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Dirac cone formation and a method for dynamically controlling the band gap using double-layer ring
dipole arrays (RDAs) are demonstrated and proposed. The design is mainly based on the composite right-
handed–left-handed circuit theorem. It is theoretically and analytically confirmed that the Dirac cone
appears at the optimum separation in double-layer RDAs, which are known to have surface-wave modes in
the case of a single-layer RDA. It is also found that the band gap can be formed and controlled by decreas-
ing the separation between the two layers. The Dirac cone formation and its dynamic control method on
the artificial structure will open the possibility of new transistor applications as an artificial electronic
material showing the properties of Dirac half-metals.

DOI: 10.1103/PhysRevApplied.20.034012

I. INTRODUCTION

Topological materials have attracted much attention in
recent years, starting with the theoretical proposal of topo-
logical insulators [1–9]. The first topological insulating
system was proposed even earlier, with the experimen-
tal verification of the integer quantum Hall effect in 1980
[1]. A characteristic of topological insulators in a broader
definition, which is extended to three-dimensional systems
as well as two-dimensional systems where the quantum
Hall effect has been observed, is that the bulk of the
material exhibits insulating properties, while its surface
exhibits a metallic state [2–4,8]. Topological half-metals
that exhibit Dirac cones not only on the surface but also in
the bulk itself are attracting attention [5–7,9], and one of
the typical structures is a Dirac half-metal, which was the-
oretically proposed in 2012 [9]. The band gap is closed for
topological reasons, and the Dirac cone is doubly degen-
erate with respect to the spin [5,6]. Since the discovery
of graphene, Dirac cones have been found to occur in
various other natural materials. In particular, methods to
control the band gap have attracted much attention because
they lead to new transistor possibilities or drastic improve-
ments in transistors [10–13]. For example, typical methods
to control the band gap of graphene include the appli-
cation of an electric field to double layers of graphene
and graphene nanoribbons [10,11]. It was confirmed in
2020 that topological properties are manifested not only in
electronic systems in solids but also in light within the peri-
odic structure of dielectric materials. Here, bound states in
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the continuum (BIC) have been observed as optical topo-
logical singularities (when the topological number is an
integer) as one of the topological phenomena of light, and
the relationship between artificial periodic structure mate-
rials and topological materials has become clear [4,14].
The same relationship with BIC modes has been shown
in the case of conducting periodic structures [15,16].

The Dirac cone appears not only in electron systems
in solids but also in electromagnetic fields in conducting
periodic structures [17–22]. It is one of the characteris-
tic phenomena of metasurfaces. The theoretical concept of
a Dirac cone metasurface was proposed in 2012 [17,18].
Its existence has been experimentally verified on the basis
of the composite right-handed–left-handed (CRLH) cir-
cuit theorem [19,20]. Some studies on the applications of
a Dirac cone metasurface such as a leaky-wave antenna
and an electromagnetic absorber have also been reported
[21,22]. As well as Dirac cone in electron systems in
solids, Dirac cone metasurfaces also have the potential of
application to waveguide and nonlinear devices [23–25].
However, conventional Dirac cone metasurfaces have the
problem of forming a band gap from the Dirac cone state,
and it is also difficult to control these states successfully,
although the properties can be changed by change of the
structural parameters.

In this study, analytical and computational results con-
firm that double layers of ring dipole arrays (RDAs)
can produce a Dirac cone property; the double layers of
RDAs seem to be simple but include sufficient geometri-
cal parameters for achieving dispersion relations similar
to those achieved with Dirac half-metals. By changing of
the separation between the layers, the Dirac cone state can
be changed to a band-gap-forming state and the band can

2331-7019/23/20(3)/034012(9) 034012-1 © 2023 American Physical Society

https://orcid.org/0000-0003-1901-4114
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.20.034012&domain=pdf&date_stamp=2023-09-07
http://dx.doi.org/10.1103/PhysRevApplied.20.034012


GO ITAMI and OSAMU SAKAI PHYS. REV. APPLIED 20, 034012 (2023)

be controlled. As a three-dimensional photonic topological
insulator shows quadratic dispersion of topological surface
states based on spoof surface plasmon polaritons (SSPPs),
the proposed band-control technique is partially consistent
with this study [8]. An RDA is a perforated structure of
metal-plate arrays that is known as an SSPP structure [26].
It is also known that RDAs with a single layer generate
surface waves (SSPPs) or convert to BIC mode, and the
Dirac cone state does not appear until double layers are
stacked [16]. A Dirac cone metasurface with a dynami-
cally controllable band gap could lead to the realization of
artificial electronic materials without the restrictions that
natural materials such as graphene are subject to due to
their physical properties. For example, when one is con-
trolling the band of the Dirac cone with graphene, the
operational risk is high because of the configuration that
maintains the OFF state in the voltage-applied state when a
voltage is applied, and advanced molecular-design tech-
niques are required for nanoribbons, so reproduction of
electronic properties in graphene by artificial materials will
fundamentally expand the range of applications as transis-
tors [10,27,28]. From the viewpoint of physical properties,
graphene is characterized by both plasmon modes based on
material properties and Dirac cones based on topological
properties. In the metasurface, the key factor connecting

the plasmonics and the Dirac cone is the interference effect
of the surface waves produced by the two-layer structure
of the RDAs using the BIC mode. The two factors can
be made compatible by use of a toroidal-dipole model,
which was originally for the plasmonic nanoparticle chain
that shows BIC modes while being protected by symmetry
[16,29]. If metasurfaces can replace graphene as an arti-
ficial electronic material, this will lead to a breakthrough
in optoelectronic fusion devices used in integrated circuits
that support such as artificial intelligence, because it will
broaden the range of device designs based on the interac-
tion between light and electrons and make them easier to
manufacture [30].

II. THEORY AND OPERATION PRINCIPLE

The RDA shown in Fig. 1(a) has a spatial configuration
with d = 3 mm, a = 2 mm, p = 1.6 mm, and w = 3 mm.
In the case of a single-layer RDA, the structure exhibits a
conversion state from a spoof-surface-plasmon mode to a
BIC mode when the inner ring size (p) is changed [16].
The BIC mode is usually not manifested in a symmetry-
protected state, but is manifested in a symmetry mode
following a plasmonic nanoparticle chain [29]. This struc-
ture is based on the toroidal-dipole model, which follows

(a)

(c)

(b)

FIG. 1. (a) A single-layer ring dipole array. (b) A double-layer ring dipole array. (c) Change of the band gap with change of
separation g.
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the symmetric mode according to the plasmonic nanopar-
ticle chain, and is a symmetry-protected BIC structure.
The Dirac cone state does not appear as it is. However,
as shown in Fig. 1(b), when two RDA layers are stacked,
interactions between the structures are created, and at a
certain separation g, a Dirac cone is produced. When the
separation is reduced, the band shifts and a band gap is
formed as shown in Fig. 1(c). In other words, by chang-
ing of the separation (g) of the RDAs, the Dirac cone
state can be formed and the band can be controlled. These
changes in band structure can be explained by use of the
wave theory involved in SSPP generation and the circuit
theory involved in CRLH transmission lines. The relation-
ship between the propagation state, separation g, and band
structure is explained separately for a single-layer RDA
and a double-layer RDA. First, in the case of a single-layer
RDA, only surface-wave modes with the dispersion rela-
tion of SSPPs are generated, and they can be regarded as
behaving like a metal propagating on the surface of the
structure. Therefore, one surface-wave mode appears as

the fundamental mode. The following explains the oper-
ating principle, with use of Fig. 2. First, the dispersion
relation of surface modes in the case of a single-layer RDA
is as follows [16,26]:

ω2 = c2k2
||

1 − μm/εm
, εm = 1

μm

(
1 − ωp

2

ω2

)
, (1)

where c is the speed of light, ω is the angular frequency,
k|| is the wave number of the surface mode, and ωp , εm,
and μm are the cutoff angular frequency, the effective per-
mittivity, and the effective magnetic permeability of the
RDA, respectively. In the single-layer case, ω and k|| are
determined according to Eq. (1). ωp and μm are uniquely
determined by only the structural parameters. εm depends
only on ω as a variable, and the dispersion relation is
uniquely determined by the structural parameters [16,26].

The case of a double-layer RDA differs from the case of
a single-layer RDA in that it exhibits a two-band struc-
ture. The reason for this can be explained by circuit

(a)

(c)(b)

FIG. 2. (a) Equivalent-circuit model for the double-layer ring dipole array. (b) Dispersion relation of the equivalent-circuit model.
(c) Modulation or amplification mechanism of the double-layer ring dipole array.
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theory. Since the modes of propagation interact between
the layers, a double-layer RDA can be described as a
CRLH-transmission-line model, as shown in Fig. 2(a).
First, the upper or lower layer acts as a series resonator
because inductors and capacitors are formed between the
ring dipole and adjacent structures, respectively. Between
the upper and lower layers, the capacitors formed between
adjacent ring dipoles and the inductors possessed by
the ring dipoles act as parallel resonators. If the series-
resonance and parallel-resonance actions are represented
by Z(ω) and Y(ω), respectively, the dispersion relation
in the infinite periodic array of the unit structure includ-
ing these circuits can be expressed as follows, where
propagation within the structure is assumed to be lossless:

cosh(ikp) = 1 + Z(ω)Y(ω),

Z(ω) = i
(
ωL − 1

ωC

)
,

Y(ω) = i
(
ωC′ − 1

ωL′

)
,

(2)

where L and C are the inductors and capacitors contribut-
ing to the series resonance, respectively, and L′ and C′
represent the inductors and capacitors that contribute to
the parallel resonance, respectively. From Eq. (2), the
angular frequency ω at the � point (k = 0) is derived as
ω = 1/

√
LC, 1/

√
L′C′. Since C ≥ C′ from the structure,

ω′
r ≥ ωr (ωr = 1/

√
LC,ω′

r = 1/
√

L′C′).
Figure 2(b) shows the dispersion relation of Eq. (2).

A Dirac cone is formed when ω′
r = ωr. The inductance

L and capacitance C depend only on the structure of the
RDA and are not affected by changes in the separation
g. On the other hand, for L′ and C′, the influence of the
separation g should be carefully considered. In a gen-
eral transmission line, C′ is expected to vary with the
separation g according to the circuit theory. However,
C′ is almost unaffected because the surface-wave mode
does not propagate in the z direction. Conversely, the
current flowing in the inductance L′ is considered to be
affected by the separation g because it flows in the direc-
tion in which the surface wave propagates. Assuming that
the inductance model follows the parallel-line inductance
model, the inductance can be expressed as L′ = L′

0 ln 2[1 +
(g/w)] [31]. Here, since the inductances L and L′ and the
capacitances C and C′ are functions of the struc-
tural parameters of the double-layer RDA, they can
be expressed as L = L(a, p , w), C = C(d, a, p , w),
L′ = L′

0(a, p , w) ln 2[1 + (g/w)], and C′ = C′(d, a, p , w).
The separation g at the Dirac point is obtained
by solving ωr = ω′

r ⇔ 1/
√

L(a, p , w)C(d, a, p , w) =
1/

√
L′

0(a, p , w)ln 2[1 + (g/w)]C′(d, a, p , w). The separa-
tion g at the Dirac point can be derived in the following

form:

gD = w
[

1
2

exp
L(a, p , w)C(d, a, p , w)

L′
0(a, p , w)C′(d, a, p , w)

− 1
]

. (3)

From the above discussion, as the separation g becomes
smaller, ω′

r becomes larger and the band gap becomes
larger. Similarly, as the separation g increases, ω′

r
decreases and the band gap decreases. When ω′

r = ωr(=
ωD), zero band gap is reached and a state similar to the
Dirac cone appears. This is discussed later. The band gap
that appears in the double-layer RDA depends mechani-
cally on the separation g and electromagnetically on the
circuit model. In other words, by the setting up of a
mechanism that converts electrical response to mechani-
cal response, such as a piezoelectric element between the
layers, the circuit constant (inductance L′) can be changed
and the band gap can be controlled. When a band gap
exists in the double-layer RDA (ω′

r > ωr), it represents a
mixture of propagating modes (ωr) on the surface of the
single-layer RDA and coupled modes (ω′

r) formed by the
interaction between the layers. Therefore, when a wave
of ωr is incident, only the surface-wave mode propagat-
ing on the RDA (ωr) is excited, and the coupled modes
between the layers are not excited. For example, as shown
in Fig. 2(c), a piezoelectric element is placed between the
layers and the separation g changes according to the input
electrical signal, and the band gap changes accordingly
to zero. In the zero-band-gap state, the propagation mode
and the coupling mode coincide (ω′

r = ωr), and the cou-
pling mode between the layers is simultaneously excited
by the incident wave of ωr. In other words, the band gap
can be described as the input energy required to create a
coupled mode between layers. With a wave of ωr continu-
ously incident on the double-layer RDA with piezoelectric
elements installed between the layers as described above,
the signal sent to the piezoelectric elements as input and
the signal obtained from the coupled-mode transmission
line between the layers as output is considered to have
a modulation or amplification effect. The controllability
of the band gap focusing on the inductance is discussed
here; however, similar control by application of an elec-
tric field focusing on the capacitance is also expected to
be possible by change of the structure correspondingly.
From the discussions, it is possible to control the prop-
agation state in which the band gap is changed by an
externally applied input signal, and surface-wave modes
of the frequency that the single-layer RDA can originally
have propagate while coupling between the layers. There-
fore, the modulation function of surface-wave modes can
be realized without the use of semiconductors. In other
words, in terms of material properties, if the band gap
exceeds the range that can be controlled by the separa-
tion g, the material is effectively regarded as an insulator,
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and if it falls within the range, it is regarded as a semicon-
ductor. Finally, zero-band-gap states are discussed in more
detail. More precisely, each surface-wave mode in the two
layers is subject to multiwave interference; therefore, an
ideal Dirac cone is not formed and a zero-band-gap state
with some nonlinearity is created. However, assuming that
this mechanism is similar to the mechanism in semicon-
ductors as discussed above, it will be possible to achieve
high-speed operation due to the behavior of electrons so
that they obey the theory of relativity. In the following,
the interference between two layers of surface-wave modes
is discussed on the basis of wave theory to consider the
zero-band-gap states.

In the two-layer case, as shown in Fig. 3(a), it is gen-
erally necessary to solve a multiwave interference prob-
lem rigorously with boundary conditions of three regions,
which is complicated and difficult to achieve in prac-
tice. However, if the separation g is less than or almost
equal to the wavelength, there is little interference due
to propagation, and regions I–III can be regarded as a
single effective medium as region I ′ [32]. In this case, the
Dirac point is considered by replacement of the effective
dielectric constant and effective magnetic permeability in
Eq. (1) with ε′

m and μ′
m, and solving k|| = 0 under the

condition ω > 0. Here, when one is considering the inter-
ference effects between layers, note that when k|| is near
0, the interference effects become large due to the near-
perpendicular incidence condition, and the medium can no
longer be regarded as a single effective medium, and there-
fore ωD can be an approximate value. In the dispersion
relation of the RDA obtained from Eq. (1), ∂k||/∂ω →
∞ (∂ω/∂k|| → 0) for k|| → 0. However, for the reasons
described above, this model changes and ∂k||/∂ω con-
verges to a finite value (1/vD), resulting in a nearly linear
dispersion relation. Therefore, the Dirac equation can be
described as below, and linear dispersion near the point of

ω = ωD is obtained [33]:

H
[
ψ1
ψ2

]
= δω

[
ψ1
ψ2

]
,

H =
[

0 −ivD(∂x − i∂y)

−ivD(∂x + i∂y) 0

]
,

δω = ω − ωD. (4)

Therefore, δω2=vD
2(kx

2+ky
2)=k||(ω)2⇔δω=±vDk||(ω),

and from Eq. (1), we have

k||(ω) =
(ω

c

) √
1 + ω2μ′

m
2

ωp
2 − ω2 (=F(ω)). (5)

Finally, the dispersion relation around ω = ωD is
expressed as below by application of the Taylor expansion
to Eq. (5):

k||(ω)|ω�ωD � F(ωD)+ F ′(ωD)(ω − ωD) � 1
vD
(ω − ωD).

(6)

Note that the third and subsequent terms are negligibly
small and are omitted [34]. Next, the operating principle
of creating the band gap is derived as follows. As shown
in Fig. 3(b), in the case of two layers, ωp changes with
the separation g between the layers, so εm also changes
and the dispersion relation is modified. ωp in the single-
layer case is different from ωp in the two-layer case, and
it can be confirmed that ωp can be controlled by the sep-
aration g in the two-layer case. Therefore, the two-layer
case can be expressed as ωp(g) � ωp0f (g). Here ωp0 is
the cutoff angular frequency in the single-layer case and
f (g) is the fitting curve shown in Fig. 3(b). Therefore, k||

FIG. 3. (a) Propagation model in a double-layer ring dipole array. (b) Dependence of the cutoff angular frequency on g for the
parameter set of d = 3 mm, a = 2 mm, p = 1.6 mm, and w = 3 mm.
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(a) (b) (c)

(d) (e) (f)

FIG. 4. Results of eigenmode analysis in the case of (a) g = 1.91 mm, (b) g = 1.7 mm, and (c) g = 2.0 mm, and electric field
distributions in the case of (d) g = 1.91 mm, (e) g = 1.7 mm, and (f) g = 2.0 mm at 67.6 GHz (which is the � point in the Dirac cone
state).

can be expressed as k||(ω, g) = F(ω, g). Then, as well as in
Eq. (6), considering the Taylor expansion of k|| for g � gD
at ω = ωD, we obtain

k||(ωD, g)|g�gD � F(ωD, gD)

+ ∂F(ωD, g)
∂g

|g=gD(g − gD) � F ′(ωD, gD)(g − gD).

(7)

The first term in Eq. (7) can be approximated to 0 as well
as the first term in Eq. (6), and considering the value of
f (gD), F ′(ωD, gD) converges to a finite value. The third
and subsequent terms are negligibly small and are omitted.
The above discussion shows that k|| can be controlled by g.
Therefore, δω varies with g to create and control the band
gap.

III. RESULTS AND DISCUSSION

The dispersion relation in the double-layer RDA was
calculated by eigenvalue analysis, and the results are
shown in Figs. 4(a)–4(c) for g = 1.91 mm, g = 1.7 mm,
and g = 2.0 mm, respectively. From Fig. 4(a), it is

confirmed that the Dirac cone is present for g = 1.91 mm.
As discussed above, it can be seen that a nearly linear dis-
persion relation is obtained around ω = ωD. On the other
hand, Fig. 4(b) shows that a band gap is formed. The band
gap is about 4.4% larger than the frequency of the � point
at the time of Dirac cone formation (g = 1.91 mm) in
Fig. 4(a). Figure 4(c) shows intersecting bands since the
separation g at the Dirac point. The electric field distri-
butions of the double-layer RDA at the frequency (67.6
GHz) of the � point during the formation of the Dirac
cone are shown in Figs. 4(d)–4(f). These results show the
electric field distributions for g = 1.91 mm, g = 1.7 mm,
and g = 2.0 mm, respectively. Figure 4(d) shows that the
electric field is concentrated at the edges of the ring and
between the layers. This is consistent with the proposed
theory of surface-wave propagation, which suggests that
in the region where the wave number k|| approaches 0,
the interaction between the layers becomes stronger and
the electric field concentrates. On the other hand, Fig. 4(e)
shows that the electric field distribution at the edge of
the ring and between the layers is weaker than in the
case in Fig. 4(d). This shows that the interaction between
the layers is weaker than in the case in Fig. 4(d). From
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(a) (b)

(c)

(d)

(d)

FIG. 5. Results of full-wave analysis in the case of (a) a single-layer ring dipole array and a double-layer ring dipole array with (b)
g = 1.91 mm, (c) g = 1.8 mm, (d) g = 1.7 mm, and (e) g = 2.0 mm.

comparison of Figs. 4(d) and 4(e), the difference between
the presence and the absence of coupled modes is con-
firmed as the strength of the electric field distribution,
which is consistent with the circuit model. It also suggests
the feasibility of modulation and amplification functions.
In Fig. 4(f) the distribution is weaker than in Fig. 4(d) since
the bands intersect around the frequency band. The state is

considered to be the cross modes between the propagation
and coupling modes.

Next, the angular dependencies of the transmitted waves
in the single-layer RDA and the double-layer RDA were
confirmed by full-wave analyses. Figures 5(a)–5(e) show
the results for a single-layer RDA and a double-layer
RDA with g = 1.91 mm, g = 1.8 mm, g = 1.7 mm,
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and g = 2.0 mm, respectively. Figure 5(a) shows that
lower-frequency bands can be seen in the single-layer
RDA, but the higher-frequency band does not exist. This
result is also consistent with the circuit-theory approach
used to derive the dispersion relation. In other words, since
there is no parallel-resonance function based on the con-
centration of electric fields between the layers, the CRLH
circuit structure is not formed, and only a left-handed band
with only a series-resonance function remains [19,20]. The
results in Figs. 5(b) and 5(d) show that the change in
the behavior of the dispersion relation is consistent with
the eigenvalue analysis in Figs. 4(a) and 4(b). Namely,
Fig. 5(b) shows that the full-wave analysis also confirms
the presence of a Dirac cone for g = 1.91 mm. Similarly,
in Fig. 5(d), it confirms that the band gap opens when g is
decreased from 1.91 to 1.7 mm, and the Dirac cone state
is transformed. Figures 5(c) and 5(d) show that the band-
gap width increases when g is decreased from 1.8 to 1.7
mm. Figures 5(b) and 5(e) show that the bands cross each
other when they are closer than in the Dirac cone state.
From the above discussion, it is confirmed that the double-
layer RDA forms a Dirac cone at the optimum separation
and that the band gap can be created and dynamically con-
trolled by variation of the separation g, on the basis of
different analysis approaches.

IV. CONCLUSION

Dirac cone formation on double-layer RDAs and a
method for dynamic control of the band gap are demon-
strated and proposed. The structure is considered to have
dispersion relations based on the CRLH-transmission-line
theory. It is confirmed that by optimization of the sepa-
ration between the layers, the Dirac cone is formed, and
by decrease of the separation, the � points of each band
are separated and the band gap is formed and controlled,
in eigenvalue and full-wave analyses. This method sug-
gests the possibility of artificial electronic materials with a
Dirac cone, and indicates the possibility of new transistor
applications.
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