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This paper solves a long-standing problem in resonant ultrasound spectroscopy (RUS) for cubic solids
through the use of two-dimensional deep learning (DL). By means of inverse methods, conventional RUS
can determine all independent elastic constants of a crystalline solid specimen by comparing measured
and calculated free-vibration resonance frequencies. However, to avoid invalid local minima in the inverse
process, good initial guesses of the elastic constants must be available. Here, we propose a DL scheme
to remedy this problem, which utilizes an input elasticity image composed of three layers obtained from
resonance frequency data. After network training, this scheme is executed in two steps: DL processing by
a neural network to output elastic constants in a Blackman diagram classification, followed by the use of a
regression network around the classified point in this diagram for more accurate determination. By means
of simulations, we demonstrate that this DL scheme yields the principal elastic constants within an error
of approximately 5% without any inverse processing even in the unfavorable case of five missing modes
for 111 existing cubic crystals.
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I. INTRODUCTION

The elastic constants of a material are related to a broad
range of physical properties because they are used in the
material’s equation of state [1]. They are also crucial for
assessing the reliability of theoretical calculations [2–4].
The accurate measurement of these constants remains an
issue in condensed-matter physics. For solids that can be
cut into regular shapes, such as a sphere, cylinder, or rect-
angular parallelepiped, resonant ultrasound spectroscopy
(RUS) is a powerful method for determining all inde-
pendent elastic constants Cij [5–9]. This method involves
measuring a number of free-vibration resonance frequen-
cies of the specimen and then, by an inverse method, such
as the nonlinear least-squares optimization method based
on the Levenberg-Marquardt algorithm, extract a set of Cij
that closely matches the measured resonance frequencies.

Although the RUS method is superior to other meth-
ods for accurately measuring the Cij of small speci-
mens on a millimeter or submillimeter scale [10], it has
several drawbacks that have not been fully resolved.
Firstly, one must do a complex mathematical eigen-
value extraction. Secondly, the inverse method requires
an arduous code-development process, only accessible by
specialists. Thirdly, there remains an inherent difficulty
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in mode identification. Correct identification is required
between the measured and calculated resonance frequen-
cies. Misidentification of modes causes the inverse cal-
culation to converge to a local minimum, resulting in
a physically meaningless answer. Missing modes in the
measurements thus make the mode-identification proce-
dure highly labyrinthine. To avoid such misidentification,
a sufficiently good initial guess is needed for the set
Cij at the beginning of the inverse calculation, which
requires approximate values of Cij to be known in advance.
Because of these demands, the RUS method has remained
an ad hoc method.

Various methods have been proposed to alleviate some
of these problems. They include using different sized spec-
imens [6], changing the frequency assignment during the
iteration calculation [7], exploiting the dependence of the
signal amplitude on the specimen orientation relative to
the transducers [8], controlling magnetic field direction
for mode-selective excitation using electromagnetic acous-
tic transducers [11,12], and vibrational-pattern imaging
with laser-Doppler interferometry of the resonating spec-
imen [13–16]. In particular, vibrational-pattern imaging is
performant in that it can completely identify modes by
comparison of measured and calculated images. However,
this technique requires long measurement times, sophisti-
cated equipment, and intensive use of elasticity theories
and complex analysis. And the other methods involve
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laborious extra steps. There is therefore still no quick and
easy method that can reliably provide the correct set Cij .
In a nutshell, the RUS resonance spectrum is essentially a
forest of resonances with a unique signature like a barcode
that needs to be deciphered. The problem is that it is very
hard to decipher.

Here, we propose a three-layer two-dimensional deep-
learning (3L2DDL) neural-network methodology in RUS
for determining the set Cij of cubic solids without the need
for mode identification. Such machine learning has been
recently adopted in RUS to determine elastic constants
from jumps in resonant frequencies at phase transitions
[17] or from the resonant frequencies of piezoelectric
materials [18] using one-dimensional (1D) methods. How-
ever, these are limited to specific cases, do not tolerate
missing modes, and are not suitable for application to a
whole class of elastic materials, as one often does not
always know approximate elastic constants of a speci-
men in advance, even if x-ray diffraction, for example, has
confirmed its crystal structure. Two-dimensional machine-
learning methods, i.e., 2DDL, were reported to be superior
to 1DDL for the case of recognition of protein secondary
structures [19]. In this paper, we report a 3L2DDL method
that can solve all of the above problems in RUS, in particu-
lar, that of the requirement for initial guesses of the elastic
constants. Moreover, we demonstrate that the method is
insensitive to the thorny problem of missing modes, and,
crucially, is applicable to the whole class of all known
cubic symmetry materials.

Our method extracts all elastic constants Cij close to
the true values by use of three-layer image datasets, also
viewable as a single RGB image in each case for conve-
nience (although this does not contain all the information
in the original three layers, e.g., concerning which layer
has which binary value), by means of the following steps.
First, the neural network is trained from a set of RGB elas-
ticity images generated from a large number of known
virtual cubic materials, classified by use of a Blackman
diagram, i.e., a plot of C44/C11 against C12/C11 [20]—a
diagram widely used for cubic materials [21]. Each calcu-
lated RGB image is assigned a class based on the region,
associated with a grid point, that it occupies on a specific
Blackman diagram. Secondly, we derive the RGB image
of the specimen under investigation from its resonance
spectrum, assigning it using the neural network to the cor-
rect region on the appropriate Blackman diagram. Thirdly,
regression of the set of Cij is conducted in the region in
question by means of a second 3L2DDL network. This
finds the set Cij that corresponds to the input RGB image.
To demonstrate the reliability of the method, we apply our
DL scheme to >100 actual cubic materials, demonstrat-
ing unprecedentedly efficient Cij determination in RUS. In
short, without the use of any inverse methods, we deter-
mine Cij with an accuracy of 95% or higher, even in the
case of five missing modes. Furthermore, by performing

a standard inverse calculation used in RUS methods using
the Cij predicted with our DL scheme as initial guesses,
one can obtain a very accurate result.

II. DATASET PREPARATION

A. Three-layer elasticity image

Most of the focus in this paper concerns simulations for
a specimen in the shape of a rectangular parallelepiped
specimen with sides in the ratio 3:4:5. This shape is often
used in performing RUS measurements, and is consid-
ered to be generic in the field. Deviations from these
chosen ratios do not significantly affect the classification
and regression results, as demonstrated later. We choose
a sample with these side ratios as a reference specimen: a
rectangular parallelepiped cut parallel to the three principal
axes of the cubic lattice to have sides 3, 4, and 5 mm.

Our approach relies on making images from resonance-
frequency data for easier and more natural processing by
the DL method. For a rectangular parallelepiped specimen,
the parameter

C̃n = Ṽ
2
3 ρf 2

n (1)

is chosen for purposes of construction of such an elasticity
image for a particular specimen from its resonant frequen-
cies fn (where n = 1, 2, 3 · · · ). Here, ρ and f denote the
mass density and each free-vibration resonance frequency,
respectively, and Ṽ denotes the ratio of the specimen vol-
ume under investigation to that of the reference specimen.
This definition assures that C̃ depends only on the set Cij ,
independent of the mass density and specimen size (see
the Supplemental Material [22]). Figure 1 schematically
explains the construction of the elasticity image, composed
of three layers, each of which is made up of 15 × 15 pixels.
One pixel corresponds to one value of C̃, and its argument
takes one of two values, i.e., representing a binary variable.
We make two assumptions:

(1) C̃ is chosen to range from 100 to 13, 000 TPa m−2

when Ṽ = 1. The lower limit of 100 is chosen because it
is close to the fundamental resonance frequency (f1) of
very soft materials, but does not exclude this frequency.
The upper limit is high enough to encompass enough
resonances for accurately distinguishing materials.

(2) n is chosen to range from from 1 to 100, i.e., mak-
ing use of 100 resonance frequencies within this range of
C̃. The limit prescribed by (1) ensures that all of the 100
resonances lie in the range of C̃ for all materials occurring
in nature.

For example, in the case of a copper specimen of the ref-
erence size, this corresponds to the frequency range 0.106
and 1.206 MHz, where the fundamental (n = 1) and 100th
resonance modes occur at 0.20 and 0.96 MHz, respec-
tively. Even when a large number of resonance modes are
observed, as is common in RUS experiments, not many
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(a) (b) (c)

FIG. 1. Construction of the three-layer elasticity image. (a) Conversion of measured resonance frequencies to arguments of 225
pixels labeled according to the elasticity parameter C̃n over a predefined frequency range. (b) Construction of three layers for the case
of single-crystal copper. This material is different from that shown in (a). Yellow, magenta, light blue, and white pixels result from the
overlapping of red and green, red and blue, green and blue, and red, green, and blue pixels, respectively. (c) Elasticity images for gold,
niobium, and iron. Freq. is an abbreviation for frequency.

resonance frequencies can be used for the standard inverse
calculation because of the difficulty in mode identification
for higher-order modes. Since our elasticity image does not
require mode identification, such higher-order resonance
modes, in contrast, play a key role in our analysis.

Dividing up the range of C̃ values into 225 equal
intervals, we map binary information concerning the pres-
ence (1) or absence (0) of a resonance in each interval
onto images of 15 × 15 = 225 pixels, but with the pro-
viso that only the first 100 resonances in this interval are
used—the rest outside the prescribed range being ignored
[see Fig. 1(a)]. Use of 225 pixels is found not to degrade
the fidelity of the whole process: rather it improves the
classification accuracy or leaves it unaffected.

As mentioned above, three images, or layers, are cre-
ated, each with 225 values of binary data, but a different
mapping process is used for each layer. For the first layer
(the “red” layer), the binary values are spirally (clockwise)
distributed from the center outwards, a red pixel repre-
senting 1 and black pixel representing 0; in the second
layer (the “green” layer), the binary values are spirally
(clockwise) distributed from the outside inwards towards
the center, starting from the bottom left edge; in the third
layer (the “blue” layer), the binary values are horizon-
tally distributed (i.e., as in a raster scan) from the top
side downwards, starting from the top-left edge. This pro-
cess is shown in Fig. 1(b) for the example of copper.
Extended black areas in the three layers arise because of
stipulation (2) above, i.e., the use of only the first 100 res-
onances in the precised interval in (1) above. The three
layers of 225 pixels with purely binary data for each pixel

represent the input data for the DL processing, but for ease
of viewability we combine them into a single color image
that represents the cubic material in a single frame. Yellow,
magenta, light blue, and white pixels result from the over-
lap of red and green, red and blue, green and blue, and red,
green and blue pixels, respectively. An example of elastic
image construction is shown in Fig. 1(c) for the cases of
gold, niobium, and iron.

Such an elastic image represents the elastic properties of
a material. For a soft material, where the elasticity param-
eter takes smaller values, red pixels are distributed near
the center, green pixels near the periphery, and blue pixels
near the top region, resulting in an image with little overlap
between pixels [as in the example of gold in Fig. 1(c)]. On
the other hand, for a stiffer material, pixels of each color are
distributed throughout the image, resulting in many over-
lapping pixels [as in the examples of iron in Fig. 1(c)]. In
this ansatz, overlap between pixels is clearly a factor that
represents the elasticity of the material. This is the moti-
vation for the proposed image-coding scheme. As shown
later, the three-layer elasticity image we propose shows
high tolerance to the presence of missing modes compared
with other inputs.

B. Classification on the Blackman diagram

The first step of the 3L2DDL scheme requires neural-
network training. To this end we classify each input elastic-
ity image on the Blackman diagram, where both axes range
from 0 to 1. Involving the entire area of the Blackman
diagram in the classification scheme would increase com-
putation time. We therefore restrict the area to be examined
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FIG. 2. Classification on the Blackman diagram. (a) Plots of reported cubic materials on the Blackman diagram (open circles). Red
curves indicate Poisson’s ratio and the broken line indicates the isotropic material case. The shaded area is considered for making the
datasets. (b) 12 classes (solid circles) set on the Blackman diagram at each C11 value. The error bars indicate the stiffness blurring used
for preparing the datasets.

to the region where actual materials exist. Figure 2(a)
shows plots on the Blackman diagram for 111 real cubic
materials (see the Supplemental Material), suggesting that
materials that can exist in nature are expected to appear in
the shaded area in Fig. 2(a). This area occupies 48% of the
entire area.

We choose 12 regions for classification within the cho-
sen area, each a square with one side equal to 0.2, indicated
by black circles that occupy their central (i.e., lattice)
points, as shown in Fig. 2(b): C11 is divided into steps
of 25 GPa between 50 and 450 GPa, and for each of
these 17 C11 values there is a corresponding Blackman dia-
gram. Since each C11 value gives rise to 12 lattice points
on the diagram, the number of total classes is equal to
12 × 17 = 204. This relatively large number of classes is
beneficial for a reasonably accurate determination of the
elastic constants without the use of an inverse method.

Because the eigenfrequencies of the reference specimen
can be calculated with sufficient accuracy according with
the Ritz method, based on normalized Legendre polyno-
mials, by increasing the polynomial order (see the Supple-
mental Material [22]) [23], we can numerically construct
elasticity images for individual sets of Cij for purposes
of training the neural network. For each class, we pre-
pare such images by randomly introducing errors in the
elastic constants up to ±12.5 GPa for C11 and up to ±0.1
for C44/C11 and C12/C11, as indicated by the error bars in
Fig. 2(b). To investigate the sensitivity to missing modes
that occur in experiment, we also randomly removed up to
five resonance modes. By introducing such “blurring” and
artificial measurement errors into the training datasets, the
resultant neural networks become more robust to errors in
specimen dimensions and to missing modes. The number
of training datasets at each class is 18 000, resulting in a
total number of 3 672 000 datasets used.

III. THREE-LAYER TWO-DIMENSIONAL
DEEP-LEARNING SCHEME

An input elasticity image is first classified into one of the
204 classes on the Blackman diagram by use of the convo-
lutional neural network constructed in this study, as shown
in Fig. 3(a). It consists of an input layer for the three-layer
elastic image of 15 × 15 pixels, which is followed by a 2D
convolution layer and a batch-normalization layer. After
the Subnetwork Unit [see Fig. 3(b)] is repeated 6 times,
the rectified linear-unit layer, the 2D max pooling layer,
the 2D convolution layer and the batch-normalization layer
are connected. The Subnetwork Unit is then repeated 6
times, followed by the rectified linear-unit-activation layer,
dropout layer, fully connected layer for classification, soft-
max layer, and then finally the classification output layer.
The structure of the Subnetwork Unit is shown in Fig. 3(b),
where we introduce two shortcut connections, allowing a
very deep network with hundreds of layers [24]. The elas-
ticity image is input to the classification network, which
outputs for each class the probability to which the image
belongs. For most input images, only one of the 204 classes
is output with almost 100% probability, but for some input
images, multiple classes are output with high probability.
Therefore, classes with the classification probability of 5%
or higher are selected as possible classes to which the input
elasticity image may belong.

Second, the input elasticity image is used to predict the
set of Cij in the vicinity of the classes indicated in the
first classification step, using the same datasets of those
selected classes. We construct a different neural network
for this regression scheme, as shown in Fig. S1 within the
Supplemental Material [22].

First and second 3L2DDL networks are trained with
an adaptive-moment-estimation (Adam) optimizer using
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(a) (b)

FIG. 3. Three-layer two-dimensional deep-learning (3L2DDL) network for classification. (a) Overall structure of the 3L2DDL
network, and (b) structure of the Subnetwork Unit.

MATLAB (R2022b). 99% of the datasets are used for train-
ing and 1% for validation for the classification network,
and 90% for training and 10% for validation for the regres-
sion network. Their convergence behavior during training
is shown in Figs. S2(a) and (b), respectively (see Sup-
plemental Material [22]). The training accuracy exceeds
80%, and the validation accuracy is 71% for classifi-
cation. The relatively low validation accuracy is caused
by the artificial incorporation of errors in Cij and by
missing modes, both being necessary to improve the net-
work’s tolerance to material variation and to dimensional
errors.

IV. RESULTS AND DISCUSSION

We first investigate the tolerance of our 3L2DDL net-
work to the presence of missing modes. This often happens

in experiment when the point of the contact of the trans-
ducer with the specimen surface is close to the nodal line
of the resonant mode. Our elasticity image ansatz is less
affected by missing modes, because the absence of a res-
onance mode only blackens a single pixel in each layer,
but does not significantly affect the overall image. For
example, Fig. 4(a) shows elasticity images of Si contain-
ing up to 10 missing modes. Our classification network
is in fact able to classify elastic images with up to six
missing modes into the correct classes. Even with ten miss-
ing modes, 80% classification accuracy is achieved. The
more accurately regression-derived elastic constants turn
out to be less sensitive to the missing modes, as shown in
Fig. 4(b); even with ten missing modes, the principal elas-
tic constants C11, C44, and E1 are predicted to fair accuracy
(where E1 denotes the Young modulus along the principal
axis of the cubic material). Thus, the three-layer elasticity
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FIG. 4. (a) Elasticity images for Si involving 0, 4, 6, 10 miss-
ing modes, and (b) box plots showing the difference between
regression-derived and true elastic constants with up to ten
missing modes.

image we propose shows high tolerance to the presence
of missing modes, and it is significantly superior to other
possible inputs, such as the use of a one-layer binary image
or one-layer eight-bit image, as demonstrated in Fig. S4
(see the Supplemental Material [22]).

Next, we discuss the influence of the error in the
dimensions. As mentioned above, the RUS method using
rectangular parallelepiped specimens requires cutting an
appropriate sample, and preparation of a specimen with
the 3:4:5 dimensional ratio is relatively straightforward.
However, some deviation from this ratio is to be expected.
Figure 5 shows elasticity images for Si when a dimensional
error is introduced to the reference sample on the longest
side. These results indicate that such an error up to 2% will
not have a significant influence on elastic constant predic-
tion on our 3L2DDL network alone. (More accurate Cij
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FIG. 5. (a) Elasticity images of Si with dimension errors of 0,
1, and 2% in the longest side. (b) Difference between regression-
derived and true elastic constants with the dimension errors up to
2%.

can be output by standard inverse calculations based on
initial Cij predicted by the 3L2DDL scheme using known
sample dimensions.) This tolerance to errors in dimen-
sion is thanks to the incorporation of artificial errors in
the training datasets. Even if the dimensional ratio deviates
strongly from that of the reference specimen, accurate esti-
mation of Cij can be achieved by creating datasets for the
dimensional ratio in question. At present, dataset prepara-
tion and subsequent training take approximately 2 days for
a desktop PC (CPU: Intel Core, i9-12900K, 16 cores, 3.2
GHz, 2.4 GHz, RAM: Crucial DDR4 64 GB, 3200 MHz,
GPU: Nvidia Geforce RTX 3090, RAM 24 GB).

We also confirmed that our 3L2DDL scheme is toler-
ant to measurement error in the resonant frequency, as

FIG. 6. Box plots for comparison between regression-calculated elastic constants by the 3L2DDL method and reported values for
111 cubic materials with up to nine missing modes.
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FIG. 7. Application to hexagonal materials: comparison
between the average (isotropic) Young modulus Eiso calculated
using five independent elastic constants from the literature with
that using three elastic constants obtained by the regression
process for various hexagonal materials.

demonstrated in Fig. S3 (see Supplemental Material [22]),
where the measurement errors are artificially and randomly
introduced based on a Gaussian distribution. The predicted
elastic constants are nearly the same as those without the
frequency error for root-mean-square frequency errors <

0.5%, whereas the prediction accuracy deteriorates with
errors > 1%. In conventional RUS experiments, the res-
onant frequencies are very accurately determined with
errors < 0.1% [25], and so the measurement error should
definitely not affect the prediction of the elastic constants
using our 3L2DDL scheme.

The regression accuracy of the Cij for 111 existing cubic
materials [26–88] predicted by the 3L2DDL networks is
shown in Fig. 6, and individual details are shown in Tables
S1–S6. (References for their elastic constants are shown in
Table S7.) Although the prediction accuracy for the off-
diagonal component C12 is approximately 10% because
of its lower contribution to the resonance frequencies, the
principal components C11, C44, and E1 agree with the
true values to within approximately 5%, even though nine
modes are missing. (Note that more than six missing modes
are not included in the datasets and are not trained, but
the elastic constants are accurately predicted.) This implies
that these elastic constants can be determined with an error
of less than 5% simply by measuring the resonance fre-
quencies, without performing the inverse calculation at all,
which corresponds to a tremendous simplification in RUS.

Finally, we discuss the applicability of our 3L2DDL
scheme to lower symmetry materials. As an example,
consider hexagonal materials, which exhibit five indepen-
dent elastic constants. (Their elastic constants are shown
in Table S8 [89–96].) The datasets used for training our
neural networks do not include any hexagonal materials.
Nevertheless, the elastic images can be constructed using

their resonant frequencies to predict three elastic constants
for various hexagonal materials. Although it may seem
that there is no physical significance in determining three
elastic constants for a hexagonal material that possesses
five elastic constants, we find that the average elastic-
ity properties are reproduced well. Figure 7 compares the
Young modulus calculated by the Hill averaging method
[97] using literature values and that using the DL-predicted
three elastic constants. Their agreement suggests that the
elasticity image we propose reflects the essential elastic
properties of a material, and indicates that this scheme can
be usefully applied to lower-symmetry solids.

V. CONCLUSIONS

In conclusion, we propose a two-dimensional deep-
learning network scheme for determining the three inde-
pendent elastic constants of cubic solids using their free-
vibration resonant frequencies without performing the
inverse calculation. The DL neural network is trained using
the results of simulating RUS data for a set of known
cubic materials each in the form of a rectangular par-
allelepiped with close to a 3:4:5 side ratio. Each RUS
resonance spectrum is coded as a three-layer 15 × 15 pixel
color input image, which is classified on a Blackman dia-
gram. After training, the RUS spectrum for a cubic sample
with unknown elastic constants can be used to produce an
input image, which is then classified on a Blackman dia-
gram. A regression network can then provide the elastic
constants to <∼ 5% error for the principal components.
The accuracy of the resultant elastic constant determina-
tion is little affected by up to six missing modes, specimen
dimension errors up to 2%, and the measurement errors on
the resonance frequency up to 1%. We verified that apply-
ing the method to 111 existing cubic solids yields their
elastic constants with the expected < 5% error without any
inverse calculation. The DL scheme is also shown to be
applicable to hexagonal-symmetry materials, even though
the neural-network training was only conducted on cubic
materials. The method yields the average Young’s modu-
lus to reasonable accuracy, suggesting that our proposed
elasticity images faithfully reflect material elastic proper-
ties. Our approach replaces what essentially has been a 1D
barcode for coding a resonance spectrum by a 2D color
image, somewhat analogously to the way QR codes can
now replace barcodes in utility.

More work remains to further improve the accuracy
of DL techniques in RUS, possibly by refining the input
image format, and by extension to the derivation of elas-
tic constants in lower symmetry crystal systems. However,
already the ability to extract reasonably accurate elastic
constants without heavy mathematical inverse techniques
and in the presence of the invariable missing modes should
revolutionize the field of elastic constant determination.
This advancement is expected to have a significant impact
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not only in solid-state physics but also in engineering,
materials science, mineralogy, and geology.
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