-called
power-flow-conformal (PFC) surface, on which the con-
structive units can be individually designed. In these meth-
ods, the authors designed the metasurfaces by first bal-
ancing the surface-normal-direction power flow on a local
position along the surface, upon which the subunits can be
individually constructed. However, it would be a challenge
to extend these methods for general use because, for the
former method, the analytical form of such an evanescent
mode could exist only in a system with a surface of a spe-
cial shape, while for the latter method, the obtained PFC
surface would mostly be a curved surface in an unexpected
shape. Alternatively, Ni et al. have shown in Ref. [21]
that a highly efficient metasurface can be obtained by opti-
mizing a procedure based on the mode-matching method,
and Fan and Mei have shown in Ref. [24] that a direct
structural optimizing algorithm based on the finite-element
method (FEM) can also be used for such a design. In these
methods, a numerical method for wave scattering behav-
ior is established, based on which the desired structure
can be selected by an optimization algorithm. However,
it can be found in the design procedure that the scat-
tering behavior for systems with different configurations
must be solved many times in the optimizing procedure.
Because the computation time of the numerical method
for determining the wave scattering behavior increases
as the size of the system becomes larger and larger,
these methods would be time consuming if they were
extended for structures with large numbers of constituent
units.

We notice that, although metasurfaces achieve their abil-
ity to control wave fronts via subwavelength units placed
on a surface, it is the strong near-field interaction between
the constituent units that plays the key role, while what
we really care about is in fact their far-field property. In
this sense, we can treat a metasurface generally as a closed
system with a number of ports; inputs from the ports in
the far field can be input into and scattered away from
the system. Under this model, the metastructure design
can be understood as a procedure of customizing the out-
put mode in one or several given ports under the known
inputs from all ports. Because the output mode in each
port is the superposition of the scattered waves excited

by all incidences, the desired output modes in given ports
can be obtained either by changing the scattering prop-
erty of the system or by adjusting the incidences in the
ports, or by changing both. From this view of point, it
can be found that the previously suggested design meth-
ods are based mostly on the first idea, i.e., changing the
configuration of the constituent units so that the scatter-
ing property of the system is changed. Because the exact
relationship between the scattering property and the con-
figuration of constituent units can only be obtained by
solving the wave equation, this kind of method means solv-
ing the wave equation many times while searching for
the desired structure, which inevitably results in a time-
consuming calculation. In this paper, we show that the
output mode in one or several given ports can also be cus-
tomized by changing only the inputs from the ports. We
show that besides the regular ports occupied by the exter-
nal inputs and the customized outputs, we can introduce
a sufficient number of additional ports in which the inci-
dent waves can be treated as the reflection of the scattered
waves in themselves, and a passive metastructure can then
be designed by adjusting the reflective property at their far
ends.

We point out that the suggested method can greatly
reduce the design complexity of the metastructure. To
show the main idea of the model and the efficiency and
adaptability of the method based on it, metastructures
with various target fields, including a metasurface for
anomalous reflection, mode converter in a waveguide,
highly efficient planar focuser, and coupled cavities in
open space for a bound state in a continuum (BIC) are
designed. From the successfully designed structures, we
can see that the suggested method is simple and gener-
ally valid for structures with various target fields, and
more importantly, it is also efficient enough for struc-
tures with a large number of constituent units, which
can hardly be done by the methods reported in previous
works.

It is necessary to point out that our model gives not only
an efficient method for metasurface design, but also an
alternative understanding of metastructures. Compared to
the understanding from the GSL and grating theory, based
on which the metasurfaces are mainly designed to deflect
the wave front, the multiport structural model understands
the metasurface from the principle of superposition, based
on which nonlocal metastructures for field control in com-
plex environments, such as in organic tissue, architectural
structures, etc., can be expected.

The paper is organized as follows. After the intro-
duction, in Sec. II we take the design of a 2D anoma-
lous reflector as example to give the general idea of the
method. In Sec. III we present three examples to show
the adaptability of the method for structures with dif-
ferent target fields. Section IV is the conclusion of the
work.
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II. THE GENERAL IDEA OF THE METHOD
BASED ON THE MODEL

To demonstrate how the multiport structural model
works, we first adapt it to design a metagrating [21] for
anomalous reflection as example. For simplicity, we con-
sider only a simple metagrating designed to reflect a nor-
mally incident plane wave into the direction with reflection
angle 6,. According to the grating theory, for a periodi-
cally structured surface with pitch ag, the wave solution
in the half-infinite space above the surface will take the
form of an infinite summation of the Floquet-Bloch modes,
with G, = n(2w/ay), (n = 0,%£1,...,+00) as the Fourier
spectrum of the nth-order mode. By setting the pitch as
ayp = ho/sin6,, where X is the wavelength of the incident
wave, we can obtain the propagating constant of the nth-
order mode as B, = (27/Ao)v/1 — (nsin6,)%, which will
take real values only forn = 0 and 1 as 6, > (7/6). This
means there are three possible propagating modes in the
upper half-infinite space using this setting. That is to say,

the plane wave incident from the surface-normal direction
(or from =46, directions) could only be reflected in three
possible directions in the far field. In this sense, we say that
there are three ports in the upper half-infinite space that
can support the real incident and reflected Floquet-Bloch
modes.

In Fig. 1(a) we show schematically a periodically struc-
tured surface with pitch ag, in which three possible incident
and reflective directions are labeled as port 1 to port 3. To
realize the anomalous reflection, we need to add N waveg-
uides per unit cell in the lower half-infinite space of the
surface as additional ports, which is shown schematically
in Fig. 1(b) (N =2 is shown in the figure). From these
additional ports, waves can also be injected into the sys-
tem. For such a system, the total scattered wave in any port
should be the superposition of the scattered waves excited
by the input from all ports. In the following design, we set
the width of the added waveguides to be the same and to
be smaller than 1 /2, so that only the zeroth-order waveg-
uide mode can exist. This means there is only one port in

(a) (b)
port 1 poiiz port 3
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(c) incident plane wave scattered wave
e—————
- max
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FIG. 1.

(a) Schematic view of a reflective metagrating with pitch ag = A /sin 6,. The incident plane wave from directions with angle

—0,, 0, and 6, can only be reflected back as plane waves along —6,, 0, or 6, directions according to the grating theory. We denote these
channels as port 1, port 2, and port 3, respectively. (b) A multiport structural model with two additional waveguides (i.e., ports) per
unit cell. The unit cell is marked out by a box in red. #, and #,, denote the width of the waveguides and the wall thickness between the
nearest neighbors, respectively. (¢) Field distribution of the real part of the pressure wave for a designed structure. The left and right
panel are for the incident and reflected waves, respectively; the propagating direction of the plane wave is shown by arrows in white.
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each waveguide. Notice that this is just for simplicity and
not necessary in principle.

For notation convenience, we separate the ports into two
subsets, which are those in the upper half-infinite space and
those in the waveguides. We denote the amplitude of the
wave modes in the ports (ports 1 to 3) in the upper half-
infinite space by A% = (47,45, 45)", while we denote
the amplitude of waves in the N added waveguides (i.e.,
the additional ports) by H* = (H li, oL H ,\ﬂ,:), respectively,
where the superscript 4+ (—) means the wave into (away
from) the structure. Under this notation, the reflection and
transmission in ports in the upper half-infinite free space
and in the waveguides can be, respectively, expressed as

A= =RAT 4+ TIHT, (1)
and
H™ =T'4"+RIHT. )

In Eq. (1), the matrix element Rj; (i,j = 1,2,3) describes
the reflective coefficient in port i when the incident
wave is from port j in the upper half-infinite space,
while Tf}'(i =1,2,3; j =1,...,N) describes the scatter-
ing coefficient in port i in the upper half-infinite space
when the incident wave is from the additional port
j in the waveguide. Similarly, in Eq. (2), matrix ele-
ment Tf}(i: 1,...,N; j =1,2,3) means the transmis-
sion coefficient in the additional port i in the waveguide
when the incident wave is from port j in the upper half-
infinite space, and R? (i,j = 1,...,N) means the reflective
coefficient in the additional port i when the incident wave
is from the additional portj in the waveguide.

To design a passive reflector, we need to set
A =A408i2,(i=1,2,3) and H'=rH ,(j =1,...,N),
where §;; is a Dirac delta function. This means that, except
for the only independent incident wave from port 2, the
incidence H;r from the jth port j = 1,...,N) is just the
reflection of A~ with a complex reflection coefficient r;
(I;] =1 is required for a passive structure). Under this
restriction, Eq. (2) can be rewritten as

R —RMH* = —T'4", (3)

where R" is a diagonal matrix with elements R} =
(1/r)8y.

By combining Egs. (1) and (3), we can eliminate H ™
and then solve 4~ for a given 4™ and R”. In the design
of the passive anomalous reflector, we can end the jth
waveguides with length /; by a sound-hard boundary for
simplicity, under which we have 7; = ¢/ where ko is
the wave vector, and the design can be implemented by
searching /; for the maximum |45 | using an optimization
algorithm.

As an illustration, we show in Fig. 1(c) the field distri-
bution of the reflected wave from the designed structure
with 6, = 60° under normal incidence. The real part of
the pressure field in one unit cell is given. In the design,
we use a total of N =4 waveguides per unit cell, and
the width of each waveguide is set to be 0.2ay, while the
thickness of the wall between the nearest waveguides is
set as 0.05a¢. Under this setting, the depths of the four
waveguides are found by the optimization algorithm to be
0.0691¢, 0.1551¢, 0.326A¢, and 0.377X,, respectively, for
the case shown in Fig. 1(c). To check the energy trans-
fer efficiency of the obtained structure, we calculate the
total power flow in the surface-normal direction of the
reflective wave in one period, and find that the normally
incident wave energy is transferred almost completely into
the desired direction.

To obtain the matrices R4, 74, R, and T in Egs.
(1) and (3), we can use a numerical method based on
analytical formulas if the wave solution in the upper half-
infinite space and in all additional ports have an analytical
form, like the ones presented in Refs. [21,25]. Generally,
they can be obtained by numerical simulation, or even
by experimental measurement. To test the adaptability of
our method, we use the FEM supplied by coMSOL Mul-
tiphysics to calculate these matrices in the present and
following examples. For the structure shown in Fig. 1(b),
we use the Floquet boundary condition on the left and right
boundaries of the unit cell (marked by a red box in the
figure), and perfectly matching layers are added on the top
of the unit cell and at the far end of the waveguides to
mimic the nonreflective boundary. To calculate the matrix
elements R; and 7}, a plane wave with unit amplitude is
input from the upper half-infinite space with incident angle
—0,, 0, and 6,, which correspond to the ports in the upper
half-infinite space indexed by j = 1,2, and 3, and the scat-
tered waves in all ports are then measured. Amplitudes
of the reflected positive and negative first- and zeroth-
order Floquet-Bloch modes in the upper half-infinite space,
which are extracted by the Fourier transformation from the
scattering wave distribution, provide the elements ofRf},
while the amplitude of the zeroth-order mode in the jth
waveguide provides the elements of T f} The calculations

for matrix elements R}/ and 7 are similar, but use the
incident wave from the jth waveguide in the simulation,
instead.

For this and for the following example structures, we
use the acoustic pressure module in the cOMSOL Multi-
physics software to do the numerical simulation. In the
COMSOL model, no viscous effect is considered, and the
interfaces between the medium and waveguides are set to
be sound hard. The working medium is air with mass den-
sity p = 1.28 kg/m? and wave velocity v = 343 m/s. The
matrices are extracted using a homemade code based on
COMSOL with MATLAB, and the optimization is finished by
the genetic algorithm supplied by MATLAB.
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It is necessary to point out that, compared with methods
suggested in Refs. [21,24], our method can greatly reduce
the design complexity. In these previously suggested meth-
ods, to search for the desired structure using the genetic
algorithm, the wave scattering behavior, or the scattering
matrix, needs to be calculated for all individuals in each
recursive step in the optimization procedure. However, in
our method, the matrices R, T4, R¥, and T" only need to
be calculated once, and the optimization for /; is based on
the linear equation presented in Eq. (3), which has only the
same order as the number of waveguides.

To show the efficiency of the suggested method, we
count the CPU time for the matrix calculation and for the
optimization procedure, and compare them with those for
the methods given in Refs. [21,24]. For our method, the
absolute CPU time for matrix calculation is about 24 s,
and for the optimization it is about 0.3 s on a machine with
Intel(R) Xeon(R) Platinum 8160 CPU x 2 and 1 Tbyte of
RAM, while for the method given in Refs. [21,24], the
optimization time for the same system is about 77.2 s and
3.3 h, respectively, using the same machine. Notice that the
CPU time presented here is just for comparison; the abso-
lute value is less meaningful because it relates strongly to
the mesh size in the FEM calculation and the truncating
terms in the mode-matching method, and the optimization
time of the genetic algorithm depends on the population
size and the initialization. To give a relatively fair com-
parison, all the CPU times listed here are counted under
the minimum requirement of the parameters necessary for
numerical convergence.

I11. DESIGNING EXAMPLE STRUCTURES WITH
VARIOUS TARGET FIELDS

In this section, we take the design of three structures,
i.e., the mode convertor in a waveguide, the planar focuser,
and the structure for a BIC as examples to show the gen-
erality of the suggested model and the adaptability of
the method based on it. These three examples are typi-
cal structures with different target fields. In contrast to the
anomalous reflector presented previously, which has a tar-
get field of Floquet-Bloch form in upper half-infinite space,
the target field for the mode convertor is the Fourier mode
in a confined space, and the target field for planar focuser is
the wave field distribution in real space, while for the BIC
structure, null far-field radiation is the design target. Sim-
ilar structures have been understood from different aspects
and designed by different methods, but structures with full
consideration of nonlocal effects are still lacking. We show
in the following that they are necessary and can all be
designed by the suggested method.

A. Mode conversion in a waveguide

Mode conversion in a waveguide has been studied for
both electromagnetic (EM) and acoustic waves [7,26—29]

because it relates to the concept of one-way transmission.
It has been shown that a directional dependent energy
response can be achieved by such structures even under
time-reversal symmetry, which would be practically useful
in controlling wave fronts.

Among those studies, structures with a slab of gradient-
index metamaterial (GIM) decorated on the inner walls of
the waveguide have been suggested for both EM [27,29]
and acoustic [28] waves. In these structures, the deco-
rated wall will act as a GSL-based anomalous reflector
that can reflect the incident wave from the 6; direction
into the 6, (# 6;) direction [27]. Consequently, it can be
predicted that after several reflections in the waveguide,
waves propagating along (against) the length direction will
be converted into surface waves (reflected back) [27,28].
Based on this mechanism, structures for asymmetric trans-
mission and mode conversion can be designed [27-29].
However, it can be found that the index of the GIM layer
in these structures is commonly set to vary slowly in the
length direction, which results a relatively long device (for
example, it is about 7.61¢ in Ref. [27]). We point out
that this is necessary because we must reserve enough
space for a sufficient number of structured subunits to
realize the required gradient index. From this point, we
conclude that a compact and simultaneously highly effi-
cient mode convertor, which would be necessary in some
practical cases, would be a difficult task for this method.
However, as we have pointed out in Refs. [20,21], by
introducing a strong intercoupling between the neighbor-
ing subunits, or say by introducing a nonlocal effect into
the design procedure, a compact structure with fewer sub-
units can be expected. In the following, we show that
such a device falls into our multiport structural model, and
a highly efficient and compact structure can be designed
accordingly.

As a demonstration, we design two 2D structures that
can realize the functionalities shown in Fig. 2(a). For
both of these, we consider a 2D main waveguide with
width Xy/2 < hy < Ag, in which the zeroth- and first-order
waveguide modes can coexist. As is shown schematically
in the upper panel of Fig. 2(a), the first function to be
realized is the transformation of the incident zeroth-order
mode from area A1 into the first-order mode in area 43, and
at the same time, the first-order mode can also be trans-
formed from A1 into the zeroth-mode in 43. The second
function to be realized is the transformation of the zeroth-
order incident mode from 41 to the first-order mode in A3,
while the first-order mode from A1 and the zeroth-order
mode from 43 will be totally reflected simultaneously.
This is the exact one-way transmission reported in Refs.
[7,26-28] because the zeroth-order incidence from the left-
and right-hand sides of the main waveguide results in a
completely different energy response. The functionality of
this device is shown schematically in the lower panel of
Fig. 2(a).
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(a) Mode conversion in waveguide. The upper and lower panel show schematically the functionalities of mode conversion

to be realized. Arrows in color show the propagating direction of the wave modes. The conversion is finished in area 42 where the
metastructure is built. (b) The multiport structural model in area 42. Ay is the height of the main waveguide, w is the total width of area
A2, t, is the width of the subwaveguides, and #, is the thickness of the wall between the nearest subwaveguides.

To design these structures, we consider the correspond-
ing multiport structure shown schematically in Fig. 2(b).
For the structure, the zeroth- or first-order mode can input
into (or output away from) the system either from A1
or from A3, which means there are four ports in the
main waveguide. Taking a similar notation to that used
in the design shown in the previous section, we denote
the amplitude of the modes in the main waveguide as
At = (Ali, ... ,Ajf). Part A2 is the area in which the mode
conversion will be finished. It has a width of w and is dec-
orated by N subwaveguides from the lower boundary. By
letting the width of these subwaveguides be smaller than
Ao/2, and denoting the amplitude of the input and output
modes in them as H* = (Hli, e HAj,E), we can calculate
the matrices R4, T, R, and T'7, and then the scattering
amplitude 4~ can be customized by optimizing the ending
length /;(j =1,...,N) of these subwaveguides according
to Egs. (1) and (3).

For the first functionality shown schematically in the
upper panel in Fig. 2(a), we choose /iy = 0.84g, w =
1.15X¢, and N = 6, the widths of the subwaveguides are
all set to be 0.151, and the wall thickness between the
nearest neighbor is set to be 0.05A¢. Under these settings,
the optimized ending lengths of the subwaveguides are
obtained as 0.1384¢, 0.1611g, 0.1091¢, 0.1224¢, 0.1691,,
and 0.1471, respectively. To check the performance of the
obtained structure, we calculate the energy transforming
ratio between the incident and desired mode as the function
of A /Ao, where A is the wavelength of the incident wave in
free space. The results are shown in Fig. 3(a), in which the
red curve is for the first- to zeroth-order mode, while the
black curve is for the zeroth- to first-order mode. It can be
seen from the figure that these two curves almost overlap,
both of them become unity at /Ao = 1, and keep a value
larger than 0.8 when A/A¢ stays in the range 0.96 — 1.07.
It can be seen that the bandwidth is narrow because the
structure is designed only for A = Ay. To give a direct

demonstration of the functionality, the field distribution of
the real part of the pressure wave for A = X is shown in
Fig. 3(b), in which the upper panel is for the transformation
from zeroth- to first-order mode, while the lower panel is
for first to zeroth-order mode. Notice that the length of the
structure for an EM wave with similar function reported in
Ref. [29] is about 7.6, which is much longer than the one
suggested here.

For the second functionality shown schematically in the
lower panel in Fig. 2(a), we choose w = 2y and N = 10,
while 74, t,, and hy are the same as for the system in
the upper panel. Under these parameters, the optimized
ending lengths of the subwaveguides are obtained respec-
tively as 0.223X9, 0.137X%¢, 0.196A¢, 0.1181y, 0.259,
0.262%9, 0.120%¢, 0.135%9, 0.167A¢, and 0.144x,. To
check the performance of the obtained structure, we calcu-
late the transmission behavior of the incidences from area
A1l. Shown in Fig. 3(c) are the energy transmission coef-
ficients as a function of A/Ag, where A is the wavelength
of the incident wave in free space, and the transmission
coefficient is defined as the total energy flow of the trans-
mitted waves over that for the single incident mode. In the
figure, the red curve is for the zeroth-order incident mode,
while the curve in black is for the first-order incident mode.
Notice that, according to the time-reversal law, the black
(red) curve also represents the transmission coefficient for
the zeroth-order (first-order) incident mode from A3. It
can be seen from the figure that the asymmetric transmis-
sion behavior occurs throughout the considered frequency
range, and the perfect asymmetric transmission appears at
the exact point with A = A¢. To give a direct illustration of
the functionality, we show in Fig. 3(d) the field distribution
of the real part of the scattered pressure wave for incidence
from area 41 with A = X¢, in which the upper panel is for
the zeroth-order incident mode, while the lower panel is
for the first-order incident mode. Notice that the field of
the incident mode is not shown in Fig. 3(d).
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(a) Energy transforming ratio between the incident and desired modes as a function of working wavelength in the designed

structure with the functionality shown in the upper panel of Fig. 2(a): red curve is the transformation from first- to zeroth-order mode;
black curve is for zeroth- to first-order mode. (b) Field distribution of the pressure wave at /Ao = 1 in (a): arrows in black show the
propagating direction of the wave. (c) Energy transmission coefficient as a function of working wavelength in the designed structure
with the functionality shown in the lower panel of Fig. 2(a); red (black) curve is the transmission for zeroth-order (first-order) incidence
from area 41. (d) Field distribution of the pressure wave at 1 /Ao = 1 in (c); only the scattered field is shown.

B. Nonlocal planar focuser in uniform media

Planar metasurfaces for acoustic or elastic wave focus-
ing have been reported by several groups [10,13,30,31].
The most reported structures are those based on the GSL
theory [30], in which the constituent units are locally
designed and the coupling between them is completely
neglected. However, because a GSL-based structure suf-
fers a problem of low efficiency when the steering angle
is large, the wave energy at the far edges of the metasur-
face can hardly be deflected into the focus spot, so would
have less contribution on the focusing effect, especially for
a structure with a large numerical aperture. Recent research
has shown that the focusing efficiency can be improved
using a hybrid structure [10] or a PFC structure [13]. The
key technique in these design methods is to introduce non-
local elements into the structure, so that the wave energy
impacting on the far edges of the structure can also be col-
lected. Unfortunately, despite a considerable improvement
in efficiency, the structures based on these methods can
only partly consider the coupling between the constituent
units, which prevents a further improvement in efficiency.
We show here that, benefiting from the extremely reduced
design complexity, our method can take a full consider-
ation of the interunit coupling and a full nonlocal planar
focuser can be designed, even when the number of the
constituent units becomes large.

As is shown schematically in Fig. 4(a), we consider
a 2D planar reflective focuser for acoustic waves. It has
N grooves spanning from —(a/2) to a/2 carved on a

sound-hard surface, and the focal spot is set at the posi-
tion of (0,f). For simplicity, we restrict the width of the
grooves to be narrower than 1¢/2, under which only the
zeroth-order mode can exist in the grooves. The design
purpose is to find a set of groove depths {/;}(j =1, ...,N)
with which the surface can reflect and focus an incident
wave at (0,1 ). To fulfill the task, we extend the N grooves
in the structure as bottomless waveguides, and wave modes
can input from their lower end toward the surface. Using
this model, the matrices R4, T4, R, and T" in Egs. (1)
and (3) can be calculated. For the present model, R needs
to be defined as the amplitude of the scattering wave at the
focal spot (0, /) for the wave incident from the upper half-
infinite space, while the j th element of the matrix 7%, say,
7}H , needs to be defined as the amplitude of the scattering
wave at the focal spot (0, /) for the mode incident from

the jth waveguide. The other two matrices, 7 and R,
have the same definition as those in the previously men-
tioned examples. After the matrices are obtained, the depth
of the grooves is found according to Egs. (1) and (3) using
an optimization algorithm with the maximum amplitude of
the scattered wave at the focal spot as the target function.
As an example, we design a structure with a = 304, and
f = 2X. For simplicity, the grooves are arranged equidis-
tantly on the surface with the same width of #; = 0.16,,
and the wall thickness between the nearest grooves is set
to be #, = 0.04%y. Under this setting, N = 150 grooves
are needed in the structure. For a normally incident plane
wave, which is the case considered in our design, the
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(a) Two-dimensional focuser constructed by carving N grooves on a sound-hard planar surface. The grooves span from

x = —a/2 to a/2 on the surface, the focal point is set at (0,f). The blurred blue arrows show schematically the trajectory of the
propagating wave. (b) Field distribution of the amplitude of the scattered pressure field for the designed structure with a = 304 and
fo = 2X%¢. The normally incident plane wave is shown by a white arrow. (¢c) Amplitude distribution of the scattered wave on focal plane;
only the field in the region of (—34¢, 3A¢) is shown, the value is normalized by the amplitude of the incident wave 4. x| and x, mark
the edges of the main peak. (d) The optimized depth of the grooves of the structure.

depths of only half of the grooves need to be optimized
according to the symmetry property.

Shown in Fig. 4(b) is the amplitude field of the scat-
tering pressure wave for the designed structure under the
incidence with unit amplitude, and Fig. 4(c) shows the
amplitude distribution of the scattering wave on the focal
plane, which is shown as a ratio of |4,|/|A4¢|, where A;
and A, are the amplitude of the scattering and incident
wave, respectively. The optimized depth of the grooves
is shown in Fig. 4(d). To evaluate the focal quality of
the structure, we define a Q factor as the ratio of the
reflected power flow near the focal spot over the total
incident power flow delivered to the structure, i.e., O =
[2 Lo/ [ ) 11o(x)|dx, where I,(x) and Io(x) are the
distribution of the y-directional intensity of the scatter-
ing and incident wave on the focal plane, respectively,
and x;, x, are the edge positions of the main focal peak
[see Fig. 4(c)]. From the simulation result, we can find
that the Q factor of the structure is Q = 65.7% with
the width of the main peak being Ax = x, — x; = 0.7X,
and the maximum value of pressure amplitude at the
focal spot is |4|/|4o] = 9.72. Compared to the values for
the corresponding GSL structure, which are O = 28.6%,
Ax = 0.67, and |4;|/]4o] = 6.90, the focal quality of our
nonlocal structure has been greatly improved. For the cor-
responding GSL structure for comparison, we use the ideal
surface impedance calculated by Z = Zy(1 + € /1 — &)

with 6 = k (x/ x> —f2—f ) in the numerical simula-
tion [13]. Notice that the Q factor and the maximum value
of the amplitude would be smaller if constituent subunits
were used instead.

C. Structure for a bound state in a continuum

BICs are waves that remain localized even though they
coexist with a continuous spectrum of radiating waves that
can carry energy away. They are a general wave phe-
nomenon and have been identified in EM waves [32],
acoustic waves [33], water waves [34], and elastic waves
[35]. Full discussion of the mechanism and potential appli-
cation of BICs can be found in Refs. [36,37]. As the
authors have summarized in these two review papers, BICs
are mostly investigated in given structures as states due
to symmetry or separability, or due to the destructive
interference of resonances, while specifically engineered
BICs achieved through inverse construction have rarely
been reported, especially for acoustic or EM waves. Real-
izing a BIC system for classical waves through reverse
engineering may offer a lot of promise for engineering.

We understand the BIC system as a nonlocal metas-
tructure with null radiation but with strong intercoupling
between subunits, and show in the following that a BIC
system can be described by the multiport model and can
be designed by our suggested method.
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(a) Structure for BIC with a sound-hard surface decorated by grooves from bottom. #, and #,, denote, respectively, the width

of the groove and the wall thickness between the nearest neighbors. (b) The depth of the grooves of the obtained structure: red arrow
marks the central groove. (c) Reflective coefficient |r(|? as function of A /A¢. Incidence is from the central groove marked by red arrow
in (b); reflection is measured in the same groove. (d) Field distribution of the amplitude of the pressure wave; incidence is from the

central groove with A = Ay.

In the example structures mentioned previously, we find
that the determination of the matrix (R — R") on the left-
hand side of Eq. (3) can take near-zero values for some
special set of {/;}, which means the amplitude ™ in the
passive waveguides can have a nontrivial solution even
without any independent inputs (AT = 0). These nontriv-
ial solutions coincide with the definition of a BIC because
they can only exist as bound states near the surface. In the
following, we adapt our method to design a BIC system
with a similar structure.

As shown schematically in Fig. 5(a), we consider a
structure with a number of grooves carved on the planar
sound-hard surface. In principle, a BIC could exist on the
surface because the radiation from the grooves can cancel
each other by multiple interference when the waves from
different grooves have a proper phase difference. To deter-
mine the phase difference, or say, to determine the depth of
the grooves, we modify the structure as a multiport sys-
tem by extending the far end of the grooves as endless
waveguides. By selecting one of the waveguides as the
main waveguide and denoting the wave amplitude in it as
A*, and treating the others as subwaveguides and denoting
the wave amplitude in them as H*, respectively, where the
superscript + (—) means the wave into (away from) the
surface, we can calculate numerically the matrices R, T,
R, and T using a procedure similar to those performed
in the previous examples. With these matrices, the absolute
value of 4~ can be maximized by optimizing the ending
length /; (j =1,..., N) of the subwaveguides using Egs.
(1) and (3) for the given 4%,

For simplicity, we restrict the width of all waveguides
to be the same and be smaller than Ay/2, under which only

the zeroth waveguide mode can exist. With this simplifi-
cation, the amplitude vectors A% and I-ljjE G=1,...,N)
become scalar quantities. To find a BIC structure based
on this configuration, we can search for the {/;} set with
the target function |rg| = |4~ /A"| = 1, which means the
incident energy from the far end of the main waveguide is
totally reflected back, or say, no wave energy can radiate
away in the upper half-infinite space. After {/;} is deter-
mined, the ending length of the main waveguide /, can then
be determined by /o = (6,,/2m)A¢, where 6,, is the phase
of rg.

In our design, systems with the same and fixed wall
thickness ¢, = 0.051¢ but with different widths of the
waveguide f, are checked. Numerical results show that,
for a given t,, the target |ry| — 1 can always be satisfied
when the number of grooves N becomes large enough. For
example, for , = 0.2, the {/;} G =0,1,...,N) set with
the target of |ry| < 107 can be found when N > 9, while
for t, = 0.3, the {/;}(j =0,1,---,N) set with the same
target can be found when N > 13, and when ¢, increases
to 0.41, N > 37 is necessary for the same target.

As a demonstration, we show the results in Figs.
5(b)-5(d) for the obtained structure with 7, = 0.44¢ and
N = 37. Shown in Fig. 5(b) is the optimized depth of the
grooves for the structure. It can be seen that the struc-
ture is symmetric about its central groove. Notice that the
optimization value for the ending length of the waveguide
l; G =0, ..., N) may be very small; if this happens, we
need to set them as /; + (A9/2) to let the near field at the
opening of the waveguide be undisturbed. To verify the
BIC in the structure, we calculate |ro|* as a function of the
wavelength A /Ao, where A is the wavelength of the incident
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wave in free space, and the result is shown in Fig. 5(c). For
the figure, we inject a plane wave from the central groove
[marked by a red arrow in Fig. 5(b)] and set at the same
time its bottom as the plane-wave radiation boundary. It
can be seen from the figure that |ry|? takes a near unity
value at A/Ao = 1, which means there is negligible radi-
ation in the upper half-infinite space. Shown in Fig. 5(d)
is the total field distribution for the amplitude of the pres-
sure wave for incidence with A/Ay = 1, from which the
bounding feature of the mode can be clearly seen.

IV. CONCLUSION

In conclusion, we introduce a multiport structural model
to describe the wave scattering behavior of a metasurface.
Using the model, we understand that, as the output mode
in each port is the superposition of the scattered waves
excited by the inputs from all involved ports, the field in
space can be customized by adjusting the inputs from the
ports. Based on this understanding, a design method for
a nonlocal metastructure is suggested and four metastruc-
tures with different kinds of target field are designed as
illustrations. Results show that the method has good adapt-
ability for structures with various targets and is efficient
enough for complex structures with a large number of con-
structive units. Moreover, because the scattering matrix of
the system, which is the basis of the metastructure design,
can be obtained by a numerical simulation procedure or
even by experimental measurement, the method should be
valid for structures with arbitrary configurations and in
complicated environments. This is useful when we need
to design structures with target field distributions in com-
plex media or in space with irregular boundaries, such as
in organic tissue, in architectural structures, or other sit-
uations. It can be also found that the suggested model
gives not only a design method, but also an alternative
understanding for metastructures, based on which more
comprehensive metastructures can be conceived.
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