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Interference with a nonlinear cavity mode undergoing a self-sustained limit cycle can lead to super-
radiant amplification of incident waves. This effect, which results from nonlinear wave-mode coupling,
is theoretically predicted and experimentally confirmed in this work. On the theoretical side, we present
a nonlinear coupled-mode framework to derive an analytical expression for the scattering matrix. These
predictions are then validated against experiments on a superradiant acoustic meta-atom, which uses deep-
cavity whistling to create a limit cycle. The proposed all-acoustic meta-atom requires no active elements
to manipulate the sound field, but achieves superradiant amplification by nonreciprocal coupling between
the incident wave and the synchronized whistling tone (limit cycle). We demonstrate with this setup that
the nonlinear phenomena we present can be exploited to quasipassively tune the scattering matrix of a
resonant cavity. As a proof of concept, we convert a lossy, weakly reflective scatterer into a reflection
amplifier. We explain how the synchronization-based realization of superradiance reported in this work
may be exploited in the future to design lossless, nonacoustic scatterers for metamaterial applications.
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I. INTRODUCTION

Superradiance occurs when an energetic, radiating
region scatters incident waves with a net amplification [1–
3]. Paradigmatic manifestations are the Penrose process,
by which particles gain momentum from a rotating black
hole [4–7] and the Zel’dovich mechanism, where a rotat-
ing metallic cylinder increases electromagnetic oscillations
[8]. Superradiant scattering has been realized with ana-
logue black holes [9–12], in Bose-Einstein condensates
and quantum vortices [13–17], and using orbital angular-
momentum beams [18,19]. Discussions of superradiance
in the context of stars can be found in Refs. [20–23].
Extraction of energy from rotating systems has been inves-
tigated in optics [24,25], acoustics [26], hydrodynamics
[27,28], and quantum mechanics [29–31].

Here, we consider a scenario where superradiant scat-
tering is achieved in a one-dimensional (1D) waveguide by
scattering harmonic waves at a self-oscillating cavity mode
a. The dynamics of a in the absence of incident waves are
governed by a nonlinear damping force Fd, leading to a
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stable limit cycle a0 = |a0| eiω0t at the self-sustained angu-
lar frequency ω0 = 2π f0. If a wave with frequency f ≈ f0
impinges on the cavity, nonlinear wave-mode coupling
takes place, resulting in an amplitude-dependent scatter-
ing matrix. We show that, in this scenario, the incident
waves can extract energy by interfering with the synchro-
nized limit cycle, and that the entries of S may be tuned by
varying the incident wave amplitude. We demonstrate that
this nonlinear interference leads to one-way superradiant
amplification while simultaneously improving the isolation
of the other direction. The reader is referred to Fig. 1 for a
sketch of this concept.

To model the wave-mode coupling described above,
a nonlinear extension of temporal coupled-mode theory
(TCMT) is proposed. TCMT describes unitary multiport
scattering by linearly stable resonant cavities [32–36]. In
contrast, here, we are interested in modeling nonlinear
scattering by cavities exhibiting a self-oscillating limit
cycle. Despite fruitful recent applications of coupled-mode
theories in optics [37–40], electrodynamics [41,42], quan-
tum mechanics [43–45], and acoustics [46–48], no analo-
gous, generic framework exists for nonlinear systems. The
present work aims to fill this gap in the literature by extend-
ing TCMT to nonlinearities and deriving the scattering
matrix in this general case.

The proposed nonlinear framework can be adjusted to a
given experimental setting. We sketch in Sec. II how this
method can be applied to model general multidimensional
scattering problems. For simplicity, throughout the rest of
the work, we restrict our discussion to the case of a single

2331-7019/23/20(3)/034068(14) 034068-1 Published by the American Physical Society

https://orcid.org/0000-0002-0157-4132
https://orcid.org/0000-0003-3362-9721
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.20.034068&domain=pdf&date_stamp=2023-09-28
http://dx.doi.org/10.1103/PhysRevApplied.20.034068
https://creativecommons.org/licenses/by/4.0/


TIEMO PEDERGNANA and NICOLAS NOIRAY PHYS. REV. APPLIED 20, 034068 (2023)

a(t) a(t)

|sin 1 |sin 1

|sout 1 |sout 1

resonance limit cycle

|sout 2 |sout 2

FIG. 1. In a lossy resonant cavity with multiple ports, due
to dissipative effects, the energy of the incident waves 〈sin|sin〉
always exceeds that of the outgoing waves 〈sout|sout〉 (left inset).
We show that this fundamental limitation can be overcome by
inducing a self-sustained limit cycle in the cavity to enable
superradiant scattering. This effect is based on the synchroniza-
tion of the limit cycle with the incident waves, and allows for
one-way amplification of the outgoing waves, while simulta-
neously improving isolation in the other direction. We present
theoretical results, which explain this mechanism and validate
them against nonlinear scattering experiments on a superradiant
acoustic meta-atom with two ports.

limit cycle in a cavity with two ports. This approxima-
tion is valid when a single mode dominates the spectrum,
which is the case in our experiments. More specifically,
we consider an asymmetric, superradiant reflection ampli-
fier coupled to a 1D waveguide. The choice of modeling
of a reflective system is motivated by our experimental
setup, in which scattering at the eigenfrequency of the
limit cycle is characterized by large reflection and low
transmission. Realizing the transmissive, weakly reflective
counterpart to this 1D configuration, as well as devel-
oping higher-dimensional scatterers encompassing more
participating modes and more ports, is part of our ongo-
ing research. The theoretical model we present emulates
our experiments with remarkable accuracy using only few
parameters, whose numerical values were set manually to
match the experiments, in order to facilitate comparison
of the results. No fit was performed, although this could
be done in the future. Besides the model’s quantitative,
descriptive capabilities, it accurately predicts the overall
nonlinear scattering behavior of a cavity-based limit cycle
that would be expected in real-world experiments. The
latter, qualitative feature is emphasized in this study.

In our setup, a limit cycle is realized through a type
of aeroacoustic instability called “deep-cavity whistling”
[49–51] that has recently been revisited both theoretically
and experimentally [52–54]. Simply put, when a low-
Mach air flow grazes over a (deep) cavity’s aperture at
the right angle and velocity, it can destabilize one of its
resonant modes, which leads to self-sustained oscillations
(whistling). This transition from resonance to whistling,
which can be modeled as the supercritical Hopf bifurcation
associated with a Stuart-Landau oscillator [53,55–57], is

exploited in this work to create a self-sustained limit cycle
in the cavity.

A benefit of such an aeroacoustic setup is that when the
air flow is turned off, the cavity has a resonance at f0 and
when it is turned on, the cavity has a limit cycle close to the
same frequency. This insensitivity of the eigenfrequency
to the aeroacoustic instability allows for a side-by-side
comparison of resonance-based and limit-cycle-enhanced
scattering. Before presenting our experiments, however,
we first take a step back from the acoustic realm to derive
a generic coupled-mode framework for the nonlinear scat-
tering matrix. In doing so, we make an argument that the
phenomena we discuss in this work are not restricted to
any particular physical theory, such as acoustics or elec-
tromagnetics, but can generically arise from the dynamic,
nonreciprocal coupling between a limit cycle and waves
interfering with it.

II. THEORETICAL MODEL

The linear-cubic damping force Fd = (−γ + β −
κ|a|2)a of the Stuart-Landau oscillator governs a stable
limit cycle arising from a supercritical Hopf bifurcation
(for β > γ ), and predicts an unbounded effective resis-
tance −Fd/a as the amplitude |a| goes to infinity. Exper-
iments [53, Fig. 8] and numerical simulations [58] on
whistling configurations similar to the one used in this
work showed that the resistance of the cavity-waveguide
interface in the presence of mean flow, which can take
negative values when the aeroacoustic feedback is con-
structive, exhibits a sigmoid-type behavior with respect to
the forcing amplitude as its value tends towards the pos-
itive constant resistance measured in the absence of flow.
This saturated and finite positive resistance corresponds to
a resonant scattering process when the forcing amplitude
is sufficiently large. In this work, to be consistent with
these experimental observations, we envision a damping
nonlinearity, which is quasiequivalent to the Stuart-Landau
model in the vicinity of the origin and near the limit cycle,
but with a finite resistance at large amplitudes (see Fig. 2):

Fd(a) =
(

− γ + β

1 + κ|a|2
)

a. (1)

In accordance with the above considerations, the follow-
ing set of equations, including a nonlinear damping force
Fd, wave-to-mode coupling, wave-to-wave coupling, and
mode-to-wave coupling, is used to model the nonlinear
scattering process:

ȧ = iω0a − γ a + βa
1 + κ|a|2 + D†|sin〉, (2)

|sout〉 = C|sin〉 + Da. (3)
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FIG. 2. Damping nonlinearity envisioned in this work (not to
scale). Shown are the loss and gain components of the non-
linear damping force Fd (left inset) and the effective resistance
−Fd/a (right inset). When the linear gain coefficient β exceeds
the damping constant γ , a stable limit cycle occurs at a = a0. The
nonlinear gain and resistance curves of a Stuart-Landau oscillator
describing a supercritical Hopf bifurcation are shown in gray.

In this model, a is the complex modal amplitude, the dot
represents differentiation with respect to time t ∈ R

+, i
is the imaginary unit, ω0 = 2π f0 ∈ R

+ is the eigenfre-
quency, γ ∈ R

+ is the damping constant, β ∈ R
+ is the

linear gain coefficient, κ ∈ R
+ is the nonlinearity con-

stant, the dagger † symbolizes the Hermitian conjugate
and |sin〉, |sout〉 ∈ C

2 are the incident and outgoing waves
at the forcing frequency ω = 2π f ∈ R

+. As is customary
in the TCMT literature, we use bra–ket notation [59] for
the waves. Since we are dealing with a finite-dimensional
complex vector space, a ket |s〉 denotes a complex col-
umn vector, whose Hermitian conjugate is given by the bra
〈s| = |s〉†. Accordingly, 〈s|s〉 denotes the squared magni-
tude of |s〉. The matrix D ∈ R

2 defines the nonreciprocal
coupling between the nonlinear mode a and |sin〉. We call
D a matrix, although, here, it is a vector. In a general n-
port scattering configuration involving m modes, D is a
complex n-by-m matrix. C ∈ R

2×2 is the background scat-
tering matrix. Self-oscillation can occur only for β > γ ,
which is the case considered here. The specific form of
the nonlinear damping force Eq. (1), which uses a ratio-
nal function in |a| to represent the gain saturation at large
amplitudes, was chosen because it leads to an analytically
tractable system. In principle, any nonlinearity resulting in
qualitatively similar resistance and gain curves as those
sketched in Fig. 2 could be used. It is worth noting that
the coupling matrix D is not independent of the damping
constant γ . We show below how D is related to the par-
tition of the damping γ = γr + γi into reversible radiation
losses (γr) through the ports and irreversible losses in the
cavity (γi), which, in the present acoustic meta-atom, are
due to viscothermal dissipation.

In the absence of forcing, the modal dynamics Eq. (2)
describe a limit cycle with frequency f0 and constant ampli-
tude |a0| = √

(β/γ − 1)/κ . It is straightforward to verify
that this limit cycle is linearly stable for β > γ and that
the origin is unstable in this case. Conversely, for β < γ ,
the limit cycle does not exist and the origin is stable.
At large amplitudes (|a| � |a0|), the linear damping −γ a

dominates the nonlinear, β-modulated term in Eq. (2). In
this limit, therefore, the dynamics (2) reduce to the classic
TCMT equations

ȧ = (iω0 − γ )a + D†|sin〉, (4)

|sout〉 = C|sin〉 + Da, (5)

which are described by the linear scattering matrix

STCMT = C + DF−1D†, (6)

where F = i(ω − ω0) + γ .
In this work, to create a limit cycle, we impose an air

flow in the waveguide to which the cavity is attached. The
small, but non-negligible Mach number Ma ≈ 0.17 of this
air flow induces a bias in the scattering matrix. To model
this asymmetry, we construct the coupling matrix D from
two a priori defined quantities: the target matrix S∗ cor-
responding to resonant scattering at large amplitudes and
the background matrix C, which describes scattering in
the waveguide when it is decoupled from the cavity. C
is determined by the nonresonant nature of a given scat-
tering configuration when the cavity is decoupled from
the waveguide. In turn, S∗ describes the desired, optimal
scattering state at the combined waveguide-cavity system.

We now sketch how the coupling matrix D can be
derived, given S∗ and C, for a general scatterer with n
ports and m active modes, whose dynamics are, respec-
tively, described by linear systems of the form Eqs. (4)
and (5). For simplicity, we assume (a) n > m (more ports
than modes) and (b) that there exists a subset of m eigen-
values of the n-by-n matrix S∗ − C whose magnitudes
exceed those of the remaining eigenvalues. Under these
assumptions, D can be derived along the following lines.

(1) Compute the eigenspectrum {λj , vj }, j = 1, . . . , n of
the n-by-n matrix S∗ − C.

(2) Select the dominant m-dimensional subspectrum,
defined by the set of eigenvalues λj , j = 1, . . . , m with the
largest magnitude and their corresponding eigenvectors vj .

(3) Approximate S∗ − C ≈ ∑m
j bj λj v

†
j vj with suitably

chosen coefficients bj and compare with Eq. (6) to derive
D.

In the 1D problem considered here, m = 1 and b1 = 1. It
is part of our ongoing research to demonstrate on specific
examples how the above pseudoalgorithm can be used to
derive the coupling matrix D for higher-dimensional scat-
tering systems (n > 2, m > 1). It is worth noting that the
method for deriving D sketched above is based on a (set
of) linear system(s) in the form of Eqs. (4) and (5). For the
damping force in Eq. (1) considered in this work, this lin-
ear system exists as a well-defined limit (|a| → ∞) of the
nonlinear system given by Eqs. (2) and (3), see also Fig. 2.
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Should the above steps be applied to a scatterer with a dif-
ferent type of nonlinearity than what is considered here,
then it would be advantageous if there also existed some
limit of that system in which it becomes linear. Rewrit-
ing this linear limit in the canonical TCMT form described
by Eqs. (4) and (5), one can follow the above steps to
derive D. Nonlinearities in the wave-mode coupling matrix
D itself are neglected here, but could be considered in the
future.

For brevity, the full derivation of the scattering matrix
is given in Appendix A and only the main steps are
reported here. We follow the convention by which the
diagonal and off-diagonal elements of S are reflection and
transmission coefficients, respectively [60]. For clarity, we
define the amplitude reflection and transmission coeffi-
cients as Rj →j = |Sjj | and Tj →k = |Sjk|, j ∈ {1, 2}, j �= k,
respectively. To derive a model, which is consistent with
our experimental configuration, we superimpose a diago-
nal (reflective) target matrix S∗ on a purely transmissive
background C:

S∗ =
(

σ + ε 0
0 σ − ε

)
, C =

(
0 1
1 0

)
, (7)

where ε is the asymmetry and σ ∈ R
+ is the unitarity

factor, which was introduced with the objective of account-
ing for internal losses. For these prescribed matrices, the
nonreciprocal coupling matrix D is found to be

D =
√

γ h(σ , ε)
(−g(ε)

1

)
, (8)

where g(ε) = ε +√
ε2 + 1 and h(σ , ε) = (σ +√

ε2 + 1)/[
g(ε)2 + 1

]
. The generic nature of our theoretical frame-

work makes this strategy for realizing superradiant scat-
tering applicable not just to the acoustic experiments pre-
sented here, but to any system that exhibits nonreciprocal
wave-mode coupling and a suitable damping nonlinearity.

For a general model, the nonlinear scattering matrix can
be obtained explicitly from the definition |sout〉 = S|sin〉
and the Moore-Penrose pseudoinverse:

S = |sout〉〈sin|
〈sin|sin〉 . (9)

This equation provides an intuitive explanation of why
superradiance occurs when waves are scattered at a self-
oscillating mode: the energy radiated by the limit cycle a0
oscillating at a fixed amplitude contributes to the outgo-
ing waves |sout〉 for forcing by the incident wave |sin〉 at a
given frequency f ≈ f0. Even when the forcing is weak,
the magnitude of |sout〉 maintains a roughly constant value
due to the contribution of a ≈ a0 [see Eq. (3)], which leads
the entries of S to blow up around f0 as the magnitude of
|sin〉 approaches zero. By this argument, sharp peaks in all

the entries of the scattering matrix are expected to occur
around f0 at small forcing amplitudes. We show below that
this phenomenon is indeed reproduced by our theory and
that it can also be observed in real-world experiments.

To simplify the mathematical steps involved in the
derivation of the scattering matrix, we focus on syn-
chronized conditions, which are achievable for small
enough detuning and large enough forcing amplitude s
(see Appendix B). For harmonic excitation with angular
frequency ω, then, we seek the forced response of the non-
linear mode a as the steady-amplitude solution of Eq. (2)
oscillating at the same frequency. By separately applying
forcing from each port with |sin〉 = s|j 〉eiωt, using Eq. (9),
the nonlinear scattering matrix is found to be

S = C + 1
s

D
2∑

j =1

ρj eiϕj 〈j | (10)

=
(

0 1
1 0

)

+
√

γ h(σ , ε)
s

(−ρ1eiϕ1g(ε) −ρ2eiϕ2g(ε)

ρ1eiϕ1 ρ2eiϕ2

)
, (11)

where a = ρj ei(ωt+ϕj ) is the forced response of a to inci-
dent waves from the j th port, |j 〉 is the unit vector
in j direction, g(ε) = ε + √

ε2 + 1 and h(σ , ε) = (σ +√
ε2 + 1)/

[
g(ε)2 + 1

]
. The frequency-dependent quanti-

ties ρj ∈ R
+ and ϕj ∈ [0, 2π) follow the modal dynamics

(2), and can be determined, for each incident wave fre-
quency ω, from the solution of the cubic equation in
ρj ,

0 = α0 + α1ρ
2
j + α2ρ

4
j + α3ρ

6
j , (12)

whose coefficients are derived in Appendix B. Equation
(12) has a single real root at all frequencies in the parame-
ter range considered in this work. This solution ρj , which
can be obtained numerically or analytically, can then be
substituted into the linearly stable branch of ϕj ,

ϕj = − arg Dj + arcsin
( ρj

|Dj |s
)

, (13)

where  = ω0 − ω is the detuning, to obtain the forced
response of a at a given frequency ω and amplitude s of
the incident wave.

For s → ∞, the scattering matrix (11) tends to (see
Appendix A)

Ss→∞ ≈
⎛
⎝

γ g(ε)2h(σ ,ε)
γ−i 1 − γ g(ε)h(σ ,ε)

γ−i

1 − γ g(ε)h(σ ,ε)
γ−i

γ h(σ ,ε)
γ−i

⎞
⎠ . (14)

In this limit, the intensity reflection coefficient |S11|2 cor-
responds to the TCMT result of Fan et al., given by
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Eq. (17) of Ref. [32]. For comparison, set {ρ1, ρ2, ε, σ } =
{0, 0, 0, 1} in Eq. (11) and {τ , φ, t, r} = {1/γ , −π/2, 1, 0}
in the reference. As we show in Appendix A, the asym-
metry ε induces a biased gain in the system, which is
consistent with the experiments presented below, where
a bias is observed due to the presence of a mean flow
with non-negligible Mach number in the waveguide. It
is worth noting that the present modeling framework is
not restricted to the example of 1D reflective scattering
considered here and may be extended to different configu-
rations by changing S∗ and C, as demonstrated on a simple
example in Appendix D.

Following Ref. [36], we account for dissipative losses
in the linear scattering process at large amplitudes with
the internal decay rate γi, which is related to the coupling
matrix D: D†D = 2(γ − γi). Combined with Eq. (A6), this
formula implies that (see Appendix C)

γi

γ
= 1 − σ + √

ε2 + 1
2

. (15)

The difference between γ and γi is the reversible decay rate
γr = γ − γi. The nonunitarity and the irreversible losses
of the scattering process at large amplitudes are intrinsi-
cally connected. In particular, in this limit, unitary scat-
tering (σ = 1, ε = 0) corresponds to perfect reversibility
(γ = γr). From a physical perspective, for the superradiant
acoustic meta-atom modeled here, γr represents radiation
losses through the ports and γi viscothermal losses along
the internal walls of the cavity.

We now focus on the distribution of energy of the scat-
tered waves in the ports. Here, we are referring to “energy”
in a generic sense as the squared Euclidian norm of a
wave. For a detailed discussion of acoustic energy and
scattering in the presence of mean flow, see Ref. [61].
We define the absorption coefficients for incident waves
from the j th port as αj = 1 − R2

j →j − T 2
j →k, j = 1, 2 �= k.

Superradiant scattering is defined as αj < 0, implying a
net amplification of the incident wave energy: 〈sout|sout〉 >

〈sin|sin〉.
A numerical example of the theoretically derived scat-

tering matrix Eq. (11) is shown in Fig. 3 as a function of
the incident wave frequency f = ω/2π and the normal-
ized incident wave amplitude s̃ = s/

√
γ |a0| [62]. These

results were obtained by repeatedly solving Eqs. (12) and
(13) for different combinations of f and s. Both absorption
coefficients are negative over a continuous range of ampli-
tudes and frequencies, indicating a net gain resulting from
the contribution of the energy radiated from of the self-
sustained limit cycle a. Because this limit cycle couples
nonreciprocally to the outgoing waves, as s̃ is increased,
the scattering matrix undergoes a nonlinear transition from
omnidirectional to unidirectional (purely reflective) super-
radiant scattering. While the change of the transmission
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FIG. 3. Theoretical scattering matrix S of a two-port cavity
with a limit cycle at frequency f0 = 1.82 kHz. The diagonal
and off-diagonal elements of S are reflection (|Sjj | = Rj →j )
and transmission (|Skj | = Tj →k) coefficients, respectively. In this
numerical example, we set β = 172 rad/s, γ = 137 rad/s, σ =
0.8, ε = 0.25 and κ = 1. Shown are (a)–(c) the scattering matrix
coefficients |Sij | over the incident wave frequency f and (d)–(j)
the same quantities as well as the absorption coefficients α1,2 over
f and the normalized incident wave amplitude s̃ = s/

√
γ |a0|.

The colors of (d),(e),(g),(h) correspond to the colors of the
respective curves in (a)–(c). The interval [0, 1] in (a)–(c) is
colored in red. The red curve in (j) marks the α2 = 0 con-
tour, separating the domains of superradiant (S) and lossy (L)

scattering.

and reflection coefficients over the incident wave ampli-
tude s̃ is sharp at small amplitudes, at larger amplitudes, a
saturation occurs and the superradiance persists with little
change.

III. EXPERIMENTAL VALIDATION

A. Superradiant acoustic meta-atom

To validate our theoretical analysis, a superradiant
acoustic meta-atom was experimentally realized to achieve
a nonlinear cavity mode with similar characteristics as the
mode a in the model presented in II. Deep-cavity whistling
was obtained by imposing a low-Mach air flow in the
waveguide with a bulk velocity U that exceeds the thresh-
old of a supercritical Hopf bifurcation. The corresponding
aeroacoustic limit cycle at f0 = 1.82 kHz involves a longi-
tudinal mode of the cavity, which constructively interacts
with the coherent vorticity fluctuations in the cavity open-
ing [49–54]. The experimental setup, shown in Fig. 4(a),
consists of a square cross-section wind channel with side
length H = 6.2 cm and wall thickness equal to 0.4 cm. The
channel terminates upstream and downstream in two large
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FIG. 4. Acoustic properties of a superradiant acoustic meta-atom in the absence of external forcing (|sin〉 = 0). (a) Experimental
setup, consisting of a cavity (side branch resonator) attached to a waveguide (wind channel). An air stream with bulk velocity U is
imposed in the waveguide to create an aeroacoustic limit cycle in the cavity. Microphones were flush mounted in the cavity and in
the waveguide for acoustic measurements. (b) Acoustic eigenmode of the cavity-waveguide system at f = 1.82 kHz. (c) Squared
rms amplitude of the bandpass-filtered acoustic pressure between 1.74 and 1.9 kHz inside the cavity, showing the bifurcation point
at U = 54.8 m/s [×] and the operating point at U = 56.8 m/s [◦], superimposed on a regression line (gray, dashed). (d) PSD Spp of
the acoustic pressure inside the cavity for equally spaced values of the bulk flow velocity U. The value of U for each of the spectra
is indicated by the curves’ colors, which correspond to those of the vertical lines in Fig. 4(c). (e) PSD Spp of the acoustic pressure p
inside the cavity as a function of the bulk flow speed U.

anechoic ends (not shown), which were measured to reflect
less than 2% of acoustic energy in the frequency range of
interest for all considered operating conditions. See Fig. 1
of Ref. [53] for a sketch of the anechoic ends. A steadily
operated blower allows us to impose a low Mach mean
flow in this acoustic waveguide. The bulk velocity U is
deduced from the mass flow and the temperature in the
channel, which are measured with a Bronkhorst IN-FLOW
F-106CI mass flow meter and a thermocouple. As shown
in Fig. 4(a), in the middle of the channel, at x0 = −1.5 cm,

a rectangular aperture of width W = 1 cm, depth H = 6.2
cm, and length (in z direction) d = 0.2 cm opens up into a
deep rectangular cavity of width 3W = 3 cm, depth H , and
length L = 21 cm.

For certain ranges of the bulk flow velocity, whistling
occurs due to an aeroacoustic instability, leading to self-
sustained shear layer oscillations at the aperture of the side
branch cavity. In addition to these unforced, self-sustained
oscillations, the system can be subjected to upstream and
downstream acoustic forcing with compression drivers
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located in the anechoic terminations of the waveguide. For
the acoustic measurements, two G.R.A.S. 46BD 1/4” CCP
microphones were flush mounted in the center (x = x0) at
z = −3.1 and z = 9 cm. The lower of these central micro-
phones was used for calibration of the forcing amplitude
and the upper one for measuring the acoustic pressure
inside the cavity during the unforced acoustic experi-
ments. Six microphones of the same type were placed
in the waveguide at x − x0 = ±18.3, ±26.8, and ±32.3
cm to reconstruct the incident and outgoing waves in the
waveguide.

The properties of the acoustic meta-atom in the absence
of external forcing (|sin〉 = 0) are characterized in Figs.
4(b)–4(d). Figure 4(b) shows finite-element simulations of
the Helmholtz equation in the waveguide-cavity system,
revealing the structure of the pure acoustic eigenmode (res-
onance) involved in the aeroacoustic instability considered
in this work. The simulations were carried out in MATLAB
using the function solvepdeeigwith default settings on
the Helmholtz equation ∇2p − (ω0/c)2p = 0, where p is
the acoustic pressure, ω0 is the angular eigenfrequency of
the resonance and c = 344 m/s is the speed of sound. The
domain geometry was generated with CAD software. The
boundary conditions set were of Dirichlet type (“open,”
p = 0) at the upstream and downstream ends of the mod-
eled channel segment (x − x0 = ±9 cm) and of Neumann
type (“hard walls,” vanishing wall-normal gradient ∇⊥p =
0) everywhere else. These FEM simulations confirm the
existence of a spatially localized resonance, close to the
five-quarter mode of a idealized opened-closed cavity, with
frequency f = 5c/4(L + l) = 1.82 kHz, where the end
correction l is equal to about 2.7 cm. The trapped mode
in the side branch shown in Fig. 4(b) is the acoustic mode
that, in the classic scenario of deep-cavity whistling, coher-
ently interacts with the “hydrodynamic,” incompressible
shear layer in the cavity aperture to lead to an aeroacoustic
limit cycle.

The occurrence of a supercritical Hopf bifurcation is
confirmed in Fig. 4(c) by plotting p2

rms over U, where prms
is the rms amplitude of the bandpass-filtered acoustic pres-
sure between 1.74 and 1.9 kHz. The dependence of the
squared rms amplitude is linear, as expected by the ideal-
ized Stuart-Landau theory. By extrapolating a least-squares
regression line, the gray dashed line in Fig. 4(c), over the
linear region, the bifurcation point, marked by a cross, is
estimated to lie at approximately 54.8 m/s. The operating
point was defined at U = 56.8 m/s, and is marked by a
circle in Fig. 4(c).

Figure 4(d) shows the power spectral density (PSD) of
the acoustic pressure inside the cavity for equally spaced
values of the bulk flow velocity U. The value of U for each
of the spectra is indicated by the curves’ colors, which
correspond to those of the vertical lines in Fig. 4(c). The
flow velocity range encompasses the bifurcation where a
linearly stable aeroacoustic mode oscillating at 1.82 kHz

becomes linearly unstable, which leads to a dominant
aeroacoustic limit cycle. Indeed, when the flow speed is
increased from 50 to 58 m/s, a sharp rise in the acoustic
pressure amplitude at this frequency is observed. This peak
is narrow and strongly isolated between 1.4 and 2.1 kHz,
justifying the 1D nature of the theoretical model in Sec. II.
The low-frequency signature of turbulent noise is also vis-
ible for f0 ≤ 200 Hz in Fig. 4(d), as for the configuration
investigated in Ref. [53]. In the narrow frequency range
around 1.82 kHz, at the chosen operating point, coherent
effects dominate, as can be seen from Fig. 4(d). There-
fore, in that frequency band, the effect of the turbulent,
quasistochastic forcing on the nonlinear cavity mode a
can be neglected to reasonable accuracy. Nevertheless, it
would be an interesting topic for future research to also
include noise in the nonlinear scattering theory; see also
the discussion in Sec. IV.

Figure 4(e) shows the PSD of the acoustic pressure in the
side cavity for a continuous range of bulk flow velocities.
The dark lines in the PSD correspond to several acoustic
resonances of the cavity. They are horizontal, which shows
that the aeroacoustic feedback does not significantly affect
the frequency of the modes.

The operating conditions considered in this work are
U = 0 m/s and U = 56.8 m/s. At the latter bulk veloc-
ity, due to the non-negligible Mach number Ma ≈ 0.17,
the self-sustained aeroacoustic mode radiates into the
upstream and downstream parts of the waveguide in an
biased fashion. This leads to a broken symmetry of the
system when U is not negligible compared to the speed
of sound c ≈ 345 m/s.

Consequently, as a byproduct of this air stream in the
waveguide, a bias on the order of Ma is imposed on the
acoustic system. The measured rms amplitudes of the self-
sustained acoustic waves radiated into the upstream and
downstream sections of the waveguide at x − x0 = ∓32.3
cm were 0.54 and 0.65 hPa, respectively. The acous-
tic energy of the limit cycle feeds the scattered waves,
enabling superradiance in the presence of incident waves.

To measure the scattering matrix S, acoustic waves
produced by two Beyma CP850Nd compression drivers
placed in the anechoic ends of the waveguide are sent to
the cavity. The presence of these devices does not alter
the nonreflective nature of the waveguide terminations.
The columns Si1 and Si2, i = 1, 2 are obtained separately
by applying harmonic forcing upstream and downstream
of the cavity. The voltage of the signal to the drivers is
calibrated at each frequency to achieve a specified acous-
tic forcing amplitude s in the waveguide just outside the
cavity aperture. Assuming lossless transmission in the 1D
waveguide, the multimicrophone method is employed to
reconstruct the forward- and backward-propagating waves
in the waveguide [63]. The scattering experiments were
repeated 3 times at each operating condition over the con-
sidered frequency range to ensure the reproducibility of the
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FIG. 5. Experimentally determined scattering matrix of the
unbiased resonant cavity depicted in Fig. 4(a) in the absence of
air flow (U = 0). Shown are the same quantities as in Fig. 3.
To measure S, acoustic forcing at frequency f with amplitude
s is applied from the upstream and downstream ends of the
waveguide.

results. We note that the wavelength c/f ≥ 20 cm of the
acoustic forcing imposed by the compression drivers sig-
nificantly exceeds the extensions of the waveguide’s cross
section, justifying the 1D plane-wave assumption of the
multimicrophone method.

B. Unbiased case

Before performing the nonlinear scattering experiments,
we characterized the scatterer shown in Fig. 4(a) in the
absence of an air stream in the waveguide, in which case
it acts simply as a resonant side cavity. Figure 5 shows
the reflection and transmission coefficients of this unbiased
system, i.e., at U = 0 m/s. We observe that the measured
scattering matrix is amplitude independent, quasisymmet-
ric, and lossy over the entire range of frequencies and
forcing amplitudes considered. These results demonstrate
that the nonlinear features discussed in this work are solely
caused by the whistling phenomenon induced by the air
flow.

C. Nonlinear scattering experiments

We now present nonlinear scattering experiments per-
formed on a superradiant acoustic meta-atom. Measure-
ments were done for varying incident wave amplitudes
s at the bulk flow velocity U = 56.8 m/s where the side
cavity shown in Fig. 4(a) exhibits a limit cycle at f0 =
1.82 kHz. The experimentally determined nonlinear scat-
tering matrix, shown in Fig. 6, is in excellent qualitative
agreement with the theoretical results shown in Fig. 3.
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FIG. 6. Experimentally measured scattering matrix of a super-
radiant acoustic meta-atom in a biased 1D waveguide based on an
aeroacoustic limit cycle with eigenfrequency at f0 = 1.82 kHz.
Shown are the same quantities as in Fig. 3. To obtain S, acous-
tic forcing at frequency f with amplitude s is applied from the
two anechoic ends of the waveguide. The rms amplitudes of the
acoustic waves radiated by the cavity whistling in the absence
of acoustic forcing are 0.54 and 0.65 hPa in the upstream and
downstream sections of the waveguide.

As in this numerical example, the experimental scatter-
ing matrix exhibits a nonlinear transition with increasing
s from omnidirectional to unidirectional (purely reflective)
superradiant scattering. It is interesting to note that in the
present biased system, superradiant reflection is stronger
for incident waves in flow direction and persists at large
forcing amplitudes, confirming its theoretically predicted
robustness. At 1825 Hz and s = 1.2 hPa [Fig. 6(a)], the
wave reflected back into port “1” experiences an ampli-
tude gain of 20% while less than one per thousand of
acoustic energy is transmitted to port “2.” We note that
Fig. 6(b) differs qualitatively from the corresponding the-
oretical results shown in Fig. 3(b). In the future, one may
add a Duffing-type nonlinearity in the modal dynamics to
obtain reflection and transmission coefficients whose abso-
lute values are not symmetric with respect to reflection
around f = f0. Alternatively, one could consider a sepa-
rate model for synchronization instead of always assum-
ing synchronized conditions. The stability domain of the
synchronized state will generally not be symmetric with
respect to f0 [64].

IV. DISCUSSION

The resonant scattering matrix of the cavity without air
flow reported in Fig. 5 manifests itself near the resonance
frequency f0 = 1.82 kHz by higher reflection and lower
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transmission. It is interesting to note that the superradi-
ant scattering matrix of the acoustic meta-atom shows the
same tendency at large forcing amplitudes (see Fig. 6).
This enhancement of the resonant scattering matrix, fur-
ther emphasized in Fig. 7, is explained by the nonlin-
ear coupled-mode theory presented above. The observed
behavior also depends on the nonlinear damping force Fd
of a given system. We have not, in this work, investigated
the tunability of the system by continuously varying the
bifurcation parameter (bulk flow velocity U). This topic is
part of our ongoing research, which seeks to study theoreti-
cally and experimentally if, given an operating condition at
which a limit cycle a0 exists, the desired superradiant scat-
tering state can always be reached by continuously varying
the incident wave amplitude s.

We studied both small-amplitude amplification by a
supercritical Hopf bifurcation [65,66] [see Figs. 3(c), 5(c),
and 6(c)] as well as scattering for larger forcing ampli-
tudes [see Figs. 3(a), 5(a), and 6(a)]. Our tunable concept
is based on the synchronization between incident waves
and the radiation losses of a self-oscillating source. As in
the nonlocal active metamaterial proposed in Ref. [67],
destructive interferences between traveling waves in the
absence of the source and waves radiated from the source
enable tailoring the scattering to quasiperfect isolation.
At the operating condition shown in Fig. 4 (right inset),
the scatterer is a reflection amplifier for waves originating
from port “1” [68,69]. The inherent directionality of the
amplification mechanism discussed here makes it a viable
candidate for future use in flow-based acoustic metama-
terials [46,60,70,71], which often suffer from dissipation
losses.

The self-sustained aeroacoustic system considered in
this work can be compared to an electromagnetic circuit
with a negative resistance element, such as a Gunn diode
[72,73] or a tunnel diode [74–76], except that the nega-
tive resistance in our case does not come from an external
element but from the aeroacoustic instability, which is

resonance limit cycle1.5

|S
ij
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1. . .74 1 90 1 74 1.90

1

f (kHz) f (kHz)

0

|Sij |

FIG. 7. Experimentally determined scattering matrix coeffi-
cients |Sij | at forcing amplitude s = 1.3 hPa for resonance-based
(left inset) and limit-cycle-enhanced scattering (right inset). The
black and gray curves correspond to the reflection coefficients
R1→1 and R2→2, and the blue and cyan curves to the transmis-
sion coefficients T2→1 and T1→2, respectively. The interval [0, 1]
is colored in red.

intrinsic to the medium that the waves travel in. Our work
differs from other recent approaches to unidirectionally
amplifying acoustic diodes in that our proposed superra-
diant meta-atom is all acoustic, without the need for any
internal electrical components to manipulate the sound
field [77–79]. It would be interesting to attempt to relate
the theoretical and experimental results presented above to
theoretical results on lasers [80], whose functional princi-
ple is also based on selecting a cavity mode and enhancing
it using a nonlinear feedback mechanism.

Future applications of our theory may include mod-
eling of optical scatterers, such as complex nonrecipro-
cal devices [69,81,82] and spherical cavities [83]. While
the derivation of the background could be performed by
choosing suitable matrices S∗ and C and proceeding in
analogy to Appendix A, nonlinearities [84–88], negative
feedback [89], or thermal noise [90] may be included
through the modal equation(s). To be clear, we do not claim
to be able to model, as of now, any of the systems cited
above, but we mention them because they feature hall-
marks of dynamical systems, which could be included in
the nonlinear scattering framework presented in Sec. II.
Once the modal equation(s) for ȧ and the equation for |sout〉
have been found, the scattering matrix follows directly
from the general expression in Eq. (9).

V. CONCLUSIONS

In summary, this work shows the following:

(a) A nonlinear cavity mode undergoing a limit cycle
can enable superradiant scattering, whereby incident
waves are amplified in one direction and canceled in the
opposite direction.

(b) The above effect is purely dynamic and can be
described by a generic nonlinear coupled-mode theory. In
this framework, superradiance can arise from synchroniza-
tion between a limit cycle and an incident wave.

(c) Aeroacoustic instabilities in deep cavities can be
used to experimentally demonstrate superradiant scattering
by a limit cycle, showing excellent agreement with theory.
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APPENDIX A: SCATTERING MATRIX
DERIVATION

Since C was defined a priori, the nonlinear scattering
matrix in Eq. (11) is determined only by the unknown
coupling matrix D. To derive D from S∗ and C [see Eq.
(7)], we consider the large amplitude limit of the nonlin-
ear scattering process, given by the TCMT Eqs. (4) and
(5). For harmonic forcing with angular frequency ω, in
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the steady state, ȧ = iωa, which leads to a = F−1D†|sin〉,
where F = i(ω − ω0) + γ . Substituting this intermediate
result into Eq. (5) yields the scattering matrix at large
amplitudes |a| � |a0|:

|sout〉 = (C + DF−1D†)|sin〉, (A1)

where C + DF−1D† is the large amplitude scattering
matrix. Formally approximating S∗ with this matrix
yields a low-rank approximation problem from which the
unknown coupling matrix D can be determined:

S∗ − C ≈ DF−1D†. (A2)

The matrix S∗ − C, where S∗ and C are defined in the main
text, has the following eigenvalues μj and corresponding
normalized eigenvectors vj , j = 1, 2:

μ1 = σ +
√

ε2 + 1, v1 =

⎛
⎜⎝

−ε−
√

ε2+1√
(ε+

√
ε2+1)2+1

[(ε + √
ε2 + 1)2 + 1]−1/2

⎞
⎟⎠,

(A3)

μ2 = σ −
√

ε2 + 1, v2 =

⎛
⎜⎝

−ε+
√

ε2+1√
(ε−

√
ε2+1)2+1

[(ε − √
ε2 + 1)2 + 1]−1/2

⎞
⎟⎠.

(A4)

To capture the main characteristics of the specified matri-
ces S∗ and C, we define the coupling matrix D such that
for resonant forcing (F = γ ), the singular matrix DF−1D†

shares with S∗ − C its dominant subspectrum, i.e., the
eigenvalue with the largest absolute value and the corre-
sponding eigenvector. Both D as well as the ideal param-
eter configuration, which we call “perfect matching,” are
defined by the following two consistency conditions: (I)
The spectrum of the singular matrix Dγ −1D† must coin-
cide with the dominant subspectrum of S∗ − C. (II) For
a perfectly matched scatterer with σ = 1, C + Dγ −1D† =
S∗ must be unitary.

By the Hermiticity of the chosen S∗ and C, we can
expand the 2-by-2 matrix S∗ − C in terms of its eigenvec-
tors vj ∈ C

2 and eigenvalues μj ∈ R as follows:

S∗ − C = μ1v1v
†
1 + μ2v2v

†
2, (A5)

where |μ1| ≥ |μ2|. To satisfy (I), we define D = v1
√

γμ1,
so that Dγ −1D† = μ1v1v

†
1. From (II), we deduce that

the perfect matching condition is ε = 0. Written out, the
coupling matrix D is given by Eq. (8)

D =
√

γ h(σ , ε)
(−g(ε)

1

)
, (A6)

where g(ε) = ε +√
ε2 + 1 and h(σ , ε) = (σ +√

ε2 + 1)/[
g(ε)2 + 1

]
. Written out, the large amplitude limit of the

reflection coefficient of the port “1” at resonant forcing
( = 0) is given by

S11,s→∞ ≈ (ε + √
ε2 + 1)2(σ + √

ε2 + 1)

(ε + √
ε2 + 1)2 + 1

. (A7)

For the parameter values used in the numerical example in
the main text (σ = 0.8 and ε = 0.25), we have S11,s→∞ ≈
1.14, showing that the presence of a strong enough asym-
metry can lead to biased, reflective superradiance that
persists even at large forcing amplitudes.

The spectral low-rank approximation used above is
exact when σ = 1 and ε = 0, in which case the spec-
trum of S∗ − C is singular, and its quality decreases as
|μ1| and |μ2| approach each other. In the limiting case
σ = ε = 0, S∗ − C = −C has no distinguished dominant
spectral subspace.

APPENDIX B: FORCED RESPONSE DERIVATION

For simplicity, we write ρj = ρ and ϕj = ϕ. We assume
harmonic excitation from the j th port with |sin〉 = s|j 〉eiωt.
Substituting these expressions into the modal dynamics
Eq. (2), setting ρ̇ = ϕ̇ = 0 and separating real and imag-
inary parts leads to

[(
|Dj |s

)2
− (2 + γ 2)ρ2

]
(1 + κρ2)2

+ 2γβρ2(1 + κρ2) − β2ρ2 = 0, (B1)

which can be written as a cubic equation for ρ2:

0 = α0 + α1ρ
2 + α2ρ

4 + α3ρ
6, (B2)

where

α0 = |Dj |2s2,

α1 = 2|Dj |2s2κ − (2 + γ 2) + β(2γ − β),

α2 = κ2|Dj |2s2 − 2κ(2 + γ 2) + 2γβκ ,

α3 = −κ2(2 + γ 2).

The linearly stable branch of ϕ is given by [64]

ϕ = − arg Dj + arcsin
( ρ

|Dj |s
)

. (B3)

This solution can only exist if

∣∣∣ ρ

|Dj |s
∣∣∣ ≤ 1, (B4)

which is always true for the parameter values considered
in this work. Equality in this expression, which would
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imply neutral stability of ϕ1 and ϕ2, is never reached here.
The inequality Eq. (B4) expresses the well-established
notion that synchronization of the forced response with
the harmonic excitation is possible only for small enough
detuning and large enough forcing amplitude [64].

APPENDIX C: LOSSES BREAK TIME SYMMETRY

Let us consider here the large amplitude limit of Eqs. (2)
and (3), given by the TCMT Eqs. (4) and (5). We model
dissipation, or irreversible losses, in this limit using the
internal decay rate γi ∈ R

+. Specifically, following Ref.
[36], we assume that the decay rate γ can be decomposed
into a part γr related to (reversible) decay through the ports
and another part γi representing irreversible losses:

γ = γr + γi. (C1)

The decay through the ports is reversible because the wave
energy transmitted in this manner is available to the envi-
ronment, while the irreversible losses are irrecoverable.
For a linear process, the presence of internal losses is
marked by a broken time symmetry: while in forward time,
the mode a decays like exp (−γ t), its time-reversed coun-
terpart a∗, where (·)∗ is the complex conjugate, grows like
exp (γrt) in backward time, i.e., only the reversible part of
the decay rate γr contributes to the growth of the time-
reversed mode. Following Ref. [36, Eqs. (58) and (59)], the
relation between γr and the coupling matrix is expressed as
follows:

D†D = 2γr

= 2(γ − γi). (C2)

To confirm the broken time symmetry, we apply a time-
reversal transformation to the exponential decay of the
mode a in an initially energized cavity in the absence
of forcing, i.e., for |sin〉 = 0. This transformation inter-
changes |sin〉 and |sout〉 in Eq. (4). In the time-reversed
scenario, the mode grows exponentially in backward time
with the a priori undetermined growth rate γ̃ ∈ R

+. The
time-reversed dynamics are therefore given by

ȧ∗(−t) = (iω0 + γ̃ )a∗(−t) − DT|sout〉∗(−t), (C3)

where (·)∗ is the complex conjugate and (·)T is the trans-
pose.

The following steps are analogous to Ref. [33, Sec. II
D]. Assuming a varies in time like exp(iωt) with complex
frequency ω = ω0 − iγ̃ , we have

2γ̃ a∗ = DT|sout〉∗ (C4)

= DT(D∗a∗) (C5)

⇒ D†D = 2γ̃ . (C6)

Comparing Eqs. (C2) and (C6) yields

γ̃ = γ − γi

= γr, (C7)

demonstrating that time symmetry is broken (γ �= γ̃ ) for
γi �= 0. In the case of a linearly stable cavity, using Eq.
(C2) and the expression for D given in the main text,
the relation between the internal decay rate γi, the uni-
tarity factor σ and the asymmetry ε given in Eq. (15) is
established.

APPENDIX D: TRANSMISSIVE CASE

Here, to demonstrate the adaptability of our method
to different scattering configurations, we derive the cou-
pling matrix D for a symmetric, purely transmissive target
matrix S∗ and a lossless, reflective constant background C
from the TCMT Eqs. (4) and (5):

S∗ =
(

0 σ

σ 0

)
, C = −

(
1 0
0 1

)
, (D1)

where σ ∈ R
+ is the unitarity factor. The matrix S∗ −

C has the following eigenvalues μj and corresponding
normalized eigenvectors vj , j = 1, 2:

μ1 = 1 − σ , v1 = 1√
2

(−1
1

)
, (D2)

μ2 = σ + 1, v2 = 1√
2

(
1
1

)
. (D3)

Note that |μ2| ≥ |μ1|. To approximate the dominant sub-
spectrum of S∗ − C, we therefore set D = v2

√
γμ2, which

leads to the following scattering matrix:

S = C + DF−1D†

=
(

γ (σ+1)

2(γ+i)
− 1 γ (σ+1)

2(γ+i)
γ (σ+1)

2(γ+i)

γ (σ+1)

2(γ+i)
− 1

)
. (D4)

The internal decay rate γi describing irreversible losses is
given by

γi

γ
= 1 − σ

2
. (D5)

For resonant forcing ( = 0), an imperfectly transmis-
sive scattering state is reached, which deviates from S∗ for
nonzero dissipation (σ < 1):

S|ω=ω0 = 1
2

(
σ − 1 σ + 1
σ + 1 σ − 1

)
. (D6)

Note that for σ = 1 and  = 0, the linear scattering matrix
S coincides with S∗. It is left to the interested reader to
study the nonlinear extension of this example.
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