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In quantum information transformation and quantum computation, the most critical issues are security
and accuracy. These features, therefore, stimulate research on quantum state characterization. A charac-
terization tool, quantum state tomography, reconstructs the density matrix of an unknown quantum state.
Theoretically, reconstructing an unknown state using this method can be arbitrarily accurate. However,
this is not so practical owing to the huge burden of measurements and data processing for large num-
bers of qubits. Even comprising an efficient estimator and a precise algorithm, an optimal tomographic
framework can also be overburdened owing to the exponential growth of the measurements. Moreover,
the consequential postprocessing of huge amounts of data challenges the capacity of computers. Thus, it is
crucial to build an efficient framework that requires fewer measurements but yields an expected accuracy.
To this end, we built a tomography schema by which only a few Pauli measurements enable an accu-
rate tomographic reconstruction. Subsequently, this schema was verified as efficient and accurate through
numerical simulations on the tomography of multiqubit quantum states. Furthermore, it was proven to be
robust through numerical simulations on a noisy superconducting qubit system. Therefore, the tomogra-
phy schema paves an alternative effective way to reconstruct the density matrix of a quantum state owing

to its efficiency and accuracy, which are essential for quantum state tomography.
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I. INTRODUCTION

Recent advances in the fundamental research and tech-
nological field of quantum physics have been brought
about by a surge in theoretical studies on entanglement
[1-3], superposition [4], and interference [5], as well
as technical improvements in precise quantum manipu-
lations [6] and characterization of quantum circuits [7].
These ongoing studies also stimulate the rapid develop-
ment of quantum information transformation [8,9], quan-
tum computing [10-14], quantum cryptography [15,16],
and quantum simulation [17,18]. In the case of quantum
information processing, the issues of greatest concern are
the accuracy and security of quantum states. Therefore,
considerable attention has been focused on quantum infor-
mation transformation and quantum computing circuits.
Their unit operational blocks are the quantum states on
which quantum measurement [19,20] acts and the quan-
tum gates where quantum operations can be performed
at specific quantum states. Theoretically, a quantitatively
certified quantum state could ensure the accuracy and secu-
rity of quantum information transformation and quantum
computing.
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To characterize an unknown quantum state, previous
studies have discovered a tool that is a combination of an
estimator and a recovery algorithm to reconstruct the den-
sity matrix [21,22] of a quantum state with measurements,
namely, quantum state tomography [23-28]. These studies
involve physical processes with an estimation. Physically,
extracting information from quantum states results in a
large number of measurements. To postprocess the data
obtained requires a valid estimator combined with a recov-
ery algorithm. This framework suffices to theoretically
characterize the quantum state precisely. However, tomog-
raphy encounters a bottleneck when the measurement
requirements exponentially increase as qubits multiply.
Accordingly, the huge amount of obtained data might over-
burden the current computer capacity. In practice, it will
be technically difficult to accomplish a full tomography
larger than 10 qubits. Therefore, a more efficient method
that yields high accuracy is required. Efficiency here calls
for a constructed estimator, while accuracy also requires
a fast and accurate recovery algorithm. Among the com-
mon estimators—linear inversion [29], maximum likeli-
hood estimation (MLE) [22,30], Bayesian mean estimation
(BME) [31], Fisher information [32] and the self-guided
method [33,34], compressed sensing (CS) [35,36]—CS
originally played a significant role in the image recovery
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field and then was introduced to quantum state tomogra-
phy due to its fewer measurement requirements, resulting
from compressed sampling. This technique inspired us
to reduce the measurement requirements in tomography,
as demonstrated in our work. Recovery algorithms also
include CVX [32], a two-step descent method, and Nes-
terov [37], a one-step descent method. Additionally, Powel
[38], accelerated proximal gradient (APG) [39], conju-
gate gradient (CG) [40], and APG-CG [41] have been
introduced into the tomography due to their excellent
optimizing behaviors.

While the aforementioned studies [42,43] have con-
structed expected tomographic frameworks that are effi-
cient and accurate, the optimized protocols are preferred,
especially for the large-scale qubits system, which paves
the way for practical quantum computation and quantum
information processing. Here, we construct a tomographic
schema that yields high accuracy without overburdened
measurement requirements. Although this work is theo-
retically rooted in the previous work [37] with the esti-
mator, PhaseLift, and the recovery algorithm, Nesterov,
this work aims to construct a tomographic schema that
requires fewer Pauli measurements [44], especially for
some special quantum states that are mostly used in prac-
tical quantum computing. The schema has been proven
valid and accurate through numerical simulations in mul-
tiqubit state tomography. In particular, only measuring
two Pauli bases can precisely reconstruct the unknown
quantum states without a phase factor [45].

II. METHOD

A. Theoretical analysis

In general, a density matrix for an #-qubit system can be
represented by the Stokes parameters,
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respectively. A Stokes parameter ¢, can be obtained using
Pauli measurement setting u, where the observable o, was

measured in the tomographic state

Cy = tr(oupn) :pu+ —Pu- (2)

Here the probabilities are given by

pa =D tr(Muyp pa), 3)
b

where the summation is over {b } My, project onto, Sf}
in which SF denote the eigensubspace of o, correspond-
ing to the eigenvalues %1, and M, denotes a projector
of an eigenproduct basis of o,. Note that the subscripts
{0,1,2,3} in Eq. (1) correspond to /,X,Y,Z measure-
ments, respectively, and we henceforth talk about an
X, Y, Z measurement setting rather than a 1,2, 3 measure-
ment setting.

All the diagonal elements of the density matrix can
be determined via the Z-direction measurement, which
uses o, combined with oj. All the measurement settings
U---Vwith U,...,Ve{X,I} can share a common mea-
surement basis, from which the Stokes parameters cy...
can be obtained from a common set of probabilities. More-
over, for the real part of the density matrix, because all the
Stokes parameters with an odd number of Y are zero, only
the measurements with an even number of Y are needed.
Similarly, for the imaginary part of the density matrix, only
the measurements with an odd number of Y are needed.

Based on the aforementioned analysis, we propose
the measurement shown in Table I for state tomography
for a class of entangled pure states including a Green-
berger—Horne—Zeilinger (GHZ), W, and cluster state. For
the real part (without a phase factor), a Z-direction mea-
surement is necessary to determine the diagonal elements,
and an even number of Y, together with X and Z, direction
measurements are used to reconstruct the coherent (off-
diagonal) elements. For the imaginary part (off-diagonal),
odd numbers of Y together with X and Z are necessary to
reconstruct the elements. The specific forms of the mea-
surements shown in Table I are verified through our one-
to six-qubit numerical simulations in later sections.

We also propose the general law in Table I to reconstruct
the pure or nearly pure state, by considering a multi-
qubit state with qubit number n > 6. The case is simpler
when 7 is even. Here, reconstructing the real parts requires
the measurements X ®?, Y®" and Z®”", while Y®" mea-
surements become unnecessary for states without phase
factors, that is, all the elements of the density matrix
are real. When #n is odd, the measurement Y*"~! ® Z or
Y-l ® X is required.

As for the limitations of our method, it should be pointed
out that the measurements presented in Table I are not suf-
ficient to uniquely determine an arbitrary pure state among
all states. It has been proven in [46] that 11 (31) Pauli mea-
surements are needed to uniquely determine an arbitrary
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two-qubit (three-qubit) pure state among all states. More-

mator and the Nesterov algorithm [47] as the recovery
core, the validity of which has been demonstrated previ-
ously [37]. Integrating this estimator and recovery core
allows us to efficiently recover the elements of the den-
sity matrix. Based on the method presented in [37], the
reconstruction problem can be formulated into a convex
optimization problem:

2m+A

1

3+4

% L T s over, note that the efficiency of the Nesterov recovering
2 RRET S, ™ algorithm in the next subsection requires the state should
A be of low rank. We find that, through numerical simulation
in Sec. III, the Pauli measurements in Table I can deter-
mine the specific states including W, GHZ, and cluster state
g with high precision and efficiency.
~_x
+ = B. Nesterov Recovering algorithm
T+ . . .
" :|§m £ After framing a schema of measurements using which
i T_ the density matrices can be reconstructed, an efficient esti-
& .o mator combined with a precise recovering algorithm is
Bloowo D g 5 g mathematically required to solve this problem numerically.
A T d Here, we introduce the PhaseLift method [24] as the esti-
%N
+
1
—!YN
+
on

1
minimize: Z 3 [Tr (/\/lu,b p) —fu,b]2 + cillpll%

Measurements for reconstructing the density matrices of quantum states of qubits system. The basis measurement law differs between the quantum states with odd

(2m — 1) and even (2m) numbers of qubits, with m = [n/2] being the ceiling of n/2. Here the stopping condition is MSE ~ 1072, The rightmost column is the number of bases

N B
> :
o~ g E E T“;" + czTr(p)}, subject to p > 0, @
~l 2l =N E N >~ § N alal where the relative frequency f, 1, denotes the actual proba-
=l & N E e : bility of the measurement result of M, and ¢ , represent
8 é‘) § NN E S optimization parameters in the accelerated proximal gra-
S|~ S § N ré §> dient scheme (APGL) algorithm [48]. In particular, £, is
< N [[:]]n E NN approximately equal to the expgcted Va¥ue of Myyp whgn
£ N N N the number of measurements is sufﬁmeptly large, c; is
= § N related to the upper bound of the Lipschitz constant, and
§ >~ ¢, is related to the constrain of the semidefinite property of
5 the density matrix.
= The compressed sensing [35] method has been widely
i > used in quantum state tomography, which requires fewer
= N ; N Pauli measurement settings than the full tomographic
9 ; ; S~ ‘TE' N method. However, the compressed sensing [35] method
é _ § e ; ; 53& % does not specify which Pauli measurement set can be used.
g % E ~ : NN e Previous theoretical research [37] on comparing the per-
Sl & E N E N E N - (\'s] ) formance of other methods (including CVX, APG, and
s X NN { [: CQ) has verified the high accuracy and high speed for state
g || & < § § § 3 =% tomography with large numbers of qubits, especially for
é § § § é < specific entangled states, such as W state, cluster state, and
- "< § > GHZ state.
'§. < Recently, IBM has become a very important quan-
E;n tum computation platform in the cloud. We use this
S E platform to simulate and demonstrate the tomography
- = — process. The tomography methods in giskit.ignis.
) E B ' verification of IBM can be categorized into two
SAE Bl camano 8§ & parts, one designed for reconstructing the density matrix
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of the quantum state, and the other for characterizing the
performance of a quantum circuit by estimating the aver-
age gate fidelity or average error rate. Here we focus on the
state tomography in qiskit and we find it includes the MLE
and CVX methods. The density matrix reconstruction can
be treated to solve the linear problem; we can turn it into an
optimization problem by attempting to minimize the prob-
lem while subjecting it to additional constraints to ensure it
is indeed a density matrix. This is done by statecyx £it-
Another approach is to solve this optimization problem
with no further constraints. The result might not be a den-
sity operator, that is, positive semidefinite with trace 1; in
this case, the algorithm first rescales in order to obtain a
density operator. This is done using stateyie fit.

Therefore, on this platform, we numerically simulated
multiqubit graph state tomography on a noisy supercon-
ducting qubit platform in the IBM cloud [49] to explore
the robustness of this schema. Specifically, the datum is
produced from the simulation on the IBM cloud. Investi-
gations showed that two Pauli measurements enabled us to
reconstruct multiqubit states [50].

C. The procedure of the tomographic schema

For the sake of clarity, we will explain this method in
detail. The procedure of the simulation method (as shown
in Fig. 1) is composed of three steps:

1. Get data through numerical simulation.

2. Process the data obtained Here we feed the data into
the estimator [Eq. (4)]. If we want to feed the relative
frequency into the estimator, we need to multiply by the
corresponding eigenvalues of the state.

3. Execute the Nesterov algorithm, before obtaining
the estimated density matrix.

Due to the similarity between this work and the previ-
ous one [50], it is necessary to demonstrate the difference
between them. First, the numerical simulations in [37] just
prove that it is possible to carry out multiqubit state tomog-
raphy accurately and efficiently in theory, and the Gaussian
white noise in those simulations is less practical. Here, we
prove the practical possibility of our method by feeding
the data obtained from the IBM cloud into the tomographic
schema.

Second, we have verified the accuracy and efficiency
of the method in [37], which shows that only partially
randomly selected Pauli bases produce a highly precise
multiqubit tomography. Nonetheless, for a specific quan-
tum state, the bases are not specified. Hence, in this work,
we naturally consider that the number of measurement
basis might be reduced, especially for some special quan-
tum states, as recent studies have suggested both in theory
and experiment [51,52].

In summary, while the previous works have paved the
theoretical path, this work uses this method in practice

and finds that fewer measurements can produce a precise
multiqubit tomography.

II1. SIMULATIONS ON TOMOGRAPHY OF
MULTIQUBIT QUANTUM STATES

We have theoretically constructed an efficient schema
to reconstruct the density matrix of an unknown quan-
tum state by only measuring only a few Pauli bases. Its
validity and efficiency were verified through the follow-
ing simulations on tomography of multiqubit pure states.
Figure 2 shows the simulation of the multiqubit GHZ
state reconstructions with an efficient tomography schema.
In what follows we use the mean square error (MSE),
Tr [(pe — p1)(PE — p1)], and fidelity, Tr(pgpr), to eval-
uate the accuracy, where pr and pg denote the target state
and the estimated state, respectively. This schema shows
higher accuracy and efficiency for the states without phase
factors compared with the states with phase factors. There-
fore, this method is best suited for the tomography of states
that are expected to have no imaginary parts.

According to the above simulations, it is necessary to
test this efficient tomography schema for some specific
entangled states. Therefore, we use the IBM quantum
cloud [49] to simulate the tomography process of quantum
states in a superconducting qubit system [53]. Three typ-
ical graph states are selected, namely, the W, cluster, and
GHZ states, owing to their intensive applications in quan-
tum information and quantum computation. The n-qubit W
state and n-qubit GHZ state are expressed as follows:

|W>n = 7(|01 n 11, >+ |01 n 21, 10 >
4o 4 11102+ 0,)),
1
= — 0®n 1®n ) 5
|¥GHz) ﬁ(l Y&+ [1)®") (5

We consider the linear-type cluster state, which has the
exact form

1A .
O =5 @ [10)i + 1); ® 0/*V] (6)

with the convention o"*! = 1. From Eq. (6), one can
have the exact forms of the two-, three-, and four-qubit
cluster states:

N/V2,

IC)3 = (| + 04) + | — 1-)/V2,
0= (| +0+0)+]+0—1)

+1=1=0)+]|—1+1))/v2.

IC)2 = (J04+) + |1—

Notably, the two- and three-qubit cluster states are char-
acterized by local unitary equivalence to the GHZ state,
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def state_preparation (...):
return state

return results

def state_pauli_measurement_simulation {(...):

o o1 0 1

XX | 4272 742| 732 4254
XY | 2474] 2577| 2466 2483
XZ | 2513[ 2537| 2500 2450
YX | 2502| 2480] 2498 2520

e.g.
4272

> frxo1 =

YY 740| 4237| 4230 793
YZ 2503| 2509| 2558| 2430
ZX 2417| 2438| 2571 2574
Y 2514 2517, 2463 2506
y24 4265 755 72§] 4252

@_

* 1
(4272 + 742 + 732 + 4254)
where 1 is the eigenvalue of the 00 eigenstate

def Nesterov_reconstruction (...f,.):

R |
minimizez Z (Tr(pMy) — fu)? + cillpl|%

Y
+e2Tr(p),
return reconstructed density matrix

subject to p > 0,

FIG. 1.

whereas any » > 3 multiqubit cluster state is not [54]. In
a quantum circuit, the cluster state is generated in accor-
dance with its corresponding graph, in which vertices rep-
resent qubits with the initial states |[+) = (]0) £ |1))/ V2,
and the edges represent the controlled-phase gates acting
on the qubits afterward.

In simulating the real qubit system in practice, we intro-
duce noise models in a quantum circuit. The errors on
each quantum gate and the process of reading out are also
considered. In particular, we apply a depolarizing channel
model to simulate the errors of quantum gates (where the
single- and two-qubit gates error rates are set to a = 0.002
and b = 0.005, respectively). Moreover, statistical noise
is very important in quantum computation, and in our
simulation, this kind of noise has been modeled with a bit-
flip error with a specific probability when the qubits are
measured.

Figure 3 shows one- to six-qubit W, cluster, and GHZ
state tomography evaluated by MSE and fidelity. Here,
we reconstructed density matrices using only two mea-
surement settings, X ®" and Z®", with n being the number
of qubits. Consequently, our tomography schema, with a
smaller MSE and higher fidelity, outperformed the IBM
cloud with regard to accuracy. Therefore, this schema
might be applied to state certifications for large numbers
of qubits. Moreover, the schema showed higher efficiency
than the IBM cloud platform. The reconstructed density
matrices are shown in Fig. 4.

Schematic diagram for the procedure of the tomographic schema.

IV. DISCUSSION ON THE ROBUSTNESS OF THE
EFFICIENT TOMOGRAPHY SCHEMA

A comparison between the full tomography and effi-
cient tomography schema is shown in Fig. 5(a). We can

0.10
—=— MSE NP
0.08 - ~--- MSE P
P
0.06 | / e
a s /
N ,'i
S 004/
i
0.02r /
l'/
0.00 *
1 2 3 4 5 6
Qubit
FIG. 2. Schematic for the reconstruction of one- to six-qubit

pure states using our efficient tomography schema. The dashed
line (MSE_P)and solid line (MSE_NP) represent the states with
and without phase factors, respectively.
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FIG. 3. Tomography simulations for the W, cluster, and GHZ states. The solid lines (MSE, Fidelityx 7)) represent our efficient

tomography schema, which only measures two directions, X and Z. The dashed lines (MSE/Fidelity IBM) represent the results of the
IBM cloud platform. The accuracy and fidelity of the reconstructions are estimated using MSE (shown in the upper and lower panels,

respectively).

observe that the number of measurements for the effi-
cient tomography schema increases polynomially, whereas
it increases exponentially for the full tomography schema.
In particular, in the absence of a phase factor, two measure-
ments can be used for the reconstruction. Evidently, this
method outperforms the full tomography schema in terms
of efficiency.

A reliable quantum computing and information pro-
cess requires a precisely controlled qubit system. A qubit
system that interacts with its environment at all times
easily becomes incoherent, and the noise from the environ-
ment technologically challenges the multiplication of the
quantum system. Additionally, noise is generated during

FIG. 4.

state preparation and measurement. Therefore, investigat-
ing the robustness of the tomography schema under noise
for the multiqubit system is essential. Figure 5(b) shows
the numerical simulation of multiqubit state tomography
for a noisy superconducting qubit system. We investigate
the robustness of our tomography schema by varying the
two-qubit error rate b from 0 to 0.2 and fixing the single-
qubit error rate at @ = 0.002 as well as the state-of-the-art
noise level of the superconducting qubit system. The sim-
ulation shows that the noise has a marginal effect on the
state tomography as long as the error rate is small enough,
where b is less than about 0.08. This type of robustness
remains when the number of qubits multiplies. Therefore,

0

!
015 ]
0101
1 i
005}
000]

)

Populations of density matrices of five-qubit W, cluster, and GHZ states respectively using our efficient tomography schema.
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FIG. 5. (a) Comparison between the required measurements of

the full tomography and efficient tomography schema. The dash-
dotted line (Num_FT), solid line (Num_NT_NP), and dashed
line (Num_NT_P) denote the number of measurements with
full tomography, efficient tomography schema without a phase,
and efficient tomography with a phase, respectively. (b) Robust-
ness of our efficient tomography schema. The horizontal axes
represent the noise level of the two-qubit gate.

this schema has promising robustness, even if the scale of
qubits grows.

It is worth introducing the new studies within the quan-
tum state tomography field, which has been realized in
theory and experiment, respectively [51,52]. The tomo-
graphic schema demonstrated by them enables us to accu-
rately determine an unknown quantum state with at most
e?® log?(n) (where n is the number of qubits and k is the
number of the disjoint subset), which is realized by con-
crete measurement protocols. The protocol originates from
the theory of perfect hash functions in the field of quan-
tum computation. Using this theory, we can partition the
qubits into disjoint subsets, in which we perform all par-
allel measurements over single-qubit measurement bases
(X, Y, or Z), such that all qubits in the same subset have
identical measurement settings. This procedure allows us
to determine all the reduced density matrices using only
NM 3% measurements altogether, where N, M, and £k are the
number of the partitions, the measurements in an individ-
ual base, and the disjoint subsets, respectively. With this
theoretic base, the experiment later realizes this theoretic

schema in a phonic quantum state reconstruction, using
MLE and BME.

In summary, the efficiency and accuracy of the tomogra-
phy methods in the above studies are mainly guaranteed by
efficient measurement protocol instead of an estimator or
recovery algorithm. Hence the tomographic schema we put
forward here utilizes a different estimator, called PhaseLift,
and implements a Nesterov algorithm, which realizes the
accuracy and efficiency of tomography.

V. CONCLUSION

We have theoretically framed a tomography schema
through which multiqubit states can be reconstructed
efficiently and accurately. Physically, the efficiency was
ensured by a smaller number of Pauli measurements than
required for full tomography. Mathematically, combining
the PhaseLift method (as the estimator) and the Nesterov
method (as the recovery algorithm) ensured the accuracy
of this tomography schema was accurate. Our tomography
schema outperformed the full tomography in terms of effi-
ciency and accuracy, particularly in the case of a larger
number of qubits, as justified by numerical simulations
on the tomography of three entangled states: W, cluster,
and GHZ. Considering a quantum state certification that
yields a precise estimation with fewer measurements, this
efficient tomography schema might be useful in practical
quantum computing and information transformation.
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APPENDIX

This segment encompasses “Cloud Quantum Comput-
ing Demonstrations” as outlined in the recent announce-
ment.

To address concerns about potential confusion with tra-
ditional experiments, it is important to note that the data
we obtained from the IBM platform originates solely from
simulators. We utilized the statevector simulator for ideal
quantum states and the gasm simulator for data generation.

Although details about the computing device’s layout
and characteristics were expected, the tomography process
demonstration took place exclusively on IBM’s simulators.
Consequently, no additional information was collected
during the demonstration. Lastly, statistical analysis was
employed to rigorously analyze the simulator-generated
dataset on the IBM platform, offering insights into its
inherent properties.
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