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Rotation Sensing of a Trapped Nanoparticle Assisted by Magnetic Field Gradient
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We propose a rotation sensing scheme based on the Sagnac interferometer for a single trapped particle
system. In this scheme, the spin and vibrational states of the particle, prepared in a coherent state, are
translated into a Schrödinger cat state by applying a strong magnetic field gradient to create the spin-
dependent force. By reflecting the phase related to the rotational rate accumulated by the two arms of
the interferometer to the spin state, we can obtain the rotational rate of the apparatus by performing spin
measurement. The scheme can also be applied to the situation with the vibration state in the thermal state.
The sensing sensitivity can reach S = 4.47 × 10−7 rad/s

√
Hz for a suspended diamond nanoparticle

and S = 5.65 × 10−6 rad/s
√

Hz for a trapped 40Ca+. Combining with the experimental parameters, our
scheme is applied to realize the gyroscope in a trapped single nanoparticle and atomic ion.

DOI: 10.1103/PhysRevApplied.20.034063

I. INTRODUCTION

Matter-wave interferometer, due to the high sensitivity
against the phase accumulation of the evolution process,
has attracted extensive attention in the quantum precision
measurement field, such as measuring relativistic effects
of electromagnetic interactions [1–3], atomic and molec-
ular properties [4,5], inertial displacements [6–15]. As
one of them, the Sagnac interferometer, utilizing the rel-
ativistic effect of rotation to accumulate phase difference
between two different evolution paths, has been applied for
precise rotation sensing [16–22]. The high accuracy and
precision of rotation sensing can be used to produce the
Sagnac gyroscope in inertial navigation [23–27], geodesy,
and geophysics [28,29].

At present, many schemes for gyroscopes with atomic
ions have been proposed, and there are also a lot of demon-
strations of rotational sensing [10–12,30–33]. Among
them, the more widely used method is the construction of
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a spin-dependent kick (SDK) using ultrafast pulse gener-
ated by mode-locked lasers to entangle the internal and
motional states of atomic ions [12,34,35]. The premise of
this scheme is that the pulse train is much shorter than
the trapping period such that the trap evolution of the ion
can be approximately ignored in the process of applying
the pulse train. Using the stimulated Raman laser con-
figuration, the laser beam needs to be divided into two
beams. The energy-level difference of the chosen two-level
system is therefore limited by the laser bandwidth, and
two hyperfine energy levels are often chosen for encod-
ing a qubit system [34–36]. On the other hand, two key
points are crucial for interferometers, namely apparatus
size and sensitivity [11]. To improve the sensitivity, there
are two methods, increasing the area enclosed by the inter-
ferometer arms or increasing the energy of the interfering
particles.

Since the spin-dependent momentum kick generated by
the ultrashort pulse of the mode-locked laser [11,12,34,35]
is too weeny for the larger masses’ nanoparticle to drive
the system evolving into a serviceable entanglement state,
we propose an alternative rotation sensing scheme, which
is not only applicable to the system of trapping atomic
ions but also applicable to nanoparticles (such as N-V-
center nanocrystals). Besides, it is conducive to the further
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improvement of sensitivity. The scheme uses a strong mag-
netic field gradient (MFG) to drive the spin-dependent
position splitting to produce the Schrödinger cat state [37–
39], entangling the spin and motion of the nanoparticle.
Compared with the laser-induced SDK scheme, it is not
constrained by the Lamb-Dicke condition, meanwhile the
displacement it induces in the MFG direction is 3 orders
of magnitude larger than that produced by SDK. The dif-
ference is that an extra spin component will be introduced
when the MFG is applied again due to the rotation of the
apparatus. To increase the area enclosed by the two arms
of the Sagnac interferometer, a displacement is generated
by rapidly varying the trapping voltage of the particle in
the direction orthogonal to the MFG [40]. Before rapidly
varying the trapping voltage to produce an instantaneous
displacement, we need to let the particle freely evolve in
the trap for a quarter of a period to translate the apparatus
rotation rate into the phase shift. In this protocol, the area
enclosed by two arms of the interferometer is proportional
to the displacement along these two directions and only the
coupling driven by the MFG needs to be spin dependent.

The rest of the paper is organized as follows. In Sec. II,
we first describe the theoretical model and sensitivity of
interferometry. Then, we apply our scheme to the sus-
pended diamond nanoparticle system and 40Ca+ system to
clarify our scheme in Sec. III. Finally, a brief conclusion is
given in Sec. IV. The derivation details can be found in the
Appendix.

II. MODEL AND THEORETICAL SCHEME OF
THE INTERFEROMETER

A single particle trapped in a Paul trap is used to con-
struct the Sagnac interferometer, where we set the trap
frequencies in the x and z directions equal (ωx = ωz ≡ ω),
while the y direction is strongly confined (ωy � ω) so
that the particle can be approximated as two-dimensional
motion in the z-x plane (Fig. 1). The internal energy-level
structure of the particle is a universal three-energy system,
as shown in the upper right panel of Fig. 1, with two ground
states |↑〉 and |↓〉, and an excited state |e〉.

Before starting our protocol, we assume that the internal
state of the particle is initialized into the spin ground state
|↓〉 after the optical pumping, meanwhile, the motional
state of the particle is in a thermal state ρth, expanded by
the coherent state basis vectors as ρth = ∫

d2αPth(α)|α〉〈α|
where Pth is the Glauber P representation for the ther-
mal state. For simplicity, we start with the initial state
as a coherent state |↓〉|αz,αx〉 to elaborate our scheme.
Then, the measurement results for the thermal state can
be obtained by the thermal average on the brightness of
the corresponding coherent state, where the influence of
the thermal state, as stated in the following calculations,
is reflected in a reduction of the interference contrast.

FIG. 1. Schematic diagram of a single-particle motion in the
z-x plane. The internal energy-level structure and the laser con-
figuration of the particle are enlarged in the upper right panel,
where �d,u denote the Rabi frequencies of lasers.

Besides, the coherent state can be prepared by the bang-
bang control protocol [40,41], spatially uniform classi-
cal driving field, a “moving standing wave,” or pairs of
standing waves [42,43].

A. Interferometer operations for a single particle

To realize the rotational sensing of tiny rotational rate,
we assume that the rotational rate�r of the apparatus is far
smaller than the control parameters of the system, such as
the Rabi frequencies of laser (�d,u), coupling coefficients
(λ), and vibrational frequency (ω) in the following.

A nine-step interferometric procedure is developed to
construct the rotation sensing protocol, where the last four
steps are inversions of the first four steps, and between
them a long free evolution through step (v) is used to accu-
mulate the Sagnac phase shift. Steps (i) and (ix) are the
standard Ramsey interferometric processes. Steps (ii) and
(iv) are two ways of generating shifts in phase space, where
step (ii) produces a spin-dependent position splitting, while
step (iv) allows the two wave-packet trajectories to enclose
a confined area simply by a spin-independent displace-
ment generated by adiabatically shifting the position of the
trap center in the direction perpendicular to step (ii). The
specific steps and operations of protocol to construct the
interferometer by a trapped particle are stated as follows:

Step (i): As shown in the upper right panel of Fig. 1, two
laser beams are used to prepare the spin state of particle
from |↓〉|αz,αx〉 into the superposition

|ψ1〉 = 1√
2
(| ↓〉 + | ↑〉)|αz,αx〉, (1)

through the Hadamard operation [44–50]. Here, we just
provide a one-step method, implemented by the nonadia-
batic holonomic quantum computation (NHQC) [51], that

034063-2



ROTATION SENSING OF A TRAPPED NANOPARTICLE. . . PHYS. REV. APPLIED 20, 034063 (2023)

two laser beams are simultaneously applied to resonantly
drive the transition of internal states through the Hamil-
tonian Hl = �[�d |↓〉〈e| −�u |↑〉〈e| + H.c.]/2 with the
Rabi frequency �d/�u = tan(π/8) for the duration τ =
2π/

√
�2

d +�2
u. In our protocol, we assume the Rabi fre-

quency �d,u of lasers is much larger than other character-
istic parameters so that we can neglect other interactions
during the transition process of internal states.

Step (ii): A gradient magnetic field B(z) = B(0)+
B′(0)z is applied along the z axis to entangle the elec-
tron spin and motion of the particle. The rotation angle
of the apparatus during wave-packet splitting induced by
the MFG can be ignored due to the tiny rotational rate
�r. The Zeeman splitting of |↓〉 and |↑〉 induced by the
zeroth-order expansion of B(z) can be canceled by adding
a uniform magnetic field −B(0) along z. The Hamilto-
nian can be written as H = �ω0σz/2 + �ω(a†a + c†c)+
Hλ with the coupling terms

Hλ = λ(c + c†)σz + λ0(c + c†), (2)

where σz is the usual Pauli operator for the states |↓〉
and |↑〉 with the frequency difference ω0, and a (a†) and
c (c†) are respectively the annihilation (creation) operators
of motional mode along the x and z axis with the same
trap frequency ω. The first term of the above equation
denotes the coupling between the spin and motional states
induced by the MFG with the coupling strength λ =
(�↑ −�↓)μBB′(0)z0/2, and the second term is the cou-
pling of the MFG and motion with the coupling strength
λ0 = (�↑ +�↓)μBB′(0)z0/2 where μB is the Bohr mag-
neton, z0 = √

�/2mω is the zero-point fluctuation ampli-
tude of particle with mass m, and the factor �j = mj gj
with mj and gj corresponding to the magnetic quantum
number and Landé g factor of energy level j (j = ↑, ↓).
As shown in Fig. 2(a), the Hamiltonian in Eq. (2) drives
the center-of-mass motion of particle wave packet to split
to the maximum value 4η after half a motional period
T/2 = π/ω where the magnetic Lamb-Dicke parameter
η ≡ λ/�ω [37]. The evolution operator can be obtained as
(see Appendix A for more details)

UMFG

(T
2

)
= e−iπ(a†a+c†c)

(
e−iφ0Dz [2(η0 + η)] |↑〉〈↑|

+ eiφ0Dz [2(η0 − η)] |↓〉〈↓|
)

, (3)

where Dz[·] denotes the displace operator acting in the z
direction, and the phase difference φ0 = π(ω0/2ω − 2η0η)

with the magnetic Lamb-Dicke parameter η ≡ λ/�ω and
η0 ≡ λ0/�ω. After this step, the system state is evolved

1

4

4

1

4

4

4

(a) (b)

FIG. 2. The evolution of an arbitrary initial coherent state in z
phase space (a) and x phase space (b), respectively, where the red
and blue circles correspond to the |↑〉 and |↓〉 states, and the black
line represents the free evolutionary trajectory of the wave packet
without MFG. The red and blue lines represent the evolutionary
trajectories of the wave packets with internal states of the particle
in |↑〉 and |↓〉, respectively.

into the entangled state

|ψ2〉 = 1√
2
(e−iφ0−i2ηIm(αz) |↑〉| − αz − 2η0 − 2η〉

+ eiφ0+i2ηIm(αz) |↓〉| − αz − 2η0 + 2η〉)⊗ | − αx〉,
(4)

with Im(αz) denoting the imaginary part of αz.
Step (iii): The particle freely oscillates for a quarter of a

vibrational period before the wave packets meet, as shown
in step (iii) of Fig. 2 (a), at the end of which the momen-
tum difference between the two wave packets reaches the
maximum value 4η. The motional state of the system has
the form

|μ3,↑〉 = |i(αz + 2η0 + 2η)〉|iαx〉,
|μ3,↓〉 = |i(αz + 2η0 − 2η)〉|iαx〉,

(5)
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where μ3,j (j =↑, ↓) represents the motional state of spin
j in step (iii).

Step (iv): The aim of this step is to nonadiabatically
(t � 2π/ω) displace the trap center in the x direction for
a distance xd, which can be realized by rapidly moving the
center of the trap along the x axis and the corresponding
displacement operator is described as

Dx

[
− xd

2x0

]
|iαx〉 =

∣
∣
∣iαx − xd

2x0

〉
, (6)

where x0 = z0 ≡ √
�/2mω and a global phase is ignored.

Step (v): The particle freely oscillates in the trap for an
integer M period [step (v) in Fig. 2] with interrogation time
�t = 2πM/ω (which is limited by the coherence time T2)
to accumulate a Sagnac phase shift. Meanwhile, the rota-
tion of the apparatus will make the direction of the MFG
rotate an angle θ = �r�t with the positive direction of z
axis. Here, we choose the nonrotating frame (particle) to
describe the rotation effect of the system [11]. Then, the
state after step (v) can be described as

|ψ5〉 = 1√
2

[
e−iφ01−i2ηIm(αz) |↑〉|i(αz + 2η0 + 2η)〉

+ eiφ01+i2ηIm(αz) |↓〉|i(αz +2η0−2η)〉
] ∣
∣
∣
∣iαx− xd

2x0

〉

,

(7)

where φ01 = φ0 + (
M + 1

4

)
ω0T.

Step (vi): Reverse step (iv) by the reversed nonadiabati-
cally displacement operator, stated as

Dx

[ xd

2x0
cos θ

]
Dz

[
− xd

2z0
sin θ

]
, (8)

then, the state of the system is changed into

|ψ6〉 = 1√
2

[
eiφ02 |↑〉|iα1〉 + e−iφ02 |↓〉|i(α1 − 4η)〉

]
|α2〉,

(9)

where the phase factor φ02 = −φ01 − 2ηIm(αz)+ 2ηxd
sin θ/2z0, the displacement along z and x axis are α1 =
αz + 2η0 + 2η+ ixd sin θ/2z0 and α2 = iαx − xd(1− cos θ)/
2x0, respectively.

Step (vii): Reverse step (iii) by making the particle
freely evolve in the trap for 3T/4 to close the free evo-
lutionary trajectory so that we can obtain the state of the
system as

|ψ7〉 = 1√
2

(
eiγ1 |↑〉| −α1〉+ e−iγ1 |↓〉| −α1 + 4η〉

)
|iα2〉,

where γ1 = φ02 − 3
4ω0T.

Step (viii): Reverse step (ii) by applying the MFG again
to turn off the interferometer. For convenience in the cal-
culation, here the value of ω0 is taken as zero. Then, the
evolution operator in the original ion frame is thus obtained
as (see Appendix B for details)

Ur
MFG

(
T
2

)

= e−iπ(a†a+c†c)
(

ei2πη0rηrDz[2(η0r + ηr) cos θ ]Dx[2(η0r + ηr) sin θ ]|ϕ+〉〈ϕ+|

+ e−i2πη0rηrDz[2(η0r − ηr) cos θ ]Dx[2(η0r − ηr) sin θ ]|ϕ−〉〈ϕ−|
)

, (10)

where |ϕ+〉 = cos(θ/2) |↑〉 + sin(θ/2) |↓〉 and |ϕ−〉 = − sin(θ/2) |↑〉 + cos(θ/2) |↓〉 are the eigenstates of the spin
operator σzr = σz cos θ + σx sin θ corresponding to the eigenvalue ±1, and the magnetic Lamb-Dicke parameters of
MFG are obtained as ηr = λr/�ω and η0r = λ0r/�ω with the coupling strength between spin and motion λr = (�+ −
�−)μBB′(0)z0/2 and coupling strength between the MFG and motion λ0r = (�+ +�−)μBB′(0)z0/2. Here, the factor
�± = m±ge± with m± and ge± denoting the magnetic quantum number and Landé g factors of the eigenstates |ϕ±〉,
respectively. Then, the state is changed into

|ψ8〉 = 1√
2

[
ei(γ1+γ2) cos

θ

2
|ϕ+〉|α1 − 2(η0r + ηr) cos θ〉| − iα2 − 2(η0r + ηr) sin θ〉

+ e−i(γ1−γ2) sin
θ

2
|ϕ+〉|α1 − 4η − 2(η0r + ηr) cos θ〉| − iα2 − 2(η0r + ηr) sin θ〉

− ei(γ1+γ3) sin
θ

2
|ϕ−〉|α1 − 2(η0r − ηr) cos θ〉| − iα2 − 2(η0r − ηr) sin θ〉

+ e−i(γ1−γ3) cos
θ

2
|ϕ−〉|α1 − 4η − 2(η0r − ηr) cos θ〉| − iα2 − 2(η0r − ηr) sin θ〉

]
(11)
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with the phase factors

γ2 = 2πη0rηr + 2(η0r + ηr) cos θ
[

Im(αz)+ xd

2z0
sin θ

]

+ 2(η0r + ηr) sin θ
[

Im(αx)+ xd

2x0
(1 − cos θ)

]

,

γ3 = −2πη0rηr + 2(η0r − ηr) cos θ
[

Im(αz)+ xd

2z0
sin θ

]

+ 2(η0r − ηr) sin θ
[

Im(αx)+ xd

2x0
(1 − cos θ)

]

.

Step (ix): In order to measure the rotation-induced phase,
we apply a π/2 pulse under the original basis vector {|↑〉,
|↓〉} with a controllable phase shift ϕ − π/2 to the spin
state, which leads only to a change in the spin state, i.e.,

|↑〉 → 1√
2
(| ↑〉 + e−iϕ |↓〉),

|↓〉 → 1√
2
(| ↓〉 − eiϕ |↑〉).

Then, | ψ9〉 can be obtained from | ψ8〉 through the above
spin transformation. Measurements on the |↑〉 to carry
the motion-dependent phase shift to the internal state of
the particle, where the probability p↑ = 〈ψ9 |↑〉〈↑| ψ9〉 is
obtained as

p↑ = 1
2

[

1 − e−8(η2
r +η2)+16ηrη cos θ

× cos
(

ϕ + A0 + A(αz)− A(αx)

πz2
0

sin θ
)]

. (12)

Considering that θ � 1, only the zero- and first-order
interference terms in amplitude θ are kept here, and
the first-order terms are found to be completely can-
celed by the calculation. And the coefficients contained
in the exponential and trigonometric functions are not
approximated, considering that it contains a gain fac-
tor ηrη on the one hand, and facilitates the later obser-
vation of the interference contrast on the other hand
(see Appendix C for more details). In Eq. (12), the
constant phase shifts A0 = −4πη0η − 4πη0rηr, A(αz) =
8(η − ηr cos θ)Im(αz) and the rotation-dependent phase
shift A(αx) = 8πz2

0ηr[Im(αx)+ xd/2x0]. The additional
area A(αz) is caused by the ephemeral rotation effect of
the MFG, generally much smaller than A(αx). And A(αx)

is the classical geometric area of the ellipse enclosed by the
nanoparticle trajectories in the z-x plane where the semimi-
nor axis (z axis) and semimajor axis (x axis) of the ellipse
are corresponding to 2z02ηr and (xd + pi/mω) with 2ηr the
displacement of the two wave packets from the center-
of-mass position in the z phase space under the MFG,
pi = 2p0Im(αx) the initial momentum in x axis, and p0
the zero-point fluctuation of momentum. Thus, the Sagnac

phase shift can be obtained as

�S = A(αx)

πz2
0

sin θ = 2π
2mc2

hc2
[2MA(αx)]�r,

which shows that the effective area vector enclosed by the
two arms of the interferometer is A = 2MA(αx) where the
particle encloses the elliptical area twice in each period.

For a thermal state, the probability in |↑〉 state can
be expressed as P↑ = ∫

d2αPth(α)p↑(α) with Pth(α) =
exp(−|α|2/n̄)/π n̄ denoting the Glauber-Sudarshan P rep-
resentation for the initial state in the coherent state basis
where n̄ = 1/(e�ω/kBT − 1) is the average phonon of vibra-
tion under a temperature T with kB denoting the Boltzmann
constant. As mentioned above, for simplicity, we treat the
motional state as a coherent state, and here we calculate
the brightness P↑(α) for the thermal state ρth by taking a
thermal average of the brightness p↑ for the coherent state,
which has the form of (see appendix D for more details)

P↑ = 1
2

− 1
2

e−16(η2
r +η2−2ηrη cos θ)(n̄+ 1

2 )

× cos
(

ϕ + A0 − A(0)
πz2

0
sin θ

)

. (13)

Obviously, the effect of the thermal state is only reflected
in the reduction of contrast, which is proportional to the
average phonon number n̄ of the thermal state.

In the low-temperature limit, the exponential damping
is small and the interferometer works well. However, in
a high temperature, the contrast of P↑ will exponentially
decay to zero with the increase in temperature, which
means the interferometer will lose its capacity to produce
effective sensing. Particularly, if the effective Lamb-Dicke
parameters in step (ii) and (viii) are the same, the exponen-
tial damping caused by the thermal effect can be eliminated
due to the quite small rotation rate �r, thus, the interfer-
ometer will work independently on the finite temperature
of the nanoparticle.

Afterward, the possible dissipative processes in the
interferometric protocol are analyzed. First, with respect to
the trapping loss of ion traps, the current trapping time can
reach several hours or even days [45,52–57], and the value
is much larger than the time scale of our entire interfero-
metric operation process, so we can neglect the trapping
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loss. Secondly, during the whole interferometric opera-
tion, only the internal state population modulation and
projection measurements of step (i) and step (ix) involve
the participation of excited state (auxiliary state) |e〉, and
we have assumed above that the laser (microwave) Rabi
intensity during the processes are strong, so we ignore the
spontaneous decay due to the participation of the excited
state during the entire interferometric operation. Further-
more, the main source of decoherence in the protocol is
the heating of the motional states of the trapped parti-
cles due to noise. For ions, the heating due to background
gas collisions is small and the main source of noise is
the electrical noise on the surface of the trapped electrode
[58–62]. However, for nanoparticle, whose surface area
is 6 orders of magnitude larger than that of the atomic
ion, the motion heating is mainly due to collisions with
the background gas. Considering the short operating times
of the other steps, the dissipation process is mainly man-
ifested in the long-term free evolution of step (v), which
can be described by the master equation as detailed in
Appendix E. Ultimately, we obtain the heating rate of the
average phonon number as d〈n〉/dt = −γ 〈n〉 + N (ω)γ ,
where 〈n〉 is the average phonon number of the sys-
tem and γ is the damping rate, and d〈n〉/dt = N (ω)γ
as it approaches the vibrational ground state [62]. From
Eq. (13), it follows that the effect of an increase in phonon
number on the final measurement results is manifested as a
decrease in interference contrast [58]. And in Sec. III, we
will discuss these for specific systems.

B. The sensitivity of interferometer

For measurements without using any quantum means,
the limit of uncertainty achievable for interferometry is
the standard quantum limit approximately

√
n (n is the

amount of sources utilized) under a shot-noise correspon-
dence. For a shot-noise-limited interferometer that detects
a single interference event within the detectable bandwidth
�f at rate Ṅ , the uncertainty of the measured phase will be
δφ 

√
�f /Ṅ . Then, the sensitivity of the interferometer,

the minimum detectable rotation rate within the detection
bandwidth �f , is defined as [11,63]

S = δφ
∂�S
∂�

√
�f

= 1
∂�S
∂�

√
Ṅ

, (14)

where the scale factor is given by

∂�S

∂�
= 2πA

2E
hc2 . (15)

Therefore, when the evolution time has been fixed, the
sensitivity of the trapped nanoparticle can be obtained as

S = �ω

2(�↑ −�↓)μBB′(0)[xd + 2x0Im(αx)]
√
�t

. (16)

If the displacement x0Im(αx) induced by the coherent state
is much smaller than the displacement xd of trap center, it
is reduced to

Sth = �ω

2(�↑ −�↓)μBB′(0)xd
√
�t

, (17)

which is independent on the initial motional state of the
system.

III. APPLICATION FOR NANOPARTICLES AND
ATOMIC IONS

In the theoretical model, we give a universal interference
protocol that is suitable for both nanoparticles and atomic
ions. We then apply the protocol to the specific N-V-center
nanocrystal system and 40Ca+ ion system trapped in an ion
trap.

A. Application to the suspended N-V-center
nanoparticle

We first apply our interference protocol to the nan-
odiamond system with a negatively charged N-V center
[64–69] trapped in an end-cap Paul trap [Fig. 3(a)]. As
shown in Fig. 3(b), the N-V center, as a common luminous
defect in diamond lattice, owns a spin-triplet ground state
|3A2, ms = 0, ±1〉 where we encode the two-level system
as | + 1〉 = |3A2, ms = +1〉, and | − 1〉 = |3A2, ms = −1〉.
Following the theoretical protocol, we set the trapped fre-
quencies (ωx,ωy ,ωz) = 2π × (10, 100, 10) kHz [54,55],
in which we approximatively treat the N-V-center system
as a two-dimensional plane motion.

First, a 532-nm excitation light of 300 ns is applied to
polarize the initial spin of the particle to the ground state

(a) (b)

FIG. 3. (a) Diagram of a diamond nanocrystal containing an
N-V-center trapped in an end-cap Paul trap, where the direction
in which the magnetic tip is located is defined as the z axis and
the axial direction of the end-cap Paul trap is the y direction.
The lattice structure of diamond is enlarged in the lower right-
hand panel with the vacancy (transparent), nearest carbon atoms
of vacancy (orange), the substitutional nitrogen atom (purple),
and carbon atom around the single N-V-center (blue). (b) The
ground-state energy-level structure of N-V center where the |0〉
energy level has a 2.88-GHz zero-field splitting from the degen-
erate states | ± 1〉 without magnetic field, and two degenerate can
be canceled by the Zeeman effect of magnetic field.
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TABLE I. The parameters under applying the MFG for N-V-
center system, where the first and third lines show the parameters
in steps (ii) and (viii), respectively, and the second and fourth
lines represent the values of the corresponding parameters in the
first and third lines.

�+1 �−1 λ λ0 η η0

2 −2 2μBB′(0)z0 0 λ/�ω 0
�+ �− λr λ0r ηr η0r

∼2 ∼ −2 ∼ λ 0 ∼ η 0

|0〉 = |3A2, ms = 0〉, and the vibrational state of the N-V
center is prepared in the coherent state |αz,αx〉 [40–43].
Afterwards, the magnetic field is necessary to split the two
degenerate sublevels to selectively couple |0〉 and | ± 1〉
with the corresponding Hamiltonian Hmw = (��0/2)(| +
1〉〈0| + | − 1〉〈0| + H.c.) where the Rabi frequency �0 is
much larger than any other coupling constants in the sys-
tem so that we can neglect any other interaction when
applying the microwave pulses. We assume that these
two pulses are split from the same microwave source and
frequency modulated by an acousto-optical modulator so
that they are considered to have the same initial phase.
Then step (i) is finished by applying a π microwave pulse
[50]. Alternatively, the particle can also be first pumped
to | +1〉 or | −1〉, and then use | 0〉 (| A2〉) as an inter-
mediate state to resonantly couple | 0〉 (| A2〉) with | +1〉
and | −1〉, respectively, through two microwave (laser)
pulses [48,49,70]. By constructing the Raman process, we
generate the Hadamard operation to

|ψ1〉 = 1√
2
(| + 1〉 + | − 1〉)|αz,αx〉. (18)

For the execution of steps (ii) to (viii), we list the necessary
parameters in Table I. Since the Landé g factors of | ± 1〉
for the N-V center are slightly different, for simplicity we
approximately set them to be equal and labeled as ge = 2.
The phases in the theoretical protocol are then taken as

γ1 = −2ηIm(αz)+ 2η
xd

2z0
sin θ ,

γ2 = 2η cos θ
[

Im(αz)+ xd

2z0
sin θ

]

+ 2η sin θ
[

Im(αx)+ xd

2x0
(1 − cos θ)

]

,

γ3 = −γ2.

In step (ix), the measurement process is executed
by applying two π microwave pulses with the Hamil-
tonians H1 = �0(ieiϕ| + 1〉〈0| − | − 1〉〈0|)/2 + H.c. and
H2 = −�0(eiϕ| + 1〉〈0| − i| − 1〉〈0|)/2 + H.c., where the
phase ϕ of microwave is controlled. The final state is

obtained as

|ψ9〉 = 1
2

(
eiγtot(| + 1〉 + e−iϕ| − 1〉)|μ9,+1〉

− e−iγtot(eiϕ| + 1〉 − | − 1〉)|μ9,−1〉
)

,

where the relative phase factor is γtot = γ1 + γ2, and
|μ9,±1〉 = |αz ± 2η(1 − cos θ)+ i(xd/2z0) sin θ〉|αx + i(xd/

2x0)(1 − cos θ)∓ 2η sin θ〉 denotes the corresponding
motion state of the internal state | ± 1〉. Performing the
projection measurement on the state | + 1〉 and keeping to
the first order of θ , the brightness p+1 = 〈ψ9 | +1〉〈+1 |
ψ9〉 is obtained as

p+1 = 1
2

[

1 − e−
(

8η sin θ
2

)2(
n̄+ 1

2

)

cos
(

ϕ − A(αx)

πz2
0
θ

)]

,

(19)

where the rotation-dependent phase shift A(αx) = 8πz2
0η

[Im(αx)+ xd/2x0]. Besides, as shown in Table I, the
Lamb-Dicke parameters η and ηr are approximately equal,
thus, the interference contrast of the interferometer based
on the N-V-center system is not significantly affected by
the finite temperature of the diamond.

The sensitivity of the interference scheme, as shown
in Eq. (17), is proportional to the square of the coher-
ence time �t, which can be increased by using the
dynamic decoupled sequence to suppress the decoherence
of N-V spin [71–73]. Meanwhile, a cryogenic environ-
ment can also increase the coherence time, such as, at
77-K cryogenic temperature, the coherent time of the N-V
center is observed to be T2 ≈ 0.6 s [74,75]. Thus, it is
feasible to take the free evolution time as 10 ms for
cryogenic temperature (77 K), which gives free oscillat-
ing periods about M = 100 for the vibrational frequency
ωx = ωz ≡ ω = 2π × 10 kHz. During the interval, the
heating rate caused by the collision of gas molecules
(mainly hydrogen molecules) under room temperature is
�h = 3p

√
mkBT0/�ωR = 962 Hz [76] where p = 10−7

Pa, m = 3.34 × 10−27 kg, T0 = 300 K are corresponding
to the pressure, mass, and temperature of background gas
molecules, and � = 3.5 g/cm3 [77,78] and R = 50 nm
correspond to the density and radius of the nanoparticle.
The heating induces an increase in the average phonon
number of the particle to �h�t = 9.62 for the particle ini-
tially cooled to the vibrational ground state, where this
heating rate has no prominent effect on the interference
contrast of interferometer. Then, the sensing relative to
the Earth’s rotational rate has full interferometric con-
trast. By taking the MFG B′(0) = 10 MT/m [79–81] and a
trap displacement of xd = 100 µm, we have the sensitivity
S = 8.93 × 10−10 rad/s

√
Hz. Furthermore, the sensitivity

will be higher for the lower-frequency harmonic oscillator
or longer coherent time based on the result of Eq. (17).
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In addition, under the low trap frequencies and strong
MFG conditions, the diamond nanoparticles exhibit strong
diamagnetism, which causes a change from the effective
vibrational frequency ω̃ =

√
ω2 − (χ/�μ0)B′(0)2 with χ

and � corresponding to the volume magnetic susceptibility
and density of nanoparticle, and μ0 denoting the vacuum
permeability [76,82–84]. Therefore, for a diamagnetic par-
ticle with χ = −2.2 × 10−5 [83], � = 3.5 g/cm3 [77,78]
and the trapped frequency ω/2π = 10 kHz (M = 100),
to drown out the frequency change of diamond nanocrys-
tal caused by the diamagnetism where the MFG is set as
B′(0) = 2 × 104 T/m, the sensitivity is further modified
to S = 4.47 × 10−7 rad/s

√
Hz. Compared with the pre-

vious studies, which utilized a bulk diamond N-V-center
lattice mounted on a rotating stage for sensing, our pro-
tocol has a much higher sensitivity. Currently, rotational
sensing schemes using a single N-V electron spin [22], the
ensemble of electron spin [20], or the ensemble of nuclear
spin (14N or 13C nuclear spins) [20,21,85–89] have been
proposed, mostly utilizing the rotational rate-dependent
geometric phases accumulated on their spin states for sens-
ing, without involving their motional states, and all at room
temperature. Among them, in the proposal of Ashok Ajoy
et al. to use a combination of electron spin and nuclear
spin for spin sensing, the theoretical sensitivity can reach
8.7 × 10−6 rad/s

√
Hz when taking the coherence time of 1

ms for N-V ensemble nuclear spin [21]. In 2021, Soshenko
et al. presented a proof-of-concept sensing experiment for
the combination of ensemble electron spin and nuclear spin
with a scale factor of 1.09 [85], while our scheme has
a scale factor of approximately 104 (due to the fact that
sensing sensitivity is not specifically given in the text, we
use scaling factors for effective comparison). In the same
year, Andrey Jarmola et al. published experimental work
with a sensing sensitivity of 4.7◦√s (0.08 rad/s

√
Hz) for

a nuclear spin coherence time of 1.95 ms [87]. The sensi-
tivity of the current experimental rotational sensing using
the N-V centers are much lower than that of the theoretical
scheme. In contrast, our scheme uses mesoscopic diamond
nanoparticles to perform rotational sensing based on the
Sagnac effect starting from the interference of its motional
state, and its sensitivity is higher than the sensitivity in pre-
vious theoretical schemes. The experimental implementa-
tion of our scheme will facilitate the further improvement
of the sensitivity of the N-V-center gyroscope.

B. Application of interferometer for atomic ions

When the theoretical model is applied to the atomic
ions [12,34,35], we take 40Ca+ ion trapped in the lin-
ear Paul trap as an example with the trapping frequency
(ωx,ωy ,ωz) = 2π × (1, 3, 1) MHz [Fig. 4(a)]. As shown
in Fig. 4(b), the qubit is encoded in the ground states
|42S1/2, mJ = −1/2〉 (labeled as |g〉) and |42S1/2, mJ =
+1/2〉 (labeled as |a〉) [90], and the lasers are used to pump

(a) (b)

FIG. 4. (a) Schematic diagram of a single 40Ca+ ion trapped
in a linear Paul trap, where blue represents the rf electrode,
red represents the GND electrode, and silver represents the cap
(dc) electrode. (b) Internal energy-level structure and coding of
40Ca+.

the initial state into |ψ1〉 = 1√
2
(|g〉 + |a〉)|αz,αx〉 through

the Hadamard operation [44–47]. The specific parameters
of 40Ca+ ion are substituted into the theoretical model
[steps (ii) to (viii)] to obtain Table II.

Then, the phases in this system are taken as

γ1 = −2ηIm(αz)+ 2η
xd

2z0
sin θ ,

γ2 = 2πη0η + 2(η0 + η) cos θ
(

Im(αz)+ xd

2z0
sin θ

)

+ 2(η0 + η) sin θ
(

Im(αx)+ xd

2x0
(1 − cos θ)

)

,

γ3 = −2πη0η + 2(η0 − η) cos θ
(

Im(αz)+ xd

2z0
sin θ

)

+ 2(η0 − η) sin θ
(

Im(αx)+ xd

2x0
(1 − cos θ)

)

.

Ignoring the global phase, the state |ψ9〉 after the execution
of step (ix) is

|ψ9〉 = 1
2

(
eiγtot(|g〉 + e−ϕ|a〉)|μ9,g〉

− e−iγtot(eiϕ|g〉 − |a〉)|μ9,a〉
)

, (20)

where the total phase is γtot = −(πω0/2ω)+ 4πη0η −
2ηIm(αz)(1 − cos θ)+ 2η(xd / 2z0)(1 + cos θ) sin θ + 2η
(Im(αx)+ (xd/2z0)(1 − cos θ)) sin θ , and the motion
state of ion |μ9,g〉 = |αz + 2(η0 + η)(1 − cos θ)+ i(xd/

2z0) sin θ〉|αx + i(xd / 2x0)( 1 − cos θ )− 2( η0 + η ) sin θ〉
and |μ9,a〉 = |αz + 2(η0 − η)(1 − cos θ)+ i(xd/2z0) sin θ〉

TABLE II. The relative parameters for 40Ca+ in the process of
applying the MFG.

�a �g λ λ0 η η0
1 −1 μBB′(0)z0 0 λ/�ω 0
�+ �− λr λ0r ηr η0r
∼1 ∼-1 ∼ λ 0 ∼ η 0
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|αx + i(xd/2x0)(1 − cos θ)− 2(η0 − η) sin θ〉 are corre-
sponding to the internal state |g〉 and |a〉. Therefore, the
brightness pg = 〈ψ9|g〉〈g|ψ9〉 up to the first order of θ , is
obtained as

pg = 1
2

[

1 − e−
(

8η sin θ
2

)2(
n̄+ 1

2

)

× cos
(

ϕ + A0 − A(αx)

πz2
0

sin θ
)]

, (21)

where the constant phase shifts A0 = πω0/ω − 8πη0η,
A(αz) = 8(η − ηr)Im(αz) and the rotation-dependent
phase shift A(αx) = 8πz2

0η[Im(αx)+ xd/2x0]. Similarly,
the interference contrast of interferometer based on 40Ca+

ion is also not affected by the finite temperature.
For the 40Ca+ ion, the coherence time can reach 1 s [46],

which can give an accessible interrogation time �t = 100
ms with a number of periods about M = 105 for the trap
frequency of ω/2π = 1 MHz. During this interval, the
phonon number of ions cooled to the motional ground
state increases by �h�t = 0.23 due to the electrode sur-
face noise-induced motional heating [58–62], and here
we take the heating rate �h = 2.3 Hz [59]. Therefore, it
has an affluent capacity to measure the Earth’s rotation
rate about �r ≈ 73 µrad/s. The sensitivity is S = 5.65 ×
10−6 rad/s

√
Hz for the MFG B′(0) = 0.1 MT/m [79–

81] and trap displacement of xd = 100 µm. The dephasing
due to magnetic field fluctuation is suppressed by reducing
the MFG and employing dynamic decoupling technique
[71,73]. Compared to the scheme proposed by Campbell
et al. for sensing using 171Yb+ ions, which has a sensitiv-
ity of S = 1.4 × 10−6 rad/s

√
Hz when the evolution time

is taken as �t = 1 s [11], our scheme has comparable sen-
sitivity but is simpler to operate and more economically
advantageous.

When applying the theoretical scheme to a single neu-
tral atom trapped in an optical tweezer, the only difference
between its interferometric process and that of a charged
particle is that the displacement of the trap center in steps
(iv) and (vi) is achieved by changing the electric field to
an optical field. There are already some developments in
atomic gyroscopes with detection times of 80 ms for laser-
cooled atoms and sensitivity up to 10−7 rad/s

√
Hz [91].

The higher sensitivity is due to the huge number of atoms,
however, this advantage is not applicable to charged ions.
Instead, our scheme focuses on a single-particle system
and improves the compactness of the device by increasing
the two-wave packet splitting distance, i.e., increasing the
scale of the generated Schrödinger cat state, and the num-
ber of loops around a fixed area to ensure an large effective
interference area.

IV. DISCUSSION

The primary requirement of interferometer is creating
a strong coupling between the internal and vibrational
states of the system used to generate an effective split-
ting between the particle wave packets, i.e., construct-
ing a Schrödinger cat state [12,34,35,37,38]. To finish
this mission, previous atomic ion interferometers required
the high-intensity mode-locked pulsed lasers to generate
SDKs, together with high costs. The stimulated Raman
pulse pair is thus often constructed by splitting the laser
beam in two, and the energy difference of the chosen
two-level system is limited by the bandwidth of the
laser. In contrast, the scheme by using MFG to gener-
ate Schrödinger cat states has no special requirements for
laser beams, only be used for population transfer during
the initial state preparation and readout process, where
the wave-packet splitting is generated by MFG-induced
coupling, which is more economically advantageous.

On the other hand, the maximum distance of wave-
packet splitting generated by both schemes is proportional
to the Lamb-Dicke parameter, for nanoparticle systems
with small zero-point fluctuation, the tiny optical Lamb-
Dicke parameter induced by the laser does not enable effec-
tive wave-packet splitting, and therefore the scheme using
SDK is not feasible. Instead, the magnetic Lamb-Dicke
parameters induced by using the currently achievable MFG
of 10 MT/m [79–81] is larger. Moreover, the principle
does not limit the particle in the Lamb-Dicke region, thus
it can reach a large value, exceeding the optical Lamb-
Dicke parameter by about 3 orders of magnitude. Besides,
the evolution operator is exactly solved without using the
Lamb-Dicke condition where one of the difficulties in the
calculation is that the change of the magnetic field direc-
tion introduces a component of additional spin directions
compared to the laser-induced coupling involving only a
single spin direction.

V. CONCLUSION

In conclusion, we propose a universal quantum rota-
tional sensing scheme that is not only suitable for single-
atom ion systems but especially for nanoparticle systems.
For the chosen system, the following four conditions need
to be satisfied: (i) a suitable energy-level structure, i.e., the
product of the magnetic quantum number mi and Landé g
factor gi of the two selected Zeeman sublevels {↑, ↓} is
not equal; (ii) vibrational degrees of freedom; (iii) a strong
MFG to achieve a strong coupling between the internal
and motional states of the system; (iv) a fast adiabatic
change in the position of the trap center. Our scheme gen-
erates Schrödinger cat states assisted by a strong MFG,
is not limited by the Lamb-Dicke condition, simpler in
operation, and more economically. Besides, the perfor-
mance aspect, i.e., the sensitivity, is further improved.
The scheme can also be applicable to the thermal-state
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situation with a finite temperature. Considering the fea-
sible experimental parameters, the sensitivity can reach
S = 8.93 × 10−10 rad/s

√
Hz for nanoparticle at low envi-

ronmental temperatures. For the N-V-center system with
the low trap frequencies and accessible MFG, the sensi-
tivity can be obtained as S = 4.47 × 10−7 rad/s

√
Hz. To

illustrate the universality of our scheme, we also apply
the scheme to the calcium ion system where a sensitiv-
ity of about S = 5.65 × 10−6 rad/s

√
Hz can be obtained.

Our scheme will contribute to the experimental exploration
related to quantum sensing of a single nanoparticle in solid
state.
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APPENDIX A: DERIVATION OF UNITARY
OPERATOR IN STEP (II)

By making a canonical transformation He = e−iSHeiS

where S = −i(ησz + η0)(c − c†)with the magnetic Lamb-
Dicke parameter η = λ/�ω and η0 = λ0/�ω, we have

He =
(

�ω0

2
− 2η0λ

)

σz + �ω(a†a + c†c). (A1)

Then, the corresponding unitary operation U = eiSe−(i/�)Het

e−iS for the Hamiltonian in Eq. (2) is obtained as

U(t) = e−iω(a†a+c†c)t−i(ησz+η0)
2 sin(ωt)−it(ω0/2−2η0λ)σz

× Dz
(
(ησz + η0)(1 − eiωt)

)
. (A2)

At the time of half period T/2 = π/ω with trap frequency
ω, the above unitary operator can be rewritten as

UMFG

(
T
2

)

= e−iπ(a†a+c†c)
(

e−iφ0Dz[2(η0 + η)] |↑〉〈↑|

+ eiφ0Dz[2(η0 − η)] |↓〉〈↓|
)

,

where φ0 = π [(ω0/2ω)− 2η0η]. If η0 = 0 and ω0 = 0,
ignoring the global phase, it is reduced as

UMFG

(
T
2

)

= Dz[2η] |↑〉〈↑| +Dz[−2η] |↓〉〈↓| . (A3)

Alternatively, we can also utilize Magnus expansion to
obtain this result that we rewrite the Hamiltonian in the
rotating frame of H0 = �ωc†c + �ω0σz/2 as

HIz = (σzλ+ λ0)(ce−iωt + c†eiωt). (A4)

Therefore, the unitary operator in the rotating frame is
UIz = T exp[−(i/�) ∫ HIz(t)dt], which can be solved with
Magnus expansion UIz = exp[�k�k(t)]. Here, we have

�1 = − i
�

∫ t

0
HIz(t1)dt1

= −(σzη + η0)[(eiωt − 1)c† − (e−iωt − 1)c], (A5)

and

�2 = 1
2

(

− i
�

)2 ∫ t

0

∫ t1

0
[HIz(t1), HIz(t2)]dt1dt2

= i(σzη + η0)
2[ωt − sin(ωt)]. (A6)

For k � 3,�k are always equal to zero. Inserting them into
UIz, we can obtain Eq. (A2).

APPENDIX B: DERIVATION OF UNITARY
OPERATOR IN STEP (VIII)

The Hamiltonian of step (viii) in rotating reference
frame (the apparatus frame) can be rewritten as

H = �ω0

2
σz + �ω(a†

r ar + c†
r cr)

+ μBB(�+|ϕ+〉〈ϕ+| +�−|ϕ−〉〈ϕ−|), (B1)

where ar and br are obtained by rotating the vibration
modes a and b under the original reference frame by an
angle θ around the positive y axis of the apparatus, |ϕ±〉
are the eigenstates of σzr = σz cos θ + σx sin θ with the
corresponding eigenvalues ±1, and �± = m±ge± are the
product of magnetic quantum number m± and Landé g fac-
tors ge± of energy levels |ϕ±〉. For simplicity, we rewrite
the above equation as

H = �ω0

2
σz + �ωa†

r ar + �ωc†
r cr + λr(cr + c†

r )σzr

+ λ0r(cr + c†
r ), (B2)

where λr = (�+ −�−)μBB′(0)z0/2 is the coupling
strength of spin state and motional state induced by the

034063-10



ROTATION SENSING OF A TRAPPED NANOPARTICLE. . . PHYS. REV. APPLIED 20, 034063 (2023)

MFG and λ0r = (�+ +�−)μBB′(0)z0/2 is the coupling
strength between the MFG and motional state in the
rotating frame.

For calculation convenience, ω0 = 0 is enabled by
choosing two degenerate energy levels to facilitate the
exact calculation of the analytic solution of the unitary
operator corresponding to the Hamiltonian. Then, by mak-
ing a canonical transformation H r

e = e−iSrHreiSr where
Sr = −i(ηrσzr + η0r)(cr − c†

r ) with the magnetic Lamb-
Dicke parameters ηr = λr/�ω and η0r = λ0r/�ω, we can
obtain

H r
e = −2η0rλrσzr + �ωa†

r ar + �ωc†
r cr, (B3)

for which the evolution operator can be easily obtained.
Then, the evolution operator Ur

MFG(t) = eiSre−(i/�)Hr
e te−iSr

can be calculated as

Ur
MFG(t) = e−iω(a†a+c†c)t+i2η0rλrσzrt−i|ηrσzr+η0r|2 sin(ωt)Dzr

× (
(ηrσzr + η0r)(1 − eiωt)

)
. (B4)

At the time of half period T/2 = π/ω, we obtain the
evolution operator as

Ur
MFG

(
T
2

)

= e−iπ(a†a+c†c)
(

ei2πη0rηrDzr[2(η0r + ηr)]|ϕ+〉〈ϕ+|

+ e−i2πη0rηrDz[2(η0r − ηr)|ϕ−〉〈ϕ−|
)

.

Mapping to the original reference frame, it is stated as

Ur
MFG = e−iπ(a†a+c†c)

(
ei2πη0rηrDz[2(η0r + ηr) cos θ ]Dx

× [2(η0r+ηr) sin θ ]|ϕ+〉〈ϕ+|+e−i2πη0rηrDz[2(η0r

− ηr) cos θ ]Dx[2(η0r − ηr) sin θ ]|ϕ−〉〈ϕ−|
)

.

Similarly, this evolution operator can be solved utiliz-
ing Magnus expansion, the limitation of which is that
Magnus expansion is an approximate solution, where the
approximation condition is {ηr, η0r} � 1. This condition

sets a limit to the sensitivity S of the interferometry that
otherwise has no principled limit other than the level of
technology.

APPENDIX C: CALCULATION OF THE FIRST
ORDER OF THE BRIGHTNESS p↑ WITH

RESPECT TO θ

For convenience, here we denote the four motional
states appearing in |ψ8〉 [Eq. (11)] by |μa〉, |μb〉, |μc〉, |μd〉,
respectively. Then, rewriting |ψ8〉 under the basis vector
{|↑〉, |↓〉} yields

|ψ8〉 = 1√
2

[

ei(γ1+γ2)

(

cos2 θ

2
|↑〉 + 1

2
sin θ |↓〉

)

|μa〉

+ e−i(γ1−γ2)

(
1
2

sin θ |↑〉 + sin2 θ

2
|↓〉

)

|μb〉

+ 1
2

ei(γ1+γ3)

(

sin2 θ

2
|↑〉 − 1

2
sin θ |↓〉

)

|μc〉

− e−i(γ1−γ3)

(
1
2

sin θ |↑〉 − cos2 θ

2
|↓〉

)

|μd〉
]

.

After applying the π/2 pulse from the step (ix) in the main
text, |ψ9〉 is easily obtained by substituting the variation of
the spin state, i.e.,

|↑〉 → 1√
2
(| ↑〉 + e−iϕ |↓〉),

|↓〉 → 1√
2
(| ↓〉 − eiϕ |↑〉).

By projecting | ψ9〉 to |↑〉, we obtain

p↑ = 1
2

[
1 − e−8(η2

r +η2)+16ηrη cos θ

× cos
(

ϕ + A0 + A(αz)− A(αx)

πz2
0

sin θ
)]

, (C1)

where the meaning of each item has been explained under
Eq. (12) in the main text. It is calculated that the con-
tribution of each superposition term with a probability
amplitude of first order of θ in | ψ9〉 is completely canceled
by executing the measurement operation of step (ix).

APPENDIX D: CALCULATION OF THE FIRST ORDER OF THE BRIGHTNESS p↑ WITH RESPECT TO θ

P↑ =
∫

d2αPth(α)p↑(α) =
∫

d2αzPth(αz)

∫
d2αxPth(αx)

× 1
2

(

1 − e−8(η2
r +η2)+16ηrη cos θ cos

(

ϕ + A0 + 8(η − ηr cos θ)Im(αz)− 8ηr(Im(αx)+ xd

2x0
) sin θ

))

(D1)
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=
∫

dazdbz
1
π n̄z

e−(a2
z +b2

z )/n̄z

∫
daxdbx

1
π n̄x

e−(a2
x+b2

x )/n̄x

× 1
2

(

1 − e−8(η2
r +η2)+16ηrη cos θ cos

(

ϕ + A0 − 8ηr
xd

2x0
sin θ + 8(η − ηr cos θ)bz − 8ηrbx sin θ

))

= 1
2

− 1
2

e−8(η2
r +η2)+16ηrη cos θ

∫
dazdbz

1
π n̄z

e−(a2
z +b2

z )/n̄z

∫
daxdbx

1
π n̄x

e−(a2
x+b2

x )/n̄x

× cos
(

ϕ + A0 − 8ηr
xd

2x0
sin θ + 8(η − ηr cos θ)bz − 8ηrbx sin θ

)

= 1
2

− 1
2

e−16(η2
r +η2−2ηrη cos θ)(n̄+1/2) cos

(

ϕ + A0 − A(0)
πz2

0
sin θ

)

, (D2)

where we assume the average number of phonons for both modes of motion is equal, i.e., n̄z = n̄x ≡ n̄.

APPENDIX E: THE MOTIONAL HEATING
DURING THE FREE FREE EVOLUTION OF

STEP (V)

In the long-term free evolution process of step (v), the
motion heating caused by noise is described by the master
equation

ρ̇ = −i[ω0σz + ω(a†a + c†c), ρ]

+ �x

2
[N̄ (ω)+ 1](2aρa† − a†aρ − ρa†a)

+ �x

2
N̄ (ω)(2a†ρa − aa†ρ − ρaa†)

+ �z

2
[N̄ (ω)+ 1](2cρc† − c†cρ − ρc†c)

+ �z

2
N̄ (ω)(2c†ρc − cc†ρ − ρcc†), (E1)

where �x(z) is the damping rate and N̄ = (1/e�ω/kBT − 1) is
the thermal occupation of the environment with vibration
frequency ω, and we define the heating rate �h = �x(z)N̄ .
Given the same trapping environment for x and z axis,
here we assume the damping rate �x = �z ≡ � is feasible.
By solving the above equation we obtain the equation of
motion for the average thermal occupation number n̄x,z as

˙̄nx,z(t) = −�n̄x,z + �h. (E2)

When the system approaches the vibrational ground state,
it takes ˙̄nx,z(t) = �h.
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