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Collateral Coupling between Superconducting Resonators: Fast High-Fidelity
Generation of Qudit-Qudit Entanglement
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Superconducting circuits are highly controllable platforms to manipulate quantum states, which make
them particularly promising for quantum information processing. We show here how the existence of
a distance-independent interaction between microwave resonators coupled capacitively through a qubit
offers an alternative control parameter toward this goal. This interaction is able to induce an idling point
between resonant resonators, and its state-dependent nature allows one to control the flow of information
between the resonators. The advantage of this scheme over the previous one is demonstrated through the
generation of high-fidelity NOON states between the resonators, with a lower number of operations than
previous schemes. Beyond superconducting circuits, our proposal could also apply to atomic lattices with
clock transitions in optical cavities, for example.
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I. INTRODUCTION

Superconducting integrated circuits [1–4] are currently
one of the most promising platforms for building quantum
computers, due to their potential for scalability, multi-
qubit tunable interaction, and high-fidelity processing of
quantum information [5–7]. Differently from cold atoms
or trapped ions, the coupling between the components
of a circuit occurs between nearest neighbors, although
the physical proximity between the different components
can result in additional (parasitic) couplings, generating
crosstalks and affecting the fidelity of protocols [8,9]. The
advantage of nearest-neighbor interactions is that a local
transfer of information can be operated, while the rest of
the circuit remains unaffected, using, for example, a suit-
able detuning between the qubits or local oscillating fields
[10–15].

Of particular interest are systems of superconducting
resonators, due to their high performance to mediate inter-
action between several qubits in integrated quantum cir-
cuits [16–20]. Furthermore, when using superconducting
qubit-resonator hybrid systems to process quantum infor-
mation, computation beyond qubits can be performed,
where arbitrary quantum states of qudits can be gener-
ated [21–26]. The configuration of two resonators coupled
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through an intermediate qubit has proven especially suc-
cessful, with theoretical and experimental works demon-
strating the generation of entangled photon Fock states
[27,28], two-mode cat states of electromagnetic fields
[29], and for the improvement of quantum nondemolition
measurements in the Fock basis in a resonator [30].

We here discuss how the mere fact of using a qubit to
transfer information from one resonator to the other actu-
ally induces a coupling between the resonators, hereafter
called “collateral” coupling. Different from a mediated
interaction, which is obtained from tracing over the vari-
ables of the mediating component (here the qubit), it
stems from switching from the Lagrangian description of
the integrated circuit, where only nearest-neighbor cou-
pling terms are present, to its Hamiltonian representation
[31,32]. Interaction of this nature also is present in the sys-
tem of tunable coupling between superconducting artificial
atoms [33], and for systems of atoms in optical cavities, as
we shall see. In the resonator-qubit-resonator sketched in
Fig. 1, a distance-independent interaction between the two
resonators emerges, which scales as the product of the two
direct capacitive resonator-qubit couplings.

Although the collateral term is a correction to the over-
all Hamiltonian, it represents a substantial contribution in
the case of superconducting qubits, able to generate an
idling point for the resonators dynamics. The dependence
of the idling point on the qubit state provides an alter-
native control parameter to engineer quantum states, of
which we take advantage to generate efficiently NOON
states between the resonators. Finally, we discuss how the
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FIG. 1. (a) Two superconducting resonators (R1, R2) coupled
to a transmon (Q) present a qubit-mediated interaction (κ) due to
the capacitance network of the system and direct atom-resonator
capacitive couplings (gk). The setup is equivalent to an atom
inside two crossed optical cavities. (b) Lumped superconducting
circuit showing the capacitance and inductance networks.

collateral coupling term could become equally useful for
other platforms, such as cold atoms with clock transitions
in crossed optical cavities. As immediate applications of
the theory discussed in this work, collateral interaction
constitutes a timely ingredient to engineer different ranges
of tunability for coupler-mediated interaction, or suppress
undesired crosstalk interactions in integrated multiqubit
superconducting processors [34–36].

II. MODELING OF THE SUPERCONDUCTING
CIRCUIT

Let us consider a linear circuit composed of two res-
onators R1 and R2 each coupled to an intermediate qubit
Q (qubit-resonator capacitance Cq1,2 ), see Fig. 1(b). There
is no direct interaction between the resonators, a situ-
ation encountered when the distance between them is
large enough to prevent parasitic coupling. The qubit is
a frequency-tunable transmon [37,38], whose frequency
ω(�ext) can be tuned through the external flux �ext, being
its natural frequency ω0 = ω(�ext = 0). We assume a
transmon composed of a superconducting loop with two
identical Josephson junctions with energy EJ and capac-
itance CJ , shunted by an external capacitor CB. As for
the two resonators, they are characterized by their internal
capacitance CRn and inductance LRn , with n = 1, 2.

The equations of motion are derived by first writing
down the system Lagrangian. Applying Kirchhoff’s laws
and the method of nodes [32,39] to the circuit diagram
presented in Fig. 1(b), we obtain the following Lagrangian

(see Appendix A for details on the derivation):

L( �φ, �̇φ) = (CT + Cq1 + Cq2)
φ̇2

J

2
+

2∑

n=1

(CRn + Cqn)
φ̇2

Rn

2

− Cq1 φ̇J φ̇R1 − Cq2 φ̇J φ̇R2 − U( �φ), (1)

where �φ = (φJ ,φR1 ,φR2), with φJ and φRn the node flux of
the qubit and of the nth resonator, respectively, while CT =
CJ + CB is the total qubit box capacitance. The potential
term U( �φ) is given by U( �φ) = φ2

R1
/2LR1 + φ2

R2
/2LR2 −

ẼJ cos(φJ /�0), with ẼJ = 2EJ | cos(π�ext/�0)| the
Josephson energy [40], and �0 = �/2e the quantum of
magnetic flux through the qubit. Switching to the Hamilto-
nian formalism leads to

H ≈ q2
J

2CT
− ẼJ cos(

φJ

�0
)+ q2

R1

2CR1

+ φ2
R1

2LR1

+ q2
R2

2CR2

+ φ2
R2

2LR2

+ Cq1

CR1CT
qJ qR1 + Cq2

CR2CT
qJ qR2 + Cq1Cq2

CR1CR2CT
qR1qR2 ,

(2)

where we have introduced the momentum qk = ∂L( �φ, �̇φ)/
∂φ̇k, conjugate to the node flux φk. Hamiltonian (2) has
been derived in the regime where CT = CJ + CB � Cqk
and CRk � Cqk , where corrections of the order O(Cqk/CT)

and O(Cqk/CRk ) are neglected.
The last term in Eq. (2) is of particular interest, since

it corresponds to a direct coupling between the resonators,
due to the presence of a qubit coupled to each of them. We
call it “collateral” capacitive coupling: it does not corre-
spond to a “mediated” or “effective” interaction, since we
did not trace out over the qubit degree of freedom, nei-
ther did we operate a specific transformation or operation
on the variables of the Hamiltonian that would make it
appear (the approximation on the capacities is a mere con-
venience, and does not affect the existence of the collateral
term). Furthermore, it cannot be considered as a parasitic
coupling, which refers to an additional coupling typically
due to the physical proximity of the different components
[41]. Indeed, the collateral term does not depend on the
distance between the resonators, but only to the capacitive
coupling of each with the qubit, such that it is the dominant
interaction in the limit in which parasitic couplings van-
ish (see Appendix A). As we discuss later, it is in essence
similar to a mode-mode coupling term already derived by
Fermi in the context of a charged particle interacting with
electromagnetic modes [42].

We then proceed by quantizing the circuit Hamiltonian,
adopting the standard approach of the second quantization
[39] and introducing the creation and annihilation opera-
tors for the resonators, â†

k and âk, as well as for the qubit,
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σ̂+ and σ̂−. This leads to the quantized Hamiltonian:

Ĥ = �ωq

(
σ̂+σ̂− + 1

2

)
+ �

2∑

k=1

ωRk

(
â†

k âk + 1

2

)

+ �

2∑

k=1

gk(â
†
k σ̂

− + âkσ̂
+)+ �κ(â†

1â2 + â1â†
2), (3)

where �ωq =
√

8ECẼJ − EC is the qubit frequency, and
ωRk = 1/

√
CRk LRk the resonators ones. The Hamiltonian is

valid when min{ωq,ωRk } � max{gk, κ} after applying the
rotating-wave approximation, where the resonator-qubit
and resonator-resonator coupling strengths read

gk = −1
�

Cqk√
CTCRk

(
2ECẼJ ε

2
Rk

)1/4
, (4a)

κ = Cq1Cq2

CT
√

CR1CR2

√
εR2εR1

�
, (4b)

with EC = e2/2CT the qubit charging energy and εRk =
�ωRk/2 the zero-point energy of the kth resonator.

The collateral coupling strength κ depends on the dif-
ferent parameters of the electronic elements of the super-
conducting chip, since the Josephson junction capacitance
is encoded in CT. While it does not depend on the phys-
ical distance between the two resonators, it scales as
Cq1Cq2 , and acts as a correction to the dynamics com-
posed of the direct resonator-qubit coupling Cqk only.
As for their relative amplitude, let us consider the fol-
lowing parameters for the capacitances and inductances
[39]: CRk = 4CT = 400.0 fF and LRk = 0.8 nH corre-
spond to a frequency ωRk/2π ≈ 8.9 GHz, coupling capac-
itances of Cqk = CRk/50 ≈ 8.0 fF, and a Josephson energy
EJ = 50EC. This leads to the coupling values gk/2π ≈
−139.7 MHz and κ/2π ≈ 7.1 MHz, so the ratio between
the collateral resonator-resonator coupling and the direct
resonator-qubit coupling is of the order κ/gk ∼ 20. Even
without a detailed analysis of the dynamics, such a cor-
rection cannot be neglected in the context of high-fidelity
on-resonance operations, where the last term in Eq. (3)
becomes relevant. But what is more, as we shall now see, it
can even induce an idling point for the resonator dynamics.

III. ON-RESONANCE IDLING POINT

The effect of the collateral coupling κ on the circuit
dynamics can be appreciated in the population evolu-
tion for state |Ng0〉 = |N 〉R1

|g〉Q |0〉R2
presented in Fig. 2.

After being initialized in that state, the resonators are put
at the same frequency, and the excitation starts oscillating
back and forth between resonator R1 and R2, at a frequency
which characterizes the resonator-resonator effective cou-
pling strength geff

R1R2
[45–49]. As it can be seen from
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FIG. 2. Dynamics of the population P(t) = | 〈Ng0〉ψ(t)|2 of
state |Ng0〉 = |N 〉R1

|g〉Q |0〉R2
(considering that the system is ini-

tially in that state), as a function of time and the qubit external
flux (a) simulating the full Hamiltonian (3) with idling point at
�ext/�0 ≈ 0.16, and (b) canceling artificially the collateral term
(κ = 0, as it is usually assumed [28,43,44]). Simulations realized
with CRk = 4CT = 400.0 fF, LRk = 0.8 nH, Cqk = CRk/50 and
EJ = 70EC. Note that for flux values in the interval �ext/�0 ∈
[−1/3, 1/3], one has ẼJ ≥ 70EC, which guarantees to operate in
the transmon regime (ẼJ � EC).

comparing the dynamics with and without collateral term
[(a) and (b), respectively], this extra contribution alters
dramatically the resonator-resonator coupling.

For the set of parameters considered in Fig. 2, the
resonator-resonator effective coupling between resonators
cancels for�ext ≈ ±4�0/25, and an idling point emerges:
the population remains blocked in state |Ng0〉 [dashed
white lines in Fig. 2(a)]. This corresponds to a cutoff fre-
quency for the qubit, at which the transfer of information
between the resonators is prevented. The effect of the
collateral coupling on the circuit dynamics is thus par-
ticularly striking in this regime, despite its small relative
weight as compared to the direct resonator-qubit coupling
(gk/κ ∼ 20). As we shall see now, this stems from the fact
that while the collateral coupling depends on κ only, the
effective interaction between the resonators can be tuned
independently through the different circuit parameters, so
the two interactions can cancel.

The emergence of this idling point is more easily under-
stood from the effective dynamics. Let us now focus on
the case where resonators have the same frequency, ωR1 =
ωR2 = ωR. We enter the dispersive regime for the qubit-
mediated interaction by choosing a large detuning � =
ωq − ωR, that is, |�| � g1,2. Since the qubit remains in its
ground state for all the evolution, and assuming the rotating
wave approximation, we obtain the effective Hamiltonian,
now tracing over the qubit degree of freedom

Heff = �

2∑

n=1

ηnâ†
nân + �geff

R1R2

(
â1â†

2 + â†
1â2

)
, (5)

with ηn = g2
n/�, and where the first and second terms

stand for the free Hamiltonian, which describes the
energy shifts, but no population exchange. The third
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term describes the resonator-resonator coupling, geff
R1R2

=
g1g2/�+ κ: it is a combination of the collateral term
κ with the qubit-mediated interaction, characterized by
the coupling g1g2/�. The idling point corresponds to
the situation where these two contributions cancel, � =
−g1g2/κ in the dispersive regime discussed here. In that
case, only the free Hamiltonian remains, which does not
allow for information transfer between the resonators. In
terms of external flux, this condition translates into (see
Appendix B)

�ext/�0 = 1
π

arccos

( (
κCRk CT(EC + �ωRk )

)2

ECEJ (4κCRk CT + C2
qk
ωRk )

2

)
.

(6)

Note that the existence of the idling point relies on a finite
value of the collateral term κ . Indeed, if κ = 0, the idling
point condition (6) imposes �ext/�0 = π(2m + 1) for the
external flux, with m ∈ N. This is satisfied when ẼJ = 0,
and consequently gk = 0, which represents a trivial solu-
tion where qubit and resonators do not interact at all. On
the other hand, the effective Hamiltonian approach results
in �ext/�0 ≈ 0.1618, in excellent agreement with the
simulations of the total Hamiltonian presented in Fig. 2(a).

It is worthwhile to mention that the idling point has
been experimentally investigated in coupled qubit systems
where the parasitic interaction is present [33,49,50]. How-
ever, we stress that the idling points observed in these
works have been attributed to the existence of the direct
(capacitive parasitic) coupling. In the case of supercon-
ducting resonators, because the direct coupling is negligi-
ble due to the physical distance between them, different
strategies have been elaborated to induce an idling point
[43,51,52]. Our results show that the collateral effect can
be equally used for resonators, to establish the idling point
even when no direct parasitic interaction between the res-
onators is present. The most dramatic consequence of
the collateral interaction is the capacity to put on hold
the whole quantum dynamics, despite the relatively small
amplitude of this term (see Fig. 1). Let us now demonstrate
the efficiency of this interaction as a quantum control over
the dynamics by using it to generate high-fidelity NOON
states between the microwave resonators.

IV. NOON STATES

The idling point resulting from the collateral term κ in
turn allows for the generation of specific states, such as
NOON states. These two-mode highly entangled state of
the form |NOON〉 = 1/

√
2(|Ng0〉 + |0gN 〉) are of interest

for testing Bell-type inequalities [53] and bring opportu-
nities to explore quantum communication protocols [54].
Their generation in superconducting qubits has been inves-
tigated [43,51,52], yet the absence of idling point or
state-selective interaction makes the process challenging.
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FIG. 3. (a) Pulse sequence to generate the NOON states fol-
lowing our protocol. Step (I): the state in Eq. (7) is prepared.
Step (II): the interaction between resonators generates state (8).
Step (III): a readout is applied on the qubit to obtain the final
states from Eqs. (11) and (12). (b) Fidelity as a function of the
number of excitations N . The fidelity increases when the effec-
tive limit Cqk � CRk is increasingly satisfied. The parameters
used are CRk = 4CT = 400.0 fF, LRk = 0.8 nH, and EJ = 70EC,
considering the cases β1 = Cqk = CRk/50, β2 = Cqk = CRk/75,
and β3 = Cqk = CRk/100, respectively. For (b) a Fock space of
dimensionD = 20 for each resonator was used. (c) Fidelity when
the transmon is treated as a four-level system [56], for three dif-
ferent anharmonicities with a coupling proportional to β3. Here
we used a Fock space with dimension D = 15 for the resonators.

Let us now describe the protocol to generate efficiently
NOON states based on the idling point. First we prepare
the system in state |Ng0〉, by putting qubit R1 on resonance
with qubit Q (but not with R2), so that the excitation cre-
ated in the atom with a π pulse is transferred to the first
resonator. This operation is repeated N times, which takes
a time τ1 ∝ N , see Fig. 3(a). We then apply a π/2 pulse on
Q to generate the following superposition state:

|ψ(τ1)〉 = (
1R1 ⊗ π/2 ⊗ 1R2

) |Ng0〉

= 1√
2
(|Ng0〉 + |Ne0〉) , (7)

with 1Rk the identity matrix for the kth resonator. Finally,
the system is let to evolve according to Hamiltonian (3) by
setting the two resonators on resonance, and the qubit to
the idling frequency given by Eq. (6). After an interaction
time τ2 = π/[2 (κ − g1g2/�)], where (κ − g1g2/�) is the
effective coupling between the resonators when the qubit
is in the excited state, the component |Ne0〉 of the state
has changed into |0eN 〉. Yet the component |Ng0〉 with the
qubit in the ground remains unchanged, since the informa-
tion can flow between the resonators only when the qubit
is in state |e〉. This particular dynamics is a consequence
of the state-dependence of the idling point, and the system
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ends in state

|ψ(τ2)〉 = 1√
2

(|Ng0〉 + eiθ |0eN 〉) , (8)

where eiθ is a dynamical relative phase. Then, we apply a
second π/2 pulse on the qubit, sending the system into

|ψout〉 = 1
2
(|Ng0〉 + eiθ |0gN 〉)+ 1

2
(|Ne0〉 − eiθ |0eN 〉).

(9)

Finally we perform a measurement of the qubit state,
given the positive operator valued measures {M0 = 1R1 ⊗
|g〉〈g| ⊗ 1R2 , M1 = 1R1 ⊗ |e〉〈e| ⊗ 1R2} such that

|�i〉 = Mi |ψout〉√〈ψout| Mi |ψout〉
, i ∈ {0, 1}. (10)

The possible outputs of this measurement are, with equal
probability, the following system states

|�0〉 = 1√
2
(|Ng0〉 + eiθ |0gN 〉), (11)

|�1〉 = 1√
2
(|Ne0〉 − eiθ |0eN 〉). (12)

Therefore, by monitoring the measured qubit state, |g〉 or
|e〉, we obtain a NOON state, with a relative phase, which
can be eliminated [22]. Hence, our protocol is able to deter-
ministically generate maximally entangled states between
the resonators.

The fidelity of our protocol is quantified using the
definition F(ρ, σ) = Tr

[√
ρ1/2σρ1/2

]
[55], where ρ rep-

resents the protocol output state with corrected phase and
σ the ideal NOON state. The high fidelity of the NOON
states obtained with this protocol is illustrated in Fig. 3(b),
where the scaling of its fidelity with the photon num-
ber N is plotted. The fidelity reduces as N increases, due
to the superradiantlike enhancement in the effective cou-
pling. Indeed, when an increasing number N of photons
are present in the modes, the validity of dispersive regime
approximation is affected, so the dynamics deviates from
the ideal one given by the effective Hamiltonian (5). This
can be compensated by reducing the qubit resonator gk,
re-entering the dispersive regime, as can be observed in
Fig. 3(b). For the parameters under consideration, our pro-
tocol is able to generated post-selection NOON states with
a fidelity over 99%.

The advantage of our protocol with respect to the pre-
vious proposal in Ref. [43] can be found in the number
of steps required to generated a NOON state with N
excitations. Indeed, as depicted in Fig. 3(a), only 2N +
4 steps are needed to achieve a N -excitation state: 2N

to generate state |Ng0〉 and four steps in the π/2 →
interaction time → π/2 → measurement sequence. Dif-
ferently, the protocol proposed in Ref. [43] requires 4N
steps, which makes it more prone to errors. The differ-
ence in step numbers is particularly advantageous when
the number of excitations grows. Our analysis is done by
assuming that the whole protocol [circuit in Fig. 3(a)] can
be implemented over a time shorter than the relaxation
time of the resonators, reminding that the relaxation time
of the N th excited states reduces with N [57–60].

Furthermore, because superconducting transmons are
artificial (multilevel) atoms instead of pure two-level sys-
tems, one has to account for the existence of an anhar-
monic term in the transmon dynamics. The associated
Hamiltonian reads

Ĥatom = �ωqb̂†b̂ + α

2
b̂†b̂†b̂b̂ + �

2∑

k=1

ωRk

(
â†

k âk + 1

2

)

+ �

2∑

k=1

gk(â
†
k b̂− + âkb̂+)+ �κ(â†

1â2 + â1â†
2),

(13)

with b̂† (b̂) the creation (annihilation) operator for the
atom, and α = −EC the anharmonicity energy. In state-
of-the-art experiments, the anharmonic frequency |α|/�
ranges from weak values of a few tens of MHz (|α|/� ∼
5 × 2π MHz [61]) up to values |α|/� ∼ 250 × 2π MHz
[62]. As shown in Fig. 3(c), a weaker anharmonicity leads
to a reduced fidelity for the NOON states generated. This
can be explained by the rising of undesired effects such
as residual ZZ parasitic interactions [63,64] and/or popula-
tion leakage [65], from which the system dynamics suffer
substantially. However, larger values of anharmonicity,
compatible with recent experiments, allow high-fidelity
states to be recovered, even comparable to the one obtained
in the two-level approximation.

V. ATOMS IN OPTICAL CAVITIES

Our study opens prospects for a broad class of systems
where qubits and resonators are coupled, such as crossed
optical cavities [66,67]. For these setups, the collateral
interaction between the modes is derived through the clas-
sical Hamitonian H = (�p − q�A)2/(2m)+ qU of a particle
interacting with a radiation field, where �p , q, and m are
the momentum, net charge, and mass of the charged parti-
cle—here a valence electron. �A and U represent the vector
and scalar potential of the field, respectively. The collat-
eral interaction here stems from the term q2 �A2/(2m), as
already identified by Fermi [42], yet then neglected in opti-
cal cavity experiments. Moving to SI units and quantizing
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the vector potential �A, we obtain

�A =
∑

k,λ

(
�

2ε0ωkV

)1/2 (
âkλ(t)ei�k·�rêkλ + â†

kλ(t)e
−i�k·�rê∗

kλ

)
.

(14)

This leads to the interaction between two modes of fre-
quency ω1 and ω2 [42]: κc = q2/4mε0V

√
ω1ω2, with ε0 the

vacuum permittivity and V the volume in which the vector
potential is confined.

Let us now consider that these two cavities are resonant
with the transition of the atom, which mediates the interac-
tion between them (frequency ωa = ω1 = ω2). The atom-
mode coupling is then given by g = d

√
ωa/2ε0�V, with

d the electric dipole moment of the transition. The tran-
sition linewidth being given by � = ω3

ad2/3πε0�c3, with
c the light velocity, we obtain g/κc = mε0

√
24πVc3�/q2.

For the most recent setups of crossed optical cavities [66]
with a mode volume V ∼ 104 µm2, the collateral term is
several orders of magnitude smaller than the coupling g
for a MHz transition linewidth. Nevertheless, for a mHz
linewidth such as those explored for clocks [68], we obtain
a ratio g/κc ≈ 40. Then, as in the case of the supercon-
ducting circuit, the collateral coupling may have a drastic
effect on the dynamics, allowing for an idling point and
thus an additional mechanism to operate quantum gates,
for example. Indeed, while parasitic coupling between res-
onators in superconducting circuits do allow idling points
to be achieved, such couplings are, in principle, absent
from optical cavity setups.

VI. CONCLUSION AND PROSPECTS

We have thus discussed how a collateral interaction
arises when a qubit is used to mediate an interaction
between the resonators of a superconducting circuit, as one
transforms the Lagrangian of the system into a Hamilto-
nian to obtain dynamical equations. Despite the fact that
the interaction has an amplitude much weaker than the
direct resonator-qubit coupling, it is able to induce an
idling point between the resonators: even for resonant res-
onators, it prevents the flow of information between them.
However, the state-dependent nature of the idling point
actually offers an alternative control parameter for the sys-
tem, which allowed us to propose a scheme for a fast and
high-fidelity generation of maximally entangled NOON

states between the superconducting resonators. Equally
present in crossed optical cavities interacting through cold
atoms, the effect could provide an alternative control
parameter to operate quantum gates in these setups as well.

The present work, applicable to grounded couplers, is
complementary to the approach of floating couplers, which
used to bring additional control parameters and thus more
flexibility in the range of parameters achievable [69], as
well as long-range interactions among the circuits elements
[70]. The collateral effect thus brings another tool of con-
trol for complex integrated circuits, which can also be
extended to other kinds of superconducting hybrid plat-
forms. Other promising platforms able to exploit collat-
eral coupling are systems of semiconductor quantum dots
in circuit waveguide quantum electrodynamics [71], and
phonon-mediated interacting superconducting qubits cou-
pled to a piezoelectric resonator [72], for instance. More
generally, it should apply to any system with a Lagrangian
equivalent to the one presented in Eq. (1).
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APPENDIX A: SYSTEM DESCRIPTION

Consider the superconducting circuit of two resonators
and a single transmon qubit where capacitive parasitic
interaction introduce the capacitance CR1R2 between the
resonators, as sketched in Fig. 4. The Lagrangian of the
system has the general form

L = 1
2

�̇φTĈ �̇φ − U(φJ ,φR1 ,φR2), (A1)

where �̇φT = (φ̇J , φ̇R1 , φ̇R2) and Ĉ is the capacitance matrix.
Then, the capacitance matrix can be derived from Eq. (A1),
using the conjugate momentum of the node flux qk =
∂L( �φ, �̇φ)/∂φ̇k, and one obtains

Ĉ =
⎛

⎝
CT + Cq1 + Cq2 −Cq1 −Cq2−Cq1 CR1 + Cq1 + CR1R2 −CR1R2−Cq2 −CR1R2 CR2 + Cq2 + CR1R2

⎞

⎠ . (A2)
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Switching to the Hamiltonian approach we get

H = 1
2
�qTĈ−1�q + U(φJ ,φR1 ,φR2), (A3)

where U( �φ) = 1/2LR1φ
2
R1

+ 1/2LR2φ
2
R2

− ẼJ cos(φJ /φ0),
�qT = (qJ , qR1 , qR2), and Ĉ−1 is the inverse of the

capacitance matrix, which induces the collateral interac-
tion between the resonators. Indeed, if one then assumes
that CT � Cqk and CRk � Cqk , one can approximate
the terms CT + Cq1 + Cq2 ≈ CT and CRk + Cqk ≈ CRk in
Eq. (A2), to obtain the following inverse capacitance
matrix:

Ĉ−1 ≈

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1
CT

Cq1CR2

Det(Ĉ)

Cq2CR1

Det(Ĉ)
Cq1CR2

Det(Ĉ)

CT(CR2 + CR1R2)

Det(Ĉ)

Cq1Cq2 + CR1R2CT

Det(Ĉ)
Cq2CR1

Det(Ĉ)

Cq1Cq2 + CR1R2CT

Det(Ĉ)

CT(CR1 + CR1R2)

Det(Ĉ)

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (A4)

where Det(Ĉ) ≈ CT(CR1CR2 + CR1R2(CR1 + CR2)). The
charge-charge capacitive coupling between the resonators
reads

1

Det(Ĉ)
(Cq1Cq2 + CR1R2CT)qR1qR2 . (A5)

Note that, in the regime where the physical distance
between the resonators is large enough, the direct capac-
itive coupling represented in Fig. 4 vanishes (CR1R2 →
0) and the resonators coupling in Eq. (A5) has only the
collateral contribution due to the capacitance network

Cq1Cq2

CR1CR2CT
qR1qR2 . (A6)

In our system description, we are only interested in study-
ing the effect of the collateral interaction to the quantum
dynamics, therefore we do not consider the direct parasitic
coupling (CR1R2 → 0) and the inverse capacitance matrix

Q

FIG. 4. Schematic representation considering the direct para-
sitic capacitive interaction CR1R2 .

takes the form

Ĉ−1 ≈

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1
CT

Cq1

CR1CT

Cq2

CR2CT

Cq1

CR1CT

1
CR1

Cq1Cq2

CR1CR2CT

Cq2

CR2CT

Cq1Cq2

CR1CR2CT

1
CR2

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

. (A7)

Then, Hamiltonian (A3) reads

H ≈ q2
J

2CT
− ẼJ cos

(
φJ

�0

)
+ q2

R1

2CR1

+ φ2
R1

2LR1

+ q2
R2

2CR2

+ φ2
R2

2LR2

+ Cq1

CR1CT
qJ qR1 + Cq2

CR2CT
qJ qR2

+ Cq1Cq2

CR1CR2CT
qR1qR2 , (A8)

with the collateral term now becomes explicit. The quan-
tization of the circuit is done through the canonical quan-
tization that consists in turning the functions q and φ for
their respective operators q̂ and φ̂, along with the second
quantization approach where the creation and annihilation
operators for the resonators are introduced

φ̂Rk =
(

�ZRk

2

)1/2

(âk + âk
†
),

q̂Rk = i
(

�

2ZRk

)1/2

(âk
† − âk), (A9)
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with ZRk = √
LRk/CRk the impedance of each resonator.

The transmon variables are given by

φ̂J

�0
= 1√

2

(
8EC

ẼJ

)1/4

(b̂ + b̂†),

q̂J = − 2ie√
2

(
ẼJ

8EC

)1/4

(b̂ − b̂†), (A10)

with EC = e2/2CT. Since the Josephson energy ẼJ is much
larger than the capacitance energy EC, one can expand and
approximate the contribution of the Josephson junction to
the Hamiltonian as [32]

ẼJ cos(
φ̂J

�0
) ≈ ẼJ

⎡

⎣1 − 1
2

(
φ̂J

�0

)2

+ 1
4!

(
φ̂J

�0

)4
⎤

⎦ .

(A11)

Eventually, one gets

H = �ωq

(
b̂†b̂ + 1

2

)
− EC

2
b̂†b̂†b̂b̂ + �ωR1

(
â†

1â1 + 1

2

)

+ �ωR2

(
â†

2â2 + 1

2

)
+ �g1(b̂ − b̂†)(â†

1 − â1)

+ �g2(b̂ − b̂†)(â†
2 − â2)− �κ(â†

1 − â1)(â
†
2 − â2),

(A12)

where �ωq =
√

8ECẼJ − EC and ωRk = 1/
√

CRk LRk are
the qubit and resonators frequencies, respectively. The
coupling strengths read

gk = −1
�

Cqk√
CTCRk

(
2ECẼJ ε

2
Rk

) 1
4 , (A13a)

κ = Cq1Cq2

CT
√

CR1CR2

√
εR2εR1

�
, (A13b)

with εRk = �ωRk/2 the zero-point energy of the kth res-
onator. In general, the energy in the superconducting
device has the form [4]

ẼJ = (EJ1 + EJ2) cos
(
π
�ext

�0

)√

1 + d2 tan2

(
π
�ext

�0

)
,

(A14)

with d = EJ1 − EJ2/EJ1 + EJ2 the asymmetry parameter.
Considering two Josephson junctions with the same associ-
ated energy (d = 0), the energy rewrites ẼJ = ẼJ (�ext) =
2EJ | cos(π�ext/�0)|. Equation (3) in the main text is

obtained from Eq. (A12) using the second-level approx-
imation b̂† := σ̂+, b̂ := σ̂−, and neglecting the noncon-
serving terms of the form b̂†âj

†, b̂âj , âiâj , and âi
†âj

† with
j �= i ∈ {1, 2}.

It is worth mentioning that the main contribution from
parasitic interactions, which leads to CR1R2 �= 0, is a
change in the Hamiltonian in Eq. (A12) of the form

H ′ = H + �gpar(â
†
1 − â1)(â

†
2 − â2). (A15)

As conclusion, the parasitic interaction will affect only
the regime of parameters of the idling point, since this
extra interaction can be easily accounted for by a suitable
redefinition of the coupler frequency.

APPENDIX B: EFFECTIVE HAMILTONIAN AND
IDLING POINT

Consider resonators on resonance ωR1 = ωR2 = ωR,
then the detuning of the qubit is the same for both
resonators � = ωq − ωR. The interaction Hamiltonian is
given by the transformation Hin(t) = eiHfst/�HI e−iHfst/�,
where Hfs = �ωqσ̂

+σ̂− + �ωr1 â†
1â1 + �ωr2 â†

2â2 describes
the local contribution of each element in the system. HI =
�g1(σ̂

−â†
1 + σ̂+â1)+�g2(σ̂

−â†
2 + σ̂+â2)+�κ(â†

1â2 + â1â†
2)

represents the interactions transmon-resonator and
resonator-resonator, therefore it also encodes the collateral
contribution to the dynamics. After some algebra we obtain

Hin(t) = �g1(ei�tσ+â1 + e−i�tσ−â1
†
)

+ �g2(ei�tσ+â2 + e−i�tσ−â2
†
)

+ �κ(â1
†â2 + â1â2

†
). (B1)

The effective Hamiltonian is obtained by eliminating the
fast rotating terms (rotating-wave approximation) assum-
ing that |�| � gk:

Heff(t) ≈ 1
i�

Hin(t)
∫ t

0
Hin(t′)dt′

= �κ(â1
†â2 + â1â2

†
)

+ �g2
1

�

(
σ̂+σ̂−â1â1

† − σ̂−σ̂+â1
†â1

)

+ �g1g2

�

(
σ̂+σ̂−â1â2

† − σ̂−σ̂+â1
†â2

)

+ �g2
2

�

(
σ̂+σ̂−â2â2

† − σ̂−σ̂+â2
†â2

)

+ �g1g2

�

(
σ̂+σ̂−â2â1

† − σ̂−σ̂+â2
†â1

)
, (B2)

which can be rewritten as Eq. (5) from the main text.
This expression can in turn be used to determine the
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FIG. 5. Absolute value of the effective coupling as a func-
tion of the external flux, with and without κ . Vertical lines
corresponds to the analytical formula (6).

idling point, where the resonators stop exchanging exci-
tations. This occurs when the effective coupling between
the resonators is null with the qubit in state |g〉:

g2
k

�
+ κ = 0, (B3)

where we have used that g1 = g2 = gk. This leads to the
following conditions on the external flux for the dynamics
to be static:

0 1= 1
�

C2
qk

CTCRk

(
2ECẼJ ε

2
Rk

) 1
2

√
8ECẼJ − EC − �ωRk

+ κ

0 2= 1
�

C2
qk

CTCRk

(
2ECẼJ ε

2
Rk

) 1
2 + κ

(√
8ECẼJ − EC − �ωRk

)

0 3= 2κCTCRk (EC + �ωRk )√
2EC(C2

qk
ωRk + 4κCTCRk )

−
√

ẼJ . (B4)

Using the last equation, we obtain expression (6) presented
in the main text.

In Fig. 5 we present the effective coupling as a function
of the external flux, with and without collateral interaction:
this illustrates the necessity of a finite collateral coupling
κ to generate the idling point.
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